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Theorem 83

For p € (0,1), almost all graphs obtained in Model A is of Class 1.

Proof.

Step 1.

Prove that almost all graphs have a unique major vertex.

Step 2.

By Vizing’s result, every Class 2 graph has at least three major
vertices, we conclude the proof. ]

| e cd ke i B

ot

Some ideas in Algebraic Graph Theorem.

[/(’fa) The adjacency matrix A(D) of a directed graph D is
A(D) = [2i i nxn where V(D) = {v1,v9,+,vn}, 2i; = 1 if and only if

e SRR O P

(vi,v;) 1s an arc of D.

L

\/(’3) If D is a graph (instead of digraph}, then we view each edge of D
as a pair of arcs in opposite directions, and thus A(D) is a
symmetric (0,1)-matrix.

L/(’O) If G is a simple graph, then we can define the Laplacian of G,
denoted by L(G) = [I; ; |nxn where l;; = degq(v;) and §;; = —1=1;; if
{Uip vj} € E(G)

(ee) We shall consider A(G) where ¢ is a simple graph in what

follows.

(s) The characteristic polynomial of A(G) is defined as
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P(A, ) =go5 (G, ) = det(zl, - A). (A» A(G)).
(o) The spectrum of A (matrix) is a list of its eigenvalues of A, the

zeros of ¢(A,x), together with their multiplicities.

Example
G 04.
H(Cy, ) = z* — 4z2; zeros are 2,0,0,-2 (0 is of multiplicity 2).

(o) The largest eigenvalue of a graph G is called the index of G and
the spectral radius of G is the maximum value of
{iMl | i=1,2,-,m, and X; is an eigenvalue of A}. In C} case, the

index and and spectral radius of G are equal.

VD VY
(o) Spec(G) :( b t) and Yt m;=n.

My Mo = TNy

Example
n-1 -1
L. Spec(K,) = ( )

2. Spec(Kpp) = (

3
=103
!
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Theorem 84
The diameter of a connected graph ¢ is less than the number of
distinct eigenvalues.
diam(Ky) =1
diam{ Ky pn) =2
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Proof.

Let r be the number of distinct eigenvalues, let them be
A1, Az, ey Ap. Then [T7; (z = A;) is the minimal polynomial of A. This
implies that the linear combination of I,, = A®, AL,.... A" is the zero
matrix. Now, consider diam(G). Let d(v;,v;) = diam(G) = k. Then,
A4, 7) =0 for each 0 < h < diam(G). Hence, A%, AL, ..., A* are linearly
independent. (7) This implies that & <7, i.e., diam(G) is less then the

number of distinct eigenvalues. |

Theorem 85

For every graph G, x <1+ Apax(G).

Proof.

For every graph G, let x(G) = &k and H be a vertex critical
subgraph of G. That is, x(H) = k and for each vertex v e V(H),
x(H -v) =k -1. By Theorem 56, 6(H) > k- 1.
an eigenvector Z such that AZ = AZ. Let
r; =max’ {x; | &= (21,22,,2n)}. Then

A= (AZ); = Yoen,) Ti < degg(vy) - 25 < A(G) - ;.
Hence, Amax_ eg_é_gg_‘).«@nd Theorem 85 is an improvew
E&@;Og‘;ﬁe other hand, Ayax > 6(G). (7) This implies that
ks1+5(H)31+)\max(H)31+Amm(G). n
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In mathematics, a Cayley graph, also known as a Cayley
color graph, Cayley diagram, group diagram, or
color group,! is a graph that encodes the abstract
structure of a group. Its definition is suggested by Caylex's
Sa:tm‘(;jfwtg"enelators for the group. It is a central tool in
combinatorial and geometric group theory. The structure

and symmetry of Cayley graphs make them particularly
good candidates for constructing expander graphs.

Definition

Let G be a group and S be a generating set of G. The

Cayley graph I' = I‘(G, S) is an edge-colored directed
graph constructed as follows:L2]

» Each element g of G is assigned a vertex: the vertex
set of I is identified with G.

