Week 6(1I1I)

Extension Fields
Defn. A field E is an extension field of a field F'if F < E,ie., FCFE

and < F,+,- >, < E,+.- > are fields.

Theorem (Kronecker)
Let F be a field and f(z) be a nonconstant polynomial in F[z].

Then there exists an extension field £ of F' and an o« € E such that
f(a) =o.

Proof. EFEZEHAMELSAOER=EFE

step 1. H—EATDENFEEBHESER p(x) | f(2).

step 2. FIf§ Homomorphism ¢ : F — Flx]|/ < p(z) > & F BEE
Flz]/ < p(x) > #9—{A subfield : {a+ < p(z) >|a € F}.

step 3. B2 F BEATRW Flx]/ < p(x) >, M E 4% 2+ < p(r) >= q,

o AR

check 4 f(z) = p(z)q(z), Al f(a) = p(a)q(a) =< p(z) >.

Example Let F =R, and let f(x) = 22 + 1. Since 2 + 1 is irreducible
over R, R[z]/ < 2% + 1 > is a field with o = 2+ < 22 + 1 > a zero of
f(x). We may identify R[z]/ < 2> + 1 > with the set of complex

numbers, more precisely a = i or —¢ in C.



Defn. (Algebraic and Transcendental Elements)
An element « of an extension field F of F' is algebraic over F' if
f(a) = 0 for some nonzero f(z) € F|x|. If « is not algebraic over F,

then « is transcendental over F'.

Example C is an extension field of Q.
V2 is algebraic over Q, so are \/§, /5 and 7 . (It is not easy to

prove that both 7w and e are transcendental over QQ.)

Example 7 is algebraic over "R”, so is e.

Defn. (Algebraic number and Transcendental number)
An element of C that is algebraic (transcendental) over Q is an

algebraic (transcendental) number.

Theorem Let £ > F and o« € E. Then « is transcendental over F' if

and only if the evaluation homomorphism ¢, : Flz] — E is 1-1.

(palf(2)) = fla))

Proof.(=)V f(z) € Kerp,, f(a)=0.

Since « is transcendental over F', f(x) must be a constant
polynomial, in fact it is 0. This concludes the proof.
(<) Since @, is 1-1, Ker(p,) = {0}, i.e., the only f(x) € F[z| such
that f(a) = 0 is the constant polynomail 0. This implies that « is

transcendental over F'. [ ]



Theorem 1. £ > F, 2. a € E and « is algebraic over F.

= 3 an irreducible polynomial p(z) € F[x] such that p(«) = 0.
Moreover, if f(a) =0 for f(z) € F[z], then p(x) | f(z).

Proof. Consider the homomorphism ¢, : F[z] — E. Then Keryp, is
an ideal of F[z], thus Kerg, is a principal ideal generated by a
polynomial p(z) € F[z]. Since p(z) € Kery,, p(a) = 0. Now, if

f(a) =0 for f(x) € Flz], then f(z) e<p(z) > (f(z) € Kerg,) and
thus p(z) | f(x). H

Defn. A monic polynomial in F'[z] is a polynomial where coefficient of

the highest degree term is ”71”.

Defn. 1. E> F, 2. a € E and 3. « is algebraic over F.
= The unique monic polynomial p(x) mentioned above is called the
irreducible polynomial for a over F' and denoted by p(z) = irr(a, F),

the degree of irr(«, F') is the degree of o over F', denoted by deg(a, F).

Example irr(v/2,Q) =2 —2; irr(v/2,R) =2 — /2.
irr(v1+5,Q) = 2* — 222 — 2. (Thm 23.14 Eisenstein’s method!)

xt — 222 — 2 is irreducible over Q. (?)

(%) ”The degree of a” does not make sense! We have to say the degree

of a over Q.

P (Ex.)



Simple Extension
BExE > F, a € E AR ¢, BH Flz] $EZ E ¥ Homomorphism.
BN o, 2fEER Homo. (Evaluation)

Case 1. « is algebraic over F.
Then Kerp, =< irr(a, F) >=< p(x) > is a maximal ideal of F[z].
Hence F[z]/ < p(x) > is a field and F[z]/ < p(x) > is isomorphic to
a subfield of ¢, [F[x]] of E. This subfield ¢,[F|[x]] is the smallest
subfield of F containing o and F', denoted by F(«).

Case 2. « is transcendental over F.
Then Kerp, = {0} and therefore ¢, is 1-1. This implies that
©o|F'[z]] is isomorphic to a subdomain of E. (¢, : Flz] — E is 1-1.)
F contains a field of quotients of F'[a], which is also the smallest

field containing o and F', denoted by F(«).

Simple extension An extension field F of F' is a simple extension of

F if E = F(«) for some a € E.

Simple extension &

E = F(a) and irr(a, F) = p(z) (« is algebraic over F') where
deg(p(z)) =n. Then ¥V B € E, =31 ba!, MHETELE—.

(x) E R {1, a,02, -+, o™} B A R RHEZE.



Proof. K&
irr(a, F) = p(x) = 2" + ap, 12" + a, 22" 2 + - -+ + a1 + ag, Bk

Z— o —aa —agp...(1)

pla) =0, Rl @™ = —a,_ 10" — a, 20"
BEE ETE 0, BB E = F(a) < ¢.|Flz]], 8= g(a), where
deg(g(x)) = m. B m < n — 1, ARGEHEER LAFE; AR m > n, AIFIH
(1), FTLME B #5 degree TR n — 1 IR,

535%, PRI MBI 5 = Y01 bio’ = Y1) o' R
S (b — D)ol = 0. MBE—E i, b # b, BIE irr(o, F) EEFE (7),
Fiblb,=b ¥V i=0,1,2,---,n—1. |

HAE, BEE R[]/ < 2?2 +1 >, BR pz) = 22 + 1 BIREZ 2, Bl
Rlz]/ < 2?4+ 1 > FETRTLUA by + b RER, HHF by, by € R,
a=z+ < p(r) >, BHER C PR i F: Rx]/ <2?+1>=R(a).)

o MIRBMELEHCHNIER TEE, BE, R (1K) N—EBEFERMT,

T e — .

o SEREFBETEEARNER,; BT HHHNEYIHEE CHREN, =2
i B A,

o TTREEIEH L BA A S



