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Abstract

In Classical group testing, one i given a population of » items N which containg
some defective d ltems inside, A group test (pool) is a test on a subset of N. Under the
circurnstance of no errors, a test is negative if the testing pool contains no defective
items and the test is positive If the testing pool contains at least one defective item
but we don’t know which one, The goal s to find all defectives by using as less tests
as possible, mainly to minimize the number of tests (in the worst case sifuation),
Let M(d, rn} denote the minimumn number of tests in the worst case situation where
|N| = n and d is the number of defectives. In this paper, we focus on estimating
M(d, n) and obtain 4 better result than known ones in various cases of d and n.
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1 Introduction

The group testing problem has been developed since 1943 during the World War
IT {(Dorfman 1943). The metivation was to detect syphilis among latge number of
blaod samplas via blood tests. Even the idea was not actually carried out, nowadays,
it has been applied to many felds such as chomical leaking testing, codes, multi-
access channel communication (Wolf 1985), data compression (Hong and Ladner
2002), compressed sensing (Doncho 2006), network security (Thai 2012), multimedia
fingerprinting (Cheng and Miao 2011), and DNA library screening (Bruno et al, 1995;
Farach et al, 1997). Various revised models are also considered in Du and Hwang
{(2000), Hu et al. (1981), Torney (199%) and Weng and Hwang (1993) to 6t the real
gitwation of applications, such as complex models, inhibitor models, and threshold
modefs,
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Given a set N of # items and each item can be either defective or pure. A group
test (or test in short) will be on aset § ¢ N, denoted by § for convenience. Under the
circumstance of ne errors, the ontcome of § is positive (denoted by P) if it contains at
* least one defective item and the outcome is negative (N} if it contains all pure items,
The classical group testing problem i3 to use less tests as possible to find all defective
items. Mainly, for all algorithms, the goal is to minimize the number of tests in the
worst case situation,

Let Mg(d,n) denote the minimum puniber of tests which are used in algo-
rithm “G" on n set & of » items and there are o defective items. Moreover, let
M{d, n) = min{Mg(d, n)}G is an algorithm of group testing), So, as a consequence,
Mg(d, n) z M(d, n).

In general, there are two basic algorithms to tackle the problem: adaptive and non-
adaptive algorithms. The tests designed ir: an adaptive algorithm may depend on the
outcome of previous tests. But, in a non-adaptive atgorithm all tests are carried out
simwultaneously. Therefore, an adaptive algorithm takes less tests in determining all
the defectives in most of the cases. In this paper, we shall focus on applying adaptive
algorithms.

The following facts are well-known,

Proposition 1.1 M (4, n) = [logy ()]
This is known as the information lower bound, By using binary search, we have
Preposition 1.2 M (1, n) = [log, 1.

Surprisingly, determining M (2, ») for peneral n remains unsettled at this moment
(Chang and Hwang 1981; Chang et al. 1989; Du and Hwang 2000). Based on the
generalized binary splitting algorithm developed by in Hwang {1972), we can prove
the following result.

Propositlon 1.3 (Hwang 1972} Let H be the generalized binary splitiing algorithm.
Then, My(d, n) — [log, (g)l sd—1ford =2

Indeed, this result provides a good estimation of M{d, n) by way of the information
lowet bound,

In this paper, we propose an algorithm to estimate M (d, #). Mainly, we prove that
M{d,r) — [logy ()] < d —2for3 < d < 5. For larger d, & sinmilar idea can be
utilized, but it is getting more tedious even it can be done.

2 Results

We shall use My, (d, n) to denote the number of tests needed in algorithm “L” {depend-
ing on &} for finding d defectives among n items. Since we need d = 2 case for finding
small cages, Mz (2, n) will be introduced fist,

The following results are easy to see.

Lemma 21 M(2,5) =M, (2,5) =4 and M2, 7) = M(2,7) == 5.
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Proposition 22 M1 (2,10 x 2¥) =2k + 6 and M1(2, 14 x %) =2k + 7, k > 0,

Proof We shall prove these two facts by induction alternatively onk > —1. By Lemma
2.1, the assertion is true for & = -1, Now, consider & > 0 and assume the inductive
hypothesis holds for small k,i.e., M7 (2, 10 x2%~1) = 2k +4and My (2, 14 x 21y =
2k + 3.

First, we partition & into 4 subsets respectively, N = S U S| US U S3. BN =
10 x 2%, then let |Sp} = 2%, |S4} = |52 =2-2% and | §h| = 5-2%, and if N = 14 x 2%,
then |So| = 2%, |51] = |S2| = 3 - 2% and |Sa| = 7 - 2%. Let T; denote the i™ test and
L(T}) be its outcome,

Let 7y = SpU S, be the first test for & == 10 x 25, X Z.(7)) = N, then the defectives
are in S U 83, Since [$ U S3] = 7 2% = 14.. 2%~ the proof follows by induction,
142k — 1)+ 7 = 2k -+ 6. On the other hand, if L{T}) = P, thenlet T5 = Sy U 57,
Naw, if L(T2) = N, then all the defectives are in §1 U 83. By finding one defeclive
in Sy (using binary splitting test) and one defective in §) U & (k -- 3 tests) we use at
most 2k + 6 tests, So, consider L(T)) = P.Let Tr = §.If L{T3) = N, then ind one
defective in Sp first by using k& tests and Gnd the other one in 8o U Sp U 83 by at most
& + 4 tests. In total, at most 2k - 6 tests are used. On the other hand, if L(T3) = P,
then find one defective in Sy by using at most & -+ 1 tests and on defective in S U S
with at most & -- 3 tests, Hence, at most 2k + 6 tests are needed.

