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roLerpy o
Sperner's lemma For refer

In mathematics, Sperner's lemma is a combinatorial analog of the Brouwer fixed point theorem, which is equivalent to i,

Sperner's lemma stateg that every Sperner coloring (described below) of a tzlangulation of an n-dimensional simplex
contains a cell colored with a complete set of colors,

The initial result of this kind was proved by Emanuel Sperner, in relation with proofs of invariance of domain. Sperner
colorings have been used for effective computation of fixed points and in root-finding algorithms, and are applied in fair
division (cake cutting) algorithns, It is now believed to be an intractable computational problem to find a Brouwer fixed
point or equivalently a Sperner coloring, even in the plane, in the general case. The problem is PPAD-complete, a complexity

class invented by Christos Papadimitriou.

Accarding to the Soviet Mathernatical Encyclopaedia (ed. LM. Vinogradov), a related 1929 theorem (of Knagter, Borsuk and

Mazurkiewiez) had also become known as the Sperner lemma — this point is diseussed in the English translation (ed. M.

Hazewinkel). It is now comumonly known as the Rnaster—Kuratowski—Mazurkiewlcz lemma.
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Statement

One-dimensional case

In one dimension, Sperner's Lemma can be regarded as a discrete version of the intermediate value theorem. In this case, it

must switeh values an odd number of times.

Two-dimensional case



The two-dimensional case is the one referred to most
frequently, It is stated as follows:

Given a triangle ABC, and a triangulation T of the
triangle, the set § of vertices of Tis colored with thiee
colors in such a way that

A, B, and C are colored 1, 2, and 3 respectivaly

Each vertex on an edge of ABC is to be colored only
with one of the two calors of the ends of its edge. For
example, each vertex on AG must have a color elther  Ope-

tord. dimensional
Then there exists a triangle from T, whose vertices are case example
colored with the three different colors, More precisely,

there must be an edd rumber of such triangles,

Twe-dimensional case example

Multidimensional case

In the general case the lemma refers to a n-dimensional simplex
A = 441.44.2 . .An+1.

We consider a triangulation T which is a digjoint division of A Into smaller n-dimensional simplices. Denote the coloring
function as f: § — {1,2,3,..,m,n+1}, where 8 is again the set of_ vertices of T, The rules of ¢oloring are:

1. The vertices of tha large simplex are calored with different colors, I, 8. f{A)} = /for 1 /< e,
2. Vertices of T'located on any k<limensional subface of the large simplex

are colored only with the colors
i1,%2y 00 Epe1

Then there exists an odd number of simplices from 7, whose vertices are colored with all n-+1 colors. In patticular, there must
he at Teast one.

\/Igroof

We shall first address the two-dimenstonal case. Consider a graph G huikt from the triangulation T as follows:

The vertices of G are the members of T plus the area outside the triangle. Two vertices are
connected with an edge if their corregponding areas share a common border with one endpoint
colored 1 and the other colored 2. ‘ :

Note that on the interval AB there is an odd nurber of borders colored 1-2 (simply beeause A is coloved 1, B is colored 2 yand
as we move along AB, there must be an odd number of color changes in order to get diffevent colors at the beginning and at

the outer area, has an odd number of vertices with odd degree corresponding to members of T

It can be easily seen that the only possible degree of a triangle from T'is o, 1, or 2, and that the degree 1 corresponds to a
triangle colored with the three colors 1, 2, and 3.

Thus we have obtained a slightly stronger conclusion, which says that in a triangulation T there is an odd number (and at
least oue) of full-colored triangles,



A multidimensional ease can be proved by induction on the dimension of a simplex. We apply the same reasoning, as in the
two-dimensional ease, to conclude that in a n-dimensional triangulation there is an odd number of full-colored simplices,

Commentary

Here is an ¢laboration of the proof
given previously, for u reader new to @ @ " @)
graph _theory! This dlagram numbers
the colors of the vertices of the

example given previously, The small @ @
triangles whose vertices all have
different numbers are shaded in the @‘ @ G)

graph, Each small triangle becomes a
node in the new graph derived from
the triangulation. The small letters
colored and named In accordance :cidentif;r the are.as ’ ?ight fnside the
with the assumptions of Spemer's gure, and area { designates the space
Lemma outside of it. As described previously, those nodes that share an edge whose
endpoints are numbered 1 and 2 are joined in the derived graph. For example,
node d shares an edge with the outer area 7, and its vertices all have different
nuimbers, so it is also shaded. Node b is not shaded because two vertices have the same numbar, but it is joined to the outer
area. One could add a new full-numbered triangle, say by inserting a node numbered 3 Into the edge between 1 and 1 of node
a, and joining that node to the other vertex of a. Doing so would have to create a pair of new nodes, like the situation with
nodes fand g.

