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5. M. Ulam, ("Adventures of # Mathematician," Scribuer's, 1976.) staled the
following problem: what is the minimal sumber of yes-no queries needed to find an
imoger botween one and one mitlion, if ane lie Js allowed among the answers, In
Rivest er al. . Comput. System Sei 20, 396-404 {1980) und Spencer, {Math. Mag.
57, 105-108 (1984} partial solwtions were given by establshlng bounds for the
minimal number of querics necessary to find a number in the set {1}, Applied
10 the original quesilon both solutions yleld two possibilities: 25 ot 26, We give an
exaol solution of Ulam's problem in tho general case. For 1= 10% the answer turns

aut 10 be 25, We also give an algerithin 1o perform the search wstog the minimal
number of queties, T 1987 Academio Press, Ing,

1. INTRODUCTION AND TERMINOLOGY

The problem of coping with etroneous information in search procedures
was recently studied by several authors (ol [3, 2, 4]). The problem has a
continuous verston—searching for o number in a given interval, and a dis-
crete version—searching for a number in {1,.., n}. It is assumed that some
of the answers to yes-no queries stated while searching may be erroneous.
Obviously one has to restrict the possibilities of lying, otherwise no infor-
mation can be obtained. One way of doing it is to restrict the number of
possibie lies,

In the continuous version it is clearly impossible to determine a number
exactly in finitely many questions, even without lies. In this context the
task is to minimize the measure of a set containing the unknown element.
In the discrete version however, it becomes possible to (ind the hidden
element and it seems interesting to know the minimal number of queries
necessary to do 8o if a restricted number of lies is allowed.

The first to state this problem was Ulam {57]. He asked what is the
minimal number of yes-no queries needed to find an integer between one
and one million, If one e is allowed.
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130 ANDRZES PEIS

Some partial answers to this guestion are known, The results of
Rivest et af, {3] applied to the case of searching for a number in .. n}
with at most ope lie allowed give the following:

—- it i impossible to determine the number in & questions if 2* < nfh + 11
-~ it is possible to determine the number in & questions if 2¢ 'z nh

The analysis performed by Spencer [4] provides a different bound in this
context:

-~ it ig impossible to determine the number in & questions if 2% <m(k+ 1)
-~ it is possible to determine the number in & questions if 2% 2 §u(k + 1),

In none of the cases do the bounds determine exactly the mipimal
required number of questions. Applied to the original problem (n=10%)
they both leave two possibilities for it: 25 or 26, Spencer [4] concludes his
paper with the comment that “it seems very difficult to determine whether
the answer to Ulam’s original problem is twenty-five or twenty-six”.

The aim of the present paper is to provided an exact answer to Ulam's
question. We actually prove a general result which determines precisely the
minimal munber ol yes—mo gueries necessary 10 find an integer in the set
{1,..., n} if at most one lie is aliowed. We also give an algorithm to perform
the search using this minimal nuraber of questions.

The main difference between our approach-and Lhat of Rivest eraf. [3]
and Speacer [4] is that in those two papers only comparison queries {i.c.,
of the form x < a?) were considered whereas we deal with generat yes- no
queries (i.e., of the form xe 77 for any subset < {1..., n}). following the
formulation of Ulam’s original question, We do not know if the exact
answer is the same when only comparison querics are allowed, the least we
cun say however is that this additional restriction would make the
algorithm more complicated, due to smaller possibilities of balancing
weights. This should be compared {o the following comment from {37]: "It
is worth noting that in none of the cases we consider does the restriction lo
comparison questions cause any significant increase in the oumber of
questions needed in the worst case.”

We shall consider the task of searching in terms of a game between two
players, the Questioner and the Responder. This approach was adojted in
{2, 4] We foliow some of the terminology from {47, If a number x has to
be found in the set {1,...n} after k queries, the corresponding game is
called the [, &7 game. The ruics are the lollowing: the Respoader thinks of
a number x between | and . Then each move of the Questioner consists of
a query xe I'?, for T {1,.., n} and the next move of the Respondet-is the
answer yes or no. He can lie at most once. We say that the Questionet wins
the [n k] game Il he has a winning strategy to deteriine provably the
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number x in & queries, ie. 2 method which enables him to find x alter &
questions independently of the Responder’s answers and to prove that x
has to be the number he determined, if the opponent played according to
the ruies. We say that the Responder wins the {s, k] pame if he has o
“Devil’s Strategy” to win it. By this we mean that he needs not actually
think of any number at the beginning but just reply “almost consistently”,
i¢. in such a way that at any stage of the game there is a number
x & {1,.., n} satisfying all of his answers possibly except one. It is clear that
the Questioner wins if and only if he has a winniag strategy against the
Responder’s Devil's Strategy. Hence this definition of the Responder's win
has the advantage of making the game determined: the Questioner wins the
game if and only il the Responder does not. It eliminates the possibillty of
the Responder’s loss “by chance”, in spite of the lack of Questioner's
winning strategy and because of his gambling luck.

