Week 1 (II)

Ordered Rings and Fields
(%) We assume that the rings we consider in this section have nonzero
unity 1.
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Defn. An ordered ring is a ring R together with a nonempty set P of R

such that
(1) closure Va,be P, botha+banda-barein P.

(2) Trichotomy V a € R, exactly one of the following three statements holds,

aeP,a=0, —aecP.

Elenents of P are called "positive”.

Property 1 If a is a nonzero element of an ordered ring R with
positive set P, then a> € P. (C can not be ordered, since 1 = 12 and

i =-1.)

Proof. Eithera € Por —a € P. If a € P, then a-a = a®> € P. On the
other hand, if —a € P, then (—a)(—a) = a* € P. |

Property 2 1€ P.
Property 3 An ordered ring R is of characteristic 0, i.e., ch(R)=0.

Proof. Sincel e P,1+1€ P, ---,14+14---41 € P, never be zero. &



Property 4 0¢ P .
Proof. Since —0 =0, 0 ¢ P. (3K Trichotomy)
Property 5 Every ordered ring contains Z as a ordered subring.

Proof. 1,1+1,1+1+1, .- are distinct.

Property 6 Every ordered ring R contains no zero divisors.

Proof. Let a and b be two nonzero elements in R. Then a or —a is in
P, bor —bisin P. This implies ab or —ab in P but not both. Hence
ab # 0. |

Defn. a<?b ifandonlyif b—ac€ P.

Property 7
Trichotomy (a) Exactly one of the followings holds : @ < b, a = b, b < a.

Transitivity (b) If a < b, b < ¢, then a < c.
Isotonicity (¢) Ifb<c¢, thena+b<a+c.

Ifb<c 0<a,then ab < ac and ba < ca
Proof.

(a) Let a,b € R. Consider b — a € R. Then exactly one of b—a € P,
b—a=0,—(b—a)=a—>bec P holds. By def. one of a < b, a = b,
b < a holds.

(b) (b—a)e P, (c—b)eP=(b—a)+(c—b)€P,asa<c

(c) BZHEA.



Defn. (Archimedian Ring)

An ordered ring R is an Archimedian ring if the following property

holds : V a, b€ P C R, d a positive integer n s.t. na > b.

More examples of ordered rings

1. Let R be an ordered ring with set P of positive elements. Consider
R[z]. Let Pow={f(x) | the coefficient of the "lowest power” term of
f(z) isin P} and Ppign={f(x) | the coefficient of the "highest
power” term of f(x) is in P}.

For example, in Z[x], using Py, —22 + 32 is not positive. But,

using Phign, —2 + 3% is positive.

2. Using P, and considering R[x| where R = R, we have
(a € R,a>0) a—x € Py, hence < a. Similary, 2* < z,
0<---<a®<a? <z <a. Therefore, there are infinitely many

positive elements of P, which are less than a positive number in R.

3. The nature ordered ring R itself is an Archimedian ordering, but the
ordered ring R[z] with positive elements defined by P, is not an

Archimedian ring.

Sol. Consider 7(«+b) and x(+a), nz <7 V n.

4. Formal Power Series Rings

Formal = RSN EREERGHE, BE A" Formal” 2RE R,



Defn. A formal power series in x with coefficients a; € R is written as
2oaixt. (ZEREMA : BRTERME 24, £EMNae, =0.) AT L
formal power series in x with coeff. a; € R FiiHIEALL R][x]] Fx.

Property 8 R|[[z]] contains R[x] as a subring,.

Property 9 Using Py, for the positive elements in R][[z]], we have an

ordered ring.

(Note) We can not use Phigh- Some formal power series can not be

juged whether it is positive or not.

R is a field with ordering = R is an ordered field.
Example R is an ordered field.

Example Formal Laurent series with coef. in a field F, F'((z)), is a

field. By using Py, F(()) is an ordered field. (A series Y oo _ a;x’

where all but a finite number of the a; are zero for negative values 7 is

called a formal Laurent series.))

Property 10 F((z)) contains a subfield : a field of quotients of F'[z]

and thus induces an ordering on this field of quotients.

Defn. If R is an ordered ring with positive set P and S < R is a
subring of R, then P N S(# ¢) is a positive set in .S and thus induces an

ordering of S.



FH—HERAE " Induce” REERFE (Ring isomorphism).

Theorem Let R be an ordered ring with positive set P and let
¢ : R — R’ be a ring isomorphism. Then R’ is an ordered ring with

positive set p(P) = P’

Proof. Vd', b € P',d +V = ¢(a)+ p(b) = ¢(a+b) where a, b € P.
Hence o' + b € P'. similary a'b' = p(a)p(b) = ¢(ab) € P'. |

Theorem Let D be an ordered integral domain with positive set P,
and let F' be a field of quotients of D. The set

P={z e F|x=7% fora,bc D and ab € P} gives an order on F’ that
induces the given order on D (i.e. DN P’ is positive in D).

Furthermore, P’ is the only subset of F' with this property.

proof. ZFFAK p.232-233.
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