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Figure 29. Bipartite version

Ramsey Theory

(o) The Ramsey number R(s,t} is the smallest value ”n” for which
either a graph G of order n contains K or G> K;.

(o) Edge-coloring version of Ramsey number. The Ramsey number
R{s,t) is the smallest value "n” for which any 2-edge-colored K,
(red and blue), either there exists a red K or a blue K;. (A red
K is a complete graph of order s such that all its edges are
colored red.)

() R(3,3) =6 (Do you know this fact?)

{fdpn
R(a,t) =R (at-)
Theorem 37 , + Ria-1,1),
The following statements are true: l/?j 7{3@,”7 &ﬁ ‘J
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Proof.
(1} and (2) are easy to see.

Claim of (3)

Let n= R(s,t —1)+ R(s—1,t). Then, in K, each vertex is of
degree R(s,t—1)+ R(s—-1,t) - 1. Therefore, if K,, is 2-edge-colored by
red and blue, then the edges incident to a fixed vertex z € V(K,) are
either red edges or blue edges. By Pigeon-hole principle, either there
are R(s,t—1) blue edges or R{(s-1,t) red edges. If the first case
holds, then in (Ng, (z))k, (a complete graph of order R(s,t-1)),
either there exists a red K or blue K;_ 1. Hence, we have a red K; or a

blue K; in K. The other case can be obtained by a similar argument.

Claim of (4)

By inductive argument. (Or induction)

R{s,1)

1A

R{s,t-1)+ R(s-1,1)
s+t=1-2 N S—1+t—2)

I

s—1
s+t—3)+(s+t—3)
s—1 s—2
S+t-3+1

Il

o

|1

S_
3+t—2)
. .

k.
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Theorem 38 (Erdds and Szekeres, 1935)
25-2

For each 5 > 2, R(s) < —= 2 . (R(s) =4es R(s,5).)

Proof.
25 -2 . [2s-2\ 222

R(s,s) < ( o1 ) We claim ( . 1 ) iz by induction on s.

First,if s =2, 2< — \/_ the assertion is true. Assume that the assertion
_ 2k-2

is true for s = k, thus 2:_ 12 < %72— Now, we calculate
(Qk) _(2k) 2k-(2k-1)-(2k-2)! 2k(2k-1) ' (Zk' - 2) <

k) kKD R2(E-DN (k-1 k2 k-1)"
4k? -2k 202k-2) 4k -2 2(2k) (1)

k2 Lz f}k JAVE N .
L. 11/2 2

Since (k +1)1/2 < 4fk i_c 5 Ve conclude that (Zkk) < (kfw |

(o) The result has been there for almost 50 years before the

Aimprovement due to Thomason in 1988:

R(s) <2%/s.

(ee) The original proof by Ramsey shows that
D2s-2
R(s)<2%-3= . (1930)

Theorem 39
R(k)>[22]. (k>3)

Proof. (Probabilistic method )
Consider a random red-blue coloring of the edges of K,,. For a fixed

set T of k Vertices let Ay be the event that (T)k, is monochromatic,

Hence P(Ar) = ( ) -2(red or blue)= 21 (z). Since there are (k) r}@)



possible sets for 1, the probability that at least one of Ay occurs is
(2) .21-(3). Now, if (2) .21-(3) < 1, then no event Ap occurs is of

positive probability, i.e., there exists a coloring of edges such that no

monochromatic Ky occurs. Therefore, for such n, R(k) > n.

Let n=|22]. (It suffices to show that (k) 21-(3) < 1, )
(n) .21_(5) p _Tf_k_ 21+2 . (22)k 21%— . 21+§
k kKl ok KL o2 7 Kl

(1= (=14 %) Bonce, R(k) 2 28]

1 (k=>3).

(¢) Combining Theorems obtained above

23 < R(s) <2273 for s > 2.

(ee) Open problem: R(s) =

Theorem 40
Known results of R{s,t).

2(cxo(1)}s (¢ may be equal to 1).

. 3 4 5 6 7 8 9
3 6 9 Ga) | 18 23 28 36
4 18 25 36-41 | 49-61 59-84 73-115
5 43-48 | 58-87 | 80-143 | 101-216 | 133-316
6 102-165 | 115-298 | 134-495 | 183-780
7 205-540 | 217-1031 | 252-1713
8 282-1870 | 329-3583
9 565-6588

R(s,t) = R(1,s)




G0

(o) The results of lower bounds are obtained by ”a special
edge-coloring” with two colors. Corresponding to the coloring we

have G and G of order (prescribed).

R(3,3) : R(3,4):
(>5) {>8)

@

&
@
R(4,4):
(>I7) GQA7{1,2,4,8})
| SRa,H=18,
®

Ri44) € RG,4+RW,3) =18
Bonus

Find as many vertices (n) as possible such that a graph G of order

" n satisfying G # K5 and G # K. (Lry 431)

Exercise C-1

Find a better upper bound for R(s). (Do your best!)

Theorem 41

R(plrp27 '":pt) <
A
R(pi—1,p20-pe) + Rp1: gy, o, pe) + -+ B(py, oy pe = 1) — £ +.2.
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Proof.
By a similar argument as the proof

R(s,t) < R(s-1,t) + R(s,t~-1), o
(o) R(3,3,3)<6+6+6-3+2=17 (Theorem 41).

(ee) There exists a 3-edge-coloring of K4 such that no

mono-chromatic triangles occur. ( 7)

Theorem 42
R(?}, 3, "',3) =def Rk(3) < [6 : ]C]J + 1.
k-tuples |

Proof.

Since R(3,3) =6, R(3,3,3) = 17, the assertion is true for & = 2 and
3. Assume that it holds for & — 1 when k£ > 3. Hence,
Ri-1(3) < e(k - 1)!] + 1. By Theorem 41,

Ry_1(3)

[FaN

k(le(k-D!+1)-k+2
kle(k - 1)1 + 2.

Now, kle(k- D] =k (k-1)!-(1+-1%+_1“‘.+...+(k_ll)!+%+._.) _
11 1
E M o Gk Gy R | T L) el =1 ()

(o) Instead of R(s,t), we use R(Hy, Hz) to denote the smallest integer
n such that any 2-edge-coloring (red, blue) of K,,, either there

exists a red Hy or a blue H,.
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Theorem 43
R(O4,O4) =def R(O4) <8,

Proof.

Consider a graph G # Cy and |G| = 8. By Theorem 35-1,
Tel %z(8,8;2,2) o ;/_4“_—3) = 2(1 +/29) < 14. That s, if a
graph G is of order 8 and size 14, then G > Cy. Now, in a

2-edge-colored Ky, either red or blue edges induce such a graph, the

proof follows.

Theorem 44
R(Cy) < k?+k+2.

Proof.

Let n = k2 + k + 2 and consider a k-edge-colored K,,. Since

2
ez(n; Cy) < %(1 VAR "3) = k%f” (1 +VAKE+ 4k 15) <
BP+k+2 1+/4k2+4k+5

2 2
E(l+vV4k2+4
(L+ kz vk 5). By direct calculation, we have
B(1+~4k®+4
(K*+k+2)> (1+ Ak 5). This implies that k- ez(n; Cy) <

2
k*+k+2 k(L+vV4k?+4k+5) c (k2+k+2)(k?+k+1) _(n)
2 2 2 ~\2/

(o) R(Hy, Hy) =min{n||G|=n, G 2 Hior G 2 Hy}.

. Now, compare (k% + & +2) and