With each stage of the game, when the tuin of the Questioner comes, we
associate a stave of the game which is a couple (o, £) of natural numbers.
The first number is the size of the truth-set; the set of those clements of
{1, n} which satisfy all answers given previously. The second number is
the size of the lic-set: the set of those elements of {1,.., n} which satisfy ail
bt ong answer, ‘

Following the idea of Berlekamp {1] we define the weight of n state
(a, b) corresponding to a stage of the game at which j questions remain to
be asked. This weight is defined by

wia, by=a(j+ 1)+ b,

Following Spencer [4] this can be interpreted by the fact that each number
in the truth-set gives j-+ 1 possibilitics of lying to each of the remaining /
questions or not lying at all. In the lie-set the Responder is forced to say
the truth till the end, so each number in this set yields just this one
possibility, )

Any question asked in the state (g, b) yields two states (a;,4,) and
(a2, by) corresponding to the answers yes and no tespectively. The question
“Is the unkrown number in the subset 4 of size x of the truth-set or in the
subset B of size y of the He-set?" will be referred to as the question about x
elements of the truth-set and y elements of the lie-set, The states {(a,, 5,)
and (a,, b,} yielded by a question will be always written in the order: first
the one corresponding to answer yes,

It is easy 1o see Lhat if some question in state (, ») yields states (a,, b,)
and {a,, &;) then

wila, b)=w_ (4, b)) +w, (ag, b,)

For any state {4, b} we define its character as the number chia, b) =
min{k: wy(a, by <2k}
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2. Tai MamN ResuLt

The pressni section is devoted to the formulation and proof of the main
result of this paper: for any natural » we give a necessary and sufficient
condition on & for which the Questioner wins the [n. k] game. The lcast
such k for a given # is the solution of Ulam’s problem, in particutar for »
equal to one million this & turns out to be 235,

The first lemma establishes conditions on & (for any givenn), under
which the Responder wins the [#, ] game using the Devil's Sirategy, Pant
(a) follows [rom the above-mentioned results of Rivest [3] and Spencer
[4], but we include the short proof to make the paper self-contained.

LEMMA 1. (a) For even n the Responder wins the [m k] game if
nik 1) 2%

(b) For odd n the Responder wins the [,k game if' nik+ 1)+
(k= 1)>2%

Proof. (a) We let the Responder play the Devil's Strategy consisting in
always choosing the state of non-smailer weight out of the two siales
yielded by the query. Since the weight of the initial state is a(k + 1) 25,
after <k questions the weight of the resulting state will be at least 2. All we
have 1o do is prove that such a state cannot be equal to (1, 0), (This would
be the only possibility of the Questioner’s win in a state of weight Bigger
than 1} However this could occur only if the previous state was (1, ¢ 7
questions remained and the question about the unique element of the
truth-set yielded states (1,0} and (0, ¢+ 1) with

H,’,_ l“!o};’"wr 1{0,{"'{“ [}

indicating that the Responder answers yes. This moeans

tze+l,

Since the srate (1,¢) was reached after % -t questions following the
described strategy, we must have

WAL el=tb o | = pE- 2tk e

Hence by the previous inequality
(>0

which is always false,
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(b) For odd n, any question asked at the beginping of the [, k]
game yields states (a;, &,) and (@, by) such that

n+1 n-1
max(wy..ylaq, by), Wi (ay, bz))?'“ﬁ‘"k*‘”ﬁ“n

Hence the described Devil's Strategy yields a state of weight at least
{(n+ 1)2)k + (n—1)/2 after the first question. If
mEk+ 1)+ (k—1)>2%  then £-§~lk+5~g—]> 2k -1,
hence afier (k- 1) further questions this strategy yields a state of waight at
least 2, It can be shown as above that this state is not (1, 0} and hence it
yields the Responder’s win,
We next analyze the Questioner’s winning possibilities.

