
�üı ˆbÇ���

ˆbÇ� ( Topological Graph Theory ) 3buû˝àSzø_Ç_ç

ËåÊ�Þ ( Surface ) , , U)L<Ç,ísi , Î7«õ5Õ , ·³�

w…ó>íõ � Wà : K4 ªJåÊ7Þ,Å—,Híb° , 7 K5 ÿŸ

.ƒ �ògË ,óúkõb ,ibœýíÇªœñqåÊœÀÓí�Þ,

, à7ÞCu3+Þ ; 7ibœÖíÇÿÛbåÊœµÆí�Þ, �

Ê¥ø� , Bb�ÜÇàSªJåÊ�Þ, , Í(j„F‚íÀÓ ,

µÆ�Þ �

1. ˆb_� ( Topological Model )

çBbzÇåÊ�Þ, , Ç2í©øi·ªJõAu˛È2íø‘

¥£�( ( ÖÝõ ) , �˚Ñ˛È2í�( � ¥³í˛ÈuN 3− &r«
˛È �

ì2 1.1. ( Space Curve )

ø‘©Q u D v sõí�(ªJõAuø_©/ƒb f : [0, 1] → <3

íM� , ¥³í f u 1− 1 ƒb , 7/ f(0) = u J£ f(1) = v ; Ê u = v í

8”- f : (0, 1] → <3 u 1− 1 íƒb �

FJ ,ø‘˛È2í�( ,õÒ,ÿu { f(t) |t ∈ [0, 1] } ,7�(íq

¶u { f(t) |t ∈ (0, 1) } � ÛÊ , BbªJì2Çíˆb_� �

ì2 1.2. ( Topological Model )

I G = (V, E) ÑL<Ç � G íˆb_�uNÊ 3− &˛È2� |V | _
õ£ |E| ‘˛È�(Vú@k G 2íõ£i , Uú@í˛È�(q¶˛

¤í>Õ·u˛Õ¯ �

%âˆb_�Få|VíÇòQàŸÇ G ˚5 � 6ÿuz , zøO

Ç G;dAu˛%åÊ 3−&˛È2 ,°vÅ—ˆb_�ídì ,iDi

5È , Î7«õ5Õw…¶Mî.ó> �

âk , ÇbåÊ�Þ, , J-ÿú�_!…í�ÞTø�Àzp �
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ì2 1.3. ( Sphere )

ø_7Þuø_ 3− &r«˛ÈíÕ¯ , …¨ÖF�íõ (x1, x2, x3)

Å— x2
1 + x2

2 + x2
3 = r2 , r uø_£õb �

úkø_Ç?´%âˆb_�7åÊ�Þ,øòuû˝ˆbÇ�í

2-{æ ; ÖÍ , ÛÊ˛%?D'ÀUË·H|V , Í7 , ¥øéÇøò

·rÆO�}½bííiH � âk , Jˆb_�åÊ�Þ,íÇ·øì

}�ø_–� ( Region ) …u_Ì¤í–� ; Ä¤ , ÊˆbÇ�2 , Bb

ø}à7ÞV¦H�Þ , 7¥_ú@ÛïÿuO±í-�I	 ( Riemann

Stereographic Projection ) , àÇ 1.1Fý �

N


S


w


f(w)


Ç 1.1

kuåÊ�Þ,íÇÿªJú@ƒ7Þ, ,.¬¥v` ,©_–�·

u�Ìí–� ( Finite Region ) �

…•ø_�Þu´Ñ7Þí|O±ìÜÝ¼	�(ìÜl˘ �

ìÜ 1.4. ( Jordan Curve Theorem )

Ê7Þ ( C�Þ ) ,í�À¥£�( ( Simple Closed Curve ) z7Þ (

C�Þ ) }½As¶M , 6ÿuzÊ7Þ, ( C�Þ, ) , L<©Q.°

¶M2sõí�(.ÍD¥¥£�(ó> �

„p. ôI�

Ê¥³^kzpø- ; .˝J‡ C. Thomassen àÇ�íj�#7ì

Ü 1.4 ø_'.øší„p , ¥_›‰U)Ç�íê��ø_híj² �

Bb‚&yÖHbˆb2í½bìÜ}\Ç�ç6J.°íj�‹J„

p �

Q-Vy�ÜÇø_!…�Þ − 3+Þ ( Torus ) �
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ì2 1.5. ( Donut )

ø_™Äí¯¯˛ ( Standard Donut ) uø_š�Ñ 1 íÆb , J (

2,0 ) ÑÆ- , ÷O y Wì�F)ƒí�ñ ( Solid ) , àÇ 1.2Fý �

X


Y


Ç 1.2 : ™Ä¯¯˛

ì2 1.6. ( Torus )

ø_™Ä¯¯˛í[Þ˚Ñu3+Þ ( Torus ) �

ø_3+Þ.u7Þ ,¥ªJ‚à¼	�(ìÜ‹J„p : ÄÑ ,Ê

3+Þ, ,BbªJvƒø_�À¥£�( D ,…Ì¶ø3+Þ}½As

¶M , àÇ 1.3 2í C £ D s‘¥£�( �

C


D


Ç 1.3 : Torus

Î73+Þ5Õ , Çø_½bí�Þulªg� ( Mobius Band ) �
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ì2 1.7. ( Mobius Band )

ø_lªg�uâø_Åj$�%¬…� ( àÇ 1.4 ) (y©QF×

)í�Õ�Þ �

A


D


C


B

A=C

B=D


A
 C


D
 B


Ç 1.4 : Mobius Band

T“1. Êlªg� B ,vƒø‘¥£�( ,U)…Ì¶ø B }½As¶

M �
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2. �Þ (Surface)

Ê¥ø�2, BbøpüËì2�Þ (Surface) uBó, °v6úk �

Þí}éTªø¥zp�

ì2 2.1. (Topological Equivalence , Homeomorphism)

ø_â X øB Y í©/ƒb f Ñøˆb�gƒbJ/ñJ f u 1−1

, øA7/ f−1 6u©/ƒb, ¤v X D Y ˚Ñuˆb�g�

ì2 2.2. (Surface)

ø_�Þ (Surface)uNø_Ê 3-&r«˛È2íø_Õ¯,…Å—ú

k Õ¯2í©ø_jÖ x , ·æÊø_¹� (Neighborhood) Nx , …D -

�s_Õ¯5øˆb�g:

(a) D1 = {(x1, x2)|x2
1 + x2

2 < 1} ,

(b) D2 = {(x1, x2)|x1 ≥ 0, x2
1 + x2

2 < 1} �

,Hì22íD1˚ÑÇÀP�ÞÆb,7D2†u™ÄíšÆb (Stan-

dard half-disk) � Ê�Þ2x�¹�DD1ˆb�gíõ˚Ñuqõ (Interior

point) , .Íuiäõ (Boundary Point) �

ì2 2.3. (Boundaryless Surface)

©_õ·uqõí�Þ˚ÑÌiä�Þ, Wàr«�Þ�

ì2 2.4. (Closed Surface)

Å—-�‘Kí©¦�Þ S ˚Ñ¥£�Þ:

(a) S u�Ìí, ¹æÊø_7ñ B , U) S ⊆ B �

(b) S uÌiä�Þ�

(c) à‹ {f(t)|t ∈ (0, 1)} ⊆ S , † f(0) £ f(1) ·Ê S 2�

·æ 2.5. 7D3+ÌÑ¥£�Þ, 7�ÞDlªg�†.u�

„p : (T“2.) �

ì2 2.6. (Non-orientable Surface)

ø_�Þà‹…¨Ö7ø¶M (¶M�Þ)Dlªg�ˆb�g,†¤

�Þ˚Ñuø_.ªì²í�Þ�
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ì2 2.7. (Orientable Surface) .u.ªì²í�Þ˚Ñuªì²�

Þ�

ªì²�ÞD.ªì²�Þí}éuˆbçí½b	T, Ê¥ø�,

BbÉbÅH¥<A‹7ô …í„p�

J-,Bbà S0H[7Þ,Í(yY]cj��Z Sk ,…uÊ Sk−1¥

_�Þ,y‹p ø_zG (handle) F$Aí�Þ, ¡5Ç 2.1 �

Ç 2.1 : ‹ Handle

ìÜ 2.8. (Gross £ Tucker) (ªì²¥£�Þí}é)

©ø_ªì²¥£�Þ.ì¸ S0 , S1 , S2 , ... 5øí�Þˆb�g�

ku, ø_¥£�Þí›� (Genus) ÿâ…F�gí Sk F²ì, ?¹

›�u k �FJ 7Þí›�u ”0” , 73+Þí›�u ”1” � ÊÇøjÞ,

.ªì²¥£�Þí}é6ª‚à ‹pFQ (Crosscap) íj�×)�

íl,ì27Þ (S0)Ñ N0 ,6ÿuzÇá�Zí!�øš ;y‚àl

ªg�, àÇ 2.2 , ø…QÊ Nk−1 íø_˛,¹) Nk ; ‹pí�˚ÑuF

�Q (Crosscap) , àÇ 2.2 �

A


B


C


D


C


B


A


D


C
-
B
-
A
-
D


Ç 2.2 : ‹ Crosscap

ìÜ 2.9. (Gross £ Tucker) (.ªì²¥£�(í}é)

