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Group Testing

» Robert Dorfman's paper in 1943 introduced the
field of (Combinatorial) Group Testing. The
motivation arose during the Second World War
when the United States Public Health Service and
the Selective service embarked upon a large scale
project. The objective was to weed out all
a/p ilitic (# = ) men called up for induction.
owever, syphilis testing back then was expensive
and testing every soldier individually would have
been very cost heavy and inefficient.




Formal Definitions

» Consider a set N of nitems consisting of
at most d positive (used to be called
defective) items with the others being
negative (used to be called good) items.

* A group test, sometimes called a pool, can
be applied to an arbitrary set S of items
with two possible outcomes; negative: all
items in S are negative; positive: at least
one positive item in S, hot knowing which
or how many.
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Adaptive (Sequential) and
Non-adaptive

* There are two basic algorithms.

» The first one (adaptive or sequential): You
ask the second question (query) after
knowing the answer of the first one and
continue .... That is, the previous
knowledge will be used later.

* The second one (non-adaptive): You can
ask all the questions (queries) at the same
Time.
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Deterministic Algorithms

» Adaptive algorithm
* Non-adaptive algorithm
» k-stage algorithm

The most popular one is a 2-stage
algorithm in which we use one of the
above two basic types of algorithm
first and then in the second stage we
test the left "suspected” items one by
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Blood Testin?
Syphilis (#3) Tests (World war IT)




One by one

> 1P PR AN > P IPE AN
b pg pd D b pg PO
S
X1 A 1PE AN X 1 IPF AN X 1 IPF AN
D D D b D D b b D D b b




Red is positive and Brown
negative




Keep going




More positives (72 tests)




Test a group at one
time




Some group is negativel!




They are done!




Save a lot of Money!
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Save 33-3 times

What’s next?




A popular game

* A problem:

[ have a favor number 1n my mind and
the number is in {1,2,3, -, 63}. Can
you find the number by asking (me) as

few queries as possible? (A query asks
1f the number 1s 1n a certain subset of the

given set. )

ASFEI‘

\




The answer : At most 6
queries

* (1) Is the number larger than 32?
Yes or Not?

* (2) If the answer is “Yes”, then ask if the
number is larger than 48 or not. On the
other hand, if the answer is “Not”, then
ask if the number is larger than 16 or not.

+ Continued ...
« Worst case: 6 (Informatic bound)
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Another Idea
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An example of Non-
adaptive algorithm
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Non-adaptive Algorithm

We can use a matrix A to describe
a non-adaptive algorithm.

ltems are indexed by columns and
the tests are indexed by rows.
Therefore, the A(i, j) = 1 if the item
j is included in the pool i (for test),
and O otherwise.
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Incidence Matrix

Blanks are zeros

1 1 1 1




D

AN
Implementation

Let x denote the list of items. For
example, x = (0,0,0,0,0,0,10,0,0,1,0) ~
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Qutcome Vectors

» The vector y is an outcome vector
which is corresponding to an input x.

+ So, y' =(1,1,0,1,1,0,0,0,1,0,0,0).

- If A is 1-1, then we can decode x
long as we know its outcome vector.

* In order to get the job done with
lower decoding complexity, extra
~ properties for A is needed.
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Can we find positives from
the above matrix?

+ Yes, we can if the number of
positives is not too many, say at most
2, by running the 9 tests
simultaneously corresponding to rows.

+ The reason is that the union of (at
most) 2 columns can not contain any
other distinct column. (?)
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Decoding Idea

- Since there are 12 items and the
number of positives is at most 2, we
have 1 + 12 + 66 possible inputs. (?)

* There are 2° possible distinct outcome
vectors.

- Tt seems that we can use a matrix with
less rows. The question is "how to
construct such a matrix”.
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Set Notation (Design Idea)

* Let M = [m; ;] be a txn matrix mentioned abovés
Then we can use n sets (ordered) S;’s to
represent the matrix where
Se={itm,=1i=12,..,1,k=1,2,...,n

* The following sets represent the (0,1)-matrix o
the last 9x12 matrix:
{1,2,3},{45,6},{7.89},{1,4,7},{2,5,8},{3,6,9},
{159}, {2,6,7},{3,4,8},{1,6,8},{2,4,9}, {3,5,7}.

(Affine plane of order 3.)




d-separable and
d-disjunct matrices

* A matrix is d-separable if UD = LD’
for any two distinct d-sets D and D’
(columns), i.e. no two unions of d
columns are the same.

* A matrix is d-disjunct if no column is
contained in the union of any other d
columns.
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Design Again
- If (X,B) is a 2-(v, k, 1) design, then
its incidence matrix represents a
(k-1) - disjunct pooling design.
» This is by the fact that any two
blocks have at most one common

element; to cover a column, k -1
other columns are not enough.
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2 positives example

+ Assume that "7" and "11" are positive
items in a set of 12 clones.

- Look at the table above: the outcome
vector will be :

(1,1,0.1.1,0,0,0,1,0).

» We can use O-pools to find 7 an 11!
(Why?)
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Important Facts

* A d-disjunct matrix is also a d-separable
matrix.

* A d-separable matrix can be applied to
find exactly d positives.

Proof. The union of d columns corresponds
to distinct outcome vector.

+ d-disjunct matrices have a simple decoding
algorithm, namely, a column is positive if
and only if it does not appear in a negative
row. (The above matrix is 2-disjunct.)




