
Week 2-4 (II)

Ideal

Defn. Let R be a ring with unity 1. An dditive subgroup N of R is an

ideal if for each element a ∈ R and b ∈ N , ab ∈ N and ba ∈ N .

(∗) Ideal Ê=2FrÆíiHÿd Normal subgroup Êˇ2FrÆíiHéN

; �7 ideal N , nªJì2 Factor ring.

R/N : (a + N)(b + N) = ab + N well-defined.

Example Z 2í ideal u nZ í$�.

Example R[x] 2í ideal u {f(x)q(x) | q(x) ∈ R[x]} í$�, w2

f(x) ∈ R[x].

Lemma Let R be a commutative ring with 1. Then, for each a ∈ R,

< a >= {ax | x ∈ R} is an ideal of R, < a > is also called a principal

ideal of R.

Corollary Every ideal of Z is a principal ideal.

Theorem Let F be a field. Then every ideal of F [x] is a principal

ideal.
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Proof. Let R be an ideal 6= {0} of F [x] and f(x) is a polynomial in R

with minimum degree but not a zero polynomial. We claim that for each

element g(x) ∈ R, f(x) | g(x). Suppose not. By division algorithm

(holds for F [x]), g(x) = f(x)q(x) + r(x) where r(x) = 0 or r(x) 6= 0 and

deg(r(x)) < deg(f(x)). If r(x) = 0, done. Otherwise, if r(x) 6= 0, since

g(x) ∈ R and f(x)q(x) ∈ R, we have r(x) ∈ R. This is a contradiction.

We have the proof. �

Defn. A proper ideal N of a ring R is an ideal which is different form

R. {0} and R are trivial ideals of R. An ideal M is maximal if there

does not exist an ideal N , s.t. M ( N ( R. An ideal P is a prime ideal

of R if for every element ab ∈ P implies that a ∈ P or b ∈ P .

Proposition Let R be a commutitive ring with 1, and N be an ideal

of R which contains a unit. Then N = R.

Proof. AÐ„.

Corollary Every field contains no nontrivial proper ideal.

Theorem Let ϕ be a ring homomorphism from R into R′. Let N be

an ideal of R and N ′ be an ideal of R′. Then

(a) ϕ[N ] is an ideal of ϕ[R]. (·<, .u R′ í ideal)

(b) ϕ−1[N ′] is an ideal of R.

Proof. AÐ„p.
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Theorem ϕ : R→ R/N defined by ϕ(x) = x + N is a homomorphism

from R onto R/N . (N is an ideal of R)

Note that Kerϕ = N and ϕ is called a canonical homomorphism.

Theorem Let R be a commutative ring with 1. Then R/M is a field if

and only if M is a maximal ideal of R.

Proof. (⇒) Suppose not. ∃ ideal N , M ( N ( R. â,H canoninical

homo. ϕ[N ] u R/M íø_ ideal, 7/ ϕ[N ] 6= {M}, ϕ[N ] 6.�k

R/M , FJ ϕ[N ] uø_ proper ideal, ¥_!�D R/M u field pe. FJ

M .Íu maximal ideal.

(⇐) ÄÑ R u commutative ring with 1, FJ R/M 6uø_

commutative ring x�
¶ÀPjÖ 1 + M . ÛÊ, Bb„p R/M 2í©ø

_ÝÉ (”M”) jÖ a + M ·�
¶¥jÖ, ¥³ a /∈M .

âk a + M ∈ R/M , FJ < a + M > u R/M íø_ ideal, ku

ϕ−1[< a + M >] u R íø_ ideal. (ϕ : R→ R/M Ñ homo.) ÄÑ

1 + M /∈< a + M >, FJ ϕ−1[< a + M >] ( R, ¢ÄÑ a /∈M , FJ

M ( ϕ−1[< a + M >], Ä¤ M .u maximal ideal. →←

FJ R/M u field. �

°Ü, BbªJ„p

Theorem Let R be a commutativering with 1. Then R/N is an

integral domain if and only if N is a prime ideal.
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Proof.(⇒) Suppose not. Then there exists two elements a and b not in

N such that ab ∈ N . This implies that in R/N , there exist two elements

a + N and b + N which not N(R/N 2í 0), but (a + N)(b + N) = N .