ø_.ªì²í¥£�Þ.ìD N1 , N2 , ... 5øˆb�g�
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°,Üâ, D Nk ˆb�gí.ªì²¥£�Þ, …í.ªì²›�

(Non-orientable Genus) Ñ k , 6ÿu‹pF�Qí_bÑ k �

T“3. : N1 àSå?
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3. �ÞíÖi$[ý¶

*3+Þ (Torus) í$Õ, Bb.Ø;ƒ‚àøÅj$�Ò¹ªd|

¥_�Þ� àÇ 3.1Fý,ílø
−−→
ADD

−−→
BC ò¯ (Î¶åíj²Yåò¯)

� à ¤øVªJ)ƒøÆ´, Í(yøÆ´ísVO
−→
BA ,

−−→
CD í j²Y

åò¯¹ª×)ø_3+Þ�

A


B


D


C


A,B
 C,D


a


a


b
 b


Ç 3.1 : 3+Þ

ÛÊ, J a H[
−−→
AD , b H[

−→
BA , éÍ

−−→
CD C

−−→
DC ø}u b ,

−−→
BC C−−→

CB ø}u a ,ÄÑBbøFbò¯�Ñ7jZ[ý,Bb‚àßv‡j²

V[ýû_i, FJ
−→
BA u b ,

−−→
DC u°j², 6Ê…u b , ku

−−→
CD [Ñ

b−1 , °Ü
−−→
BC Ñ a−1 ; ku3+[ÞªJà bab−1a−1 [ý� M)·<íu

¥³í ”-1” �'½bí<2, Wà baba−1 ÿ H[OÝ�.øší�Þ�

àÇ 3.2Fý,ò¯íj��7'×í‰“,ø
−→
BAD

−−→
DC ò¯ø}`

¨|lªg��
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A


B


D


C

a


a


b
 b


BA
 DC


Ç 3.2 : Klein @

�7,Hí[ý, BbªJ�åV[ý S0 £ N1 � Ê¥³bàƒ 2-i

$, àÇ 3.3 éÍ S0(aa−1) ªœñq7j, 7 aa FH[í N1 ÿbI<‰

−, ÄÑ…bò¯j�ªœÔ�, à¬-Çí w D u ò¯�

A


a
a
 a
 a


A


B
 B


S
0


A,B


N
1
(projective plane) 


u


w


Ç 3.1 : N1 D S0

N1 í×)ªœ.ñq7j, J-í}j¥	zp7ÑS2È}|Û

ø‘~(�

A


B
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ø B %,¨, ÿà°b¨Aø_7Þ�

B


A


./²,òƒ A , B QÊø–�

A

B


zs_Ç¨ ( A , B ísi) Q¯–V, s_Ç¨â©Qj²íí], MÚ

‰ü, 7/¨AAÐó>7Aíò( ¨�

Ç 3.3 í N1

Ç 3.4 : N1 í$A

�7,Hû��Þí[ý¶, aa−1 , aba−1b−1 , aa , abab−1 ;ªœÖzG

(handles)CF�Q (Crosscaps)í�Þ6ªJ‚à¥ší$�[ý|V,É

.¬ u….uÇ�í…æ, FJÊ¤ôIÌ�ín�, cJs_Wäyz

p…bíH[�Þ�

W1. : aba−1cb−1dc−1ed−1e−1 �

117



¥�i$[ý¶uø_ªì² (Orientable) �Þí[ý¶ (úkL<

í x , x−1 6|Û) �

W2. : abacbd−1c−1d−1 H[ø_.ª² (Non-orientable) �Þ�

T“4. : aba−1b−1cdc−1d−1 í�ÞÅdàS?

T“5. : aba−1b−1 D b−1aba−1 u´H[°ø��Þ?
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4. Çí£då¶DÇí%p

âÇÊ˛Èíˆb_� , Bb.ØêÛJ-ú�ªJfníÛï :

(a) sõåÊ°ø_P0 �

(b) ø_iF�AÐ , �

(c) ø_i¦¬Çø_.Êi,íõ �

Î7,HÛï5Õ , þ�w…ú�.u£díÛï :

(d) si ( «õÎÕ ) �sõJ,í>õ �

(e) siFú@í�(ó~ , �

(f) ú‘i>køõ , �

§Î7,H®�ÛïFå|VíÇ , øO˚5Ñx�£d (Normal)

å¶íÇ � *ÛÊÇá , F�n�íÇ·u¥øé�íÇ �

ÊåÇ2 ,s_.°iFu°Uàíõ («õÎÕ )˚ÑuvÇíø

_F� (Crossing) �

ì2 4.1. ( Çí%p , Graph Embedding or Graph Imbedding)

ø_Ç%pkø_�Þ S uNø G åÊ�Þ S ,U)…³�LSí

F� ;6ÿuz ,z Gíˆb_�‚àø_ˆb�g (Homeomorphism)z

…ú@ƒ S íø_äÕ¯ �

ì2 4.2. ( �ÞÇ , Planar Graph)

ø_ªJ%pÊ�Þ,íÇ˚Ñu�ÞÇ �

ì2 4.3. ( 7ÞÇ , Spherical Graph)

ø_ªJ%pÊ7Þ,íÇ˚Ñu7ÞÇ �

‡iø_Çu´?å (%p )Ê�Þ,uÇ�2íø_½b{æ ,O

uÿ�Þí}é7k ,�Þ.uø��Þ ,FJ�ÞÇøO7kÿuH[

OªJ%pk7ÞíÇ ;éÍ ,7Þuø��Þ ,J S0 [ý �¥_ÅHÜ

âVA-�I	 (Stereographic Projection) �
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à‹ø_Çu�ÞÇ , AÍ�ø_j¶ªJz…åÊ7Þ,U)L

<si·.}�F�íÛïêÞ �Í7 ,à‹….u�ÞÇ ,µó%pÊ

7Þ,u.ª? � J-íj¶µsBb¥_ÇøìªJ%pÊ/ø_x

�zGí�Þ, �íl ,ø¥_ÇåÊ�Þ, ,U)F�í_b�ý�ß

(∗) , Í( , úk©ø_F�íËjd-�íZ‰ ( àÇ 4.1) ; ÊF�íË

j‹,ø_zG �

Ç 4.1

FJ ,L<Ç·ª%pÊø_�Þ, ;½æuàS%pªœ ”�‚ ”?

Wà , (∗) FT£íF� , àSånªJU)F�íbñ�ý ( C�Ö )?

Çø_½æu˝§b‹pÖýzG ” nD ” ?

Ñ7ªø¥«n%p, Æb%p (2-cell embedding C Cellular embed-

ding) í–1u.ª ÿí�

ì2 4.4. (Region)

ú@kø_z G %pÊ�Þ S ,, ø_–� (Region) uNÊ S 2z

G íM�pÎ5(í¶M (Component) , ?¹|×í©¦¶M�

òhVz,ç G%pÊ S ,5(,Ê S 2“¥ GíõDiF”íø<

¶Mÿu–�� à‹¥v`© _–�·¸ø_Ç[íÀPÆ (Open Disc)

ˆb�g,†¥ší%p˚ÑuÆb%p,WàÇ 4.2(a) ,OuÇ 4.2(b)ÿ

.uø_Æb%p�
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G
:


2-I! (a) (b)

Ç 4.2 : 3+Þ,íI!

·æ 4.5. L<.©¦íÇ·.ª?æ�Æb%p�

„p.

.ìæÊø_–�…Ì¶DÇ[Æbˆb�g (?) � ¥

�7–�5(, BbªJì2ø_Ç%píÞ (Face) �

ì2 4.6. (Face £ Face Set)

ø_Ç%p2íø_–�D¤–�5iäí:Õÿ˚Ñu¤Ç%p

íø_Þ� F�ÞFAíÕ¯˚ÑuÞÕ¯, J F [ý� Ju¥_ÞÕ¯

uz G %p F)ƒíÞÕ¯, †J FG [ý�

úkÞí·HøOà…íiäíißå[ý (Boundary Walk) , àÇ

4.3íWä,…í 4_Þ}�u < d > (loop) , < e, g > (si$) , < a, g, c > ,

£ < a, b, d, b, c, e > �

f
1


v

4


b


a


v

1


v
2


v
3


f
2


f

4


f
3


c


d


e
 g


Ç 4.3
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¥³BbêÛ©_i·}|ÛsŸ, ÄÑ…us_Þíiä ; .¬,

Wä2í b éÍuWÕ, 7¥WÕªJ‹J…•�

·æ 4.7. I G %pÊø_�Þ,, °vø_i e …sŸ|ÛÊ%p2í

ø_Þ,, †¥_i.ìu›�

„p.