Consider N == 14 x 2%, Now, the process can be carried out by a similar argument,
Hirstif L(SpU St) = N, then we use 2k 4 6 tests for finding two defectives in SpU 3,
If L(Sg U §1) = P, then test Sp U Sz, Now, in case that L(Sg U S2) = N, then
all defectives are in 8y U 83, moreover L{8|}) = P. Hence, let §; = S{) U S and
83 = 85 U 85 such that 8] = 2%, |S{| = |8)| = 2 x 2% and §} = 5 x 2%, By previous
argument, we start from testing |55 U 3] to find all the defectives in at most 2k + §
tosts. If L(Sp U S2) = P, then let T3 = §1. Again, if L{T3)} = N, then all defectives
are in Sp U 8 U S3. By finding one in 8y and one in Sy U §3 U 83, we have the proof.
On the other hand, if L{T3) = P, then, cne in §; and the other one in Sy U S5. This
concludes the proof. g

In summary, we have

2k 46, 14 x 281 <pn <10 x 2%, and

Propasition 23 M(2, r) < {Zk +7, F10x2F <n < 14 %2k,

So, if 14 x 2! < n 5 10 x 2, [log, ()] = [tog, ("% )] = Nlogy7 x
21 (14 3 21 1 1)1 = [logy 98 - 222 = [log, 98] + (2% —2) = 2k + 5. On
the other hand, if 10 x 2¢ < n < 14 x 2%, then [logy (3)] = [log, "4+ 2
[logp 507 + 2k = 2k + 6, Tn any case, [logy ()} < |M(2,n}| < [logz (§)] + 1.

Now, consider d = 3. The following results are the initial cases of our algorithm.
Lemma 2.4 My(3,12) = 9 and M;,(3, 15) = 10.

Proof Forn = 12, test two items first (7). If L(T}) = P, then it takes one mole test
to find one defective, and seven other tests to find the others since My (2, 11) < 7.0n
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Proof Ford = 5,n = 46 x 2%, 53 x 2, 61 x 2%,70 x 2% and 80 x 2, we partition
n items into four subsets Sp, S, $2 and 83 withratio 1 1 5:5:35,1:6:6: 40,
1:7:7:46,1:8:8:53and1:9:9: 61, respectively. We take Ty = Sy U 8| and
Ty = S U Sy if L{Ty) = P. Moreover, if L(T3) = P, then take T3 = So.

For n =46 x 2* and L(T3) = P, weneed 3+ & + My, (4, 46 x 2% —1) < 5k 23,
If L(T3) = N, we need 3 -+ (2k + 5) + M(3,45 x 2} —2) < 5k - 23.

Forn = 53 x 2% and L(T3) = P, we need 3+ k + M (4, 53 x 2% — 1) < 5k +24.
I L(T5) = N,weneed3+2 x (b +3) + M (3, (52— 4y x 28 —2) =3+ 2 x (k+
3) + M, (3,48 x 2% -~ 2) < 5k +24,

For n = 61 x 2* and L{T3) = P, weneed 3 -+ k + M. (4, 61 x 2% — 1) < 5k +-24.
IfL(T3) = N,weneed3+2x (k+3) + M1 (3, (60 -2y x 2 —2) =3 +2 x (k+
3) + My (3,58 x 2F ~2) < 5k + 25.

For n =70 x 2% and L{13) == P, we need 3 - k + My, (4, 70 x 2% — 1) < 5k 4 25.
If L(T3) = N, weneed 3 + 2 x (k +3) + Mr,(3, 69 x 2% —2) < 5k + 26,

For s = 80 x 2% and L(Z3) = P, we need 3 +% - M (4, 80 x 28 —1) < Sk -+ 26.
WL(T3) = N, weneed 3 4+ 2k + D+ M3, (79~ 4) x 2 =2 =3+ 2k +T) +
M3, 75 x 28 —2) < 5k 270t 3+ (2k +6) + M (3,79 x 2F = 2) < 5k +27.00

Now, by calculating [log, (3)] and [log, (F}], we have the following
Covollary 2.12 [log, (})] = M{d, n) = [log, (3)] +d ~2for3 <d < 5.

Finally, we note that if > 5 is considered, then d algorithms are needed (o

determine My, (d, ). Moreover, the silz::; of four sels Sy, Sy, Sp and 5y are of sizes 2%,
3d — P—1

(d41) 2%, (d+1) 2k, and (-(—J'Lm)— +td + LJ) + 2 respectively provided

(3d — 1)d

(Hr—1)
2 2

n=(l+2(d+1+ t1d + Y2k wheresr € {0,1,2,-+- ,d — 1},

3 Conclusions

By using quaternary splitting on the testing set N, we are sble to obtain a more accurate
estimation of M(d, n). Though not match the information lower bound log, (%)], we
believe that the results obtained in this paper are very close to the exact answer of
M{d, n). This is due to the fact that for larger d, binary informatic pactition is in
general not possible.
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