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An n X n Latin Square Has a Transversal with at Least
n — +/h Distinct Symbols

Davinp E, WOOLBRIGHT

Department of Mathematics, Auburn University, Auburn, Alabama 36230
Conununicated by the Managing Editors
Received Janmary 28, 1977

1. INTRODUCTION

A latin square is an n X n array such that in each row and column each
of the integers 1, 2, 3,..., n ocours exactly once. A transversal is a collection of
# cells, no two of which are in the same row or column. If T'{s a transversal
then by | T is meant the number of distinet symbols which ocetr in T
The number | 7| is called the size of the transversal, Koksma [2] has shown
that for all latin squares there is a trangversal T'such that | 77| = (2n + 1)f3.
Recently Drake [1) has shown'| | > (3#)/4 for at least one transversal 7.
The purpose of this paper is to substantially improve this lower bound by
showing that evety » X n latin square has at least one transversal containing
at least n — /7 distinct symbols,

2

An n X n latin square has a transversal with at least n — /i distinet
symbols. Let § be an 7 X n latin square. It is well known that § can be
represented as an n-coloring of the complete bipartits praph as follows:
Let K,,,, be the complete bipartite praph with vertex classes 4 = {&, , @y ,..., @)
and B = {b , by ,..,.b,} and let ¢, ¢y ,.., ¢, be n distinct colors, Color

Ldge (a;, b)) with o, if and only if cell (7, /) in § contains.the symbot & Then
a transmm is equivalent to n perallel edges in K, , and the » paraliel
edges in X, , will have | T'| distinct colors.

Let T be a transversal in S such that | 7| == ¢ is a maximum and let P
be the collection of # edges in K, that correspond to 7. By renaming the
vertices in 4 and we can assume without loss of generality that
P={a,b)licl, 2., n} and that w = {(a;, b} | {e 1, 2y £} 15 @ collec-

e T e kLA S A

0097-3165/78/0242-0235502.00/0

,t" 7 Copyxight © 1978 by Academie Peess, Tae,
b Al vights of reproduction i any form reserved,



236 DAVID E. WOOLBRIGHT

tion of ¢ edges with pairwise distinct colorings. Since 7" was a transversal
of maximal size in S, « is a maximal collection of parallel edges in X, ,
with pairwise distinct colorings. We can assume that ¢, , ¢ ,..., €,_, 4re the
colers which do not occur in o,

Let Ay, Ay oy Ay and By, By ..., By be two sequences of sets of vertices
in A and B with the following properties:

(1) 4y = {0, Gyey ooy @), a0d By = (b, by e, beia},
() A4,CAyyand B,CBy,,,
(3) | dpa\di | = | Be\B; | = n— ¢,

(4) the 7 — ¢ edges with vertices in B,,,\B; which are colored ¢; all
have vertices in 4, and

