Graph Theory - An Introduction

In this lecture note of Graph Theory we select 'i}%eoremz‘» to

introduce the basic properties of graphs.

Theorem 1 (Veblen, 1912)
The edge set of a graph can be partitioned into cycles if and only if

every vertex has even degree.

Proof.

(=) A vertex contained in ¢ cycles has degree 2¢.

(<) The cycles can be obtained recursively. We start with finding the
first cycle. Let {xg,x1, "y z) be a path of mazrimal length [ in G.
Since xoz) € E(G), degg(ng > 2. Let y(# z1) be a neighbor of zy, i.e.,
zoy € BE(G). Now, y € {zo, 3, -, 2;}. For otherwise, we have a longer
path. So, if y = x;, then we have a cycle C = (zg, 21,-+-,2;). The
process continues in G — E(C). (Fach vertex is of even degree in the

graph G - E(C).) =

Theorem 2 (Mantel, 1907)
2
Every graph of order n and size greater than {% J contains a

triangle (C3 or K3).

Proof.
(1st)



Since K3 ¢ G , for every zy € E(G), Ng(z) n Ng(y) = @. This
implies that degg(z) + degg(y) <IG| =n. (Figure 1) Now, consider
Yayer(c)(dega(z) +dega(y)) = Zeav(e)(degg(x))? (Two-way counting)
n |G|
n-e(G).

I

By Cauchy’s inequality,
(2e(G))? = (Xsev(c)dega(x))?
n Yaev(e)(dega(r))?
(n)?-e(G).
n2
Hence, e(G) < VR 2
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Figure 1. deg{x)=a+1, degp(y)=5b+1

(2nd)

Let z € V(G) be a major vertex, i.e., degg(z) = A(G). (Figure 2)
Since K3 £ G, (Ng(z))q induces an empty graph. This implies that
|Gl < a(G)+2(G) (n-8(G)-1) = A(G) - (n- &(G)).

[(G)| will take a maximum when A(G) = B-J Hence, we have the

proof. -
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Figure 2.

Theorem 3

A graph is bipartite if and only if it does not contain an odd cycle.

Proof.

(=) Let G = (A, B) where A and B are its partite sets. If

(0,21, 2) 18 a cycle of G, then 2y and x; must in different partite
sets. Hence, the index ! must be odd, thus the cycle is of even length.
(+=) W.L.O.G, let G be a connected graph. Let z ¢ V(G) and
Vi={y|yeV(G) and d{z,y) is even}. Hence, z € V4. Let

Vo = V(G) ~ Vi. Tt suffices to claim that both V4 and V4 are
independent sets. First, consider V3. Clearly, for each z € Vs, d(z,2) is
odd. Suppose that 21,2z € Vo and 2, ~ 2 (2125 € E(G)). (Figure 3) Let
Py and P, be the two paths such that Py = {z, -, 2} and

Py = (-, 2), moreover they are the shortest paths connecting z to 2

and z to 2z respectively.



Figure 3.

Let w be the last vertex in which P, and P, intersect. Also, let

|Pi] =25 +1 and | P| =2t + 1. (Note that if V(P) nV(P) = {z}
(Figure 4), then we have an odd cycle (z, P, 21, 29, P,)) (length
25+2t+3). ) Now, if w does exist, then {x, Pi,w) and {z, P, w) are of
the same lengh, let the length be A.(?) So, the cycle (w, -, z1, 22,-*) is
of length (2s+1-h) + (2t +1~h) = 25 + 2t — 2h + 3, an. odd integer.
Thus, an odd cycle exists, a contradiction. Hence, V5, is an
independent set. A similar argument can be applied to show that V; is

also an independent set. (x is not adjacent to any vertex of Vi \ {z}.)

Figure 4.

Open problem
How many edges can a graph G of order n have such that G $ Cy7

Fi=3. @ Fod 2x(03C). () Fond ex (113 C,).
ErR) o ex(ng ),
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Theorem 4

The following statements are equivalent for a graph G.

(8) G is a tree. (G is connected and acyclic.)
(b) G is connected and every edge of G is a bridge.
(c) G is a maximal acyclic graph. (If z and ¥ are not adjacent, then

G + zy contains a cycle.)

Proof.
(a)=(b)

Let zy be an edge of G and G - zy is connected. Then, there exists
a path P connecting = and y in G - zy. Clearly, G contains a cycle
(z, P,y) in G, a contradiction.

(b)=>(c)

If G is not a maximal acyclic graph, then there exists a pair of
vertices z; and 2z in G such that G + 2329 is also acyclic. Since G is
connected, there exists a path connecting z; and zg, say P. This
implies that (21, P, 20) is a cycle in G + 2,29, a contradiction.

(¢)=(a)
If ¢ is not connected, then there exists a pair of vertices zy and z9

(in different components) such that G + z1z; is also acyclic. -+« [}

Theorem 5 (Euler, 1741)

A nontrivial connected graph (multigraph)} has an eulerian circuit



6

- (Euler circuit) if and only if each vertex has even degree. Moreover, a
connected graph has an eulerian trail from a vertex x to a vertex y # z

if and only if z and y are the only two vertices of odd degree.

