Finite Fields(GRREE)
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(x) BREATREZLEREHARS (Prime power).
Theorem 1 4 F S—EERETENE, AILEFEE—~EEH p, F5
ch(F) = p.

Proof. W& |F| < +oo, Filk ch(F) # 0. 4 ch(F) = c. 1R ¢ TEHEH,
Se=a-b,RR,c1l=(ab)-1=(a-1)b-1)=0. FHBa-1Eb-1EFE
F i, BXE 0, bl F B zero divisor, —+«. WM, c HhER—EE. u

Theorem 2 4 F £ ch(F) = p (AR, B F FLEEFHE Z,.

Proof. (%) EEFMENTHRER 7, RSN TH.

Theorem 3 BE ch(F) =p WERE F, |F| =p", for some n € Z™.

Proof. HEH 2, F £ Z, ¥ Finite extension, 4 [F : Z,| = n. HI
VaeF a=>Y a0y, B9 {a,as, -, an} B Z, ZIAEZEH F 1
®HE a,€Z,,i=1,2,--- n. B |F|=p". u

Theorem 4 The multiplicative group (F™,-) of nonzero elements of a

finite field F' is cyclic.

Proof. Since (F*,-) is a finite abelian group, F* = Zg, X Zg, X -+ Zq

t

where d;’s are primes. Let m =lem{dy, ds,---,d;}. Then m < H§:1 d;.

1



By direct counting ™ =1 V x € F™*, therefore 2 — 1 = 0 has at least
|F™*| zeros, i.e., H§:1 d; zeros. This implies that m > Hle d;. Hence
m = HZ:1 d; and thus dy, ds, - - -, d; are distinct primes. So

L, X ZLq, X Zq, is a cyclic group. This concludes the proof. |

Theorem 5 Let E be a field of p" elements contained in an algebraic
closure Z,, of Z,. Then, the elements of E are precisely the zeros in Z, of

the polynomial 2" — z in Z,[z].

Proof. Since (E*,-) is a group of order p" — 1,V a € E, o’ 1 =1,
Hence o" = a. This implies that « is a zero of 2?" — . Also,
07" — 0 = 0, this shows that V o € E, « is a zero of 27" — z. Since

2P" — x can have at most p" zeros, this concludes the proof. |

Defn. An element a of a field is an nth root of unity if o = 1. It is a
primitive nth root of unity if " =1 and o™ # 1 for 0 < m < n.

Thus the nonzero elements of a finite field F' of p” elements are
all (p" — 1)th roots of unity, i.e., a?"~! = 1. Moreover, if the group

(F*, ) is generate by «a, then « is a primitive (p™ — 1)th root of unity.

e.g. (Zi1,+,-) is a finite field and (Z7,, -) is a group generated by 2.

727 is a primitive 10th root of unity in Z;.

() primitive root 7£ finite field HF#NEFFFEENAE, € field FHITTHR
P of R RER R BRI E RN AL IR A,



(#1) GF(2%) : Finite field of order 2.  GF(2%) = Zy[x]/(1 + x + 2%)
1=1000, «o=0100, o®>=0010, o®=0001,

a*=1100, a°=0110, o%=0011, of =1101,
a®=1010, o =0101, o'®=1110, o' =0111,
a2 =1111, o =1011, o =1001, 0= 0000,

Lemma 6 If F' is a field of prime characteristic p with algebraic

closure F, then 2”" — z has p” distinct zeros on F.

Proof. Bl 2?" —x =0 F #EER, a, R o —a =0, BIE
Dy(a?" —z) ¥ o HRE—{E zero. (MAHIMEHE)

HEERE 27" 1 —1=0. (0 2—MER)

B a#0B—ER Al o 1=1TH (" - 1) 2 =0, AE
(F*,) B—TekBE, bl (" —1)-1- a2 = (=1)- 1 = 0. BETALE; Fi

UL, WEER. |

Theorem 7 4 F B—FBRERFWE ch(F) =p, p B—E%. AIEPA
BRIneZ", a,BeF, (a+ 3P =ar + (.

Proof. F]HERE.
En=18, (a+08)F=201_Qafsrr o (1)
MISEIAAN 0 < k<p, p| (?), B (1) RATUKER
(a+B)P=af+ 67, Bl n=1E (a+p) =o + 3",

B (a+ 8" =" + 37", HEbhm<n. B8 (a+ 8",

(a48)"" = [(a+B)" 1 = (@ +37" ) = (" )P+ (37 ) = o™ 457"

il n=m+ 18, (a+ B =" + 47, & BHEHE u



Theorem 8 (FEEH)

YV prime power p”, there exists a finite field with p” elements.

Proof. Let Z, be the algebraic closure of Z,. Since Z, is a finite field,
ZT, exists (by Theorem 31.17). Let K C ZT, such that
K={x€Z,| 2" —x=0}. Clearly, K is a field with p" elements and

we have the proof. |

Corollary 9 If F' is a finite field, then for every positive integer n,

there is an irreducible polynomial in F[z] of degree n.