(5) any edge (a, b) such that ae 4, and be B, is not colored ¢; if
ig)<n—1¢t

We show that if 4, 4;,..,d; and By, B, ,.., B, are sequences with
properties (1), (2), (3), (4), and () and if & < n — ¢ + | then we can always
construct sets Apyy and By, such that the sequences A, , Ay ..., Ap, Apey
and By, B, ..., By, By, also have properties (1), (2), (3), (d), and (5). If
k < n— 141 consiruct A,y and By, as follows: Consider the k(n — ¢)
edges with vertices in 4, which are colored ¢, . None of these edges have
& vertex in B, because of (5) so at Jeast # — ¢ of these edges must have a
vertexin B -- By . Choose n — ¢ of these edges and let B,,,\B,, be the vertices
of these edges which are elements of B, Let Ay, == 4, U {a;| (a1, b)) ew
and b; € By, \ B}, Since the sequences 4, , Ay .y, dgyy ad By, By yeery Busa
satisfy (1), (2), (3), and (4) we only have to verify property (5), Now if (4, b}
is any edge in 7w with b e By, \By, 1 < J < K, there is an edge (a*, b) colored
cyand a* € 4;. As a consequence, if (o, D) isinm withb e B, ,\B; , 1 <J < &,
there exist edges (@ = x1, b = 1), (X s Pa)son (X, , »2) in o such that the
edges (xﬂ H y:)’ (xa * ya):ms (JC,, ’ J"s—l)’ (z= ya) are colored == f'f. E ci, yoea Gy
whete j=4 > & > >i 21 and zed,. Now suppose ¢ = (g, ¢)
is an edge colored ¢, , k4 ) <<m < n— 1, with ag Ay, and ce R,
By (3) a ¢ A, and so ge Ay ,\d.. If (2, D) is the edpe in o« containing e, then
b e By, \ B, . Hence by the above remarks there exist edges (@ = x,, 5 = »)),
(-752 L] yﬂ)s“w (xs ] J's) .Lﬂ w such that thﬂ cdges (xﬂ L] yl)s (xs L] yﬁ)w-» (xa t y»—l)-
(z, y,) are colored ¢;, == €y Gl Cr,y WheTe ko= iy > > >, 2 1
and z ¢ A, . But then if we remove the 5 edges (%y, 71), (% s Podror (652 30
from 7 and replace them with the s -+ 1 edges e = (g, ¢), (X2, 1), (535 Yohooros
(% » ¥o—1)s (2, ¥,) we have a set of ¢ + 1 parallel edges with mutually distinct
colorings. This contradicts the fact that the masimum number of parallel
edges with mutually distinet colorings is 1 and so the extended sequences we
have constructed must satisfy (5).

& 481




TRANSVARSALS OF LATIN SQUARES 237

Tarorem, Every u X n latin square has a transversal containing at least
n— «/n distinct symbols.

Proof, 'The sequences A, and By as defined above satisfy properties (1), (2),
(3}, (4), and (5) and therefore can be extended to the sequences 4, , A, ,...,
Ay sy and By, By, By satisfying these same conditions. Since
[ Aus\de | =n — twehaven = (n — 0 — ¢+ Dyn = (n — 1 + (n —1),
2@~ VEZn—14,|T|=1t>n~ Vi
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Abstract

It is proved that evory » x » Latin square has a partial irangversal of length at least # — (J'{log2 7). The
previcus papers proving these results (including one by the second author) not only contatned ux error, at
were sloppily written and quite difficult to nnderstand. We have corrected the error and fmmproved the clarity.
© 2008 Published by Elsevier Tnc.

Keywords: Latin squave; Partial transversal; Broaldi*s conjecture

1. Imtroduction

A Latin square of order # is an n x n attay of cells each containing one of n distinct sym-
bols such that in each row and column every symbol appears exactly once, We define a partial
transversal of length f as a set of n cells with exactly one in each row and column and con-
faining exactly j distinct symbols (this differs from the usual definition in that n — J extra
cells are added). Koksma [5] showed that a Latin square of order n has a partial- transversal
of length at least (2 + 1)/3, This was improved by Drake [3] to 3n /4 and then simultaneously
by Brouwer et al, [1] and by Woolbright [8] to » — /n, This was in furn improved by Shor [7] to
n—5.5310g%n and thex by Fu et al. 41, who cptimized the parameters in [7] to slightly improve
the constant. One of us (P.XL) discovered a bug in [7] that also atlects [4]. This paper fixes the
bug, which was caused by the reversal of inequality (26) in [7). We still cbtain an 71 — Olog?n)

E-mail address: shor@math.mit.edn (P W. Shor),

QO97-3165/% - see frout matter € 2008 Published by Elsevier Inc.
dot: 10.10164.j¢12.2008.01.002
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Fig. 1. Square 1: Ao example of the operator#, In this ease, we replace the cells (1, 1) and {3, 3) in the partéal transversal
ou the diagonal with the calis (£,3} and (3, [} o obtuli another partial transversal, also of length 4.