» Each element s of S'is asmgned a color Cs:
» Forevery g€ G and s € §, thereis a directed edge

of color ¢, from the vertex corresponding to g to the
one corresponding to gs.

Not every convention requires that § generate the group.
If 5 is not a generating set for &, then T is disconnected

and each connected component represents a coset of the
subgroup generated by S.

If an element s of § is its own inverse, 8 = g7, then it is

typically represented by an undirected edge.

28 £ b$ <
K4

le  a %
2
4

el

o

two generators a and b

Graph famllles defmed by thelr
automorphisms

The set § is often assumed to be finite, especially in
geometric group theory, which corresponds to I' being
locally finite and @ being finitely generated.

The set § is sometimes assumed to be symmetric (

S = 51} and not containing the group identity element.
In this case, the uncolored Cayley graph can be
represented as a simple undirected graph.

hitps:/fen.wikipedia.orgiwiki/Cayley_graph

graph

distance- distance- strongly
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Examples

» Suppose that G = Z is the infinite cyclic group and the set § consists of the standard
generator 1 and its inverse (-1 in the additive notation); then the Cayley graph is an infinite
path.

= Similarly, if G = Z, is the finite cyclic group of order n and the set § consists of two elements,
the standard generator of G and its inverse, then the Cayley graph is the cycle C,,. More
generally, the Cayley graphs of finite cyclic groups are exactly the circulant graphs.

= The Cayley graph of the direct product of groups (with the cartesian product of generating sets
as a generating set) is the cartesian product of the corresponding Cayley graphs.2! Thus the

Cayley graph of the abelian group Z? with the set of generators consisting of four elements

42p " A Cayley graph of the dihedral cbe  cheb
group Dy on two generators a and ¢ cbIITR
4 b is depicted to the left, Red 9@ b
arrows represent composition with Ve ™ —ﬁ
a. Since b is self-inverse, the blue ﬁig/bc oob
. sy ps i ¢
lines, which represent composition L

with b, are undirected. Therefore
the graph is mixed: it has eight

vertices, eight arrows, and four gel?ﬁ;igrs which are both
edges. The Cayley table of the sel-inverse
> group Dy can be derived from the

a’b  group presentation

Cayley graph of the dihedral group 4 _ 12 __ — P93
Dy on two generators a and b <a’ b I o’ =b & ab = ba )

Cayley graph of Dy, on two

A different Cayley graph of D, is shown on the right. b is still

the horizontal reflection and is represented by blue lines, and ¢
is a diagonal reflection and is represented by pink lines. As both reflections are seff-inverse the
Cayley graph on the right is completely undirected. This graph corresponds to the presentation

(b,c| b = c® = e, bebe = cbeb).

8 = {a, b,a“l,b"l} is depicted at the top of the article, with e being the identity. Travelling
along an edge to the right represents right multiplication by a, while travelling along an edge
upward corresponds to the multiplication by b. Since the free group has no relations, the
Cayley graph has no cycles: it is the 4-regular infinite tree. It is a key ingredient in the proof of
the Banach~—Tarski paradox.

homomorphism from the free group on n generators to the group G, defining a map from the

Cayley tree to the Cayley graph of G. Interpreting graphs topologically as one-dimensional
simplicial complexes, the simply connected infinite tree is the universal cover of the Cayley

» A Cayley graph of the discrete Heisenberg group

1 =z 2
0 1 yi,z,y2€Z
0 0 1

https:/fen.wikipedia.org/wiki/Caylay _graph 218
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is depicted to the right. The generators used in the

picture are the three matrices X, Y, Z given by the three Z4 .,

permutations of 1, 0, O for the entries z, y, 2. They / X

satisfy the relations » /
Z=XYX 'Y, XZ=ZX,YZ = ZY, which can s

also be understood from the picture. This is a non- .55
commutative infinite group, and despite being embedded ,év“ A

in a three-dimensional space, the Cayley graph has four- ‘7 Y
dimensional volume growth.1* A

X

Characterization Part of a Cayley graph of the

Heisenberg group. (The coloring is only
The group G acts on itself by left multlphcatlon (see Caylgy s  forvisual aid.)