Proof.

The second statement follows directly from the first one. We prove
the first statement.
(=) If a circuit passes a vertex z h times, then deg.(z) = 2.
(<) By induction on |G|. Since |G| 2 1, §(G) > 2 (G is not a tree!)
and thus GG contains a cycle. Let Z be a circuit in G with the
maximum number of edges. If Z is an eulerian circuit, then we are
done. Suppose not. Let H be a nontrivial component of G - E(Z).
Since G is connected, V(H)nV(Z) + @. Now, H is a nontrivial
connected graph (even graph). Hence, H contains an eulerian circuit
Y. By using z, we can attach Z and YV together to obtain a larger
circuit. (Figure 5) This contradicts to the maximality of |E(Z)).

Hence, Z must be an eulerian circuit of G. |

Z Y

Figure 5.

Open problem

Find the number of distinct eulerian circuits of an eulerian graph G.



(Two circuits are the same if they can be obtained each other by a

cyclic shift of edges.)

(651: €1, €3, €4, C5, g, €7, f?s)
=qey {€3, €4, €5, €6, €7, €8, €1, C2)

F e (€15 €2, €6, €5, €4, €3, €7, €8)

Theorem 5.5 (BEST Theorem)

A digraph D has an eulerian (directed) circuit if and only if D is
strongly connected and for each vertex v € V(D), degp(v) = degp(v).
Moreover, if IJ is an eulerian graph, s(D) is the number of distinct
culerian circuits, then

s(D) = (D) - T1j=1 (degp(v;) - 1)! for every i€ {1,2,--,n} where
t;(D) is the number of spanning trees oriented toward v;.

(Note: The counting part of the theorem was proved by ”de Bruijn
and van Aardenne-Ehrenfest”, Smith and Tutte. (two independent

groups))

Proof.
The existence part can be obtained by a similar argument as the

"multigraph” version. (We omit the proof of 2nd part.)



Figure 6. Spanning tree oriented toward v; € Rok oyes )

Theorem 6
Every graph G contains a path of length 6(G} and a cycle of length
at least §(G) + 1 (provided 6(G) > 2).

Proof.

Let (vp,v1, -, 1) be a longest path. Then, Ng(v;) € {vo, v1, -+, v 1}
FFor otherwise, we have a longer path. Since v has at least §(G)
neighbors { > deg(v;) = §(G). This concludes the first part. Now, let 4
be the smallest index in {0,1,2,-,1 -1} such that v;v; € E(G). Hence,

(w4, Vi1, -, v) 18 & cycle of length at least 6(G) + 1. ]
@VO $V.E a:\0'2

Figure 7. I-i 2 §(G)

Exercise { Pgniis)
Every connected graph (¢ contains a path or cycle of length at least

win{23(G),IG1).



Theorem 7
For each connected graph G, rad(G) < diam(G) < 2rad(G).

Proof.

It suffices to consider the second inequality. Let v and v be two
vertices in G such that d(u,v) = diam(G). Let w be a vertex in the
center of G, i.c., ecc(w) = rad(G). By the fact that ”d” is a metric,
d(u,v) +d{w,v) > d(u,v). This implies that
ecc(w) + ecc(w) = 2rad(G) > d(u,w) + d(w,v) > d(u,v) = diam(G). =
(Note. The eccentricity of w € V(G) is max{d(z,w) | z € V(G)}.)
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A graph of minimum degree § and girth (shortest cycle) g has at

least ng(6, g) vertices where

1+ 52:;&(6 -1}, g=4es 2r+1,and

nO((Sag):
{ 2-Tin(0-1),  g=2r.

Proof.

Case 1. g=2r+1,r>1.

Let vy be a fixed vertex in &, see Figure 9.

<3t least &

+-atleast § — 1

Figure 9.
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Then, there are at least ¢ neighbors of vy, and for each neighbor,
say 11, v1 has at least 0 — 1 neighbors. Since g=2r+ 1, G contains at
least 1+6+6(6—1)+--+ (8 ~ 1)1 vertices. This concludes the proof
of the Case 1.

Case 2. g=2r

In this case, we start with an edge wugvg, see Figure 10. By a similar

argument, G contains at least 2- [(§ - 1) + (§ - 1)2+ -+ (5 - 1)"1]

vertices. E

é

‘ d — 1{atleast

Figure 10.

Theorem 9

If 6(G) > 3, then g(G) < 2log,|G|.

Proof.
Note that if ; > d3 2 3,then ng(d1, g) > no(dz, g). If suffices to
consider ny(3, g). By Theorem 8,

G| >2n0(3,9) =27 +2"-2>2" (g=2r) and

2r-1 3 _, g
|Gl >no{3,9)=1+3 - ——=—=22-2>23 (g=2r+1),

2-1 5

This implies that r < log, |G| and thus g < 2log, |G|. n