I xÑ eíqõ� †J xÑ–õvƒø‘¥£�(÷OQ-V|Ûí

i•ƒy|Û ev©Q x ;¥_¥£–(FˇíäÇøÊ ei ¥5(D

wF¶}.©¦ (?)� ¥

Ê¥³^kzp, ,H|ÛsŸíi, Ê_çËNìj² (÷Oiä)

5(¨A©_i·|ÛsŸ, 7sŸíj²/ßó¥� ªJŸƒí%p6

˚Ñuªì²í%p (Orientable Embedding) � WàÇ 4.4íWäªJø‡

ªíj²Ê f42¦Lv‡,kû_Þ¶ä÷Wj�à-: f4 =< v2, v3, v4, v2 >

, f3 =< v3, v2, v1, v3 > , f2 =< v3, v1, v4, v3 > , f1 =< v2, v4, v1, v2 > �

v

1


v
2
 v
3


v

4


f
1

f

2


f

4


f

3


Ç 4.4 : K4 í%p

¥_WäyøŸzp7ªì²%pí–1,°vâk©_�²i·/

ß |ÛøŸ, _çË%p Kn ?ª×) Mendelsohn újÍ, ¤v n ≡ 0 C

1 (mod 3) , n 6= 6 �

T“6. : z K6 , K7 }�%pk3+Þ,�

T“7. : Ì�}p·æ 4.7�
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5. «…t�

‡ÞTƒBbªJzÊ�Þ,íÇ¸åÊ7Þ,íÇõAuøší

Ç ,FJ ,J-FTƒí�ÞÇ (Planar)ªJz…õAuåÊ�Þ,C7

Þ, , .yTªø¥í–} �

ìÜ 5.1. (Euler’s Formula)

cà Guø_©¦í�ÞÇ7/ G� p_õ , q _i£ r _–� ,†

p− q + r = 2 �

„p. ú qd¦Ñ �ç q = 1v ,éÍ p = 2 , r = 1 ,FJ 2−1+1 = 2 ,t�

A
 � Iýk q _ií©¦ÇŸt�A
 , 7 G uø_x� q _ií©

¦Ç �íl , ç q = p− 1 ( ib|üí©¦Ç ) , G ÑøcÇ , Ä¤ r = 1

, ku p− q + r = p− (p− 1) + 1 = 2 , t�A
 � Q-V , à‹ q > p− 1 ,

† G 2.¨Öø˛ C , I e Ñ C ,íøi � ÛÊ , G − e � q − 1 i , F

Jâ¦Ñcqt�A
 ,¹ p− (q− 1) + (r− 1) = 2 ,Ä¤ p− q + r = 2 ,ì

Ü)„ � ¥

R� 5.2. ( ÖÝ©¦Ç )

cà GÑø�ÞÇ…x� k ≥ 1_¶} , p_õ , q _i£ r _–� ,

† p− q + r = 1 + k �

*�ÞÇíÔ4Võ ,à‹�ø_–�….uúi$ ,†BbªJy

‹pø<i , U)hÇEÍu�ÞÇ ; Ä¤ , |Öií�ÞÇ@vu©_

–�·uúi$ �

ì2 5.3. ø_�ÞÇ G˚Ñu”×í�ÞÇ (Maximal Planar Graph) ,à

‹úk.ó¹íL<sõ u D v , G + uv î.Ñ�ÞÇ �

âkÊ”×í�ÞÇ2 ,©_–�îÑúi$ ,FJ…6\˚Ñuú

i“í�ÞÇ (Triangulated) � J-ít�uzp¥�Çíib �

ìÜ 5.4. cà G ux� p ≥ 3 _õ , q _ií”×�ÞÇ , q = 3p− 6 �

„p. â 3n = 2q , FJ q = 3p− 6 � ¥

Ä¤ , ø_x� p õí�ÞÇ|ÖÉ}� 3p− 6 _i �
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R� 5.5. ø_x� p(≥ 3) õí�ÞÇ|Ö� 3p− 6 _i �

R� 5.6. K5 .u�ÞÇ �

R� 5.7. Êø_�ÞÇ2.ìæÊ��bük 6íõ �

}p. Ju δ(G) ≥ 6 , † |E(G)| ≥ 3q > 3p− 6 � ¥

y��øõíl�ªJR)-�íìÜ �

ìÜ 5.8. I G Ñx�� p(≥ 4) õí”×�ÞÇ , °vI pi H[Ê G 2

�bÑ i íõb , †ç n = ∆(G) v

3p3 + 2p4 + p5 = p7 + 2p8 + · · ·+ (n− 6)pn + 12 �. . . . . . . . . . . . . . . . . . . . . (∗)

„p. ÄÑ p =
n∑

i=1

pi , 2q =
n∑

i=3

ipi J£ q = 3p− 6 , FJ
n∑

i=3

ipi = 6
n∑

i=1

pi − 12

, ¥ªJR)k„í�ä � ¥

â (∗) ªJR) 3p3 + 2p4 + p5 ≥ 12 , 6ÿuz�bük 6íõbBý

}� ”4” _ ( ? ) � ‚à¥ší!‹BbªJ„pLø_�ÞÇ·ªJå

Ê�ÞU)©øi·uò(¨ �

ìÜ 5.9. (Fáry v.s. Wagner)

úkL<í�ÞÇ·æÊø�%p ( å ) ¶ , U)©_i·uò(

¨�

„p. àõ¦Ñ � ( éÍÉb?„pF�í”×�ÞÇ·A
 , †øO�

ÞÇAÍ³�½æ � ) ç p = 1, 2, 3, 4 , ·æéÍA
 �Bbcqçø_”

×�ÞÇx� p− 1v·æA
 ,°vI GÑø_x� põí”×�ÞÇ

� âR� 4.7 , G 2æÊ��býk 6íõ v � ÛÊ5? G− v � â¦Ñc

q , �ø_ò(¨í%p¶ � ÄÑu”×í�ÞÇ , FJ ¥ v 5( , D

v ó¹íõÑAø_–� , ¥_–�}�âúi$ , ûi$Cüi$Fˇ

A �

à‹uúi$ ,†ø[Êúi$2È ,y}�DúÝõàò(¨©Q

¹ª , Ä¤”-ûi$£üi$s�8” �
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(i) ûi$ : øõ[Ê-Çíé(¶Mq �

Cu

(ii) üi$ : øõ[Ê-Þª?8”íé(¶Mq �

Cu Cu

¥

‚à«…t�6ªJ'0Ë°|F�í£ÖÞñ �¥_−Ü1.Ø ,

ÄÑ£ÖÞñFú@íÇu£†�ÞÇ , 7�b.ª?r¶· ≥ 6 , FJ

É”- 3-£† , 4-£†£ 5-£†Ç � y‹,úXÇ (Dual)6u�ÞÇí–

1 , …í–�6Éª?âúi$ , ûi$Cüi$FˇA , ¥óøV , b

°|F�í£ÖÞñÿ�ı�7 �

ìÜ 5.10. £ÖÞñøu-� 5 � , £ûÞñ , £ýÞñ , £ÿÞñ , £

�ùÞñ££ù�Þñ �

„p. I P Ñ£ÖÞñ , G(P )Ñú@í�ÞÇ ,Ýõb ,ib£–�b}

�Ñ V, E, F ; �bÑ i íõbÑ Vi J£ibÑ j í–�bÑ Fj � ku,

–�b F = Fh (h = 3 C 4 C 5) , 7 V = Vk (k = 3 C 4 C 5) �â«…t�

R) −8 = 4E − 4V − 4F = (h− 4)Fh + (k − 4)VK ( ? ) �FJª?8”�

(i) h = 3 , k = 3 , ku Fh = Vk = 4 ( £ûÞñ ) �

(ii) h = 3 , k = 4 , ku F3 = 8 , V4 = 6 , ¥u£ÿÞñ �

125



(iii) h = 3 , k = 5 , ¥u£ù�Þñ �

(iv) h = 4 , k = 3 , ¥u£ýÞñ , |(

(v) h = 5 , k = 3 , ku F5 = 12 , V3 = 20 , …u£�ùÞñ �

£ûÞñ £ýÞñ £ÿÞñ
(Tetrahedron) (Cube) (Octahedron)

£�ùÞñ £ù�Þñ
(Dodecahedron) (Dodecahedron)

( Dodecahedron ) ( Dodecahedron )

¥

T“ 8. }pÊø_�ÞÇ G2 , à‹|ü˛íÅ� (Girth).ük 4 , †

|E (G)| ≤ 2 |V (G)| − 4 �

T“ 9. ‚à,H!‹„p K3,3 .u�ÞÇ �

T“10. Ê�Þ,�øõÕ¯ S , S 2L<sõí�×·.ük 1 � ÛÊ

z�×/Ñ 1 ísõ©Q–V �t}ç |S| = n v , ¤Ç|Ö� 3n _i�
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6. �ÞÇí…•