Cayley graph Explicitly, an element h € G maps a vertex

g € V(I') to the vertex hg € V(I'). The set of edges of the

Cayley graph and their color is preserved by this action: the

edge (g, g8) is mapped to the edge (hg, hgs), both having

color ¢,. In fact, all automorphisms of the colored directed

graph T" are of this form, so that & is isomorphic to the
[note 1][note 2]

symmetry group of ' 12 LILIOTE 2]

The left multiplication action of a group on itself is simply
transitive, in particular, Cayley graphs are vertex-

transitive. The following is a kind of converse to this:

Sabidussi's Theorem—An {unlabeled and

i ) ) Cayley Q8 graph showing cycles of
uncolored) directed graph I' is a Cayley graph of a multiplication by quatemnions i, j and k

group G if and only if it admits a simply transitive
action of G by graph automorphisms (i.e.,

To recover the group G and the generating set S from the unlabeled directed graph T, select a
vertex vy € V(') and label it by the identity element of the group. Then label each vertex v of I by
the unique element of G that maps v; to v. The set § of generators of G that yields I as the Cayley
graph I'(G, S) is the set of labels of out-neighbors of vy. Since I' is uncolored, it might have more
directed graph automorphisms than the left multiplication maps, for example group
automorphisms of G which permute S.

Elementary properties

n The Cayley graph I'(G, S) depends in an essential way on the choice of the set § of
generators. For example, if the generating set § has k elements then each vertex of the
Cayley graph has k incoming and k outgoing directed edges. In the case of a symmetric
generating set § with r elements, the Cayley graph is a regular directed graph of degree r.

» Cycles (or closed walks) in the Cayley graph indicate relations among the elements of §. In the
more elaborate construction of the Cayley complex of a group, closed paths corresponding to

https:ifen.wikipadia.org/wiki/Cayley_graph 3/8
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relations are "filled in" by polygons. This means that the problem of constructing the Cayley
graph of a given presentation P is equivalent to solving the Word Problem for P.!"]
= If f: G' — G is a surjective group homomorphism and the images of the elements of the
generating set §' for @ are distinct, then it induces a covering of graphs

F:T(@,8) = I(G,S),

where § = £(8'). In particular, if a group G has k generators, all of order different from 2, and
the set § consists of these generators together with their inverses, then the Cayley graph
I'(G, S) is covered by the infinite regular tree of degree 2k corresponding to the free group on
the same set of generators.

» For any finite Cayley graph, considered as undirected, the vertex connectivity is at least equal

to 2/3 of the degree of the graph. If the generating set is minimal (removal of any element and,
if present, its inverse from the generating set leaves a set which is not generating), the vertex

connectivity is equal to the degree. The edge connectivity is in all cases equal to the degree.l8!
n If preg (g) () = ga is the left-regular representation with |G| x |G| matrix form denoted
[Preg(9)], the adjacency matrix of TG, §) is A = 3, ¢[Preg (5)].

AX - Z X(S),

8cy

which, when G is Abelian, takes the form

3 i)

scS

for integers j = 0,1,..., |G| — 1. In particular, the associated eigenvalue of the trivial
character (the one sending every element to 1) is the degree of I'(G, S), that is, the order of S.
If G is an Abelian group, there are exactly |G| characters, determining all eigenvalues. The
corresponding orthonormal basis of eigenvectors is given by

e2mi/|Gl  g22mif/|G  B2mij/|Gl ... (IGI-1)2i/|G] ), It is interesting to note

1
Vi = G (1
that this eigenbasis is independent of the generating set S.

More generally for symmetric generating sets, take py,..., pr @ complete set of irreducible
representations of G, and let p; (S) = 3, pi(8) with eigenvalue set A;(S). Then the set of
eigenvalues of I'(G, S) is exactly | J; A;(.S), where eigenvalue A appears with multiplicity
dim(p; ) for each occurrence of A as an eigenvalue of p;(S).