lower bound, albeit with a worse constant than in [4,7). This is well below Brualdi’s conjecture
of # — 1, and Rysex’s of a for odd # [2,6]. The proof in this paper is much the same as in [7]
excepl for the fast part of Section 4. The earlier part of the paper has been revised to improve the
clarity of the presentation,

2. Operation #

Givon a partial transversal T of length n ~ k, with £ 3> 2, one can find another partial teansver-
sal of equal or greater length in the following manner: Choose two cells in T, say cells (i1, f1)
and (i, j2), such that 7'~ {({1, ji ), {fz, f2)} contains n — I distinet symbels. These two cells can
sither contain two distinct duplicated symbols, or two occusrences of the samne symbol, provided
this symbol appears in the transversal at least three times, Replace these two cells with the cells
(i1, j2) and (iz, j1)}. Since we chose cells containing duplicated gymbols, the new partial transver-
sal has length at least n ~ &, as each of the symbols in the original transversal is represented in
one of the unchanged cells. (See Square 1 in Fig. 1.} We call this operation #, a notation chosen
for its shape.

We now give a molivating example of the use of the operation #, by applying it to show that
every Latin square of order 6 has a partial trangversal of length at feast 5. Consider # counterex-
ample. Assume for now that the longest partial transversal has length 4. The square must thus
have a partial (tansversal containing a multiset of synabols either of the form {a, a, b, b, ¢, d)
or the form {a,a,a,b, ¢,d). Let us analyze the case where it contains (a, a,b,be, d). (Ses
Square 1.) We assume that this partial transversal is on the diagonal, and call it Tp. We can apply
#to the cells (1, 1) and (3, 3) in Tp to get a new pattial transversal Ty, By our hypotheses, the new
cells (1,3) and (3, 1) in 7} must contain a symbol chosen from the set {¢, d}. By symmetry, we
only need to analyze two cases here: either both symbols are the same or there is one ¢ and one
d. We will analyze the case where they are both ¢'s. We can apply # to the cells (1, 3) and (3, 5)
in T} to obtain a new partial (ransversal 73 (as shown in Square 2 tn Fig. 2), and we discaver that
the symbols in (1, 5) and (5, 3) must be chosen from the set [z, b, d}.

Now, starting from T again we can apply # to the cells (1, 1) and (4,4) to obtain a partial
transversal 73, and we discover that the cells (1,4) and (4, 1) must both contain ¢, (See Square 3
in Fig, 2.) We can now apply # to the cells (1, 4) and (6, 6) in T3 to obtain T4, and discover that
the symbols in (1,6) and (6,4) must be chosen from the set {a, b, ¢}. We now know that our



F tarami, W, Shor / Journal of Combinatorlal Theory, Serles A 115 {2008) 11031113 [ios

a G --m- X it c[d|x]x
a i ' a

c ll; ! ¢ b

P d b

¥ :

Yostpm b X ¢

d X ]
Stuare 2 Square 3

Fig. 2. Square 2: Another example of the operatlon #. In this, we replace the cells (1, 3) and (3, 5) In the partial trnnsversal
indicnted in bold with the cells containing symbols x and y. I this Latin squaro had no parttal runaversal of length greater
than 4, we must heve that s € {b, d} and y & {a, d}. Squure 3; After two niore applications of #, we know thut If the Latin
squére had 1o pastial teansversal of length greater than 4, it would have to look like this, with the symbols x chosen from
the st [a, b, 2, d].

Latin square looks like Square 3, where the x’s are symbols from the set {a, &, ¢, d}. The first
tow containg five distinct symbols from the set {a, b, ¢, d}, a contradiction by the pigeonhole
prineiple.

The case where the longest partial transversal has length less than 4, as well as the cases where
the cell (3, 1) in Square 1 is 4 instead of ¢ and the case where the diagonal is (a, 2, a, b, ¢, dy,
can be handled using a very similar analysis, which we will not present here.

