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Chapter 5 Topological Graph Theory

§ 5.1. Basic Notations

Topological graph theory studies the ”drawing” of a graph on a surface.
A proper drawing on a surface of a graph G with |G| = p and ||G]] = ¢
follows the rules :

(1). There are p points on the surface which corresponds to the set of
vertices in ; and

(2). There are ¢ curves joining points defined above which correspond
to the set of edges and they are pairwise disjoint except possibly for

the endpoints.

e The drawing is on a surface defined on R3.

e A 2-manifold is a connected topological space in which every point
has a neighborhood homeomorphic to the open unit disk defined on R2.
o An n-manifold is a connected topological space in which every point
has a neighborhood homeomorphic to B, = {(z1,z3,...,2,) € R" |
i z? < 1}.

;—11& subspace M of R? is bounded if there exists a positive real number
K such that M C {(z,y,2) | 2> + v* + 2> = K }.

e Let M C R?® be a 2-manifold. Then M is said to be closed if it is
bounded and the boundary of M coincides with M.

e Let M(C R3?) be a 2-manifold; M is said to be orientable if for
every simple closed C' on M, a clockwise sense of rotation is preserved
by traveling once around C. Otherwise, M is non-orientable.

o A 2-manifold M is orientable if and only if it is two-sided.
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Definition 5.1.1. (Orientable Surface) ?

A surface is a compact orientable 2-manifold that may be thought of

as a sphere on which has been placed(inserted) a number of ”handles”
(holes). A sphere, denoted by Sy, is the surface of a 3-dimension ball.

More precisely, So = {(z,y, 2)|z* + > + 2? = r%,r € R*}. S} is known

as a torus, S; a double torus, and Sy is a surface obtained by adding &
handles to Sp.

Definition 5.1.2. (Non-Orientable Surface)

A surface obtained by adding k cross-caps to Sy is known as the non-
orientable surface Ni. (A cross cap is obtained from Mébius band
described in what follows.)

Cross cap: Attach the boundary of a M&bius band to a cycle on Sy to

obtain a cross cap.

a—>d, b=>c, x>y

Definition 5.1.3. (Embedding or Imbedding, 2-cell embed-
ding)

An embedding of a graph in a surface is a continuous 1-1 function from
a topological representation of the graph into the surface. If every

region of the embedding is homeomorphic to a 2-dim open disc, then
the embedding is a 2-cell embedding (B A ).
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’0//'2

3

a

Embedding of Kson §;

Embedding of K33 0n S;

Embedding of Kson
(N, is also known as a projective plane. )

N, Embedding of Kszzon N

o Surfaces can be represented by a polygon (standard fundamental).

2-gon

a

Sphere > ) &
&
. @
Projective ~__ aa
plana e)
ﬁ’("‘-‘-\__\_,_,_ﬁr""/

a
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a Cylinder s | Mobius band |?
b
- ; BRI “17.-
a Torus ‘s ) aba”b” =aba’'b,
b
4-gon b

abab™ = (ab)(ab)b™'b™' = a,a,0,0,
al Keinbotle % ) yupere a,=aband a,=b".

femcd

b b ab—l a—l b
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(*) The standard fundamental polygon for S is a1 ;b 1...akb;€a;;1bk .

(**) The standard fundamental polygon for N} is aia;a0as...a,bs.

Definition 5.1.4. If a graph G can be embedded in Sy, then G is
a planar graph.

Theorem 5.1.1.(Euler’s Formula)

Let & be a connected planar graph which has p vertices, ¢ edges and
r regions. Then p— g+ 7 = 2.

Proof. By induction on q. O

Corollary 5.1.2.
Let G be a planar graph which has k& components, p vertices, ¢ edges
and 7 regions. Thenp—¢g+7 =1+ k.

Proof. By induction on k. £ = 1 is true by Theorem 1. Assume the
assertion is true for k. Let G be a graph with p vertices, g edges and r
regions, and G have k+1(> 2) components. Now let G = G +e¢ (e con-
nects two components). Then, G has p vertices, q + 1 edges, 7 regions
and k components. Hence, p—(g+1)+r = 1+k. This implies p—qg+r =
14+ (k+1). The proof follows. O