Schreier coset graph

If one instead takes the vertices to be right cosets of a fixed subgroup H, one obtains a related
construction, the Schreier coset graph, which is at the basis of coset enumeration or the Todd-
Coxeter process.

Connection to group theory

Knowledge about the structure of the group can be obtained by studying the adjacency matrix of

symmetric generating sets, the spectral and representation theory of I'(G, ) are directly tied

https:#en.wikipedia.org/wikifCayley_graph 4/8
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together: take p1,...,pr a complete set of irreducible representations of @, and let
pi(8) = Y ,cq pi(8) with eigenvalues A;(S). Then the set of eigenvalues of I'(G, §) is exactly
LJ; A;(S), where eigenvalue X appears with multiplicity dim(p;) for each occurrence of A as an
eigenvalue of p;(5).

The genus of a group is the minimum genus for any Cayley graph of that group.7]

Geometric group theory

For infinite groups, the coarse geometry of the Cayley graph is fundamental to geometric group

hence an intrinsic property of the group. This is only interesting for infinite groups: every finite
group is coarsely equivalent to a point (or the trivial group), since one can choose as finite set of

generators the entire group.

invariant of the group.

Expansion properties

When § = §71, the Cayley graph (@, S) is |8|-regular, so spectral techniques may be used to
analyze the expansion properties of the graph. In particular for abelian groups, the eigenvalues of
the Cayley graph are more easily computable and given by A, = " o x(8) with top eigenvalue
equal to |S|, so we may use Cheeger's inequality to bound the edge expansion ratio using the
spectral gap.

Representation theory can be used to construct such expanding Cayley graphs, in the form of
Kazhdan property (T). The following statement holds: 8!

If a discrete group Gl has Kazhdan's property (T), and S is a finite, symmetric generating set
of G, then there exists a constant ¢ > 0 depending only on G, § such that for any finite
quotient Q of G the Cayley graph of Q with respect to the image of S is a c-expander.

For example the group G = SL3(Z) has property (T) and is generated by elementary matrices and
this gives relatively explicit examples of expander graphs.

Integral classification

An integral graph is one whose eigenvalues are all integers. While the complete classification of
integral graphs remains an open problem, the Cayley graphs of certain groups are always integral.
Using previous characterizations of the spectrum of Cayley graphs, note that I'(G, S) is integral iff

the eigenvalues of p(S) are integral for every representation p of G.

https://en.wikipedia.org/wiki/Cayley_graph 5/8
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Cayley integral simple group
A group G is Cayley integral simple (CIS) if the connected Cayley graph I'(G, S) is integral exactly
when the symmetric generating set § is the complement of a subgroup of G. A result of Ahmady,
Bell, and Mohar shows that all CIS groups are isomorphic to Z/pZ, Z/ 02 Z, or Zy X Zy, for primes
p.19] It is important that § actually generates the entire group G in order for the Cayley graph to be

connected. (If § does not generate G, the Cayley graph may still be integral, but the complement of
§'is not necessarily a subgroup.)

In the example of G = Z/5Z, the symmetric generating sets (up to graph isomorphism) are

« §={1,4} T'(G, ) is a 5-cycle with eigenvalues 2, \/52“1, \/52-1, —\/23_1, _\/25_1

» §={1,2,3,4}: (G, ) is K5 with eigenvalues 4,1, -1, -1, -1
The only subgroups of Z/5Z are the whole group and the trivial group, and the only symmetric

generating set S that produces an integral graph is the complement of the trivial group. Therefore
Z./5Z must be a CIS group.