LemMa 2. Let n be a natwral ny het_and k= Cch(l, n}. The Questioner

——e

iy R
Proof. We prove mdumion on n. Suppose that for m < n
it i true,

If n < & then the question about the unique element of the truth-set yields
staies {1, 0) and (0, n+ 1) with

W*__l(l,o)awkﬁ‘l(ﬂ,ﬂ'l'l}.

Wins in al most K questions starting from the siate (1, 1),
.i—’m“'h—-m

The state (1, 0) is already the Questioner’s win and
Wy (0, 4 1) g 241

hence the Cuestioner wins in at wmost k~ 1 questions starting from
(0, n4-1) (since the truth-set is empty, the Responder cannot le anymore).
It follows thal In the case 2 < & the Questioner wins in at most & questions
starting from (i, n).

If

nzk then let x:[-n_“:“HJ.

The question about the unique clemeont of the truth-sel and x elements of
the Hie-set vields states (1, x) and {0, 1 4+ 1 —x). We bave

w1 (L ) =wy . (O, n 4 1-x) = {k +x)~{n+ 1 —x}|
= k-1 2% € 1,

which implies ch(l, x), ch(@, n+1—-x) Lk -1,
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The Questioner wins in al most k- | questions starting (rom
{0, 11 | ~x} and, by the inductive hypothesis, also starting from the state
(1, x). Hence, if n2 k, he wins in at most & questions starting lrom (1, 1),
which finishes the prool,

LiMMA 3. Let (a, b) be a staie such that bz a ~ 132 1. Theit there exists
a question In this state yielding wiates (a,, b)) and (ay, by) such that:

¥ [a+ 17 [
B S A THE
2 bhza—-l by -1
3 Ch{ahb|),ch“a2,b2>\'§ch(ﬂ, b)"‘j.

at+ !
“3%{“‘7}"“]1

&

Proaf. We lirst prove the lemma for h=a—132{. Let {=chia, b) and
consider two cases,

I« is even, Let aw=2¢, then h=2¢c—1. The question about ¢
elements from the truth-set and ¢ elements from the Jie-set yields stétes
(¢, 2¢) and (¢, 2¢ —1). Conditions | and 2 are clearly satisfied, For Con-
dition 3 it suffices to show

wy e 2e)s2 Y,
Indeed, since
wil2e, 2e—N=20(f+ 1)+ 20— =200+ 2) 152!
and the aumber 2¢({-+2)— ! is odd, we get
2e(1+2)K 2/,

hence
Wy (e 2e)= el + = e{f+2) 20,

2 ais odd Let a=2c¢+ 1, then h=2p We first assume o> 5 The
question about ¢ + 1 elements, from the truth-set and ¢ — {4 elements frem
the lie-set yields states (¢ + 1, 2¢ — [4]) and (¢, 2c + [£] + 1). Condition 1 s
satisfied, In order to prove Conditlon 2 it sulfices to show that 2e— [{] = ¢
which means [4] < ¢ Indeed, since a6 we got

ala+ 1) +ia—1)€2%
hence
feschla,a—1)<a

which implies [{] <«
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We finally prove Condition 3

Wi (cﬂl- 1.2c—-[-£|)=(e+ 1} 14 2 - [é]mc’(!+2)+!-—[§]
and

W (c', 2c+[~;:|+ I)=c(!+2)+[%:|+ 1.

It ¢ is even then wi{2e-+1,2e)=20(f-+2)+14+1 is odd and hence
wi(2e + 1, 2¢) % 2/ implies

2e(042) 414252,

hence
e(l+2) +1-[-ﬂ =c{{+2) -|~ész"' !
and

c(!+-2]+[:;~]+-1 =c(!+2)+§+ lg2/~

If { is odd then

({4 2y~ +]= {u'+2]+|:-{-]+lmc(l+2)+£+l<g--2"“’
37¢ 2| PP I

which implies

i /
ch (c+1,2cm[~2-]), ch(c,ﬁc—i-[-ﬂ{-l)glw]

in this case as well.

