
Week 6(II)

Extension Fields

Defn. A field E is an extension field of a field F if F ≤ E, i.e., F ⊆ E

and < F, +, · >, < E, +.· > are fields.

Theorem (Kronecker)

Let F be a field and f(x) be a nonconstant polynomial in F [x].

Then there exists an extension field E of F and an α ∈ E such that

f(α) = 0.

Proof. ¥_„pí–1ª}Aú_¥	 :

step 1. vø_.}jíÝ�báÖá� p(x) | f(x).

step 2. ‚à Homomorphism ϕ : F → F [x]/ < p(x) > z F õAu

F [x]/ < p(x) > íø_ subfield : {a+ < p(x) >| a ∈ F}.

step 3. ku E ÿuF°í F [x]/ < p(x) >, 7Ê E 2I x+ < p(x) >= α,

α ÑF°.

check I f(x) = p(x)q(x), † f(α) = p(α)q(α) =< p(x) >.

Example Let F = R, and let f(x) = x2 + 1. Since x2 + 1 is irreducible

over R, R[x]/ < x2 + 1 > is a field with α = x+ < x2 + 1 > a zero of

f(x). We may identify R[x]/ < x2 + 1 > with the set of complex

numbers, more precisely α ⇒ i or −i in C.
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Defn. (Algebraic and Transcendental Elements)

An element α of an extension field E of F is algebraic over F if

f(α) = 0 for some nonzero f(x) ∈ F [x]. If α is not algebraic over F ,

then α is transcendental over F .

Example C is an extension field of Q.
√

2 is algebraic over Q, so are
√

3, 3
√

5 and i . (It is not easy to

prove that both π and e are transcendental over Q.)

Example π is algebraic over ”R”, so is e.

Defn. (Algebraic number and Transcendental number)

An element of C that is algebraic (transcendental) over Q is an

algebraic (transcendental) number.

Theorem Let E ≥ F and α ∈ E. Then α is transcendental over F if

and only if the evaluation homomorphism ϕα : F [x] → E is 1-1.

(ϕα(f(x)) = f(α))

Proof.(⇒) ∀ f(x) ∈ Kerϕα, f(α) = 0.

Since α is transcendental over F , f(x) must be a constant

polynomial, in fact it is 0. This concludes the proof.

(⇐) Since ϕα is 1-1, Ker(ϕα) = {0}, i.e., the only f(x) ∈ F [x] such

that f(α) = 0 is the constant polynomail 0. This implies that α is

transcendental over F . �
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Theorem 1. E ≥ F , 2. α ∈ E and α is algebraic over F .

⇒ ∃ an irreducible polynomial p(x) ∈ F [x] such that p(α) = 0.

Moreover, if f(α) = 0 for f(x) ∈ F [x], then p(x) | f(x).

Proof. Consider the homomorphism ϕα : F [x] → E. Then Kerϕα is

an ideal of F [x], thus Kerϕα is a principal ideal generated by a

polynomial p(x) ∈ F [x]. Since p(x) ∈ Kerϕα, p(α) = 0. Now, if

f(α) = 0 for f(x) ∈ F [x], then f(x) ∈< p(x) > (f(x) ∈ Kerϕα) and

thus p(x) | f(x). �

Defn. A monic polynomial in F [x] is a polynomial where coefficient of

the highest degree term is ”1”.

Defn. 1. E ≥ F , 2. α ∈ E and 3. α is algebraic over F .

⇒ The unique monic polynomial p(x) mentioned above is called the

irreducible polynomial for α over F and denoted by p(x) = irr(α, F ),

the degree of irr(α, F ) is the degree of α over F , denoted by deg(α, F ).

Example irr(
√

2, Q) = x2 − 2; irr(
√

2, R) = x −
√

2.

irr(
√

1 +
√

5, Q) = x4 − 2x2 − 2. (Thm 23.14 Eisenstein’s method!)

x4 − 2x2 − 2 is irreducible over Q. (?)

(∗) ”The degree of α” does not make sense! We have to say the degree

of α over Q.

yÖíWä.(Ex.)
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Simple Extension

cqE ≥ F , α ∈ E °v ϕα Ñâ F [x] ú@B E í Homomorphism.

¥³í ϕα u,Mí Homo. (Evaluation)

Case 1. α is algebraic over F .

Then Kerϕα =< irr(α, F ) >=< p(x) > is a maximal ideal of F [x].

Hence F [x]/ < p(x) > is a field and F [x]/ < p(x) > is isomorphic to

a subfield of ϕα[F [x]] of E. This subfield ϕα[F [x]] is the smallest

subfield of E containing α and F , denoted by F (α).

Case 2. α is transcendental over F .

Then Kerϕα = {0} and therefore ϕα is 1-1. This implies that

ϕα[F [x]] is isomorphic to a subdomain of E. (ϕα : F [x] → E is 1-1.)

E contains a field of quotients of F [α], which is also the smallest

field containing α and F , denoted by F (α).

Simple extension An extension field E of F is a simple extension of

F if E = F (α) for some α ∈ E.

Simple extension íÔ4

E = F (α) and irr(α, F ) = p(x) (α is algebraic over F ) where

deg(p(x)) = n. Then ∀ β ∈ E, β =
∑

n−1

i=0
biα

i, 7/[ý¶ñø.

(∗) E 2íjÖªJà {1, α, α2, · · · , αn−1} í(4 ¯[ý|V.
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Proof. ÄÑ

irr(α, F ) = p(x) = xn + an−1x
n−1 + an−2x

n−2 + · · · + a1x + a0, FJ

p(α) = 0, ?¹ αn = −an−1α
n−1 − an−2α

n−2 − · · · − a1α − a0...(1)

ÛÊõ E 2íjÖ β, ÄÑ E = F (α) ≤ ϕα[F [x]], β = g(α), where

deg(g(x)) = m. cà m ≤ n − 1, †³�BóªJ„p; à‹ m > n, †‚à

(1), ªJz β [A degree .×k n − 1 í$�.

ÇÕ, ñø4í„pªJcq β =
∑

n−1

i=0
biα

i =
∑

n−1

i=0
b′
i
αi. Ä¤

∑

n−1

i=0
(bi − b′

i
)αi = 0. à‹�ø_ i, bi 6= b′

i
, †D irr(α, F ) íì2pe (?),

FJ bi = b′
i
∀ i = 0, 1, 2, · · · , n − 1. �

ÛÊ, y�è R[x]/ < x2 + 1 >, âk p(x) = x2 + 1 íŸbu 2, FJ

R[x]/ < x2 + 1 > 2íjÖªJà b0 + b1α V[ý, w2 b0, b1 ∈ R,

α = x+ < p(x) >, ú@k C 2í i. (Å : R[x]/ < x2 + 1 >= R(α).)

• à‹BbúkAÐí‡˙Ü�7Ï8, µó, Åì5 (g) íøÞbÔ—ûj,

%�uø9ÌA.

• ç}Hbª?.x�Ø×<2; ç}.\Þúí9Ó®óAÐ²‡í�‰, nu

|½bítš.

• ”[J”"úª”./”bñqrÖ.
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