The proof of the complete CIS classification uses the fact that every subgroup and homomorphic
image of a CIS group is also a CIS group.i-’i—]-

Cayley integral group

A slightly different notion is that of a Cayley integral group G, in which every symmetric subset §
produces an integral graph I'(G, 8). Note that § no longer has to generate the entire group.

The complete list of Cayley integral groups is given by Zy x ZF',Z3 x Zj7,Qs x Z§, 83, and the
dicyclic group of order 12, where m,n € Z>( and (g is the quaternion group.l2] The proof relies
on two important properties of Cayley integral groups:

» Subgroups and homomorphic images of Cayley integral groups are also Cayley integral
groups.
» Agroup is Cayley integral iff every connected Cayley graph of the group is also integral,

Normal and Eulerian generating sets

G (generalizing the notion of a normal subgroup), and S is Eulerian if for every 8 € §, the set of
elements generating the cyclic group (s) is also contained in S. A 2019 result by Guo, Lytkina,
Mazurov, and Revin proves that the Cayley graph I'(G, S) is integral for any Eulerian normal
subset § C @, using purely representation theoretic techniques.[*9)

The proof of this result is relatively short: given & an FEulerian normal subset, select
*1,...,%; € G pairwise nonconjugate so that § is the union of the conjugacy classes Cl(z;). Then
using the characterization of the spectrum of a Cayley graph, one can show the eigenvalues of

I'(G, S) are given by {)\x =3 W} taken over irreducible characters x of G. Each

eigenvalue A, in this set must be an element of Q(() for ¢ a primitive m™ root of unity (where m

must be divisible by the orders of each ;). Because the eigenvalues are algebraic integers, to show
they are integral it suffices to show that they are rational, and it suffices to show A, is fixed under

https:/fen.wikipedia.crgfwikitCayley_graph 6/8
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any automorphism & of Q(¢). There must be some k relatively prime to m such that
o(x(@)) = x(xF) for all 4, and because § is both Eulerian and normal, o(x(z;)) = x(x;) for
some j. Sending @ — #* bijects conjugacy classes, so Cl(z;) and Cl(z;) have the same size and ¢
merely permutes terms in the sum for A, . Therefore A, is fixed for all automorphisms of Q(¢), so
Ay is rational and thus integral.

Consequently, if G = A, is the alternating group and § is a set of permutations given by
{(124)*'}, then the Cayley graph I'(A,, ) is integral. (This solved a previously open problem
from the Kourovka Notebook.) In addition when G = S, is the symmetric group and § is either
the set of all transpositions or the set of transpositions involving a particular element, the Cayley
graph I'(G, §) is also integral.

History

S

Cayley graphs were first considered for finite groups by(z/f&rthur Cayley in 18782 Max Dehn in his

unpublished lectures on group theory from 1909-10 reintrodiiceéd Cayléy gFaphs under the name
Gruppenbild (group diagram), which led to the geometric group theory of today. His most
important application was the solution of the word problem for the fundamental group of surfaces
with genus = 2, which is equlvalent to the topological problem of deciding which closed curves on

See also

» Vertex-transitive graph

= Generating set of a group
» Lovasz conjecture

» Cube-connected cycles

= Algebraic graph theory

s Cycle graph (algebra)

1. Proof: Let o : V(T') — V(T') be an arbitrary automorphism of the colored directed graph T,
and let h = o(e) be the image of the identity. We show that ¢(g) = hg for all g € V(T"), by
induction on the edge-distance of g from e. Assume o(g) = hg. The automorphism o takes any
cs-colored edge g — gs to another ¢,-colored edge o(g) — o(gs). Hence
o(gs) = o(g)s = hgs, and the induction proceeds. Since I’ is connected, this shows
o(g) = hg forall g € V(I).

2. It is easy to modify I into a simple graph (uncolored, undirected) whose symmetry group is

isomorphic to G: replace colored directed edges of I with appropriate trees corresponding to
the colors.
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