Ñ7�^Ë·H�ÞÇCw…é�Ç, ílBb�Ü°Gí–1�

ì2 6.1. (�} , Subdivision)

øÇ G 2íø_i uv �•7às_i uw £ wv V¦Hí�T˚Ñ

u Gíø_!…�} (Elementary Subdivision) �7ø_Çí�}uâø©

�í!…�}F×)�

�}í	T!…,uÊi,‹pø<�bÑ 2íõ, WàÇ 6.1 2í

G1 D G2 }�ªJâ G3 í!…�}7×)�

G
1
:

G
2
:


G
3
:


Ç 6.1 : °GÇ

ì2 6.2. (°G , Homeomorphism)

à‹ G1 D G2 }�â/øÇ G3 í�}7×), † G1 D G2 °G, J

G1 ∼ G2 [ý (G1 is homeomorphic with G2) �

éÍ, °Gu��gÉ[, 7/°GíÇ°Ñ�ÞÇC°ÑÝ�ÞÇ

(Non-plannar) ,7/ çø_Ç GÖ�ø_DÝ�ÞÇ°GíäÇv, GA

Í.}u�ÞÇ�

ìÜ 6.3. cà G ¨Öø_äÇ H …D K5 C K3,3 °G, † G .u�Þ

Ç�

bu G.¨ÖD K5 C K3,3 °GíäÇ,†u´ Gÿu�ÞÇ?¥_

½æÊ 1930\ KuratowskiF„p,…6uÇ�2Q×íìÜ5ø� Ê³�

·HàS„pvìÜ5‡,Bblbø−ø_Ûï,…DÇí–) (Block)

�É�

ì2 6.4. (Block)

³�~õí©¦Ç˚Ñ–)� ø_Ç G í–)uN G íø_”×ä

Ç (Maximal Subgraph) ……™uø_–)�
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Ç 6.2 : � 6_–)íÇ

ìÜ 6.5. ø_ÇÑ�ÞÇíkb‘Ku…í©ø_–)·u�ÞÇ�

„p.

âk–)D–)5ÈuJ~õóQ,FJìÜ„p.Ø��7ìÜ 6.5

, …• �ÞÇí	TªJù·vÇ–)í…•¹ª� ¥

ìÜ 6.6. (Kuratowski)

ø_Çu�ÞÇíkb‘KÑvÇ.¨ÖD K5 C K3,3 °GíäÇ�

„p.

(⇐)

â,�Bb-%ø− K5 £ K3,3 Ì.Ñ�ÞÇ, FJ¥_j²í„p

ªœñq�

(⇒)

(¿b·H) âìÜ 6.5 , BbÉb„p.¨ÖäÇD K5 C K3,3 °G

í–).ìu�ÞÇ¹ª� cq¥ÅH.ú, †.æÊ�.u�ÞÇí–

)….¨Ö�LSäÇD K5 C K3,3 °G� I G Ñib|ýíø_� †

δ(G) ≥ 3 (?) , Ä¤ G.uib|ýí–) (?) �FJI e = uv ∈ E(G) , U

) H = G− eEÍÑø_–)�ÛÊ H y.ª?�äÇ}D K5 C K3,3 °

G,FJâcq H Ñ�ÞÇ,7/ H 2¨Öø_˛ C ,…¦¬ u£ v °v

Å—Ê C q¶ –�bÑ|Ö�Q-V«� H íÔ4, Wà C ,â u ƒ v

íLsõ·.}Ê C íÕˇ (Exterior)©|ø‘˜�,´† C ÿbÇÕy

²� Ou G.u�ÞÇ,Ç 6.32í P .æÊ�ku H− (V (C)\{u, vi, vk})
�ø_¶M¨Ö P , I¥¶MÑ H1 , â C í² Ï H1 .ª?½h%pÊ

C íq¶, FJ H íq¶���ª?êÞ (ôI)� Ou, …b·Dcqp

e, Ä¤Ì¥WæÊ, ìÜ)„�
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H
:

v


v

j


v

k


u


C


P


i
n
t
e
r
i
o
r


Ç 6.3

¥

�7ìÜ 6.6 , .ØêÛ Petersen Ç.Ñ�ÞÇ (T“11.) �

óúkzi�}í–1, J-�Ü9ò (Contraction) í–1�

ì2 6.7. (Contraction) Bbz G2 u G1 í9òÇà‹-Þí‘KA
:

V (G1) ªJ}’A |V (G2)| _Õ¯ V1 , V2 , ... , V|V (G2)| U) < Vi >G1 Ñø

©¦Ç, i = 1, 2, ... , |V (G2)| �

Ê9òí¬˙2|!…íTuzŸVó©ísõ½¯Ñøõ,¥ší

¬˙6˚Ñu!…9ò (Elementary Contraction) ; éÍ, øOí9òuâ

ø©�í!…9ò7×)í!‹,çÍ,³�LSí!…9ò,¹°Z (Iso-

morphism) , 6ªJõAuø�9ò�ÇÕ, à‹É‡úÇ2íø_äÇd

9ò, øO˚5Ñä9ò (Subcontraction) �

ìÜ 6.8. cà H Ñ G íø_�}Ç, † G u H íø_9òÇ�

„p.

à‹ G ∼= H , †³�BóÛb„p�ÛÊ, à‹ H %¬ G í�}, †

�ø©�í!…�}nâ G)ƒ H ;ku,zŸå¥¬VYŸd!…9ò

¹ª)ƒ G � ¥

J-íìÜD Kuratowski íìÜóN�

ìÜ 6.9. G Ñ�ÞÇíkb‘KÑ G 2.ÖLSäÇ…bJ\9òA

K5 C K3,3 �
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„p. : (ôI) �

úk�ÞÇí7j, Î7ìÜ 6.6 D 6.9 í…•5Õ, 6ªJ‚àÆ�

¶V‡iø_Çu´Ñ�ÞÇ�¥šíÆ�¶oÊ 1964¹˛%\ Demou-

cron , Malgange£ PertuisetFêÛ ;…íµÆ�Ñ O(n2) ;(V Hopcroft£

Tarjan (1974)yTX7(4µÆ�íÆ�¶,Ê¥³BbôIF�í���

T“12. : ø_�ÞÇà‹F�õ·}rÊø_–�í¶ä, †˚…uÕ

�ÞÇ (Outerplanar) �t„ GÑÕ�ÞÇíkb‘KÑ G.ÖLSD K4

C K2,3 °GíäÇ�

T“13. : t„ Petersen Ç.Ñ�ÞÇ�
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7. Ý�ÞÇ (Nonplanar Graphs) í–1

Ì¶_çËåÊ�Þ ( 7Þ ) ,U)iDiî.�óF�íÇu…

�n�í3i � *,ø�ín�2 , Bbø−ø_ p õí�ÞÇ|ÖÉ

� 3p− 6_i ,çÍÊvÇí|ü˛Å (girth)§ƒÌ„v ,ib6}yý

ø< , &à|×íù}�ÞÇÿÉ� 2p− 4 _i7˛ , ÿøO47k , J

-í4”u'ñqõ|VíÛï �

ìÜ 7.1. ø_|ü˛ÅÑ g í�ÞÇ|Ö� g
g−2

(p− 2) i �

„p. IÇ GÑÅ—˛ø‘K7/x�|ÖiíÇ ,°v G� r _–� �

ÄÑ , ©_–�|ý� g _iÊ…íiä, , FJ q = |E (G)| ≥ 1
2
gr � â

«…t� , p− q + r = 2 , p− q + 2q
g
≤ 2 , q

(
1− 2

g

)
≤ p− 2 , q ≤ g(p−2)

g−2
� ¥

ø−7�ÞÇibí,ä , �ø_ªJ;dƒíû˝½æuø_Ý

�ÞÇ˝§×Ç�ÞÇ�Ö± ?

½æ1. I G Ñø_�ÀÇ , S ÑøiÕ¯ , S ⊆ E (G) , † f(G) =

min{|S||G− S Ñø�ÞÇ } uÖýá ?

éÍ , |S| ≥ |E (G)| − (3p− 6) , ªu1Ýx�ª 3p − 6 _iýíÇ.

ìu�ÞÇ , FJb°| f(G) ²Ýq9 �¥³úk�ÞÇ G , f(G) = 0 �

T“14. : I G Ñø_�ÀÇ, °vI W ⊆ V (G) , …Å—ø W òAøõ

F)íÇÑø�ÞÇ, † f(G) D f(< W >G) íÉ[àS?

Êû˝ø_Ý�ÞÇ G íÔ4v , øì}·<ƒ G í}’½æ �

ì2 7.2. ( ¾� , Thickness)

θ1(G) = min{n|G ªJ}’A n _�ÞÇ } �

6ÿuz ,úkø_Ý�ÞÇ ,˝§…ªJŸAÖý_�ÞäÇí:

Õ ?

