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Abstract

In Classical group testing, one is given a population of n items N which contains
some defective d items inside. A group test (pool) is a test on a subset of ¥, Under the
circumstance of no errors, a test is negative if the testing poel contains no defective
items and the test is positive if the testing pool contains at least one defective item
but we don’t know which one. The goal is to find all defectives by using as less tests
as possible, mainly to minimize the number of tests (in the worst case situation),
Let M{(d, n) denote the minimum number of tests in the worst case situation where
IN| = n and d is the number of defectives. In this paper, we focus on estimating
M (d, n) and obtain a better result than known ones in various cases of 4 and n.

Keywords Group testing - Adaptive algorithm - Quaternary splitting

1 Introduction

The group testing problem has been developed since 1943 during the World War
Il (Dorfman 1943). The motivation was to detect syphilis among large number of
blocd samples via blood tests. Even the idea was not actually catried out, nowadays,
it has been applied to many fields such as chemical leaking testing, codes, multi-
access channel communication (Wolf 1985), data compression (Hong and Ladner
2002), compressed sensing (Donoho 2006), network security (Thai 2012), multimedia
fingerprinting (Cheng and Miao 2011), and DNA library screening (Bruno et al, 1995;
Farach et al. 1997). Various revised models are also considered in Du and Hwang
(2000}, Hu et al. (1981), Torney (1999) and Weng and Hwang (1993) (o (it the real
situation of applications, such as complex models, inhibitor models, and (hreshold
models.
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Given a set N of n items and each item can be either defective or pure. A group
test (or test in short) will be on aset § ¢ N, denoted by § for convenience. Under the
circumstance of no errors, the outcome of § is positive (denoted by P) if it contains at
least one defective item and the outcome is negative (N) if it contains all pure items.
The classical group testing problem is (o use less tests as possible to find all defective
items. Mainly, for all algorithms, the goal is to minimize the number of tests in the
WwOrst case situation,

Let Mg(d, n) denote the minimum number of tests which are used in algo-
rithm “G” on a set N of n items and there are d defective items. Moreover, let
M{d, n) = min{M¢g(d, n)|G is an algorithm of group testing}. So, as a consequence,
Mg(d,n) > M(d,n).

In general, there are two basic algorithms to tackle the problem; adaptive and non-
adaptive algorithms. The tests designed in an adaptive algorithm may depend on the
outcome of previous tests. But, in a non-adaptive algorithm all tesis are carried out
simultaneously. Therefore, an adaptive algorithm takes less tests in determining all
the defectives in most of the cases. In this paper, we shall focus on applying adaptive
algorithms.

The following facts are well-known.

Proposition 1.1 M(d, n) = [log, (5)].
This is known as the information lower bound. By using binary search, we have
Propasition 1.2 M (1, n) = [log, n1.

Surprisingly, determining M (2, n) for general r remains unsettfed at this moment
(Chang and Hwang 1981; Chang et al. 1989; Du and Hwang 2000). Based on the
generalized binary splitting algorithm developed by in Hwang (1972), we can prove
the following result.

Proposition 1.3 (Hwang 1972) Let H be the generalized binary splitting algorithin.
Then, Mp(d,n) — [log, ()| =d — 1ford = 2.

Indeed, this result provides a good estimation of M (d, n)} by way of the information
fower bound.

In this paper, we propose an algorithm to estimate M (d, n), Mainly, we prove that
M(d,n) — [logy (3}| < d—2for3 < d < 5. For larger d, a similar idea can be
utilized, but it is getting more tedious even it can be done.

2 Results

We shall use My (d, n) to denote the number of tests needed in algorithm “L” (depend-
ing on d} for finding d defectives among » items. Since we need d = 2 case for finding
small cases, M (2, n) will be introduced first,

The following results are easy to see.

Lemma2t M(2,5) =M (2,5 =4and M(2,T) = My (2,7) = 5.

@ Springer
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Proposition 2.2 M7 (2,10 x 2%) =2k + 6 and M (2,14 x 25y =2k + 7, k > Q.

Proof We shall prove these two facts by induction alternatively on k > —1, By Lemima
2.1, the assertion is true for & = —1. Now, consider £ > 0 and assume the inductive
hypothesis holds for small k, i.e., M7 (2, 10 x2¥~1) = 2k -4 and My (2, 14 x 251y =
2k +5.

