
Finite Fields(�Ìñ)

ª–õbF$Aíñ, �ÌñÊ¡H@àíä�2rÆOy½bíiH

(∗) �ÌñíjÖ_b.ìu”bíŸj (Prime power).

Theorem 1 I F Ñø_�Ì_jÖíñ, †.æÊø_”b p, U)

ch(F ) = p.

Proof. ÄÑ |F | < +∞, FJ ch(F ) 6= 0. I ch(F ) = c. à‹ c .u”b,

I c = a · b, ku, c · 1 = (a · b) · 1 = (a · 1)(b · 1) = 0. ÄÑ a · 1 D b · 1 îÊ

F 2, /.Ñ 0, FJ F � zero divisor, →←. Ä¤, c .ìÑø”b. �

Theorem 2 I F Ñ ch(F ) = p í�Ìñ, † F 2.Ö�äñ Zp.

Proof. (zp) ¥³F‚íäñuD Zp °Zíäñ.

Theorem 3 x� ch(F ) = p í�Ìñ F , |F | = pn, for some n ∈ Z+.

Proof. âìÜ 2, F Ñ Zp í Finite extension, I [F : Zp] = n. †

∀ α ∈ F , α =
∑n

i=1
aiαi , w2 {α1, α2, · · · , αn} Ñ0k Zp 5²¾˛È F í

!�, ai ∈ Zp , i = 1, 2, · · · , n. Ä¤ |F | = pn. �

Theorem 4 The multiplicative group 〈F ∗, ·〉 of nonzero elements of a

finite field F is cyclic.

Proof. Since 〈F ∗, ·〉 is a finite abelian group, F ∗ ∼= Zd1
× Zd2

× · · ·Zdt

where di’s are primes. Let m =lcm{d1, d2, · · · , dt}. Then m ≤
∏t

i=1
di.
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By direct counting xm = 1 ∀ x ∈ F ∗, therefore xm − 1 = 0 has at least

|F ∗| zeros, i.e.,
∏t

i=1
di zeros. This implies that m ≥∏t

i=1
di. Hence

m =
∏t

i=1
di and thus d1, d2, · · · , dt are distinct primes. So

Zd1
× Zd2

× Zdt
is a cyclic group. This concludes the proof. �

Theorem 5 Let E be a field of pn elements contained in an algebraic

closure Zp of Zp. Then, the elements of E are precisely the zeros in Zp of

the polynomial xpn − x in Zp[x].

Proof. Since 〈E∗, ·〉 is a group of order pn − 1, ∀ α ∈ E, αpn−1 = 1.

Hence αpn

= α. This implies that α is a zero of xpn − x. Also,

0pn − 0 = 0, this shows that ∀ α ∈ E, α is a zero of xpn − x. Since

xpn − x can have at most pn zeros, this concludes the proof. �

Defn. An element α of a field is an nth root of unity if αn = 1. It is a

primitive nth root of unity if αn = 1 and αm 6= 1 for 0 < m < n.

Thus the nonzero elements of a finite field F of pn elements are

all (pn − 1)th roots of unity, i.e., αpn−1 = 1. Moreover, if the group

〈F ∗, ·〉 is generate by α, then α is a primitive (pn − 1)th root of unity.

e.g. 〈Z11, +, ·〉 is a finite field and 〈Z∗11, ·〉 is a group generated by 2.

”2” is a primitive 10th root of unity in Z11.

(Å) primitive root Ê finite field 2rÆÝ�½bíiH, z field 2íjÖ

J αk í$�[ý|V5(ú
¶«�í�“6�'×.
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(W) GF (24) : Finite field of order 24. GF (24) ∼= Z2[x]/〈1 + x + x4〉
1 = 1000 , α = 0100, α2 = 0010 , α3 = 0001,

α4 = 1100 , α5 = 0110 , α6 = 0011 , α7 = 1101,

α8 = 1010 , α9 = 0101 , α10 = 1110 , α11 = 0111,

α12 = 1111 , α13 = 1011 , α14 = 1001 , 0 = 0000,

Lemma 6 If F is a field of prime characteristic p with algebraic

closure F , then xpn − x has pn distinct zeros on F .