ùÜ 7.3. I G Ñø_ (p, q)− Ç , ¹x� p _õ_ q iíÇ , † θ1 (G) ≥
q

3p−6
�
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„p. ÄÑø_ p õí�ÞÇ|ÖÉ� 3p − 6 _i � ku , úkêrÇ ,

BbÿªJ‚à,Hí.�� , °| θ1 (Kp) ≥ p(p−1)
6(p−2)

� Í7 , ö£í��

†�˝yÖAí›‰ � ¥

ìÜ 7.4. (Beineke �A )

θ1(Kn) =

{ [
p+7
6

]
, ç p 6= 9, 10 v ,

3 , p = 9, 10.

w…í!‹ , Wà θ1 (Qn) =
[

n+1
4

]
, w…íÇFøÿ.Ö7 �

T“15. : t° θ1(Km,n) �

Çø_¸¾��”×óÉí¾uàõÕ¯Võ ,øO6Jõ¾� (Vertex-

thickness) ˚5�

ì2 7.5. ( õ¾� )

θ (G) = min{n|G1, G2, · · · , Gn Ñ Gíû|äÇ°vÅ—©ø_·�Þ

Ç7/ E (G) ⊆
n⋃

i=1

E (Gi) } �

¥_¾í7jÿyý7 , Wà θ (Kp) ≥ p(p−1)
12

( ? ) �

T“16. : t° θ(Kp) �

T“17. : t° θ(Km,n) �

n�ê¾�5( , yVõø_Ý�ÞÇF.ªfníÛï - iíF

� (Crossing) � à‹zø_Ý�ÞÇåÊ�Þ,C7Þ, , †øì}�F

�í8”êÞ , ˝§êÞíŸbàSá ?

ì2 7.6. ( F�b )

v(G) Ñø G åÊ�Þ,íF�.°å¶2F�|ýíŸb �

Wà. v(K4) = 0 , v(K5) = 1 ( ¡5Ç 7.1 ) �
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Ç 7.1 : v(K5) = 1

¸‡Þs_½æøš , F�b6uÝ�.ñq²ìí¾ , .°íu ,

…Üù¬Ý�ÖíÇ�ç6¡D¥jÞíû˝ �

ìÜ 7.7. v (Kp) ≤ 1
4

⌊
p
2

⌋ ⌊
p−1
2

⌋ ⌊
p−2
2

⌋ ⌊
p−3
2

⌋
, °vÊ 1 ≤ p ≤ 10 v , .��

Ñ�� �

¥_ìÜ‡Þ.��í¶}uâ Blaźek, Koman£ GuyFTX ,7(

Þ��í¶}†3bu Guy íõ. � J-ÿ‡ú p ≤ 6 v‹Jzp � é

Í , ç p ≤ 4 v , v(Kp) = 0 (
∣∣p−3

2

∣∣ = 0) , 7 p = 5 , v(Kp) = 1 , ¥âÇ 11 ª

J)ø , |(”- v(K6) = 3 Ûb„p �

cq v(K6) = c , †Ê c _F�íËj‹p c _õ , kuhÇ K̃6 x�

6 + c _õ , °vx� 15 + 2c _i � ÛÊ , â�ÞÇí4”ø−x� 6 + c

_õíÇ , |Ö� 3(6 + c)− 6 _i , ¹ 3c + 12 ≥ 15 + 2c , FJ c ≥ 3 � y

âÇ 7.2 ª)ø c ≤ 3 , Ä¤ v(K6) = 3 �

Ç 7.2 : v(K6) ≤ 3
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T“18. : t° v(K7) �

ÊF�bíû˝2 , J v(Km,n) íû˝|óvÍ4 , 7/6�…íû

˝–Ä � Paul Turán FTƒ , çvFÊÓ®6gË¡íø_ñÉ	T , 	

ßíñb‚àÀÄ* ( GRš ) «£ƒæ[íËj , âkÉ�'Ö_ (m)

, æ[íËj6�.ý_ (n) , ku¥<ÀÄ*ÿ}F� ( ó> ) íËj ;

Ou>}íËjñq¨A��J£ñ)¥r7¨‘vÈ ,ku ,Ñ7�ô

vÈJ£fnª?�ší<Õ ,Áý>}õ (F�b )uÝ�½bí{æ

, kuF½ Zarankiewicz ¥_½æ , .˝ŒpTX7J-í�� ,

v (Km,n) =
⌊

m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

] · · · · · · (1)

.¬ ,FÉu„p7 (1)í¬�Ñ,ä ,¹ v (Km,n) ≤ ⌊
m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

]

, 7˝§ (1) í,äu´6u-ä , ³;ƒøòƒDÙEu„ø , FJ (1)

6ÿA79± ” ñÉ“¿ ” �

wõ , (1) �,äí×)1.˚Ø , …3buVAø�ªœ�^íå

¶ ,Wà : v (K4,5) ≤ 8 ,…ø mõD nõ}��Ì}ºÊ�òD®�í(

, , y©Q¹ª �

Ç 7.3 : v (K4,5) ≤ 8

âkÇ 7.3íóý ,BbªJªø¥“¿âò(å¶F¨AíF�b

v(G) , Ê G ∼= Km,n v , v(G) = v(G) ; çÍ , ÿøO7k v(G) ≤ v(G) �

ÊñÉ“¿íû˝jÞ , ñ‡|ßí!‹VA Kleitman �

ìÜ 7.8. úk 1 ≤ min {m,n} ≤ 6 , v (Km,n) ≤ ⌊
m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

]
�
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T“19. : v(K7,7) = ? (77, 79 C 81)

à‹zñÉ½æTøØ�, †ªJn�êr t }Ç Kn1,n2,...,nk
íF�

b ; iBñ‡Ñ¢, ©ª?í,ä·.ø ²í!

T“20. : ° ν(K3,3,3) �

ÊF�bíû˝2,|ÏÆíÇ,Î7,HT£íêrÇ,êrÖ}Ç

Õ, ÿÝ G ×H $�íÇ l˘�âkFj²í½æ·uÔyÇ� J-c�

|!‹¡5 :

ìÜ 7.9. ν(Q4) = 8 � (ν(Qn) , n ≥ 5 , ��„ø�)

ìÜ 7.10. ν(C3 × Cn) = n � (Beinekc £ Ringeisen)

ìÜ 7.11. ν(C4 × Cn) = 2n � (BR)

ìÜ 7.12. ν(C5 × Cn) = 3n � (BR)

“¿ : ν(Cm × Cn) = (m− 2)n , w2 m ≤ n �

T“21. : ° ν(C5 × C10) �
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8. Çí›� ( The Genus of a Graph )

íl,Bbø−�ÞªJ}Aªì²£.ªì²s�,Ä¤,Çí›�

6}As��

ì2 8.1. Ç G íªì²›� (Orientable Genus) �˚›�, γ(G) , uN G

ªJ%pF�ªì²�Þ2,›�|üí�Þ5›� (zGb) �7.ªì

²›� (Non-orientable Genus) , γ(G) , †ªJ%píF�.ªì²�Þ2,

F�Qb|ýí�ÞFàíF�Qb�

W : γ(K5) = γ(K6) = γ(K7) = 1 � (¡5-Ç)

v
6


v
6
v
6


v
6


v
0


v
1


v
2


v
3


v
4


v
5


Ç 8.1 : K7 %pk3+Þ,

J-n�Ç%pí4”, ÊÇ2½i£C˛·uñrí, 6ÿuzÇ

ªJuÒÇ (Pseudograph) �

ìÜ 8.2. I G Ñø (p, q)-Ç, °v…\Æb%pÊø_›�Ñ r í�Þ

,, † p− q + r = 2− 2n , w2 r Ñ– �b�

„p.

(ú n ¦Ñ) íl, ç n = 0 7/ G 2³�LS½iCC˛, â«…t

�ø− p − q + r = 2 , FJA
� ÛÊ, cq G 2í½iDC˛bu� k

_� I G1 Ñ* G 2 ¥¥<½iDC˛íÇ, 7/ G1 Ñ x� r1 _–�

í (p1, q1)-Ç�éÍ, p1 = p , q1 = q− k J£ r1 = r− k �FJ p1 − q1 + r1 = 2

, ?¹ p1 − (q1 + k) + (r1 + k) = 2 , ku p− q + r = 2 , n = 0 vA
�
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ÛÊ, IìÜÊ n− 1 vA
, n ≥ 1 , 1/I G Ñø_ (p, q)-ÒÇ\Æ

b%pk›�Ñ n ° v� r _–�í�Þ,�

íl, •O�Þ,íø_zGåø_˛ C U)¥_˛.Ö G 2íL

Sõ (àÇ 8.2) �¤v C .Í}D G2íißÞF�õ,´†%píj�

ÿ.}uÆb%p (2-cell embedding) � .ÜøO4,BbªJcq C D G

íi>}k�ÌÖõ (k õ) (?) ,1/cqD C �>}ƒíiÑ e1 , e2 , ...