We define a partial Latin square as an n x n square with some of its cells containing symbols
(the others we call empty) such that no symbol appears twice in any row or column., A partinl
transversal of an n x n partial Latin square is a set of # non-empty cells, one from each row and
column. We say this partial transversal has length j if it contains j distinct svmbeols. An m X m
subsquare §' of an a x n pactial Latin square § is the set of m? cells in some subset of m rows
and some subset of m columns of §, where some non-empty cells in § may possibly be replaced
by empty cells in S'.

Consider a Latin square with a partial (ransversal of maximum leagih n — k, with £ 3 2, By
applying # to this partial transversal, we will get other partial transversals, whose length must
also be n — k and whose set of symbols is the same as the first. Applying # repeatedly to these
partial trangversals, we eventually will obtain # set of such partial transversals closed under #
All of these partial transversals contain the same set of » ~ k distinet symbols, so by ignering all
cells sxcept those in this set of partial transversals, we obtain  pariial Latin square § containing
n— k& symbols and a set 7~ of partial transversals of S closed under #. We will call this paiv (S, 1)
a partial Latin square satisfying Ay. More formally, we have:

Definition. An n x n partial Latin square satisfying Ay is a partial Latin square, together with a
non-empty set 7 of partial transversals of § of length 2 — . Bach non-empty cell must appear
in at least one of the partial transversals in 7, The set 7 of partisl transversals must form a
connected graph onder the operation #, and must be closed under the operation #,

For a partial Latin subsquare (S', T') satisfying Ay of a partial Latin square (5,7 sat-
isfying Ay, in addition to the properties conlained in the above definition, we also require an
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inheritance property. Namely, we require 7" to be a subset of the set 7" restricted to &, L.e., that
Terns: reT).

Note that Brualdi’s conjecture (that all Latin squares of order n have a partial transversal of
length at least n — 1) does nol appear o rule out the existence of partial Latin squares satisfy-
ing Ay, or Ay fork = 2.

If § is an n x n partial Latin square satisfying Ay, we can construct an (n+ 1) x (n - 1) partial
Latin square §' satisfying Ay, by adding an extra tow and column that consist entirely of empty
cells except for the (n -+ I, n - 1) cell, which contains a new symbol. The pactial transversals
in 77 are those in 7 augmented by the cell (n -+ I,n + 1), Together with the case analysis on
Latin squates of size 6 sketched earlier, this observation implies that any partial Latin square
satisfying Ay must have size atleast 7, In terminology we will be defining later in this papet, this
means that

ny =7, 1

We use the properties of a minimal Lalin square satisfying Ay to obtain a set of inequalities,
and then use these inequaities to derive our main result. We first prove a lemma

Lemma 1, Given a partial Latin square (S, T) satisfying Ay such that no subsquare satisfies Ag,
then no cell is consmined in all partiol transversals in T, That is, given a non~empry cell (i, j)
and a partial transversal in T containing (i, 1), by a sequence of operations #, one can obtain g
partiat transversal in T not contaning (i, j).

Proof. Suppose there is  cell (¢, j) contained in all partial transversals. We will call this a Jixed
cell. Let @ be the symbol in this cell. If « appears anywhere else in the partial Latin square,
there is a transversal containing both «’s (the second @ appears in some partial transversal since
every non-empty cell does, and this partial transversal muost contain the first a since all partial
wransversals doj). We can then apply # to this partial transversal to obtain a partial transversal
without the fixed cell, a contradiction. We are left with the case where & does not appear anywhore
else in the partial Latin square, Now, by deleting the row and column containing the @, one finds
a subsquare satisfying Az, a contradiction of the hypothesis. (3

