Week 5(II)

Euclidean Domains

Defn. A Euclidean norm on an integral domain D is a function v
mapping the nonzero elements of D into nonnegative integers such that

the following conditions are satisfied:

1.Va,be D withb#0,dq,r € D s.t. a=bqg+r, where either r =0

or v(r) < v(b).

2.V a,b € D, where neither b nor a is 0, v(a) < v(ab).

Defn. An integral domain D is a Euclidean domain if there exists a

FEuclidean norm on D.

Example 1 Z and F[z]| are Euclidean domains.

Theorem Every FEuclidean domain is a PID.

Proof. Let D be an Euclidean domain with norm v and N be an ideal
of D. If N ={0}, then N =< 0 >. Otherwise, let b € N and
v(b) =min{ v(n) | n € N\{0}}. Now,Vae N,a=bqg+r. If v(r)=0,

then a €< b >. Otherwise 7 =a —bg € N. But, v(r) < v(b).—« |

Corollary A Euclidean domain is a UFD.



Theorem Let D be a Euclidean domain. Then
v(1) =min{v(a) | a € D\{0}}, moreover, v(u)=r(1)if and only if u

is a unit of D.

Proof. V a € D\{0}, a=a-1. Therefore v(a) =v(a-1) > v(1).
(=) Now, if v(u) = v(1), then v(u) = v(1) = v(ug + r) with either
v(r) <v(u)orr=20. SinceV a € D, v(a) > v(1), v(r) < v(u) =r(1)
not possible, » = 0. Thus, 1 = ugq, v is a unit.

(<) If wis a unit, then uu! = 1. Hence v(u) < v(1) < v(u). This

implies that v(u) = v(1). |
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Theorem (f&it) Let D be a Euclidean domain and let a and b be an
nonzero elements of D. Then, if d is a gcd of a and b, then there exists A

and p in D such that d = Aa + ub.

Proof. Omit.

Gaussian Integers

Defn. A Gaussian integer is a complex number a + bi, where a,b € Z.

The norm of Gaussian integer o = a + bi is N(a) = a® + b



Lemma The set of Gaussian integers denoted by Z[i] has the following
properties:
(a) N(a) >0,V « € Zli].

(b) N(a) =0iff a =0.

(c) N(af) = N(a)N(B).
Lemma Z[i] is an integral domain.

Proof. af =0 iff N(af)=N(a)N(B)=0= N(a)=0o0r N(3) =0

=a=0or g=0.

Theorem ZJ[i] is a Euclidean domain.

Proof. Define the norm (Euclidean norm) be v(a) = N(a) V « € Z]i]

and « # 0. It suffices to prove that N(«) is a Euclidean norm.

Condition 2 V a,( € Z[i]\{0}, by the fact that N(«) > 1 and
N(B) > 1, we have N(af) > N(a) and N(af) > N(3) respectively.

Condition 1 (M)
& a=ay+a, 3=0b +byi, 340, "HIt N(3) > 1,
HMEFEPHPEERETE o, 3, BFEERE Z)i]) FRTR o & p HEE
a = fo+ p, EHRE N(p) = 0 7581 p = 0, B2 N(p) < N(8) = b2 + b,
IS a, 8 € Z[i], FEE—E r + si € Qi) B8 a = B(r + si),
r.s€Q B @, eZ HR|r—q| <35 Hls—q|<i 8
N((r+si) = (4 i) = N((r—q1) — (s — @2)i) < (5)> +(3)* = 3, BE,

3



T o =q1+ qi, Bl p AILGER o — Bo, B,
N(p) = N(a—Bo) = N(B(§ —0)) = N(B)N(§ —0) < N(B) -5 < N(B),
Kt N(p) < N(B). |
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Defn. Let D be an integral domain. A multiplicative norm N on D is

a function mapping D into the integers Z such that
1. N(a) =0iff a = 0.

2. N(aB) = N(a)N(B) ¥ a, 3 € D.

Theorem If D is an integral domain with a multiplicative norm N,
then N(1) =1 and |N(u)| = 1 for every unit u in D. If, furthermore,
every « such that |N(«)| =1 is a unit in D, then an element 7 in D

with |[N(7)| = p for a prime p € Z, is irreducible of D.