, em , ku 1 ≤ m ≤ k , 7/à‹ ei > C k li _õ, †
∑m

i=1 li = k �

Ç 8.2 : ~’T

ÛÊ, Ê>}T‹,hõ, °vúk C 2©/ísõ‹pøhi, F

J¸ C íƒ l Ÿíiÿ\}A l + 1 hi� (Ç 8.3)

Ç 8.3 : ~Ç5(

Ih)ƒíÇÑ G′ , °v G′ Ñx� r′ _–�í (p′, q′) øÇ� ku

p′ = p + k , q′ = q + 2k (?) , J£ r′ = r + k (?) ; y½bíuÊ G′ 2, ©_

–�·¸ÇÆbˆ b�g, 6ÿuz G′ 6uø_Æb%p�

ÛÊ, ßO C øzG~i, °vÊÇ¨TQ,s_ÆbU)hí�Þ

É” n− 1 _zG (àÇ 8.4) �
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Ç 8.4 : ~Ç (/�ÿ¨)

%¬~Ç C y‹Qí�ÞéÍ¢DŸVí%p$��<.°� I¥

_�ÞÑ S ′′ , ¤víh ÇÑ G′′ � ku, ú@í¾ p′′ = p′ + k = p + 2k ,

q′′ = q′ + k = q + 3k , °v r′′ = r′ + 2 = r + k + 2 �

â¦Ñcq, Ä S ′′ Ñ›� n− 1 í�Þ, 7 G′′ Æb%pÊ,Þ, FJ

p′′− q′′ + r′′ = 2− 2(n− 1) ,Ä¤ (p + 2k)− (q + 3k) + (r + k + 2) = 2− 2(n− 1)

, ?¹ p− q + r = 2− 2n , ìÜ)„� ¥

,HìÜzp7Æb%píÔ4, çÍúk³�½iCC˛íÇ, ,

Hí��6AÍA
� ÛÊ, y‚à Youngs FTXíˆb„p, Çí›�

ÿªJ‚à p , q , r [ý|V�

ìÜ 8.3. (Euler-Poincare)

q GÑ%pk›� γ(G)7/� r_–�í�Þ,5 (p, q)-©¦Ç,†

p− q + r = 2− 2γ(G) �

Ñ7jZ–c, Ç G à‹u%pÊ›�Ñ γ(G) í�Þ,, †˚¤%

pÑ|ü%p, éÍ, |ü %p.ìuÆb%p�

‚àìÜ 8.4 , Bb.Ø°| γ(G) í-ä�

T“22. : I G Ñ©¦Çí (p, q)-Ç (p ≥ 3) �t„ γ(G) ≥ q
6
− p

2
+ 1 �

T“23. : I G Ñ©¦Çí (p, q)-Ç (p ≥ 3) , /7 G 2³�úi$�t„

γ(G) ≥ q
4
− p

2
+ 1�

û˝Çí›�|O±íl¬kêrÇDêrù}Çí›�,âkbp

¥s_!‹ÛbÇÕí	x, Ê¤ôI, c�|…bí!‹�
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ìÜ 8.4. (Ringel £ Youngs)

γ(Kp) = [ (p−3)(p−4)
12

] , (p ≥ 3) �

ìÜ 8.5. (Ringel)

γ(Km,n) = [ (m−3)(n−4)
4

] , (m,n ≥ 2) �

M)øTíu : b)ƒ|üí%p, .ÛU)%p(–�bÑ|Ö,

¥ªJâ Euler-Poincare ìÜõ|V FJ°|ü›�ú@køÇ}’A

�²ÇU)¥}’Å—çÕí‘K, ¹ø_i/ß�s_j²� Wà, ç

p ≡ 0 C 1 (mod 3) v, Kp í|ü%pø}û|�²ííújÍ� (?)

T“24. : ° γ(Qn) �
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9. ì�%p_� (Rotational Embedding Scheme)

iBñ‡Ñ¢,ì�%p_�EÍu|�^íÆb%pj��íl,B

blhôø_Æb%pDì��S�É[�àÇ 9.1Fý,cqÇ2[ýø

_ K5 %pk3+ÞíÆb%p, 7¥	%p2éÍx�5_–��

v

1


v
2


v
3


v
4


v

5


R
1
 R
2


R

3
 R


4


R
5


Ç 9.1 : K5 íø_Æb%p

ÛÊ, úk©ø_õ·ú@ø_[� (Lv‡j²ì�) , Wà

v1 ↔ (2, 3, 4, 5) ¹ v2 − v3 − v4 − v5 − v2 ,

v2 ↔ (1, 5, 4, 3) ¹ v1 − v5 − v4 − v3 − v1 ,

v3 ↔ (1, 2, 5, 4) ¹ v1 − v2 − v5 − v4 − v1 ,

v4 ↔ (1, 3, 5, 2) ¹ v1 − v3 − v5 − v2 − v1 ,

v5 ↔ (1, 4, 3, 2) ¹ v1 − v4 − v3 − v2 − v1 �

Ñ7jZ[ý, I πi H[ vi Fú@í§���7§�, Bb6'0Ë

ªJz–�Fˇ÷íCYŸ[ý|V,Wà,Ç 9.12í R2 Fˇ÷íC}

�Ñ (v2, v1) , (v1, vπ1(2)) , (vπ1(2), vππ1(2)(1)) 6ÿu (v2, v1) , (v1, v3) , (v3, v2) �
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7 R5 F÷íCÑ (v2, v3) , (v3, v5) , (v5, v2) , (v2, v4) , (v4, v5) , (v5, v3) ,

(v3, v4) , (v4, v2) � (?)

¥�§� (ì�)D–�íú@íüTX7ø_û˝%píß	x,¥

	xoÊ 1980 �˝¬l(â Dyck £ Heffter F T|, (VÊ 1960 �˝¬

Edmonds £ Youngs †}�yªø¥Ën�…í@à, J-íìÜk}z

p¥ìÜíAÿ�

ìÜ 9.1. (ì�%p_�)

I GÑø©¦Ç,°v V (G) = {v1, v2, ... , vp} � úk GíL<Æb%

p,·Êø_ñøí p-&åú (π1, π2, ... , πp) ,…Å—úk©ø_ 1 ≤ i ≤ p

, πi uâ vi õFó©õOLv‡j²�F)ƒí§� (-™) � ¥¬V, ú

kL<í p-&åú (π1, π2, ... , πp) , ÉbÅ— πi : Vi −→1−1
onto Vi , 1 ≤ i ≤ p

, Vi = {j|vj ∈ N(vi)} , ÿ.ìæÊø_ G íÆb%p, °v…Å— vi í¹

õ /ßO πi Lv‡§��

„p.

(¿b)�ø¶»éÍA
�ÛÊcqBb�ø_ p-&åú (π1, π2, ... , πp)

Å —˛5‘K� ÛÊ, I D Ñâ G F×)í�²Ç (Ê G 2í©øià

s_ó¥j²íC¦H) � ì2 π : E(D) −→ E(D) , π((vi, vj)) = π(vi, vj) =

(vj, vπj(i)) �

ÄÑ π u 1-1 , FJ π u E(D) íø_§� ; ku π ªJŸA�

½˛í¯A (disjoint cycles) � ÛÊ‚à¥<˛¹ª°|F�í–�� (?)

Q-Vyø (vi, vj) D (vj, vi) ½¯–V� ku�Þí›� n ÿªJ‚à

p− q + r = 2− 2n V²ì� ¥

�7ìÜ 9.1 , b)ƒø_›�œüí%p, ÿ²ìk (π1, π2, ... , πp)

, J-íWäzpàSø K2m,2n %pÊ›�Ñ (m− 1)(n− 1) í|ü%p�

íl, K2m,2n = (A,B) , A = {v1, v3, ... , v4m−1} , B = {v2, v4, ... , v4n} £
m ≤ n �

ÛÊÉbvƒ_çí π1 ¹ª�

I π1 = π5 = ... = π4m−3 = (2, 4, 6, ... , 4n) ,
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π3 = π7 = ... = π4m−1 = (4n, ... , 6, 4, 2) ,

π2 = π6 = ... = π4n−2 = (1, 3, 5, ... , 4m− 1) ,

π4 = π8 = ... = π4n = (4m− 1, ... , 5, 3, 1) ,

ku”-b„píu‚àìÜ 9.1 , °) π ªJŸA�² 4-˛í¯A

(T“25.) , ¥ [ýøu� 2mn _–� ; â p − q + r = 2 − 2γ(K2m,2n) ,

γ(K2m,2n) = 1
2
(2− 2m− 2n + 4mn− 2mn) = (m− 1)(n− 1) �

T“26. : t° γ(K2m,2n+1) �

Ê%píû˝2,J-íìÜrÆø_Ý�½bíiH,ÖÍ,uÉ�

‹pø_i, º�óçÔ�í‰“�

ìÜ 9.2. (‹iùÜ , Ringeisen-White Edge-Adding Lemma)

I G Ñø©¦Ç, w2 V (G) = {v1, v2, ... , vp} 7/ vi .D vj ó¹�

à‹ G �ø_Æb%pƒ�Þ Sh ,, °vÅ—¥_%p� r _–�, 7

/ vi D vj }�Ñ–� Ri D Rj iä,íõ ; †Ê H = G + vivj ¥_Ç�

J-s_8”, }�A
 :

(a) cà Ri 6= Rj , † H ªJÆb%pÊ�Þ Sh+1 ,, °v¥_%p

x� r − 1 _ –�7/ vi D vj }rÊ°ø–�íiä,�

(b) cà Ri = Rj , † H ªJÆb%pÊ�Þ Sh ,, °v¥_%px

� r + 1 _–� 7/ vi D vj }}�rÊs_.°–�íiä,�

„p.