Proof. Let |F| = q = p" where ch(F) = p. Then, there is a field
K < F containing Z, (up to isomorphism) and containing precisely of
the zeros of 27" — . (Theorem 5) Now, V a € F

o —a=(")"—a=a’?""" —a=---=a—a=0. Hence, F < K,
[ [K : F] =n. XHAB—E Finite extension #5—{# simple extension,

Filk K = F(B). B2 irr(B, F') £— n X irreducible polynomial over F.1

Theorem 10 Let p be a prime and n € Z*. If E and E’ are fields of
order p", then E ~ F'. (GLEEEHENERERRE)

Proof. Both fields contain precisely the zeros of 2" — z € Z,[z] and
also E ~ Zpylz]/(f(x) ) ~ E’ where f(x) is irreducible polynomial of
Zy|x] of degree n. H



(Ex.)1. Show that every irreducible polynomial in Z,[x| is a divisior of
2" — x for some n.
2. Show that 2”" — x is the product of all monic irreducible

polynomial in Z,[x] of a degree d dividing n.

Constructible Numbers

Defn. A real number « is constructible if we can construct a line
segment of length |a| in a finite number of steps from this given segment
of unit length by using a straightedge (without measurement) and a

compass.

Theorem The field F' of constructible real numbers consists precisely
of all real numbers that we can obtain from @ by taking square roots of
positive numbers a finite number of times and applying a finite number

of field operations.
Corollary If « is constructive, then [Q(v) : Q] = 2 for some

t e Z"U{0}.

1. Corollary(Theorem) Doubling the cube is impossible.
2. Theorem Trisecting the angle is impossible.

3. Theorem Squaring the circle is impossible.



Proof.

1 [Q(V2): Q] =3,

2. Z%45 60° BATEE, KB cos20° ELEHE.

3. m NfEE. |

MR F R Z, WERE, A |[F|=p", Ed ne Z".
(p.1) VaeF, o —a=0.
W b~ M(x), deg(M(x)) < p", M(2) € Zyfa] B M(a) = 0.

Defn. The minimal polynomial over Z, of 3 is the lowest degree monic

poly. M(z) € Zy[z] s.t. M(B) =0

eg. r%—2

=s(x+ D)@ +z+ D) (@ +r+ D@+ 23+ D) (@ 23+ 22 o+ 1) ()
0 — =
1 - z+1
o — 2*+r+1
a — zt4+ar+1
A e LI N A |

ot — ot
P+’ +1 =+’ +1=0"C@+ 1) +1=(C*+a)(®*+a+1)+1
=at+al+al+at+l=at+a+1=0
(M1) M(x) is irreducible.

(M2) If f(x) € Zy|x] and f(B) =0, then M(z) | f(x). Let



f(x) = M(z)q(z) + r(x) where r(x) = 0 or deg(r(z)) < deg(M(x)). If
r(x) # 0, then r(3) = 0. —« u

(M3) M(z) | 2" — .

(M4) deg(M(z)) <n.

Proof. [F :Z,) =n Rightarrow {1,3,3? ---, 3"} is linear
independent. Let Y1  b;3" = 0 (#4414 ). Then f(8) = 0 where
f(z) =" biz'. Thus, M(z) | f(z). deg(M(z)) < n. |

(M5) The minimal polynomial of a primitive element of F' has degree

n. (Such a polynomial is called a primitive polynomial.)

Proof. Let 3 be a primitive element of F, i.e., F* = (3). Let M(x) be
the minimal polynomial of § and deg(M (z)) = d. Then

F = 7,[2]/langleM (z)) is a field with p? elements. Since 3 € F,

() C F*, n>d. By (M4) d < m, hence d = n. |

Theorem All finite fields with the same number of elements are

isomorphic.

Proof. Let I}, F5 be two finite fields with p" elements and let « be a
primitive element of F} with minimal polynomial M(x). By (M3)
M(z) | 2*" — x. This implies that there exists an element 3 € Fy where
minimal polynomial is M (z).

Now, F} can be considered as a field consist of all polynomials in

a of degree <"n — 1”7 (modulo M(x)) and F; can be considered as a



field consist of all polynomials in 8 of degree <”n — 1”7 (modulo M ((3)).

Therefore ¢ : F; — Fy defined by ¢(f(a)) = f() is an isomorphism.

e.g.
Defined by 2% + 2 + 1 | Defined by 23 + 2% + 1
000 =10 000 =10
100 = o° 100 = °
010 = a 010 = f
001 = a2 001 = 32
110 = o® 101 = 3°
011 = o* 111 = p*
111 = a° 110 = 3
101 = o 011 = 3¢
(1)

a 1 minimal polynomial & 23 4+ = + 1
A3 #J minimal polynomial #& 23+ z + 1
(B +3B+1) =8+ +1=58+3+1=0. a — 3 generates an

isomorphism.

(M6) Let |F| =p". Then a@ — af generates an isomorphism onto itself.

(o and of BFMFEK minimal polynomial!)

Proof. [f(a)]" = f(a”) (7) =



eg. (B+B+B+1)2= () +(B)P+ () +1=+8+5+1
0,1,2,3,4,---,14
!
"B MP. B ao+1
ol B MLP. 8 (v + a)(z + o) (z + o) (x + o)
@ B M.P. 8 (z+ o) (z + ab)(z + o'?)(z + o)
o® # M.P. 8

(x 4+ a®)(z + ') = 22 + o’z + %% + o = 2% + (a!? + o)z + ol®