The graph derived from the example

A simple two-dimensional
figure

triangulation of the example figure,

Generalizations

Polytopes
Supposs that, iusiead of an 7 — 1-dimensional simplex, we have a d-dimensional polytope with 72 vertices,
Then there are at least n — ¢ fully labeled simplices, where "fully labeled” indicates that every label on the simplex has a

different color. For example, if a (two-dimensional) polygon with n vertices is triangulated and colored according to the
Sperner criterion, then there are at least n — 2 fully labeled triangles.

The general statement was conjectared by Atanassov in 1996, who provad it for the case d = 2.7 The proof of the general
case was first given by de Loera, Peterson, and Su in 2002,

Permutations

Suppose that, instead of a single labeling, we have n different Sperner labelings.

We consider pairs (simplex,permutation) such that, the label of each vertex of the simaplex is chogen from a different labeling
(sc for each simplex, there are n! different pairs).

Another way to state this lemma is as follows, Suppose there are n people, each of whom produces a diffevent Sperner
labeling of the same triangulation. Then, there exists a simplex, and a matehing of the people 1o its vertiees, such that each
vertex is labeled by its owner differently {one person labels its vertex by 1, another person labels its vertex by 2, ete)),
Moreover, there are at least n! such matehings. This can be used to find an enyv-free cake-cutting with econnected pleces,




Degrees

Suppose a triangle is triangulated and labeled with {1,2,4}. Consider, it M - oy
the cyclic sequence of labels on the boundary of the triangle, Defin Be. ffc!ue*nce ; ______ Degree '
the degree of the labeling as the difference between the number o{; 123 i 1 (0"9 1-2 switch and no 21 switch)
switches from 1 to 2, and the aumber of switches from 2 to 1. ‘?ee 12321 i 0 (one 1-2 switch minus one 2-1 switch)

examples in the table at the right. Note that the degree is the same m“ f
1232 | 0 (as above; recall sequence is cyclic)
we count switches from 2 to 3 minus 3 to 2, or fromato 2 mmus 1 toi s S

3.

1231231 2 {two 1-2 switches and no 2-1 switch)

S P,

Musin proved that the mumber of fully labeled triangles is at least the degree of the labeling. In particular, if the degree is
nonzero, then there exists at least one fully labeled triangle,

If a labeling satisfies the Sperner condition, then its degree is exactly 1 there are 1-2 and 2-1 switches only in the side
between vertices 1 and 2, and the mumber of 1-2 switches must be one more than the nwmber of 2-1 switches (when walking
from vertex 1 to vertex 2). Therefore, the original Sperner lemma follows from Mnsin's theorem.

Trees and cycles

There is a sirnilar lemma about finite and infinite trees and eyeles.

Cubic Sperner lemma

A variant of Sperner’s lemma on 2 cube (instead of a simplex) was proved by Harold W. Kuhn® It is related to the Poinears
~Miranda theorem.!

Applicaﬁons

fully labeled simplices correspond to fixed points of a given function, By makmg a triangulation smaller and smaller, one can
show that the limit of the fully labeled simplices is exactly the fixed point. Hence, the technique provides a way to
approximate fixed points.

E¥9,t9991.§

Sperner's lemma is one of the key ingredients of the proof of Monsky's theorem, that a square cannot be cut into an odd
number of equal-area triangles.®!

Fifty years after first publishing it, Sperner presented a survey on the development, influence and applications of his
combinatoral lernma Pl

Equivalent results

combinatoria] variant and a set-covering variant. Each variant can be proved separately using totally different alguments, but
each variant can also be reduced to the other variants in its row. Additionally, each result in the tap row can be deduced from
the one below it in the same column.l'™

g N i .- an N

Algehralc topology ! Comblna‘toncs ; Set covering f

Brouwerfxed I-point H theorem Spsrner’s Iemma Knaster-Kuratnwskz-—MazurkzewmzIemma\

R A [ER——— ...

Borsuk~-Ulam thearerm Tuckerslemma . Lgat@tnl.l.<.:§9mi_r.<:.>_!‘m.@n_rl.tn@gr.@m.




See also

« Topological combinatorics
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