
Week 5(II)

Euclidean Domains

Defn. A Euclidean norm on an integral domain D is a function ν

mapping the nonzero elements of D into nonnegative integers such that

the following conditions are satisfied:

1. ∀ a, b ∈ D with b 6= 0, ∃ q, r ∈ D s.t. a = bq + r, where either r = 0

or ν(r) < ν(b).

2. ∀ a, b ∈ D, where neither b nor a is 0, ν(a) ≤ ν(ab).

Defn. An integral domain D is a Euclidean domain if there exists a

Euclidean norm on D.

Example 1 Z and F [x] are Euclidean domains.

Theorem Every Euclidean domain is a PID.

Proof. Let D be an Euclidean domain with norm ν and N be an ideal

of D. If N = {0}, then N =< 0 >. Otherwise, let b ∈ N and

ν(b) =min{ ν(n) | n ∈ N\{0}}. Now, ∀ a ∈ N , a = bq + r. If ν(r) = 0,

then a ∈< b >. Otherwise r = a− bq ∈ N . But, ν(r) < ν(b).→← �

Corollary A Euclidean domain is a UFD.
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Theorem Let D be a Euclidean domain. Then

ν(1) =min{ν(a) | a ∈ D\{0}}, moreover, ν(u) = ν(1) if and only if u

is a unit of D.

Proof. ∀ a ∈ D\{0}, a = a · 1. Therefore ν(a) = ν(a · 1) ≥ ν(1).

(⇒) Now, if ν(u) = ν(1), then ν(u) = ν(1) = ν(uq + r) with either

ν(r) < ν(u) or r = 0. Since ∀ a ∈ D, ν(a) ≥ ν(1), ν(r) < ν(u) = ν(1)

not possible, r = 0. Thus, 1 = uq, u is a unit.

(⇐) If u is a unit, then uu−1 = 1. Hence ν(u) ≤ ν(1) ≤ ν(u). This

implies that ν(u) = ν(1). �

�7 Euclidean norm í–1, ÿªJ°s_bí gcd , 6ÿ�76āóÎ

¶ (Euclidean Algorithm)

Theorem (�H) Let D be a Euclidean domain and let a and b be an

nonzero elements of D. Then, if d is a gcd of a and b, then there exists λ

and µ in D such that d = λa + µb.

Proof. Omit.

Gaussian Integers

Defn. A Gaussian integer is a complex number a + bi, where a, b ∈ Z.

The norm of Gaussian integer α = a + bi is N(α) = a2 + b2.
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Lemma The set of Gaussian integers denoted by Z[i] has the following

properties:

(a) N(α) ≥ 0, ∀ α ∈ Z[i].

(b) N(α) = 0 iff α = 0.

(c) N(αβ) = N(α)N(β).

Lemma Z[i] is an integral domain.

Proof. αβ = 0 iff N(αβ) = N(α)N(β) = 0 ⇒ N(α) = 0 or N(β) = 0

⇒ α = 0 or β = 0.

Theorem Z[i] is a Euclidean domain.

Proof. Define the norm (Euclidean norm) be ν(α) = N(α) ∀ α ∈ Z[i]

and α 6= 0. It suffices to prove that N(α) is a Euclidean norm.

Condition 2 ∀ α, β ∈ Z[i]\{0}, by the fact that N(α) ≥ 1 and

N(β) ≥ 1, we have N(αβ) ≥ N(α) and N(αβ) ≥ N(β) respectively.

Condition 1 (ªœµÆ)

I α = a1 + a2i, β = b1 + b2i, β 6= 0, Ä¤ N(β) ≥ 1�

Bbb„púkL²s_jÖ α, β, ·æÊs_ Z[i] 2íjÖ σ £ ρ U)

α = βσ + ρ, w2.u N(ρ) = 0 ?¹ ρ = 0, ÿu N(ρ) < N(β) = b2

1 + b2

2.

âk α, β ∈ Z[i], FJ.æÊø_ r + si ∈ Q[i] U) α = β(r + si),

r, s ∈ Q, cq q1, q2 ∈ Z, Å— |r − q1| ≤ 1

2
/ |s− q2| ≤ 1

2
, †

N((r + si)− (q1 + q2i)) = N((r− q1)− (s− q2)i) ≤ (1

2
)2 + (1

2
)2 = 1

2
, ku,
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I σ = q1 + q2i, † ρ ªJ²A α− βσ, ku,

N(ρ) = N(α− βσ) = N(β(α
β
− σ)) = N(β)N(α

β
− σ) ≤ N(β) · 1

2
< N(β),

Ä¤ N(ρ) < N(β). �

J-�ÜÊ Z[i] 2.ª}jí–1.

Defn. Let D be an integral domain. A multiplicative norm N on D is

a function mapping D into the integers Z such that

1. N(α) = 0 iff α = 0.

2. N(αβ) = N(α)N(β) ∀ α, β ∈ D.

Theorem If D is an integral domain with a multiplicative norm N ,

then N(1) = 1 and |N(u)| = 1 for every unit u in D. If, furthermore,

every α such that |N(α)| = 1 is a unit in D, then an element π in D

with |N(π)| = p for a prime p ∈ Z, is irreducible of D.

Proof. N(1) = N(1 · 1) = N(1) ·N(1) ⇒ N(1) = 1

Let u be a unit in D, then N(uu−1) = N(1) = 1. Since N(u) is an

integer |N(u)| = 1. Now, since the units of D are exactly the elements of

norm ±1, every element x satisfying |N(x)| = 1 implies that x is a unit.

