
Week 7(II)

Defn. (Vector Space)

Let F be a field. A vector space over F (or F - vector space)

consists of an abelian group V under addition together with an operation

of scalar multiplication ϕ : F × V → V defined by ϕ(a, α) = aα where

a ∈ F and α ∈ V . Also, the followung properties hold.

1. a(bα) = (ab)α where a, b ∈ F and α ∈ V.

2. (a + b)α = aα + bα.

3. a(α + β) = aα + aβ where α, β ∈ V

4. 1α = α

The elements of V are vectors and elements of F are scalars. A

vector spaces over F may be called a vector space if F is fixed and it is

also called a linear space.

Example If E ≥ F , then E can be consider as a vector space over F .

Example For any field F , F [x] is a vector space over F .

Example Z2[x] is a vector space over GF (2).

Defn. Let V be a vector space over F . The vectors in S = {αi | i ∈ I}

of V span(or generate) V if ∀ β ∈ V , β =
∑n

j=1
ajαij where ij ∈ I.

∑n
j=1

ajαij is a linear combination of {αij}.

Defn. (Linearly independent over F ) (AÐŸ)
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Defn. (Linearly dependent)

Defn. (Basis)

Defn. (Dimension)

Theorem E ≥ F and α ∈ E ia algebraic over F . If deg(α, F ) = n,

then F (α) is an n−dimensional vector space over F with basis

{1, α, α2, · · · , αn−1}. Furthermore, ∀ β ∈ F (α) is algebraic over F , and

deg(β, F ) ≤ deg(α, F )

Proof. It suffices to prove the second part.

Consider 1, β, β2, · · · , βn. Then, it is a dependent set since

dim(F (α)) = n. Therefore irr(β, F ) ≤ n. �

Finite Extension and Algebraic Extension

Defn. An extension E of a field F is an algebraic extension of F if ∀

α ∈ E, α is algebraic over F .

Defn. An extension E of a field F is a finite extension of degree n over

F if E is an n−dimensional vector space over F , denoted by [E : F ] = n.

Example [E : F ] = 1 iff E = F . [C : R] = 2.

Theorem A finite extension field E of F is an algebraic extension of

F .
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Proof. Let [E : F ] = n. ∀ α ∈ E, consider 1, α, α2, · · · , αn. Since

[E : F ] = n, ∃ ai, i = 0, 1, · · · , n such that
∑n

i=0
aiα

i = 0 where not all ai

are zeros. Therefore, by letting f(x) = a0 + a1x + · · · + anx
n, we have a

nonzero poly. in F [x] such that f(α) = 0. �

Theorem (very important) If K is a finite extension of E and E is a

finite extension of F , then [K : F ] = [K : E][E : F ].

I E over F í basis Ñ {αi | i = 1, 2, · · · , n}.

I K over E í basis Ñ {βj | j = 1, 2, · · · , m}.

Bb„p {αiβj | i = 1, 2, · · · , n; j = 1, 2, · · · , m} Ñ K over F í!�.

1. Span

∀ γ ∈ K, γ =
∑m

j=1
bjβj,

¢ bj =
∑n

i=1
aijαi, FJ γ =

∑
i,j ai,j(αiβj).

2. Independent

I
∑

i,j ai,j(αiβj) = 0

†
∑m

j=1
(
∑n

i=1
ai,jαi)βj = 0

⇒ ai,j = 0 �

R� ∀ i = 1, 2, · · · , γ, Fi+1 Ñ Fi í finite extension field.

⇒ [Fγ+1 : F1] = [Fγ+1 : Fr][Fr : Fr−1] · · · [F2 : F1]..

R� If E ≥ F and α ∈ E is algebraic over F , and β ∈ F (α), then

deg(β, F ) | deg(α, F ) for each β ∈ F (α).

Proof. (AÐ„p)
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Example [Q(
√

2 +
√

3) : Q] = 4

[Q(
√

2 +
√

3) : Q(
√

3)] = 2, [Q(
√

3) : Q] = 2.