We have just proved that no cell in a minimal squars satisfying Ay is fixed, so given a non-
- empty cell in such a square, there is a partial transversal in 7 containing both that cell and another
cell with the same symbo] (otherwise, the graph of partial transversals would not be connected
by #). We can choose any filled cell, say (1, 1), and choose a partial ransversal Tp through it that
duplicates the symbal in it, say «. Now, let 7* ¢C 7 be the set of partial transversals containing at
least two a’s, including the one in cefl (1, 1). Consider the connected component of 7 which is
geoerated by a sequence of operations # starting with 7p. This component corresponds precisely
to the set of partial transversals generated by # starting from Tg — (1, 1) in the subsquare formed
by deleting the first row and column. Taking this set of partial transversals gives an (1 — 1) %
( ~ 1) partial Latin square satislying Ag—;. Note that this subsquare may have some empiy cells
which were filled in the original n X # square,

Lemma 2. in an (n — 1) % (n — 1) partial Latin square sutisfying Ai_1 induced as described
above from an n X n partial Latin square satisfying Ay, the partial transversals generated by #
mist have a fixed cell, Le., there is some cell that appears in all of these partial transversals.
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Fig. 3. Square 4: Hiustration For the proof of Lemma 2. By applying # as shown, we fInd the first row containg only
non-empty cells, a contradiction, Square 5: Tuywation for the proof of Theorem 1, If an element ¢ lies in the fist row
above the small square and also on the diagonal below and (o the right of the small squaxe, we find a non-empty celt x in
the (irst colurm, below the smull square, a5 shown,

Proof. 'We assume without loss of generality that the partial transversal 7 containing two a's
discussed above is the diagonal. Suppose that there are no fixed cells in the (B — 1) x (n—1)
partia! Latin square, Then there must be a partial transversa) T| in this smaller square which
contains the cell (#,1) as well as another cell with the same symbol, The partial transversal
Ty = T{U{1, 1} must also appear in the n x n square. Now, in 73, either (1, 1) and (J, i) contain
two different duplicated symbols, or there are at least three a's in Ty and (1, 1) and {4, {) both
contain . In either case, we can apply # to T}, deleting the cells (1, 1) and (7, i ) and obtaining
the cells (1,{) and (i, 1). (See Square 4 in Fig. 3.) Since i was arbitrary, this gives us # filled
cells in the first row and column of the square, a contradiction singe thete are only # — & distinct
symbols, 0

We now extend the analysis of Lemima 2 to prove the following.

Theorem L. In a partial Latin square satisfying Ay such that no subsquare satisfies Ay, there
are at least ng—.; -+ k filled cells in each row and column, where ny1 is the size of the smallest
Subsquaore. satisfying Ay,

Proof. Consider a partial transversal Ty, which we will assume is along the diagonal, and a cell
within it, say (1, 1), containing a deplicated symbol. Now, hold this cell fixed, and consider the
{n— 1) x (p.— 1) partial Latin squace satisfying Ax.., generaled by the aperation # as above, Let
us assume that /m cells of Ty are not fixed, and are in rows and columns 2 through m + 1. Note
that this m x m subsquare satisfics Ay_,. By the same reasoning as in the above lemma, there is
a transversal with a duplicated symbol in cell (Z,7), forall {, 2 <t <m -+ 1. Applying #, we find
that there is a symbol in cells (1,7) and (i, 13, for 2 < i < m + 1. Thete are only m — (k —1)
symbols in the m x m subsquare satisfying A;.., containing rows and columss 2 through m + |,
leaving (k — 1) symbols in (1, ), 2 <i < m -t 1, which are not In the subsquare satisfying Ap_;.
(See Square 5 in Fig. 3.} Note that some of these symbols may appear in the m x m subsquare
in the otiginal partial Latin square, but they do not appear in the set 7 of partial transversals
associated with thls subsquare,
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Suppose one of these k — 1 symbols, say ¢, s in the {1, 1) cell. There Is at Jsast one ¢ in the
original partial ransversal Ty, and since it is not in the subsquare, it must be in cell (J, ;), for
same j > m -+ 1. Moveover, there is a partial transversal of the small square with a duplicate letter
in cell (i, 1), say b. (Note this letter could be a, the same as in cell (1, 1}, in which case there are
three &'s in the corresponding partial transversal of the n x 1 square). We can now apply # to
remove the (1, 1} and the (7, £) cells, and we find that the (1, %) and (4, 1) cells are filled. Now, the
¢ inthe (j, /) cell and the symbol in the (i, 1) are both duplicates, so by applying # again we find
that the (f, 1) cell and the (2, j) cell are filled, (Agaiu, {f both cells (j. J) and (i, 1) contain ¢,
there are three ¢’s in the partial transversal.) Thus, we know that the (j, 1) cell is filled, Since
there are &t least & — 1 symbols in the (1, ) cells, 2 S i < m+ 1, which are not in the subsquare
satisfying Ag—1, we can apply the same process to obtain & — 1 filled cells in the first column in
or below the (m - 2)nd row. This gives at least m -+ filled cells in the first col umn, since the first
a1 cells are also filled. Now, m 3 ny..;, because m is the size of a subsquare satisfying Ag_;,
and ng.—; was the size of the minimal such subsquare. Since (1, 1) was an arbitrary cell in our
original partial transversal, this arguraent shows that at least -1 - & cells are filled in each row
and column. O