Proof. cà xpn − x = 0 Ê F 2�½;, α, ?¹ αpn − α = 0, †Ê

Dx(x
pn − x) 2 α 6uø_ zero. (�}í4”)

ÛÊ5? xpn−1 − 1 = 0. (0 uø_;)

cq α 6= 0 Ñø½;, † αpn−1 = 1 7/ (pn − 1)αpn−2 = 0, ÄÑ

〈F ∗, ·〉 Ñø
¶ˇ, FJ (pn − 1) · 1 · αpn−2 = (−1) · 1

α
= 0. ¤Ñ.ª?; F

J, ³�½;. �

Theorem 7 I F Ñø�Ìñ°vÅ— ch(F ) = p, p Ñø”b. †úkF

�í n ∈ Z+, α, β ∈ F , (α + β)pn

= αpn

+ βpn

.

Proof. ‚à¦Ñ¶.

ç n = 1 v, (α + β)p =
∑p

k=0

(

p

k

)

αkβp−k. . . . . . . . . . . . . . . . . . . . . . (1)

âkúkF�í 0 < k < p, p |
(

p

k

)

, FJ (1) �ªJZŸA

(α + β)p = αp + βp, ?¹ n = 1 v (α + β)pn

= αpn

+ βpn

.

cq (α + β)pm

= αpm

+ βpm

, w2 m < n. 5? (α + β)pm+1

.

(α+β)pm+1

= [(α+β)pm

]p = (αpm

+βpm

)p = (αpm

)p+(βpm

)p = αpm+1

+βpm+1

.

FJ n = m + 1 v, (α + β)pn

= αpn

+ βpn

, ì Ü)„ �
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Theorem 8 (3bìÜ)

∀ prime power pn, there exists a finite field with pn elements.

Proof. Let Zp be the algebraic closure of Zp. Since Zp is a finite field,

Zp exists (by Theorem 31.17). Let K ⊆ Zp such that

K = {x ∈ Zp | xpn − x = 0}. Clearly, K is a field with pn elements and

we have the proof. �

Corollary 9 If F is a finite field, then for every positive integer n,

there is an irreducible polynomial in F [x] of degree n.

Proof. Let |F | = q = pr where ch(F ) = p. Then, there is a field

K ≤ F containing Zp (up to isomorphism) and containing precisely of

the zeros of xprn − x. (Theorem 5) Now, ∀ α ∈ F

αprn − α = (αpr

)n − α = αpr·pnr−r − α = · · · = α− α = 0. Hence, F ≤ K,

°v [K : F ] = n. ¢ÄÑø_ Finite extension .Ñø_ simple extension,

FJ K = F (β). ku irr(β, F ) Ñø n Ÿ irreducible polynomial over F .�

Theorem 10 Let p be a prime and n ∈ Z+. If E and E ′ are fields of

order pn, then E ≃ E ′. (jÖ_bó�í�Ìñ°Z)

Proof. Both fields contain precisely the zeros of xpn − x ∈ Zp[x] and

also E ≃ Zp[x]/〈f(x) 〉 ≃ E ′ where f(x) is irreducible polynomial of

Zp[x] of degree n. �
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(Ex.)1. Show that every irreducible polynomial in Zp[x] is a divisior of

xpn − x for some n.

2. Show that xpn − x is the product of all monic irreducible

polynomial in Zp[x] of a degree d dividing n.

Constructible Numbers

Defn. A real number α is constructible if we can construct a line

segment of length |α| in a finite number of steps from this given segment

of unit length by using a straightedge (without measurement) and a

compass.

Theorem The field F of constructible real numbers consists precisely

of all real numbers that we can obtain from Q by taking square roots of

positive numbers a finite number of times and applying a finite number

of field operations.

Corollary If γ is constructive, then [Q(γ) : Q] = 2t for some

t ∈ Z+ ∪ {0}.

1. Corollary(Theorem) Doubling the cube is impossible.

2. Theorem Trisecting the angle is impossible.

3. Theorem Squaring the circle is impossible.
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Proof.

1. [Q( 3
√

2) : Q] = 3.

2. ú�} 60◦ Ñ.ª?, ÄÑ cos20◦ Ì¶TÇ.

3. π .uHbb. �

à‹ F Ñ0k Zp í�Ìñ, † |F | = pn, w2 n ∈ Z+.