Proof. N(1)=N(1-1)=N(1)-N(1)= N(1)=1

Let u be a unit in D, then N(uu™!) = N(1) = 1. Since N(u) is an
integer |N(u)| = 1. Now, since the units of D are exactly the elements of
norm =+1, every element = satisfying |N(z)| = 1 implies that x is a unit.
Let m € D be such that |N(7)| = p where p is a prime. Assume that
m = af, then p = [N(m)| = [N(af)| = [N(a)N(B)| = [N(a)[|[N(5)|. So,
either |[N(a)| =1 or |[N()| = 1 which implies that either a or g is a

unit. ]



Example N(a+ bi) = a® + b* for each a + bi € Z[i] is a

multiplicative norm. Since 1+ 2¢ has norm N(1 4 2i) =5, 1 4 2i is

irreducible in Z[i|. But 3 + i is not in Z[i], since 3 4+ i = (1 —)(1 + 21).

Example Z[i] is a UFD.(Review)

Example (Not a UFD)

Let Z[v/5i] = {a + b\/5i | a,b € Z}. Let N(a + b\/5i) = a® + 5b%.
Consider 21 = 3 -7 = (1 + 2v/5i)(1 — 2v/5i).
HE 3,7, 1+ 2v5i &2 irreducibles!

1.3=ap (7= af)
N(3)=N(@)N(B) =9, % N(a) =9, Bl N(8) = 1, #R [ & unit.
% N(a) =3, 4% a=a+bV/bi, Filk N(a) = a® + 50*=3, EREME. A
A3 irreducible, [RIFEA[E 3w 772 irreducible.

2. 14250 =~0 (A 1 — 2v/5i = 76.)
N(1+2v5i) =21 = N(v6) = N(y)N(5). N(y) =1 f] v £ unit,
similary N(8) = 1. N(y) =3 or 7, @ 1 Fitll 1 + 2v/5if irreducible.

Application to Number Theory

Theorem (&% p = a® + b* EH)
Let p be an odd prime in Z. Then p = a? + b? for some integers a, b

if and only if p = 1(mod 4).



Proof.(=) Since p is odd, a® and b* must be of different parity, i.e., one
even and one odd. Let a = 2r and b = 2s + 1. Then a® + b* = 1(mod 4).
(&) A gL

AR p REH L <Z - > 22—l p — 1 [ETRNTEERE, A
4|p—1, FIE—ETE n, nt =1 BE n® # 1, Fibl n®> = —1(mod p), &
Frpln?+1.

B p, n® + 1 BK Z[i) IR, B p| (n+14)(n—1); BB p & Z[i]
172 irreducible, Bt p [n+ior p|n—i. WHE p|n+1, Hl
n+i=p-(a+bi),a+bi e Zi], 32 pb =1, EAFRE. FHE, p|n—1it
ANTRE; FTLA p AAJgER irreducible.

Fp=(a+bi)(c+di), a+bi B c+ di HTZ unit.

N(p) = N(a+ bi)N(c+di) = p* = (a* + V*)( + d?).

B N(a+bi) 8 N(c+di) EXB 1, il > +0* #1 B A+ d* # 1.
NHAB p* = (a+bi)(a—bi)(c+ di)(c—di), p= (z + yi)(z + wi); HK&,
BpeZ, bl (x+yi) 8 2 + wi LBIEE, 7881 2 = 2, w = —y. HILHES
p=(a+bi)(a—bi)=a’>+b (a=cb=d) |

(x) BERERXERNRE 4k + 1 (80, BRT 2 ZHRE—RENEEZE
4k + 3 IR, 217, 11, 19, - - -; 2R, B L E B S AW EEE B P Iz E
o B p = a4 b EERURE S BRI R E G —EIEF A 5T

(#75) Ideal B FEH

Let F be a finite field, say F' =< Zy ,+,- >= GF[2]. Then F[x] is a

principal ideal domain.



Defn. A code C of length n is a set of n-vectors in F". If C itself

forms a linear space (vector space), then C is a linear code.

Defn. A code C of length n is a cyclic code if C itself is a linear code

and for each (ag, a1, -, a,-1) € C, (a1,as,- -+, a,_1,a0) is also in C.

Consider F[z]/ < 2" —1 >= Flx]/ < 2™+ 1 >. It is a principal ideal
ring (not necessarily be a domain). Now, let g(x) € Flz]/ < 2™+ 1 >,
< g(z) > is an ideal of F[x|/ < 2™ + 1 > and also < g(x) > is a

principal ideal.

() g(z) | 2"+ 1.
Theorem < g(z) > is a cyclic code of length n.

eg. n=7,g(x)=a3+x+1
T+ 1l=(z+ 1)@ +r+ D)3 +22+1). ()

{011,101, 110,000} B—EFE 3 BEEE, LSEARERE
{0,1 4+ a2, 2+ 22 1+ 22}, EWMUERREE Zo|x]/ < 23+ 1> thif
g(x) =14 o TAERHIEHS.

(*) You got to live with what you have!
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