Various Models

* Errors occurred.

+ There are inhibitors.

+ There is a threshold.

+ Defective items are sets: complex model.

+ Competitive model: the number of
defectives is unknown.

» The defectives are mutually obscuring.
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Disjunct Matrices

» Disjunct matrices can be considered as
special designs or special codes.

- Extra constrains are needed in order to
handle various models in group testing.

 We are aiming at finding all the defectives
with comparatively easier decoding
algorithms.

- Of course, also minimize the number of
tests.
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(d; z)-disjunct

+ Let A be a txn (0, 1)-matrix in which the
rows are indexed by [1, t] and the columns
are indexed with the supports of columns.
(Columns are subsets of [1, t].)

+ Ais (d; z)-disjunct if for any d+1 columns
Co. Cq, ... Cq |Co/(CruCyu..LCY)| 2 z.

e |[fz=2e + 1, then this matrix can be applied
to find d defectives with e errors in outcome
vectors.
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(d, r]-disjunct

+ Ais (d, r]-disjunct if the union of any d
columns does not contain the intersection
of any other r columns.

- If the defectives are r-subsets instead of
items (complex model), this matrix can be
utilized to find d defective complexes.

- In case of errors occurred, we define a
* (d, r; z]-disjunct matrix accordingly.
f‘@‘
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(d, h)-disjunct

+ A is called (d, h)-disjunct if the union of
any d columns does not contain the union
of the other h columns.

* A can be applied to find d defectives in an
inhibitor model with h inhibitors.

- We need extra effort to handle this model
with errorsl!
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(d, s out of r]-disjunct

+ Ais (d, s out of rl-disjunct if for any d
columns and any other r columns, there
exists a row (index) in which none of the d
columns appear and at least s of r columns

do.
+ If s=1, then Ais (d, r)-disjunct and if
s=r, then A is (d, r]-disjunct.
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(k, m, n)-selector

For m <k, Aisa(k, m, n)-selector if any txk
submatrix of A contains at least m rows of the
identity matrix I,.

A (k, m, n)-selector corresponds to well-known
combinatorial objects such as superimposed code
and k-selectors.

Superimposed codes and k-selectors are very
basic combinatorial structures and find
application in a variety of areas such as
cryptography, data security, computational
acular biology etc.



Construction of disjunct-
matrices

- There are known constructions,
deterministic and probabilistic.

- Here, we shall use the well-known Lovasz
Local Lemma to construct such matrices.

» We shall present one of them and the
others are similar in some sense.




Lovasz Local Lemma

* (Symmetric Case)

Let A, A,, ..., A, be events in an arbitrary
probability space. Suppose that each event A, is
mutually independent of a set of other events A; but
at most yof them, and that Pr(A;) isat most O<p <1
forall 1< T <m.

If e-p-(u+1) <1, then the product of m probabilities
Pr(B)) is larger than O where B; is the complement of
the event A..




(d, r]-disjunct Case

+ Let t(n, d, r] denote the minimum number
of rows for a (d, rl-disjunct matrix with n
columns.

* For convenience of "typing”, we shall use
((n, d)) to denote the combination number:

n chooses d, i. e. nl/dl-(n-d)!, and (([n], k))
to denote all k-subsets of {1, 2, ..., n}.

+ Notice that -In (1-x) =2 xfor0 < x < 1.
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Upper Bound

- ¥(n,d, r]< (1 +d/r)(1 + r/d)d -
{1+ In[((n, d))((n-d, r)) - ((n-d-r, d))-
((n-2d-r, r))1}.

Proof. (Sketch)
Let M be a txn (0, 1)-matrix with

Pr'(mi'j - 1) - P and Pr'(mi’j - O) =1- P. Note
that all entries are chosen independently.
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* Let D e (([n]. d)), R e (([n], r)),
DR = & and Ay, be the event such that

MR c LUD. Hence, the complement of Ay says that
MR is not contained in UD.

* Pr(Apg) = (1-pr(1-p)9)".

+ (W+1)=((n,d)) - ((n-d, r)) - (n-d-r, d)) -
((n-2d-r, r)).

* Hence, e - (1-p(1-p)d)t-[((n, d)) - ((n-d, r)) - ((n-
d-r, d)) - ((n-2d-r, r))] < 1 is required to make sure
that the intersection of the complements of all

events Ay, does have nonnegative probability and
hence we have a (d, r]-disjunct matrix.




» Solving the inequality, we have
t>(1+In[((n, d)) - ((n-d, r)) - (n-d-r, d)) -
((n-2d-r, r))1/ (-In((1 - pr(1-p)?). ... (*)
By the fact -In (1-x) > x for O < x < 1, if
t > (1 +In[((n, d)) - ((n-d, r)) - (n-d-r, d)) -
((n-2d-r, r)] / pr(1-p)¢, then (*) holds. ..(**)

+ Let p = r/(d+r). Then the RHS of (**) has the
minimum value. Hence, as long as we have this
number of tests, a (d, r]-disjunct matrix does
exist. This implies that t(n, d, r] < RHS of (**).

|
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* T would like to express my gratitude
to Professor Frank K. Hwang and all
my former students who are working
on Group Testing especially Kuo-An
Yu, Drs. Hong-Bin Chen, Huilan Chang
and Chih-Huai Shih.
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