If we det ng = n2 be the size of the original partial Latin square satisfying Ay, then this theorem
shows thai

ny 2 g + 2k, ' (2)

since the larger square has a;, — & distinct symbols, of which at least #tg—1 % appear in each row
and cofumn,

3. An inequality

Let 5; be a square satisfying Ay such that no subsquare satisfies Ag. It was shown in Section 2
that there must be a subsquare satisfying Az_;, Choose Se—; 1o be the smallest subsquare of 5,
satisfying Ax_; and, recursively, Sy, to be the smallest subsquare of Sp,y satisfying A, until
the sequence ends at Sy, Let n; be the size of §.

Theorem 2. In 8, as defined above, for all j < k,
(i —n )2yt apy — 20442k — ) Snj(ny —njy —2). (3)

Proef. Consider Square 6 in Fig. 4. We will count the number of Glled cells in the reclangle P
in two different ways. First, there are 2y — nj columns in P, and since each column of S has at
least .1 + k% filled cells, we have al least g + & — (mp —nj) filled ecells in each column of P,
and at least (ny, — 12;)Gag—; + ny — ng + k) filled cells in P,

We will call the symbols in S; old symbols and those in Sy and pot in § '+ new symbols, There
are zj — j old symbols and ng - & — nj 4 j new symbols. There are n j rows in P. In each row
of 5y there are at least ;1 + j old symbols. Since there are only #; — } distinet old symbols,
this leaves at most n; - f — (n J—t - §) old symbols In each row of P, for a total of at most
nylr; — iy —21) filled cells contalning old symbols in P.

There are s ~ & —n;j -+ j new symbols, and ny — 1 columns in 2. Thus, there are at most
{ng —nj)ng ~k —n; + §) filled cells containing new symbols in P, Adding the number of calls
with old and with new symbols in P, we get an upper bound for the mumber of filled celis in P,
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Square 6

Fig. 4. The region 7 in the proof of Theorsm 2.

Setting this upper bound greater than or equal to the lower bound, and simplifying, we obtain the
inequality (3) above, 1

4. The main resalt

Suppose we have a Latin square with no partial transversal of length mose than 1 ~ {, By the
previous sections, we have a sequence ny < n3 < -+ < iy satisfying the inequalities (1)~(3) from
the previous section. Reiterating these inequalities, we have that if 2 < <l and 1< j <k <,
then

ng 27, N
ny 2 hi-y + 2, (2)
(e —rp)@nj+meey ~ 20 + 2k — Y S njlng ~njay —20). 3

We will now derive the inequality k < 11.053 log? ny, from the inequality (3),
We first prove the following lemma.

