10.

Fundamental Graph Theory Homework (I)

. Prove that if two graphs are isomorphic, then they have the
same degree sequence.

Find three examples to show the converse statement of
Problem 1 is not true.

Prove that there exist exactly two 4-regular graphs G of
order 7. (Up to isomorphism.)

4. Find all non-isomorphic graphs of order 5 and size 7.

Prove that there exists a graph G such that G = G if and
only if [V(G)| =0 or 1 (mod 4).

6. For positive integers n,nq,ne,...,n; where n = > . n;,

prove that (4) > Zf:l (5)-

Let A be the adjacency matrix of a graph GG. Show that if A
is indexed by V(G) = {v1, v, ...,v,} as rows and columns,
then the (i, j)-entry of A*, k > 1, is the number of walks of
length k& from v; to v;.

Let A = [a;j] be an adjacency matrix of a graph G. Use
the entries of A to find the number of C3’s and Cy’s in G
respectively.

Let B be the incidence matrix of a connected graph G.
Prove that rank(B) = |V(G)| — 1. Moreover, if G has k
components, then rank(B) = |V (G)| — k.

The eigenvalues of a graph G are the eigenvalues of its
adjacency matrix. Find the eigenvalues of C5 and Cy re-
spectively.
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Prove that two isomorphic graphs have the same spectrum,
but the converse statement may not be true.

Prove that f(3,6) = 14 and the graph which attains this
bound is unique. ((3,6)-cage)

Prove that if G does not contain a 3-cycle(or K3), then G

has at most L%J edges.

Prove that in a set of n points in the plane with no pair
more that distance 1 apart, then the maximum number of
pairs separated by distance more than \/% is L%QJ

Prove that a graph G is bipartite if and only if G contains
no odd cycles.

Let & > 3 and G be the graph where V(G) is the collection
of all k-subsets of Zy; 1 and two vertices are adjacent if and
only if the corresponding two sets are mutually disjoint.
Prove that the girth of G is 6.

Prove that if G is a tree of order p, then G has exactly p—1
edges.

Let < dy,ds,...,d, > be a sequence of p positive integers
such that Y 7 ,d; = 2(p — 1). Prove that there exists a
tree G of order p such that < dy,ds,...,d, > is a degree
sequence of (.

Let A =< aj,as,...,a, > be a non-decreasing sequence of
positive integers such that a; <Y P, a;and Y P a; is even.
Prove that there exists a multigraph with degree sequence

A.

Prove that rad(G) < diam(G) < 2rad(G), moreover, for
any two positive integers m and n satisfying m < n < 2m,
there exists a graph G with rad(G) = m and diam(G) = n.
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If G is a simple graph, then diam(G) > 3 implies that

diam(G) < 3.
Prove that there exactly p?~2 distinct (labeled) trees defined
on Zy,.

In a digraph G define a king of D is a vertex x from which
every vertex of D\ {z} is reachable by a directed path of
length at most 2. Prove that every tournament has a king.

Let T and T be two spanning trees of a connected graph
G. For e € E(T)\ E(T'), prove that there is an edge
¢/ € E(T")\ E(T) such that both T"+e—¢ and T —e+ ¢’
are spanning trees of G.

For p > 4, let G be a simple graph of order p with size
2p — 3. Prove that G has two cycles of equal length.

Prove or disprove that for each graph H, there exists a
supergraph G of H such that G is A (G)-regular, |V (G)| <
2|V (H)| and H is an induced subgraph of G.

An edge e is a cut-edge of G if G — e has more components
than that of G. For k > 2, prove that a k-regular bipar-
tite graph has no cut-edge. Use an example to show the
statement is not true for general simple graph.

Prove that if §(G) > 2, then G contains a cycle.

Let G be a subgraph of K77 such that G contains no Cy’s.
Prove that G has at most 21 edges.

Let p = ta + s. Prove that if G is a graph of order p which
does not contain K1 as a subgraph, then G has at most

(p;“) +(t—1) (agl) edges and this bound can be attained.