‚àì�%p_�, Ì�„pÊ¤ôI� ¥

�7,ÞíùÜ, BbªJ„pÊˆbÇ�2Ý��àí4” :

R� 9.3. (¹iùÜ , Adjacent Edges Lemma)

I e £ f Ñ©¦Ç G 2ó¹ísi� à‹ G− e− f ªJÆb%pU)–

�É�ø_ ; † G 6ªJ Ÿƒ�

„p.
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I G′ = G− e− f , e = uv , f = vw J£ v 6= w �ÛÊ5? G′ + e � Ä

Ñ G′ ªJÆb%pÊ�Þ,U)–�É�ø_,u u , v Ê°ø–�íi

ä ; âìÜ 9.2(a) , G′ + e ªJÆb% pÊ�Þ,U)–�/�s_, 7

/ uD v rÊ.°í–�2 ;ÛÊ5? G′ + e + vw � ÄÑ u , v Ê.°

í–�iä, 7/ vw /∈ G′ + e , FJ v D w .Ê.°–�iä, ; ku

âìÜ 9.2(b) , G′ + e + f = GªJÆb%pk�Þ,U)–�uñøí�¥

âìÜ 8.2 , Bbø−Çíªì²Æb%p}Å— p− q + r = 2− 2n �

FJ,ç–�b�ü,†Fb%pí�Þ5›�6B× ;‡ú p− q + r

.ÑXbíÛï,.Øõ|ç pD q °J°v, r |üíª?u 2,7 pD q

íÏÑJbv, r í|üª?Ñ 1 ; ¥6µsBbà |ÖzGíÆb%p,

zGbu�,äí�

ìÜ 9.4. (óÉb , Betti Number C Cycle Rank)

ø_Ç G íóÉb β(G) = |E(G)| − |V (G)| + k , k ÑÇ G í¶Mb

(Components) �FJ©¦ÇíóÉbÑ q − p + 1 �

ì2 9.5. (|×›� , Maximum Genus) ø_Ç G í|×›� γM(G)

u…ªJÆb%pFÛbí|ÖzGb�

ìÜ 9.6. I GÑø©¦Ç,† γM(G) ≤ bβ(G)
2
c � °v, ��A
íkb‘

KÑ G ªJvƒø_Æb%pU)Ê¥_%p2/ßx�ø_Cs_–

�,1C 2²ìk β(G) uXbCJb�

„p.

â p−q+r = 2−2γM(G) , (ìÜ 8.2)FJ β(G) = q−p+1 = 2γM(G)+n−1

, γM(G) = β(G)+1−r
2

≤ β(G)
2
� ÄÑ γM(G) Ñcb, FJ γM(G) ≤ bβ(G)

2
c �Bk

��ªJòQ�ú� ¥

½æ2. : u´©ø_Ç G ·ªJÆbµpkx� bβ(G)
2
c _ zGí�

Þá? (��u´ìí, Ì�zpÊ-ø��)

Æb%píû˝Êùª|×›�íiH5(�7y×íˇú� ‚àì

Ü 9.2£ì�%p_�, Duke„p7J-F‚�MìÜ (Interpolation The-

orem) �
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ìÜ 9.7. (Duke)

càø_©¦Ç GªJ}�Æb%pk Sm D Sn 2, m < n � †úk

F�í £cb k , m ≤ k ≤ n , îæÊø_Æb%pø G Æb%pÊ Sk

,�

„p. : (ôI) �

R� 9.8. ø_©¦Ç G x�ø_Ê Sk ,íÆb%p5kb‘KÑ

γ(g) ≤ k ≤ γM(G) �

T“27. : t° K6 F�ª?5Æb%p, (S1 , S2 , ... , S5) �
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10. Çí|×›�

âkì�%p_�zp7ø_Ç?\Æb%píkb‘K,FJø_

Ç…íÆb%pj�|Ö� Πp
i=1(deg(vi)−1)! ,ku,|ü›� (Genus)D|

×›� (Maximum)·ª�°|V ;Í7,…bs6í·«iÍ.°,‡6í

‡ióç˚Ø, ÿÆ�¶í–17k, °|›�˛%\„pu NP-complete

í½æ ;Í7,(6ºæÊ�ø_ Polynomial-timeíÆ�¶ªJ°|V,6

Ä¤, …•¥_¾uÝ�� ı�, 9õ„p�_�_ßíj¶ªJ°||

×›�� .Oà¤, °|×›�%¬ Jungerman , Xuong , Nebeský � Aí

›‰, ˛%AÑuø_ ¯í½æ, õ.|�Ç%pí$��

íl, y�[ø_½bì2�

ì2 10.1. (Cycle Rank , Betti Number)

x� k _¶Mí (p, q) øÇ G , …íóÉb (Betti Number) β(G) =

q − p + k �

âkBbû˝í%p·uÆb%p,Ä¤\%píÇAÐ\b°u©

¦Ç� (ÄÑ.©¦íÇÌ¶vƒÆb%p� (?)) FJ, ¥ø�2 β(G) =

q − p + 1 �

ìÜ 10.2. (ìÜ 9.6)

I G Ñø©¦Ç, † γm(G) ≤ bβ(G)
2
c �

ì2 10.3. (|×ª%pÇ , Upper Embeddable Graph)

Å— γM(G) = bβ(G)
2
c íÇ G ˚Ñu|×ª%pÇ�

J-u…•|×ª%pÇíø�j¶�

ì2 10.4. I T Ñ Gíø_b©c� à‹ G−E(T )|ÖÉ¨Öø_Jb

ií¶M, † T ˚Ñu G í}± c (Splitting Tree) �

ùÜ 10.5. I T Ñø_ (p, q)-Ç G í}±c, † G − E(T ) 2©_¶M·

x�Xb_iíkb‘KÑ q − p u JbC6u β(G) ÑXb�

„p. : (T“28.)�

ìÜ 10.6. (Jungerman £ Xuong)

ø_Ç G u|×ª%pÇíkb‘KÑ G 2Ö�ø_±c�
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„p. : (½µ‚àùÜ 9.3 , ��ôI)�

à‹ G 2¨Ös_i�½íb©c, † G øìu|×ª%pÇ (?) ,

FJ‚àJ-íÜìªJêÛ�Ý�ÖíÇ·u|×ª%pÇ�

ìÜ 10.7. L<ø_ 4-i©¦Ç·¨ÖBýs_�½íb©c�

Q-V, Bb«n¨<Ç.u|×ª%pÇ ;

Wà,

Ç 10.1 : .u|×ª%pÇ

ì2 10.8. (óÉÏM , Betti Deficiency)

I ξ(G) = min ξ0(G− E(T )) , w2 T Ñ G íb©c�

Ä¤, Ébt¬F�íb©c, ¹ª°| ξ(G) , 7¥_¾!…,TX

7°|×›�ít��

ìÜ 10.9. (Xuong)

G í|×›� γM(G) = 1
2
(β(G)− ξ(G)) �

„p. : (ôI) �

¥_�ä6zp7ç ξ(G) = 0C 1v, Gu|×ª%pÇ� °v, ξ(G)

D γM(G) A Ñ�gíM, 7 ξ(G) éÍuø_ ¯í¾� Ê Xuong 5(

Nebeský ‚àÇø�j¶Vû˝ ξ(G) �

ìÜ 10.10. (Nebeský)

I c(H) H[ H 2í¶Mb, b(H) H[ H 2óÉbÑJbí¶Mb,

† ξ(G) = max{υ(G,A) = c(G− A) + b(G− A)− |A| − 1 : A ⊆ E(G)}�

„p. : (ôI) �

¥_!‹¸ XuongFTXít�/ß$Aø_ min-maxºú,ø_°

|üM, Çø_†u°|×M ; Ou, ÄÑø_àb©c, Çø_†²ài
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Õ¯, FJzpœ.ñq ; .¬, $�Ï.Ö, 6ÿuz, à‹æÊø_ b

©c T0 £ø_iÕ¯ A0 U) ξ0(G − E(T0)) = υ(G,A0) , †s6·�k

ξ(G) �

M)øTíu, Î7,Hs�j�5Õ, Fu , Tsai £ Skoviera yà7

Cycle Space í!�V›Œ°| ξ(G) , uñ‡Ê¥jÞñø?!¯,Hs

�j¶íh!‹� Ì�zp~¡5 ”the maximum genus, matchings and the

cycle space of a graph” (Czechoslovak Mathematical Journal, 48 (123) (1998)) �

T“29. : ° γM(Kn) �

T“30. : ° γM(Km,n) �

T“31. : I G Ñò�Ñ 2í©¦Ç, t„ ξ(G) ≤ 4 � (?)
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11. ˆbÇ�í½b½æ