This implies that R/N is not an integral domain.

(⇐) Let ab ∈ N . Then (a + N)(b + N) = N implies a ∈ N or b ∈ N

(since R/N is an integral domain.) �

Corolllary Every maximal ideal of R is a prime ideal.

Theorem An ideal < p(x) >6= {0} of F [x] is maximal if and only if

p(x) is irreducible over F .

Proof. (⇒) Suppose not. p(x) = f(x)g(x) where

1 ≤ deg(fx) < deg(p(x)) and 1 ≤ deg(g(x)) < deg(p(x)). This implies

that < p(x) > ( < f(x) > ( F [x].→←

(⇐) Suppose not. ∃ N (ideal of F [x]), s.t. < p(x) > ( N ( F [x].

Since every ideal of F [x] is a principal ideal, N =< g(x) >. Now,

p(x) ∈< g(x) >, p(x) = g(x)q(x). Since p(x) is irreduciblle, either g(x)

or q(x) is of degree 0. If deg(g(x)) = 0, then N = F [x]. On the other

hand, if q(x) is of degree 0, let q(x) = c 6= 0, then g(x) = 1

c
p(x). Hence

< g(x) > = < p(x) >, < p(x) > is maximal. �

Theorem Let p(x) be an irreducible poly. in F [x]. If p(x) divides

r(x)s(x) for r(x), s(x) ∈ F [x], then either p(x) | r(x) or p(x) | s(x).
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Proof. < p(x) > is a maximal ideal of F [x]. Hence < p(x) > is a

prime ideal of F [x]. This implies that if r(x)s(x) ∈< p(x) >, then either

r(x) ∈< p(x) > or s(x) ∈< p(x) >. This concludes the proof. �

ñ™

I F Ñøñ7 f(x) Ñ F [x] 2íø_Ý�bÖá�� „pæÊ�ø_ñ E ≥ F

¥Å— E 2æÊ�ø_jÖ α U) f(α) = 0.

W x2 + 1 ∈ Q[x], Q(i) (¨Ö Q £ i íñ) æÊ, w2 Q(i) ≥ Q, 7/

i2 + 1 = 0.

„pí–1

1. I p(x) | f(x) 7/ p(x) u irreducible. (Note : f(x) ∈ F [x])

2. I E = F [x]/ < p(x) >. (¥uø_ field, ÄÑ < p(x) > u maximal

ideal.)

3. I α = x+ < p(x) >∈ E, † f(α) = f(x)+ < p(x) >=< p(x) > is a

zero in E.

4. F is isomorphic to a subfield of E. (∀ c1 6= c2 ∈ F ,

c1+ < p(x) > 6= c2+ < p(x) >)

F 2í”0”ªJõA E 2í < p(x) >. (ϕ : F
1−1
−→
onto.

E)

(∗) F is embedded in E.
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Unique Factorization Domain (UFD)

Defn. Let R be a commutative ring with unity and a, b ∈ R. If

∃ c ∈ R. s.t. b = ac, then a divides b (or a is a factor of b), denoted by

a | b.

Defn. An element u of a commutative ring with unity R is a unit of R

if u divides 1, that u has a multiplicative inverse in R. Two elements

a, b ∈ R are associates in R if a = bu where u is a unit.

Example Let a, b ∈ Q, 3 and 5 are associates.

Defn. A nonzero element p is not a unit of an integral domain D is

irreducible of D if every factorization p = ab in D has the property that

either a or b is a unit.

Defn. (UFD)

An integral domain D is a UFD if

1. Every element of D that is neither 0 or a unit can be factored into a

product of finite number of irreducibles.