First, we partition & into 4 subsets respectively, N = Sp U S| U S, U S3. IF N =
10 x 2%, then let |Sp| = 2%, | 81| = |82/ =2 2% and |S5) = 5-2%, and if N = 14 x 2¥,
then |Sp| = 2%, |81] = |S2] =3 - 2% and |S3} = 7 - 2%. Let 7; denote the i™ test and
L{T;) be its outcome.

Let 71 = SoU .Sy be the first test for ¥ = 10 x 2K, Tf L.(T) = N, then the defectives
are in §3 U §3. Since |S2 U S3| = 7 - 28 = 14 . 251 the proof follows by induction,
1420k — 1)+ 7 = 2k + 6. On the other hand, if L(7T}) = P, thenlet T5 = Sy U 5.
Now, if L(T7) = N, then all the defectives are in §; U §3. By finding one defective
in Sy (using binary splitting test) and one defective in §) U S3 (k + 3 tests) we use at
most 2k + 6 tests. So, consider L(T)) = P.Let T3 = 5. If L{73) = N, then lind one
defective in Sp first by using k tests and find the other one in Sp U Sz U 83 by at most
k 4 4 tests. In total, at most 2k 4+ 6 tests are used. On the other hand, if L{T3) = P,
then find one defective in S| by using at most k + 1 tests and on defective in Sy U 53
with at most &£ + 3 tests, Hence, at most 2k -+ 6 tests are needed.

Consider N = 14 x 2. Now, the process can be carried out by a similar argument.
Firstif L(Sq U 851) = N, then we use 2k + 6 tests for finding two defectives in Sp U S5,
If L(§g U §;)) = P, then test Sy U Sy, Now, in case that L(Sy U S2) = ¥, then
all defectives are in S1 U 83, moreover L(S1) = P. Hence, let §; = §; U §{ and
$3 = 8§, U S} such that |Sy| = 2%, |§]] = |S5] = 2 x 2€ and §§ = 5 x 2%. By previous
argument, we start from testing | Sy U S5 to find all the defectives in at most 2k + 5
tests. If L(Sp U S2) = P, then let T3 = S;. Again, if L{T3) = N, then all defectives
are in Sp U 52 U §3. By finding one in Sp and one in Sp U S7 U 83, we have the proof,
On the other hand, if L{T3) = P, then, one in §| and the other one in Sy U S5. This
concludes the proof. ]

In summary, we have

2k 46, if14x 21 <n <10 x 2% and

Propasition 23 M(2,n) = {21« +7, 10 x 2% <n < 14 x 2%,

So,if 14 x 271 < n <10 x 2%, [logy (3)] = [tog, ("% )] 2 Noga(7 x
271 (14 x 271 1)1 = [log, 98 - 2221 = [log, 98T + (2k —2) = 2k +5. On
the other hand, if 10 x 2% < n < 14 x 2%, then [log, (5)] = (logz (10"%](“)] >
Mog, 507 + 2k = 2k -+ 6. In any case, [logy (3)] < IM(2,n)| < [logy (5)] + 1.

Now, consider d = 3. The following results are the initial cases of our algorithm.

Lemma 2.4 M (3,12) = 9 gnd M (3, 15) = 10,

Proof For n = 12, test two items first (77), If L{T}) = P, then it takes one more test
to find one defective, and seven other tests to find the others since My, (2, 11) < 7. On

@ Springer
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the other hand, if L(7}) = N, then take another two itemns for 7, to start. Again, if
L(T;) = P, we need one more test for one defective and six more tests for the others
since M (2, 9) < 6, Finally, if L(T%) = N, then we can use seven individual tests to
find all three defectives. Hence, My (3,12) = 9.

For n = 135, partition the set of 15 items into four subsets Sy, S1, 82 and 83 such that
[Sol = 1,|81] = |S2] = 2 and | §3| = 12. First, test Sg U S1 (T1). If L{T1) = N, then
go to the case n = 12, and thus M; (3, 15) = 10. On the other hand, if L(T}) = P,
then take ) = SoU So. If L{T3) = N, then there exists one defective in 5;. So, we can
find this defective first and the others by M (2, 14). Otherwise, if L{T2) = P, then
take T3 = §y. Again, if L{T3) = P, then the proof follows by using M (2, 14) < 7.
Finally, if L(T3) = N, then find one defective in S1 and one defective in $> with two
more tests, and four more tests for the last defective, In total, we use at most 10 tests,
thus My, (3, 15) = 10, o