Lemma 3. Either
4
ny < gﬂk
ar

1
Rp—Rj 2 -j-(nk—njq).

Proof. Letting

dy = ng - Ry, dyi=n;—nj, 4
we have, from (3)

d_,-—zj;”";"’fcznj—dknnwzk—j). 3)
The direction of the inequality lets us remove the lower order terms, giving

4y > 200, — dy— ). )

J
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Now, we assume thal n; > %nk. This gives

' 1
di =ng —ng—) Snp—n) Sgnk,

6
ng 4 dy £ LD
3
ne - dy £ 5”-‘"
Combining (6) and (9) gives
]
dj = E(nk — ).

By the definition of d;, we have

1 |
ny—Rnp| 2 S = Sy
50
3 3 i
AL 2 5 (me = ap-1)
and

1
=it 2 g (=)

completing the proof. O

Now, suppose that iy < 2, s0

1
g(nk IR EY TR R
giving

2
ey & (e —njep).

Since (15) holds for all § where j < &, and g, < %n J» by induction we get

3

Nk~
lSng —npa s (-) (e —nj1)

Qr

k—j < loganlng —nj1).

Now, suppose in addition that
.
—~j—1>logyy -2,
then

6
&
®

(10}

(11)

(12)

13

(14)

(15)

(16)

)

(i8)
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loggﬂ "Z' <k -j-lg l{)ggﬂfﬂk - Jlj),

41

g
< —
4 k ’J

51’:‘ =
g = e

a contradiction.

e
(19)
(20)

21

Ifk — j = llogyp i, then since Llogssanil > logynn; — logasn 4+ 1, we have thet {18)

holds, implying that ny, > ;5;11 i
We now let ks =2, and

i = kyy LlogﬂjQ(nkf—| ).
By induction, we obtain that for / > f;,

5 141
[ 2 (Z) 1

where the base case follows from ny 3 7 > (57435,
We know that ng,_, «<ay for ki—y < k. So from (22), if k¢ < k, we have

ki < k-1 -+ logy 72t

We can now prove the following lemma. We will specify the exact value of ¢ later,

Lemma 4. For ¢ 2 1/2, gither
1
Z]Og:gfz 2 k%

or

[+ log5/4 ny -~ k% .

Proof. If logspny > ck é‘, we have (25). Otherwise suppose that

togy g i < cki,
Then from (24), forall &_; < k we have

ki <l 4 C‘k%.

Let j be the minimum integer such that k; > k. Summing (28) over i gives

k<hy <ka+( — Ak,
which rearvanges to

. k—ly
J>W+4.

This shows that for minimum § such that k; 3> & we have
k2 1

1
j>w+4>;ki.

(22)

(23)

24)

(25)

(26)

2N

(28)

(29)

(30)

&)
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Using (23) with { = j — 1 and (31} we abtain

5\ (5\H"
J’lk‘,_l 2 (z) g (Z) . (32)

We know that ny > ny ;1 {because k > k;_y). Then

11
-k
10&5/4 R > ck B (33)
glving (26). O

We can now make the lef-hand side of the two equations in Lemma 4 equal by setting ¢ =

\ log %/ log g- This gives
! = log g > k12, _ (34)
‘/I.ogglog%

from which follows;

Theorem 3. Every Latin square has o partial transversal of length ar least

1~ 11.053log?x. (35)

Here 11,053 =~ (log ;5; log %}“’ - No serious attempt has been made to optimize this constant,

As was remarked in [7] the inequality (3) cannot imply anything better than n — logy #, since
the sequence ny = 2% satisfies (3). Let us take the opportunity to remark that inequalities (1)~(3)
cannot in fact achieve a bound better than # — O (log? n). TF we let i = (k4] and y =k — &2,
then the sequence

ng = Ab* — g™ Y

for sufficiently large b 3> a > 1 and 8 o satisfles these inequalities and has growth rate
(1/2
of ny = W%,
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