1. �ÞÇ 4-HìÜíÜ�}p�

zp : %¬Ö�í›‰,  ˝Ú7í›Œ6nïÁý, FJAEÍ‚), �

øÙ?Dzr¶ í}pŸ|V7/.ÛbÚ7í›Œ�

2. n-cube , Qn , íiOH½æ�

zp : Bb˛%ø− Qn ªJà n _æHV+i, 7/Ls_æHFÞA

|Ví 2-Ää (2-factor) u C4 í:Õ�

“¿ : BbªJvƒø�à n _æHíOH¶U)w2ø_æH (	ì)

Dw…Lø�æHF$Aí 2-Ää ·ué��â˛�

3. êrÇ K2n íiOH½æ�

zp : K2n ªJà 2n− 1_æHV+iu˛øí9 ;©øæHFû|íi

Õ¯éÍu K2n íø_ 1-Ää , 2n−1_ 1-Ää¯–V˚Ñu K2n í 1-}

j (1− factorization) � 1-}j í–16_à�øéí£†Ç�

½æ : u´Ê K2n 2æÊø� 1-}j …íLs_ 1-Ää¯–V}I$A

ø_é��â˛? (¥ší 1-}j ¢˚Ñê1í 1-}j) �

“¿ : Qn x�ê1íø}j�

(Å) }p¥“¿ª½æ 2 í“¿y˚Ø�

4. Earth-Moon OH½æ

zp : cq©ø_Åðíä=ÊË7£~�,·}��ø)êc–� (Re-

gion) ;Ñ7}<Åð5ÈíäÉ¸ˇ,Ébuó¹ís_–�ÿ+,.°

æH, .�uÊË7,C~�·à¤� Wà A Å+,æH 1 , †Ë7,D

~�,í–�}�u 1 , kuD A Åó¹í–�·.ªJy+, 1 (Ë7
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,£~�,)�

½æ 1. Earth-Moon OHÛbÖý_æH? I Xem(M) H[ø_}0Ç M

FÛbí|ýæH, }p 8 ≤ Xem(M) ≤ 16 �

½æ 2. }p Xem(M) ≥ 9 �

“¿ : Xem(M) = 9 �

5. Tutte íÝÉ¼¾“¿ (Tutte’s nowhere-zero 4- and 5-flow Conjecture)

zp : F‚Ç,í k− flow (k-¼¾)uÊÇ,íiNìj²7/#ì 0ƒ

k − 1 í¼¾U)Ç2í©ø_ õ¼|í,¾�k¼pí,¾ ; à‹.U

à 0 , †ÑÝÉí k-¼¾�

W. k = 3

1
 2


1
 2


1


Tutte’s 5-flow Conjecture

©_Ì›Ç·x�ÝÉí 5-¼¾�

½æ 1. }pÌ›í�ÞÇx�ÝÉí 4-¼¾�

Tý : íl, úk¤�ÞÇ#Dø_ì² (Orientable) , Í(Ês_Þíu

ài,Nìs_ÞOHíÏ� (� ÞÇíÞªJà 1, 2, 3, 4 VOH�)

½æ 2. Petersen ÇFx�íÝÉ k-¼¾, K ≥ 5�

149



Tý : }p k = 4 Ÿ.ƒ�

Tutte’s 4-flow Conjecture

©_Ì›Ç7/.Öz PetersenÇi,‹õíäÇ,†¤Çx�ÝÉí 4-

¼¾�

¡5’e. D. H. Younger, Interger Flows, J. Graph Th. 7(1983), 349-357.

6. Tait OHíR��

ø_F‚ Tait Coloring uø_ 3-£†Ç (Cubic graph) í 3-iOH (3-

edge-coloring) �éÍ,.uF�í 3-£†Ç·� Tait Coloring,Wà Petersen

Çÿ.æ� Tait Coloring � J-�Ü��.øšíOHj�V# 3-£†Ç

OH�

J-íÅH, G Ñ 3-£†Ç, P Ñ Petersen Ç, (S, t) Ñø Steiner triple

system of order v , H ÑBý� 5_jÖ íˇ�

½æ 1. Lø_Ì› 3-£†Ç·ªJà P íiçæHV+Ê Gíi,,U

)Løõíú_ó¹iF�íæH Ê P 2/ß·˛¤ó¹�

W. P Ç…™ÿuø_Wä�

½æ 2. Lø_Ì› 3-£†Ç·ªJà S 2íjÖVOH G íi, U)L

øõíú_ó¹i…íú_æH, /ß$Av STS(v) íø_újÕ�

W. LS�øéí£†ÇøìªJŸƒ�

½æ 3. Lø_Ì› 3-£†Ç·ªJà H 2íjÖVOH G íiU)L

øõíú_ó¹i…íú_æH a, b, c , /ßÅ— a + b = c = e (ÀPj

Ö) �

7. F�b½æ (Crossing Number)�

“¿ 1 : cr(Kn) = bn
2
cbn−1

2
cbn−2

2
cbn−3

2
c/4 �
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“¿ 2 : limn→∞ cr(Kn/n4) = 1
64
�

(Å) ñ‡˛%}p limn→∞ cr(Kn/n
4) ≥ 1

80
�

¡5’e : D. Kleitman, The crossing number of K5,n, JCT(B) 9(1970),

315-323.

“¿ 3 : limn→∞ cr(Qn/n4) = 5
32
�

(Å) ñ‡|ßí!‹u cr(Qn) ≈ 4n

20
�

¡5’e : T.Madej, Bounds for the crossing number of the n-cube, JGT

15(1991), 81-97.

“¿ 4 : cr(Cn × Cm) = n(m− 2) where m ≤ n �

(Å) ˛ø!‹ÖQ n ≥ 5 � n = m uªœ˚Øj²í¶M�

¡5’e : R. Ringeisen £ L. Beineke , The crossing number of C3 × Cn ,

JCT(B) 24(1978), 134-136.

I cr(G) H[iàò(Få|VÇí|ýF�b�

½æ : ° limn→∞ cr(Kn/n4) £ limn→∞ cr(Kn/n4)/cr(Kn/n4)�

¡5’e : H. F. Jenser, An upper bound for the rectilinear crossing num-

ber of the complete graph, JCT(B) 10(1971), 212-216.

8. Cycle Double Cover Conjecture�

“¿ : I G ÑøÌ›Ç, 2G Ñz G 2íi·y‹pø½i?¹ G 2í

i½µbÑ 2 (multiplicity) �}p 2G ªJ}’A·u˛íäÇ�

¡5’e : F. Jaeger, A survey of the cycle double cover conjecture, in : Cycles

in Graphs (B. Alspach and C. D. Alspach Eds.) Vol 27, Annals of Discrete Math.
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North Holl and (1985), 1-12.

9. Sixs Perfect Matchings Conjecture�

“¿ : I G ÑÌ›í 3-£†Ç, }p 2G ªJ}’A 6_êrºú (1-

factor) �

¡5’e : P. D. Seymour, On multi-colorings of cubic graphs, and conjectures

of Fulkerson and Tutte, Proceedings of London Math. Soc. (3), 38(1979),432-460.

10. F�b½æíµÆ� (Complexity)�

½æ : I G Ñø 3-£†Ç, k Ñø£cb, ‡i cr(G) u´Ñ k ”íµÆ

�”u´Ñ NP-complete?

11. z�%p½æ (Book-Embedding)�

F‚íÜ (page)uø_¥£íš�Þ,7ø…zuârÖÜF$Aí

Õ¯, 7/¥<Ü� øu°íi (Spine) � Ç G íz��p (Book embed-

ding) uz G íõr¶§Êu°i (Spine) ,, °vziåÊÜ,, U)Ê

°øÜíi˛¤·³�F��Bb pn(G) H[FÛbí|ýÜb�

W. pn(Kn) = dn
2
e �

1
 2
 3
 4
 1
 2
 3
 4


Spine


½æ 1. pn(Kn,m) =?

(Å) ˛ø pn(Kn,m) ≤ d(2n + m)/4e , 7/ n = m v, ¥u|ßí!‹�

½æ 2. pn(Kn ×Km) =?

¡5’e : D. J. Muder, M.L. Weaver, and D. B. West, Page number of com-

plete bipartite graphs, J. Graph Theory 12(1988), 469-489.
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12. �Áí©¦b (Connectivity of Cages)�

½æ : ²ì (δ, g)-cage í¦b�

“¿ : ©ø_ (δ, g)-cage u δ-©¦�

“¿ : Î7 (3,5)-cage 5Õ, w…í cage ·ué��âÇ�

¡5’e : H. L. Fu, K. C. Huang and C. A. Rodger, Connectivity of cages,

JGT(24), 1997, 187-191.
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