Week 12

Theorem (Wilson) Let p ba a prime. Then (p — 1)! = —1 (mod p).

Proof. Sine p is a prime, < Z, ,- > is a group. Therefore each element
in Z,, has an inverse element. This implies that Z, has no zero divisors.

Hence the equation 22 — 1 = 0 (mod p) has exactly two solutions in Z,,
1 and p — 1. So, all the other elements a € Z; \{1,p — 1} has an inverse

which is not a itself. Thus, we conclude that (p —1)! =p—1= —1 (mod

p) u
Example of division ring which is not a field

(*) By Wedderburn’s Theorem, every finite division ring is a field, we

have to find an example with infinite elements.

The Quaternions

R=TR*1=(1,0,0,0),i=(0,1,0,0), 5 = (0,0,1,0), k = (0,0,0, 1),
VaoeR, x=a;+ay+azj+ak = (a1,as, a3 a4). 1> =52 =k? = —1,
ij =k, jk=1i, ki=j, ji=—k kj=—iandik=—j.

(a1 + agi + azj + ask) + (b1 + bai + bzj + byk) =

(a1 4+ b1) + (a2 + b2)i + (az + b3)j + (as + by)k.
(a14asitasj+agk)(by+boi+bsj+bsk) = (a1b3—asbs—asbs—asby)+(a1bs+
agby +asby—agbs)i+ (a1bs+asbs+asby — agbs) j + (a1by+asbs+asbe —asby ) k.

Then < R, +,- > is a division ring.



Since the other properties of a division ring is easy to see, we check
that each element in R has an inverse (multiplication). By the definition
of multiplication, an element a = a; + ast + a3j) + a4k has an inverse if
and only if
a1 —as —az —day
det 2 #0

as a4 a —ag

ag —az a2 ai

and this can be checked by finding the determinant. In fact, the inverse

of a is m(al — agi — agj — ask) where ||a|| = 2?21 az.

How to construct a field by using an integral domain?

Step 1 Let S ={(a,b) | a,b € D and b # 0} where D is an integral

domain.

Step 2 Partition S into equivalence classes [(a, b)] where the
equivalence relation ~ in S is defined by (ai, b1) ~ (ag, b2) if and only if

albg = agbl.

Step 3 Let F' be the set of all equivalence classes obtained in Step 2

and treat each classes as an element.



Theorem (The field of quotients of an integral domain)

< F, 4, > is a field where [(a, )] + [(¢,d)] = [(ad + bc, bd)] and
[(a,0)] - [(¢, d)] = [(ac, bd)].

Proof.
1° Well-defined. (+)

Let (a1,b1) € [(a,b)] and (c1,dy) € [(c,d)]. It suffices to show that
(a1dy + bic1, bidy) € [(ad 4 be, bd)], i.e.,

(a1d1 + b101)bd = bldl(ad + bC)

Since a1b = bya and ¢y = djc the left hand side is equal to

ardibd 4+ bic1bd = bidiad + bidiced. Thus, we have the proof.

2°  Well-defined. (-)
We claim (ajcq, bidy) = (ac, bd). This is followed by
(CLC) (bldl) = a1b0d1 = albcld = (alcl)(bd).

3° < F,+ > is an abelian group.
4° < F* - > is an abelian group.

5°  The distributive laws hold in F'.

Note 0=[(0,1)], [(a,b)] + [(—a,b)] =0, [(a,b)][(b,a)] = 1 where

1 =[(1,1)]. (Remember that D is an integral domain.)

Step 4 The field F' from Step 3 can be considered as a field which

contains D.



Lemma The map 7: D — F given by 7(a) = [(a,1)] is a 1-1

homomorphism from D into F, i.e., D is isomorphic to a subring of F.

Proof. w(a+0b)=[(a+b,1)] =](a, )]+ [(b,1)] = 7(a)+ 7 (D).
x(a-b) = [(ab, 1)] = [(a, D][(b, )] = n(a)(t).

@) =7@y) = ()] =D)]=z1=y-15r=y. ®

Step 5 Any two fields of quotients of D are isomorphic.

Theorem Let L be a field containing D and F be the field of
quotients of D. Then there exists a subfield of L, L', FF = L', moreover,

if ¢ is the isomorphism, then Va € D  (a) = a.

Proof. Let ¢ be the map such that ¢(a) =a V a € D and
Y(a/pb) = 1(a)/ 1 (b) where a/pb denotes the quotient of a by b

i.e., a/pb < [(a,b)] in the meaning of quotients defined in Step 2.
Check 1 is well-defined and ¢ is an isomorphism.

1° If a/pb = ¢/pd, then ad = be in D. Hence ¢ (ad) = v (be),
W(ad) = ad = p(a)i(d) = ¥(b)is(c). This implies that
W(a)/p(b) = ¢(c)/ip(d). ¢ is well-defined.

2° Y(a/rb+ c¢/pd) = (ad + be/pbd) = Y(ad + be) /1 (bd)
= ad + bc/pbd = a/pb + c/pd = (a)/ L (b) + ¢¥(c)/L(d)

= ¥(a/rb) +¥(c/pd).

The others can also be proved similarly. |



Corollary Every field L containing an integral domain D contains a

field of quotients of D.

Proof. Since every element of L' is of the form (a)/1(b), L contains

a field of quotients of D. (By above theorem.) H

Corollary Any fields of quotients of an integral domain are

isomorphic.

Proof. Every field of quotient of an integral domain D is isomorphic

to the same field L’ in the above theorem. [ ]

Example < C,+,- > is a field.
D ={m+ni | m,n € Z} is an integral subdomain of C (complex
number). D is the set of Guassian integers.

Then we can define the quotients of D as above and in fact it is the set

{a+bi|a,be Q} which is a field.

Example < Z,+,- > is also an integral subdomain of C. The field of

quotients of Z is "Q”.



Theorem Let R be a ring in which 2? = x for each x € R. Then R is

a commutative ring.

Proof.
Claim 1 Ifa®> =aandVm € Z", a™ # 0 where a # 0, then ax = za

for each = € R.

(ax — aza)® = (ax)(az) — (ax)(aza) + (axa)(ax) + (axa)(axa)
= arar — arara — arar + arara = 0

(ra — aza)?® = 0.

= ar —azxa =0 and za — axa = 0 = axr = xa.

Claim 2 If 22 = z, then R contains no a s.t. a™ = 0 for m € Z* and
a # 0.

Suppose not. Let m € Z*, and a™ = 0, m is the smallest one.

|3

=0 —«.

1. If m=0 (mod 3), then a™ = (a%)? =a

2. Ifm =1 (mod 3), then a™ - a*? = a***3 = "1 =0 —«.

3. If m =2 (mod 3), then a™-a =a* ™3 =ad"! =0 —.

Claim 3 Vz e R (2?)?=2"= 2% =22 hence 2’2z = 22’ V2 € R
(by Claim 1 and 2).

zyxy = xaryry = x(zy)’r = zeyzyr = 2*(yx)(yr) = (yo)(yo)e® = yeyz

(%) a2y = (2y)® = zyayry = vyyryr = vy’ryr = r?yr = ya® = yx.