2. If p1p2 · · · pr and q1q2 · · · qs are two factorizations of x ∈ D into

irreducibles, then r = s and (after renumbering) pi and qi are

associates i = 1, 2, · · · , r.

Lemma Let R be a commutative ring and let N1 ⊆ N2 ⊆ · · · be an

ascending chain of ideals in R. Then N = ∪
i=1

Ni is an ideal of R.
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Proof. A˛ check.

Lemma (Ascending chain condition for a PID)

Let D be a PID. If N1 ⊆ N2 ⊆ · · · is ascending chain of ideals in D,

then there exists a positive integer r such that Nr = Ns for all s ≥ r.

Proof. By above lemma N = ∪
i=1

Ni is an ideal of D. Since D is a PID,

N =< c > for some c ∈ D. By the definition of N , there exists a r, s.t.

c ∈ Nr. Now, for s ≥ r, < c >⊆ Nr ⊆ Ns ⊆ N =< c >.

Hence, Nr = Ns �

Theorem Let D be a PID. Then every element that in neither 0 nor a

unit in D is a product of irreducibles.

Proof. Consider a 6= 0 which is not a unit. If a is an irreducible, then

we are done. Otherwise, a = a1b1 where a1 and b1 is a unit. If both a1

and b1 are irreducibles, then we are done. Otherwise, let a1 be the one

which is not irreducible. Then < a >(< a1 > (?)

And then < a >⊂< a1 >⊂< a2 >⊂ · · ·. Since D is a PID, the ascending

chain condition holds. Thus < a >⊂< a1 >⊂ · · · ⊂< ar > and clearly ar

is irreducible.

Now, a = ar · c1 where ar is irreducible and c1 is not a unit. By

above process, we have that a = ar · cr′ · d1 where cr′ is irreducible and d1

is not unit. Due to the fact that D is a PID, the factorization has finite

products and the last element is an irreducible, this concludes the

proof. �
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Lemma An ideal < p > in a PID is maximal iff p is an irreducible.

Lemma In a PID, if an irreducible p | ab, then either p | a or p | b.

Corollary If p is an irreducible in a PID and p | a1a2 · · · an for ai ∈ D,

then p | ai for at least one i.

Hb2í Primes

Defn. A nonzero nonunit element p of an integral domain D is a prime

if, ∀ a, b ∈ D, p | ab implies either p | a or p | b.

Theorem Every PID is a UFD.

Proof. â‡ÞíìÜø−, Êø_ PID 2, ©_jÖ·ªJ ŸA�Ì_

irreducibles í
	, FJÉb„pñø4¹ª�

I a ∈ D, a = p1p2 · · · pr = q1q2 · · · qs. * p1 Çá5?; p1 | a, FJ

p1 | q1q2 · · · qs. Ä¤ p1 | qj. ÄÑ p1�qj ·u irreducible, FJ qj = p1u1, u1

Ñ unit. Ñ7jZzp, I qj Ñ q1(§�), ku p1p2 · · · pr = q1q2 · · · qs. ÄÑ

D u integral domain, FJ p2p3 · · · pr = µ1q2q3 · · · qs. ./,H¥	Bbª

JR) r = s.(units .	à}jíñø4.) �

½b–1 1Ý©_ UFD ·u PID!

Example Let F [x, y] be the set of polynomials with two

indeterminates x and y where F is a field. Then F [x, y] is a
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commutative ring with 1, moreover, F [x, y] is an integral domain. Now,

let N be the set of all polynomial in F [x, y] such that its constant term

is ”0”. Then N is an ideal of F [x, y]. But, N is not a principal ideal of

F [x, y]. Note that F [x, y] is a UFD, by Corollary 45.30.

(∗) If F is a field and x1,x2,· · ·,xn are indeterminates, then

F [x1, x2, · · · , xn] is a UFD. This is a direct consequence of the most

fundamental theorem:

Theorem (45.29) If D is a UFD, then D[x] is a UFD.

Proof. Omit.
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