
Sylow Theorems

â�Ì_jÖFÞA|Ví>²ˇ (Finitely Generated Abelian

Group) ªJâJ F íìÜ‹J…•.

Theorem Let G be a finitely generated abelian group. Then G is

isomorphic to Z
r1

p1
× Z

r2

p2
× · · ·Zrn

pn

× Z × Z × · · ·Z where pi are primes

and ri are positive integers.

From this theorem, we can prove that if G is a finite abelian

group of order n and m | n, then G has a subgroup of order m. But, if G

is not an abelian group, then the above conclusion may not be true.

Example The group of even permutations on {1, 2, 3, 4} contains 12

elements and it is known as A4. But, A4 does not have a subgroup of

order 6.

²k5, Lagrange ìÜíLÅH.øì}A
. FJ, úk.ª>²ˇí

!Zby��û˝n}�F7j.

Defn. (G-set)

Let G be a group and X be a set. An action of G on X is a map

∗ : G×X → X such that

1. ex = x ∀ x ∈ X.

2. (g1g2)x = g1(g2x) ∀ x ∈ X and g1, g2 ∈ G.

Under this definition, X is a G-set (or X is a set with an action of G

on X).
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Defn. Let x ∈ X (G-set). The orbit of x in X under G is

Gx = {gx | g ∈ G}.

(∗) Gx1 ∩Gx2 6= φ Rightarrow Gx1 = Gx2.

Proof. ∀ y ∈ Gx1, y = gx1 for aome g ∈ G. By assumption, let

g1x1 = g2x2. Therefore y = gx1 = gg−1
1 (g2x2) = g′x2 for some g′ ∈ G.

This implies that Gx1 ⊆ Gx2. Similarly, Gx2 ⊆ Gx1. Now, let X be a

G-set. Then {Gx}x∈X forms a partition of X.

Let {x1, x2, · · · , xn} contain exactly one element from each orbit

in X. Then, we have |X| =
∑r

i=1 |Gxi|. (1)

Let XG = {x | gx = x ∀ g ∈ G}. Assume that |XG| = s.

Then |X| = |XG| +
∑r

i=s+1 |Gxi|. (2)

(Å) XG = {x1, x2, · · · , xs}.

Theorem Let G be a group of order pn and let X be a G-set. Then

|X| ≡ |XG| (mod p).

Proof. Let Gx = {g ∈ G | gx = x}. Then Gx ≤ G. Let (G : Gx)

denoted the number of left cosets of Gx in G.

Claim : |Gx| = (G : Gx).

Let x1 ∈ Gx. Then, ∃ g1 ∈ Gs.t. x1 = g1x. Define ψ : Gx→ { left

cosets of Gx in G} by letting ψ(x1) = g1Gx. ψ is 1 − 1. Since

g1Gx = g2Gx ⇒ g−1
2 g1 ∈ Gx, i.e., g−1

2 g1x = x g1x = g2x rightarrow

x1 = x2. Onto can be checked easily. (?)
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By (2) |X| = |XG| +
∑r

i=s+i |Gxi|. Since |Gxi| |G| , |X| = |XG|

(mod p). (ÄÑ |G| = pn, …íÄb6u p íŸj.) �

Defn. Let p be a prime. A group G is a p-group if element in G has

order a power of the prime p. A subgroup of a group is a p-subgroup if

the p-subgroup is itself a p-group.

Theorem (Cauchy’s Theorem)

Let p be a prime. Let G be a finite group and p |G| . Then G has

an element if order p and, thus, a subgroup of order p.

(·< : ¥³u� p _jÖíäˇ, w2 p Ñ”b.)

Proof. (¥uø_Ý��xÍí„p)

I X = {(g1, g2, · · · , gp |
∏p

i=1 gi = e, gi ∈ G}, ku |X| = |G|p−1.

FJ p |X| . |X| ªJõAuø_ Sp-set w2 Sp ÑF� {1, 2, · · · , p} í§

�FAíÕ¯, Tàíj�à F : I σ ∈ Sp , †

σ(g1, g2, · · · , gp) = (gσ(1), gσ(2), · · · , gσ(p)). Wà

σ = (123 · · · p), † σ(g1, g2, · · · , gp) = (g2, g3, · · · , gp, g1) ∈ X. (?)

ÛÊ, yz X õAu 〈σ〉-set, w2 |〈σ〉| = p.

â,HìÜ |X| ≡ |X〈σ〉| (mod p). ÄÑ p |X| , FJ p |X〈σ〉| .

Í7 X〈σ〉 2íjÖ.Ñ (g1, g2, · · · , gp), w2 g1 = g2 = g3 = · · · = gp, FJ

.ìæÊø_ a ∈ G, s.t., (a, a, · · · , a) ∈ X〈σ〉 k ap = e, |〈a〉| = p. 〈a〉 ¹Ñ

x� p _jÖíäˇ. �
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(∗∗) Q-Víñ™u„pç pi |G| .v, G 2}�ø_äˇ…x� pi _jÖ.

Let G be a group, and let G be the collection of all subgroups of

G. We can consider G as a G-set by using the action ∗ : G× G → G

defined by g ∗H = gHg−1 where g ∈ G and H ∈ G.

(∗) GH = {g ∈ G|gHg−1 = H} ≤ G.

Defn. GH is called the normalizer of H in G, also denoted by N [H].

Lemma Let H be a p-subgroup of a finite group G. Then

(N [H] : H) ≡ (G : H) (mod p).
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