⇑

irr(
√

2 +
√

3, Q(
√

3)) = (x −
√

2 −
√

3)(x +
√

2 −
√

3) =

(x −
√

3 −
√

2)(x −
√

3 +
√

2) = (x −
√

3)2 − 2 = x2 − 2
√

3x + 1.

F (α1) is the smallest extension field of F in E that contains α1.

(F (α1))(α2) is the smallest extension field of F (α1) in E that contains

α2, and thus the smallest extension field of F in E contains α1 and α2.

⇓

F (α1, α2, · · · , αn) is the smallest extension field of F in E that

contains all αi, i = 1, 2, · · · , n

Defn. F (α1, α2, · · · , αn) is obtained from F by adjoining to F the

elements αi in E.

Example [Q(
√

2, 3
√

2) : Q] = 6

Basis={1,
√

2, 3
√

2, 2
5

6 , 2
2

3 , 2
6

7}.

[Q(
√

2, 3
√

2) : Q( 3
√

2)] = 2. [Q( 3
√

2) : Q] = 3.

Note : Q(
√

2, 3
√

2) = Q( 6
√

2).

Theorem Let E be an algebraic extension of F . Then, there exists

finite number of elements α1, α2, · · · , αn ∈ E such that

E = F (α1, α2, · · · , αn) if and only if E is a finite extension of F .
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Proof.(⇒) Since E = F (α1, α2, · · · , αn) is an algebraic extension of F ,

each element αi of E is algebraic over F . Hence, F (α1, α2, · · · , αj) is

algebraic over F (α1, α2, · · · , αj−1). Thus

[F (α1, α2, · · · , αj) : F (α1, α2, · · · , αj−1)] is finite. This implies that

[E : F ] is finite.

(⇐) If [E : F ] = 1, then E = F . The proof follows. Otherwise E 6= F ,

let α1 ∈ E\F . Then [F (α1) : F ] > 1. Since E ≥ F (α1), [F (α1) : F ] is

finite. Now, if E = F (α1), then we are done. Otherwise, the process

continues to E = F (α1, α2, · · · , αn) since E is a finite extension of F . (©

ÖQø_ αi, &b0k F ÿ}Ó‹) �

Note If α and β in E are algebraic over F , then so are α + β, αβ,

α − β and α
β

where β 6= 0.

Proof. F (α, β) is a finite extension of F !

Defn. (Algebraic Closures)

Let E be an extension foeld of F .

Then FE = {α ∈ E | α is algebraic over F} is a subfield of E (&„p),

FE is called the algebraic closure of F in E.

Proof. [F (α, β) : F ] is finite. ⇒ F (α, β) ≤ FE, thus we have the

proof. �

Corollary The set of all algebraic numbers forms a field.
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Proof. The set of all algebraic numbers is the algebraic closure of Q in

C. (By definition) �

Defn. (Algebraically closed)

A field F is algebraically closed if every nonconstant polynomial

in F [x] has a zero in F .

Example C is algebraically closed.

Theorem A field F is algebraically closed if and only if every

nonconstant polynomial in F [x] factors in F [x] onto linear factors.

Proof. Since every f(x) has a zero a in F , f(x) = f1(x)(x− a). The

process continues. �

(∗) An algebraically closed field F has no proper algebraic extensions,

i.e., no algebraic extensions E with F < E. (y6Ì¶Ø�,�7!)

Proof. Let E be an algebraic extension of F . Then for each α ∈ E,

irr(α, F ) = x − α ∈ F [x]. Hence α ∈ F . �

(∗)Theorem Every field has an algebraic closure.

Proof. (Ê¤ôI, ‚à Zorn’s Lemma, P.290)

Theorem (Fundamental Theorem of Algebra)

The field C of complex numbers is an algebraically closed field.

Proof. ¡5 p.288. (µ‰í–1)

6