(p.1) ∀ α ∈ F , αpn − α = 0.

õÒ,, øìæÊø_ M(x), deg(M(x)) < pn, M(x) ∈ Zp[x] / M(α) = 0.

Defn. The minimal polynomial over Zp of β is the lowest degree monic

poly. M(x) ∈ Zp[x] s.t. M(β) = 0

e.g. x16 − x

= x(x+1)(x2 +x+1)(x4 +x+1)(x4 +x3 +1)(x4 +x3 +x2 +x+1) (?)

0 → x

1 → x + 1

α5 → x2 + x + 1

α → x4 + x + 1

α3 → x4 + x3 + x2 + x + 1

α14 → x4 + x3 + 1

(α5)2 + α5 + 1 = α10 + α5 + 1 = α5(α5 + 1) + 1 = (α2 + α)(α2 + α + 1) + 1

= α4 + α2 + α2 + α + 1 = α4 + α + 1 = 0

(M1) M(x) is irreducible.

(M2) If f(x) ∈ Zp[x] and f(β) = 0, then M(x) | f(x). Let
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f(x) = M(x)q(x) + r(x) where r(x) = 0 or deg(r(x)) < deg(M(x)). If

r(x) 6= 0, then r(β) = 0. →← �

(M3) M(x) | xpn − x.

(M4) deg(M(x)) ≤ n.

Proof. [F : Zp] = n Rightarrow {1, β, β2, · · · , βn} is linear

independent. Let
∑n

i=0
biβ

i = 0 ((4 ¯). Then f(β) = 0 where

f(x) =
∑n

i=0
bix

i. Thus, M(x) | f(x). deg(M(x)) ≤ n. �

(M5) The minimal polynomial of a primitive element of F has degree

n. (Such a polynomial is called a primitive polynomial.)

Proof. Let β be a primitive element of F , i.e., F ∗ = 〈β〉. Let M(x) be

the minimal polynomial of β and deg(M(x)) = d. Then

F = Zp[z]/langleM(x)〉 is a field with pd elements. Since β ∈ F ,

〈β〉 ⊆ F ∗, n ≥ d. By (M4) d ≤ m, hence d = n. �

Theorem All finite fields with the same number of elements are

isomorphic.

Proof. Let F1, F2 be two finite fields with pn elements and let α be a

primitive element of F1 with minimal polynomial M(x). By (M3)

M(x) | xpn − x. This implies that there exists an element β ∈ F2 where

minimal polynomial is M(x).

Now, F1 can be considered as a field consist of all polynomials in

α of degree ≤”n− 1” (modulo M(x)) and F2 can be considered as a
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field consist of all polynomials in β of degree ≤”n− 1” (modulo M(β)).

Therefore ϕ : F1 → F2 defined by ϕ(f(α)) = f(β) is an isomorphism.

e.g.

Defined by x3 + x + 1 Defined by x3 + x2 + 1

000 = 0 000 = 0

100 = α0 100 = β0

010 = α 010 = β

001 = α2 001 = β2

110 = α3 101 = β3

011 = α4 111 = β4

111 = α5 110 = β5

101 = α6 011 = β6

(.°)

α í minimal polynomial u x3 + x + 1

β í minimal polynomial 6u x3 + x + 1

((β3)3 + β3 + 1) = β9 + β3 + 1 = β2 + β3 + 1 = 0. α→ β3 generates an

isomorphism.

(M6) Let |F | = pn. Then α→ αp generates an isomorphism onto itself.

(α and αp x�ó°í minimal polynomial!)

Proof. [f(α)]p = f(αp) (?) �

8



e.g. (β4 + β3 + β + 1)2 = (β2)4 + (β2)3 + (β2) + 1 = β8 + β6 + β2 + 1.

0, 1, 2, 3, 4, · · · , 14

↓

α0 í M.P. Ñ x + 1

α1 í M.P. Ñ (x + α)(x + α2)(x + α4)(x + α8)

α3 í M.P. Ñ (x + α3)(x + α6)(x + α12)(x + α9)

α5 í M.P. Ñ

(x + α5)(x + α10) = x2 + α5x + α10x + α15 = x2 + (α10 + α5)x + α15
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