Lemma 2.5 M (3,19} =11

Praof Partition the set of 19 items inte four subsets, Sp, St, S» and S5 such that
ISo] = 1, |S1] = |$2| =3 and |S3] = 12. Let T} = S U 81, If L{T) = N, then
by My (3, 15) = 10, we have the proof. On the other hand, if L(T}) = P, then take
Ty = Sp U 8. If L{T») = N, then find one defective in S; and two defectives in 14
items (exclude Sp U S2). Now, if L{T3) = P, then let T3 = Sp and consider whether
Tiis N or P,

If L(T3) = N, then there is at least one defective in §; and at least one defective in
8. Now, lest two items in §1 and Sy respectively, Following the outcomes, we need
at 2 + 2 44 tests in Sy, S2 and §1 L S2 U §3 (16 items), respectively. Hence, in total,
11 tests are needed.

Finally, if L (73} = P, then there are two defectives in the set of the other 18 items.
By Proposition 2.3, we have the desired number of tests. O

Proposition 2.6 Fork = 0, M7,(3,19 x 2%) =3k + 11, and fork = —1, M1.(3,24 x
2%y = 3k + 12 and M. (3, 30 x 2%) = 3k + 13,

Proof By induction on k, and the assertion is true for small cases by Lemmas 2.4 and
2.5. Now, we claim My (3, 19 x 2%} = 3k + 11 and the other two equalities can be
obtained by similar arguments.

The proof follows by partitioning the set of itemns into four subsets Sg, §1, 52 and §3
such that | S| = 2%, 181| = |83 == 3- 2% and |S3] = 12- 2*. Then, following the same
argument used in Lemma 2.5, we conclude the proof of My (19 x 2%y = 3k +11. For
the case of My (3, 24 x 25}, we partition the set of items into subsets Sp, 51, Sz and S5
such that |So| = 2%, (8] | = [$2] = 4 x 2% and | 85| = 15 x 2. Finally, if N = 30 x 2,
then the four subsets Sp, Sy, S and S3 are of sizes 2%, 5 x 2%, 5 x 2% and 19 x 2%
respectively. O

A corollary of Proposition 2.6 shows that M (3, n) < M.(3, r) for respective cases.
More precisely we have

3+ 11, 30 x 271 < p < 19 x 2%,
Proposition2.7 M(3,n) < { 3k +12, if19 x 2¥ <n <24 x 2, and
3k+13, 24 x 2% <n <30 x 2%,

@ Springer
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This result enables us to provide a better estimation of M (3, n).
Proposition 2.8 Forn > 19, [log, (3)] < M(3,d) < [log, (5)] + L

Proof Tt suffices to considern = 19x 28 +1,n =24 x 2  + 1 andn = 30 x 2% + 1.
By direct calculation, [log, (3)] is at least 3% + 11, 3k + 12 and 3k + 13 respectively.
Hence, the proof follows by Propesition 2.6. |

Next, we consider d = 4. Instead of using three algorithms, we need four algo-
rithms, that is, to estimate My (4,31 x 2%), Mi(4,27 x 2%, My (4,44 x 2%) and
M (4,52 x 2%) first, and then find M4, n) ina sequel. In this case, we partition N
into four subsets Sp, 51, Sp and S3 with the ratio of sizes |So! : [S1] : |S2] @ |55] =
1 :4:4:22 for the estimation of M7 (4,31 x2¥yand 1:5:5:26,1:6:6: 31,
1:7:7:37 for the other three cases respectively.

First, by using the results obtained in the cases ¢ = 2 and d = 3, we have the
followings.

Lemma 2.9 Mp(4,20) = 16, My (4,31) = 17, M (4,37) = 18, M (4,44) = 19
and M7 (4,52) = 20,

Proof We verify the first two result and the others can be obtained similarly.

For n = 26, test four tems frst (T5). If L(Ty) = P, then it takes two more tests to
find one defective, and 13 more tests to find the others since M; (3, 25) < 13. On the
other hand, if L{7T1} = N, then take another four items for 15. Again, if L(T3) = P,
we need two more tests to find one defective, and 12 more tests to find the others
since Mp(3,21) < 12. If L{Tz) = N, then take another four items for T3. Again,
if L(T3) = P, we need two more tests to find one defective, and 11 tests to find the
others since M, (3, 17} < 11. Finally, if L({73) = N, then we can use 13 individual
tests to find all four defectives, Hence, M {4, 26) = 16.

