Sylow Theorems

HERET R ERH R R (Finitely Generated Abelian
Group) FJLAHI F W1 AZIE].

Theorem Let G be a finitely generated abelian group. Then G is
isomorphic to Z;} X Zy2 X -« Ly X L X 7 X - - - 7 where p; are primes
and r; are positive integers.

From this theorem, we can prove that if GG is a finite abelian
group of order n and m | n, then G has a subgroup of order m. But, if G

is not an abelian group, then the above conclusion may not be true.

Example The group of even permutations on {1,2,3,4} contains 12
elements and it is known as A4. But, A4 does not have a subgroup of
order 6.
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Defn. (G-set)
Let G be a group and X be a set. An action of G on X is a map
x 1 G x X — X such that
l.ex=2 V ze€X.
2. (9192) = g1(gox) V 2 € X and g1,92 € G.
Under this definition, X is a G-set (or X is a set with an action of G

on X).



Defn. Let 2 € X (G-set). The orbit of  in X under G is
Gz ={gx | g € G}.
(%) Gx1 NGy # ¢ Rightarrow Gz = Gxs.

Proof. V y € Gz, y = gxq for aome g € G. By assumption, let
g171 = goxa. Therefore y = gxy = gg;  (gax2) = g'x9 for some ¢’ € G.
This implies that Gz; C Gxy. Similarly, Gxos C Gz1. Now, let X be a

G-set. Then {Gx},cx forms a partition of X.

Let {1, x9,- -+, x,} contain exactly one element from each orbit
in X. Then, we have |X|=>"_, |Gz (1)
Let Xg={z|gx =2 V g€ G}. Assume that |Xg| = s.
Then |X| = [Xg| + X0, |Gl )
(3) Xg = {x1, 29, -, x}.

Theorem Let G be a group of order p"” and let X be a G-set. Then
| X| = |X¢g| (mod p).

Proof. Let G, ={g€ G| gx ==x}. Then G, < G. Let (G: G,)
denoted the number of left cosets of GG, in G.
Claim : |Gz| = (G : G,).

Let 1 € Gz. Then, 3 g1 € Gs.t. x1 = g1x. Define ¢ : Gx — { left
cosets of G, in G} by letting ¥ (x1) = ¢1G,. ¥ is 1 — 1. Since
nGr = oG, = g;lgl € G, i.e., g;lgla: = x g1x = gox rightarrow

x1 = x2. Onto can be checked easily. (?)



y (2) |X] = |Xe| + XJigyi |Gl Since |Gay| | |G 5 1X] = [X¢]
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Defn. Let p be a prime. A group G is a p-group if element in G has
order a power of the prime p. A subgroup of a group is a p-subgroup if

the p-subgroup is itself a p-group.

Theorem (Cauchy’s Theorem)
Let p be a prime. Let G be a finite group and p | |G| . Then G has
an element if order p and, thus, a subgroup of order p.
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0(917 g2, 7gp) = (90(1)7 90(2)7 e 790 ) @U;ZD

= (123---p), Ml o(g1,92, -+, 9p) = (92: 93, Gp, 1) € X. (7)
BIE, FE X BHE (0)-set, HH [(o)| =p
HEMER | X| = | X (mod p). AR p | |X], BB p| X, -
WM Xy PHITCRLES (91,92, -, 9p), HFH g1 =92 = g3 = -+ = gp, FilA
DEBE~ME ac G, st (a,a,,a) € Xy B a? =e, |(a)] = p. (a) B
BH p ETTHRITH. u



(+x) BETREEERENE o | |G| B, G HEE-EFHERE p' HETE.

Let G be a group, and let G be the collection of all subgroups of
G. We can consider G as a G-set by using the action x : G x G — G
defined by g *x H = gHg™ ! where g € G and H € G.

() Gr={g€GlgHg ' = H} < G.
Defn. Gy is called the normalizer of H in G, also denoted by N[H].

Lemma Let H be a p-subgroup of a finite group G. Then
(N[H]: H) = (G : H) (mod p).