Next we prove the lemma assuming b=a—121, g odd and 2<3, ie,
for states (3, 2) and (5, 4). Consider the state (3, 2). We have ch(3,2) =5,
The question about 2 elements of the truth-set yields states (2, 1) and
(1, 4). Conditions 1 and 2 arc clearly satisfied, for Condition 3 notice that
Wa(2, 13=11 and w,(1, 4)=9, hence both are less than 24,

Next congider the state (5, 4). We have ch(5, 4) =6. The question about
3 elements of the truth-set yields states (3, 2) and {2, 7). Again Conditions 1
and 2 are satisfied and for Condition3 we notice that w2, 7)=
19 < wy(3, 2) =20 < 2%,

This finishas the proof of the lemma for b=a—1321,

It remains to prove that the lemma is also valid for b>a—121, Let
b=g--1+x for some x>0, m=ch(a, b) and /=ch(a, a~-1). By the first
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part of the proof there is a question about s elements of the truth-set and ¢
elements of the lie-set which- -when asked in the state bty tr - 1) -yields
states (a), b) and («,, b,) satislying the conditions of the lemma. Let ¢, =
W (e &) ba=w, ({aa, by). I view of 2 1 and of Condition 3. we
have vy, ¢, 2" '\ Obviously w,fo.a -1}=¢, + ¢y ound w e b=
0y + by -+ X

Let y=min{x, 2" '~} The inequalities v 0 and .- y=0 hold.
Consider the question about s eloments of the truth-set and ¢+ y elements
of the lie-sel. Asked in the state {q, b} this question yields states {a), b+ 1)
and (ay, b5+ x— y). They clearly satisfy Conditions | and 2 of the lemma,
Moreover we have:

Wu @y by b py=o b p g 427 g =2
and
Wy y(dy, byt x— p)=ny b x- g,

the latter being either v, (if y=x) or o3+ x~2% ' 4o, (if =2 'y,
In the first case

Wy, -i(al~ b3+ X~ )= vy 5 2 "

in the second one
Wo (G2 by b X— W) =1 bty 4 x =27 !

= W,,,((J, b] — - ! & g om - ! = i_

Hence those states satisfy Condition 3 as well which finishes the proof of
the lemma,

We now formulute and prove the necessary and sufficient condition: for
the Questioner’s win in the [a, k] game. ’

THEOREM. (a} For euen n the Questioner wins the [n, k) game if and
only if nil + 1} 2%,

(b} fior odd n the Quesiioner wins the [n, k] game if and only if
Ak + 1 (- =25,

Proof. The “only il™ part of (a) and {b) follows from Lemma 1. We
prove the “if” part.

(a) Let n=2a and nfk - 1) < 2% The first quostion about ¢ elements
of the truth-set in the initial state (2a, 0) vields states (a, a) and (@, a). with
thiga)<k~1 Il a=1 the Questioner wins in at most k—t further
questions, in view of Lemma 2 and we are dome. 1£.a> 1, the state (4, &)
satisfies the assumptions of Lemina 3. We apply Lemma 3.repsatedly until
states of the form (1, b) are reached, Note that after each: applioation the
two obtained- siates again satisly the assumptions in view of Condition 2,
Condition | puarantees that states (1,5) are always venched after
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1< [lgal 41 questions, In view of Condition 3 we get ch(l, b) gk —1—1¢
for cach of those states, Then by Lomma 2 the Questioner wins in at most
k— 1t questions stasting from each of those states, Since he used 41
fuestions before, he wins the [n, k] game.

(b} Let n=2a+41 and a(k+1)+(k—1)2% The first question
sbout g+ elements of the truth-set in the initiat state (2a+ 1, 0) yields
states (a1, @) and (g, @+ 1) Since w,_(qa+1) = gh+atl <
we ya+1l,a) = {ad+Dkta = ((-+1)20%+n~1)2 = (alk+1)+
fk—1))/2 £ 2%, we et

ch{a, a+ 1), chia+1,a) gk —1.

The rest of the proof is exactly as in Part (a).

COROLLARY. Mt the case n= 10%, the minimal k for which
10°(k + 1) 2%

is 25, Hence this Iy the answer to Ulam’s oviginal problem: the least number &
of yes-no questions sufficient 10 find an integer between 1 and one million, if
one lie is aflowed, is k =25,

Remarks. 1. The minimal number £ of questions vyielding the
Questioner's win for odd 2 cannot be always obtained using the weaker
sondition n(k+ 1)< 2% good for even numbers. (ie, the condition from
point (b} cannot be replaced by the weaker one from point (a)). The exam-
ple is n="9 and k=35 which gives

nk+ )€ 2% <n{k+1)4 (k—1).

In this case the minimal & obtained from the inappropriate formula
nlk+1)<2* applied for n=9 is k=6 which does not yield the
Questioner's win (in view of the inequality 2% < alk + 1)+ (k= 1)),

2. For even » the least number & for which the Questioner wins the
[n, k] gamo is always the smallest of the two numbers allowed by the
bounds obtained in [3] and [4). For odd n no such property holds. If
a="T both Rivest's and Spencer’s results allow the minimal & to be 6 or 7
while it is actually 6, However if =9, those results allow the minimal & to
be 6 or 7 as well, while it actually equals 7.