For n = 31, partition the set of 31 items into four subsets Sy, 81, S2 and §3 such
that [Sp| = L, |81 = |52] = 4 and | 53] = 22, First test Sp U S1 (T1). X L{T}) = N,
then go to the case n = 22, and thus M (4, 31) = 17. On the other hand, if L{77) = P,
then take Ty = Sy U S5, If L{T») = N, then there exist one defective in 5. So, we can
find this defective by two tests [irst and the others by 13 tests since M, (3, 25) < 13,
Otherwise, if L(T7) == P, then take 753 = Sp. Again, if L(T3) = P, then the proof
follows by using My, (3, 30} < 14. Finally, if L(T3) = N, then find one defective in §)
and one defective in S; with four more tests, and 12 more tests for the other defectives
since M (2, 28) < 10. ]

By the same technique we use in the case d = 3, we have the result for d =4 and
5.

Proposition 2.10 M (4, 31 x2%) = 4k 417, M (4,37 x 2%) = 4k + 18, My (4,44 x
2%) = 4k + 19 and M (4, 52 x 25) = 4k + 20.

Proposition 2.11 M (5, 46 x 2F) = 5k +23, M(5, 53 x 2%) = 5k+24, M/(5, 61 x
2%y = 5k 4+ 25, M7(5,70 x 26) = 5k + 26 and M7 (5, 80 x 2%) = 5k + 27
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Proof Ford =5, n = 46 x 2¥, 53 x 2k, 61 x 2¥, 70 x 2* and 80 x 2%, we partition
n items into four subsets Sy, S1, S2 and §3 withratiol1 : 5:5:35,1:6: 6 : 40,
1:7:7:46,1:8:8:53and1:9:9: 61, respectively. We take 7 = Sy U §; and
Ty =8 U 8 if L{(T) = P. Morcover, if L{T3) = P, then take T = Sp.

Forn =46 x 2% and L(T3) = P, weneed 3 -k + M1 (4, 46 x 2% — 1) < 5k - 23.
If L(T3) = N, we need 3 - {2k + 5) + M1(3,45 x 2% — 2) < 5k + 23.

Forn = 53 x 2€ and L(T3) = P, we need 3+ k + My (4, 53 x 2% — 1) < 5k +24.
IfL(T3)zN,weneed3+2x(k+3)+ML(3,(52—4)x2k-2)=3+2><(k+
3)+ Mp(3,48 x 25 —2) < 5k +24.

Forn = 61 x 2% and L(T3) = P,weneed 3 +k + M, (4, 61 x 2F — 1) < 5k +24,
If L(T3) = N,weneed 3+ 2 x (k+3) + M, (3,(60 —2) x 2k —2) =3 +2 x (k +
3) + Mr(3,58 x 28 —2) < 5k -+ 25.

Forn =70 x 2¢ and L(T3) = P, weneed 3 +k + Mp(4, 70 x 2F — 1) < 5k + 25,
If L(T3) = N, weneed 3 +2 x (k4 3) + M7.(3, 69 x 2 —2) < 5k + 26.

For n = 80 x 2* and L(T3) = P, we need 3+ k + My (4, 80 x 2% — 1) < 5k - 26.
IfL(T3) = N,weneed 3 + (2k+7) + ML(3, (79— 4) x 2 —2) =3+ (2k +7) +
Mp(3,75 x 2% — 2) < 5k 427 or 34 (2k +6) - My(3,79 x 28 —2) < 5k +27. 0

Now, by calculating [log, ()| and [log, (%) ], we have the following
Corollary 2.12 [log, ()| < M(d.n) < [log, ()] +d ~2for3 <d <35

Finally, we note that if d > 5 is considered, then d algorithms are needed to

determine M, (d, n). Moreover, the sizes of four sets Sp, 51, S» and 3 are of sizes 2%,
f & (3d — d =0
d+5-2%d+0) 2% and (——— +td + ———=

n={14+2d+t)+ (3d‘1)d+td+t(f;1)

} - 2F respectively provided

y- 2 wheret € {0,1,2,--- ,d — 1}.

3 Conclusions

By using quaternary splitting on the testing set N, we are able to obtain a more accurate
estimation of M(d, n). Though not match the information lower bound [log, ()], we
believe that the results obtained in this paper are very close to the exact answer of
M{d, n). This is due to the fact that for larger d, binary informatic partition is in
general not possible.
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