Let π ∈ D be such that |N(π)| = p where p is a prime. Assume that

π = αβ, then p = |N(π)| = |N(αβ)| = |N(α)N(β)| = |N(α)||N(β)|. So,

either |N(α)| = 1 or |N(β)| = 1 which implies that either α or β is a

unit. �
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Example N(a + bi) = a2 + b2 for each a + bi ∈ Z[i] is a

multiplicative norm. Since 1 + 2i has norm N(1 + 2i) = 5, 1 + 2i is

irreducible in Z[i]. But 3 + i is not in Z[i], since 3 + i = (1− i)(1 + 2i).

Example Z[i] is a UFD.(Review)

Example (Not a UFD)

Let Z[
√

5i] = {a + b
√

5i | a, b ∈ Z}. Let N(a + b
√

5i) = a2 + 5b2.

Consider 21 = 3 · 7 = (1 + 2
√

5i)(1− 2
√

5i).

·< : 3, 7, 1± 2
√

5i ·u irreducibles!

1. 3 = αβ (7 = αβ)

N(3) = N(α)N(β) = 9, ç N(α) = 9, † N(β) = 1, ku β u unit.

ç N(α) = 3, I α = a + b
√

5i, FJ N(α) = a2 + 5b2=3, Ìcbj. F

J3u irreducible, °Üªn�76u irreducible.

2. 1 + 2
√

5i = γδ (°Ü 1− 2
√

5i = γδ.)

N(1 + 2
√

5i) = 21 = N(γδ) = N(γ)N(δ). N(γ) = 1 † γ Ñ unit,

similary N(δ) = 1. N(γ) = 3 or 7 , ° 1 FJ 1 + 2
√

5iÑ irreducible.

Application to Number Theory

Theorem (‘ï p = a2 + b2 ìÜ)

Let p be an odd prime in Z. Then p = a2 + b2 for some integers a, b

if and only if p ≡ 1(mod 4).
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Proof.(⇒) Since p is odd, a2 and b2 must be of different parity, i.e., one

even and one odd. Let a = 2r and b = 2s + 1. Then a2 + b2 ≡ 1(mod 4).

(⇐) ªœ˚Ø<

ÄÑ p u”b, FJ < Z∗p , · > uø_ p− 1 _jÖí�=ˇ, ÛÊ

4 | p− 1, FJ�ø_jÖ n, n4 = 1 Ou n2 6= 1, FJ n2 ≡ −1(mod p), ¥

[ý p | n2 + 1.

ÛÊz p, n2 + 1 õA Z[i] íjÖ, ku p | (n + i)(n− i); ÄÑ p Ê Z[i]

2u irreducible, FJ p | n + i or p | n− i. à‹ p | n + i, †

n + i = p · (a + bi), a + bi ∈ Z[i], ku pb = 1, ¤Ñ.ª?. °Ü, p | n− i 6

.ª?; FJ p .ª?u irreducible.

I p = (a + bi)(c + di), a + bi D c + di î.u unit.

N(p) = N(a + bi)N(c + di) ⇒ p2 = (a2 + b2)(c2 + d2).

âk N(a + bi) D N(c + di) î.Ñ 1, FJ a2 + b2 6= 1 / c2 + d2 6= 1.

¢ÄÑ p2 = (a + bi)(a− bi)(c + di)(c− di), p = (x + yi)(z + wi); |(, Ä

Ñ p ∈ Z, FJ (x + yi) D z + wi .Ñu	, ?¹ z = x, w = −y. â¤R)

p = (a + bi)(a− bi) = a2 + b2 (a = c, b = d) �

(∗) ”bí$�çÍ.É� 4k + 1 í¶M, Î7 2 5Õþ�ø×#í”bu

4k + 3 í$�, à7, 11, 19, · · ·; Í7, ¥<”bÿ�¶Js_cbí�j¸V[

ý� ‘ï p = a2 + b2 ìÜuJHbj¶Vû˝b�ø_Ý�t�íWä�

(^k) Ideal í@à

Let F be a finite field, say F =< Z2 , +, · >= GF [2]. Then F [x] is a

principal ideal domain.
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Defn. A code C of length n is a set of n-vectors in F n. If C itself

forms a linear space (vector space), then C is a linear code.

Defn. A code C of length n is a cyclic code if C itself is a linear code

and for each (a0, a1, · · · , an−1) ∈ C, (a1, a2, · · · , an−1, a0) is also in C.

Consider F [x]/ < xn − 1 >= F [x]/ < xn + 1 >. It is a principal ideal

ring (not necessarily be a domain). Now, let g(x) ∈ F [x]/ < xn + 1 >,

< g(x) > is an ideal of F [x]/ < xn + 1 > and also < g(x) > is a

principal ideal.

(∗) g(x) | xn + 1.

Theorem < g(x) > is a cyclic code of length n.

e.g. n=7, g(x) = x3 + x + 1

x7 + 1 = (x + 1)(x3 + x + 1)(x3 + x2 + 1). (?)

{011, 101, 110, 000} ÑøÅ� 3 í�={� JÖá�V[ýÑ

{0, 1 + x, x + x2, 1 + x2}, …ªJ;AuÊ Z2[x]/ < x3 + 1 > 2â

g(x) = 1 + x 7ÞAíb{.

(∗) You got to live with what you have!

Ou, b�Aß, ÿbª�AàŠ, .uý?
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