3. Tur QUESTIONER’S WINNING ALGORITHM

In this section we give an algorithm yielding the Questioner's win in the
{n, &} pame, for any natural # and the smallest & for which his winning
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strategy exists. Since our algorithm follows exactly consecutive steps of the
proofl of the main theorem, the sume proof justifies its correctness.

We first define a useful function and give u subalgorithm, Let §=
{81 47} be 1 finite set of naturnl numbers, such that s, < x, <+ + <y, and
et 0 <! be a natural number, Then

chunk (8, a}= {5pw. 5, !

i
"We let chunk($, 0)= &)

The following subalgorithm RESULT describes what happens in a given
state with truth-set truth and lie-set lie after the question abott the first u
slements of the truth-set and the first v elements of che lie-set (we note this
query as ASK (s chunk (truth, ») uchunk (lie, »)?)). RESULT takes the
values of truth, He, 4 and » and returns new values of truth and He as well
as their cardinalities # and b and the character char of the new stale,

Subalgorithm RESULT (truth, lie, u, v, 4, 4, char),

begin
if answer = yes then
begit
lie 1= chunlk (lie, v)w truth\chunk (truth, u);
truth := chunk (trath, u)
end

else
begin
lie 1= lie\chunk (lig, ») < chunk (truth, w);
truth := truth\chunk (truth, &)
end;

= gard {truth); b 1= card-{lie);
char r= min{ fax(j+ 1) +hg24!
=g

Now we present the main wlgorithm. The varlable truth- denotes the
truth-set and the variable fie the He-sot at a.givan stage of the game,.q and
h denote the cardinalities of those sets and char-—the chiaxagtar: of. the state
(2, b). We also introducs an suxiliary variable ch which desotes the charac-
ter of the state (a, a—1).

The first question yields states (g, @), (4 a) o5 (a+ 1, a) {a, a-+1)
depending on the parity of-the inteper » denotmg the mrdmnhty of the
search space. Then the “while a>1” loop is exepuled. Variabley s and /
denote the cardinalitics of those subsets of truth-and fie respectively; about
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which the next question should be asked, First they are set as if the state
was (4, @ — 1) and then / is adjusted by the integer adjust in case b>a— 1,
{Here we follow the steps in the proof of Lemmu 3). Note that for odd 4
the intoger (#—1)/2 — [ch/2] is nonnegative for @ > 5 and hence / is set to
it before adjusting; for =3 or a= 5 this integer is negative which sets / to
0 according te the anlysis performed in the proof of Lemma 3.

After leaving the first loop, the state becomes (1, ). The “while {a=1
and b2 char)” loop and the “if (=1 and &> 0)" and “if a=1" clavses
coming afterwards take care of this case, following the proof of Lemma 2,
Finally the last loop covers the states of the form (0, ).

Algorithm STRATEGY
Taput: #—the cardinality of the search space.
Output: x — the hidden number.

begin ,
truth := {1, n}; lie:= ¢4;

ASK (xa chunk (truth, [ED ‘?);
RESULT (truth, lie, [12’-} 0,4, b, char);
chi= min{j ax(f-+ 1)+ (a— 1) 2/);
while a> | do
begin
if a Is even then
begin

f =

=

2R
[ )

end
else
begin

[ 1= -ﬁ:——]«'!‘— max um!- ﬂ] 0
S 2 20

ehd;
weight te fechar - f4a—1;
adjust i= min(b —~ {a ~ 1), 29"~ | _ weight};
{:= [+ adjust;

ASK (x5 chunk (truth, ¢)w chunk (lie, /)?);

RESULT (truth, le, £,  a, &, char);

ehoi= min{j:ax(j4 1)+ (a— 11 2/}
el
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while (a1 and b= char) do
begin

ASK (xa truth wchunk (lic, [b—- ul;ar t [-D?);

RESULT (truth. lie, a, [f-?l-‘fh;' + 1], a b, char)

end;
if (a=1 and b> 0) then
begin
ASK (xs truth?);
RESULT (truth, lie, a, 0, 4, b, char)
end;
if =1 then
X := the unique element of truth;
while 52> 1 do
begin

ASK (:ca chunk (lie, [%]) ‘?):

RESULT (truth, tie, 0, [g:l, a, b, char)
end; '
x = the unique ¢lement of lie
end.
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