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Obviously, Gn is not when n is odd. 























Observation 
• Since there are infinitely many prime pairs with gap 

at most 246, there exists a gap between 2 and 246 
which occurs infinitely many times. 

• But, we don’t know which one. 
• Therefore, we go through all the possible cases and 

show that for each gap g, there exist two primes 
satisfying the sufficient condition mentioned above. 



















Margaret Kenney (1986) and Richard Guy (1993) 
studied the problem in the context of the term 
“prime pyramids”: 
 
”Does Gn has a 1-to-n Hamilton path for all n?” 
 
 

Prime Pyramid 

 

Open Question 
 

Prove this can be done for all n?  
 

Not even known true for infinitely many n? 
 



Theorem [CFG] 
For prime triples (p, 2p-1, 3p-4),  
there exists a Hamilton path from 1 to 2p-2 in G2p-2.  
 
 

Conjecture 
There are infinitely many such prime triples.  (We 
have checked up to 100 millions and there are 
481,784 such triples.) 



Prime triples 



Prime triples - continued 



Another type of triples 

prime triples (p, 2p-3, 3p-4) 
 
Theorem (CFG)   
     If there exists a prime triple (p, 2p-3, 3p-4), 
then we have a Hamilton path from 1 to 2p-2 
in G2p-2. 
Proof. We can find the path with a systematic 
way, see next page for an example. 



(31, 59, 89) 

〈1, 30, 29, 2, 57, 
     32, 27, 4, 55, 
     34, 25, 6, 53, 
     36, 23, 8, 51,  
      
      . . . 
     54, 5, 26, 33, 
     56, 3, 28, 31, 
     58〉. 



The number of prime triples 

• We also conjecture that there are infinitely many 
prime triples (p, 2p-3, 3p-4). 

• Remind that there are infinitely many prime pairs 
with gap at most 246. 

• So, it is natural to consider the possibility of finding 
a 1 to n Hamilton path in Gn by using this fact. 

• By using a similar idea (but more complicate), we 
are able to find such paths. 



Proof 

• Here is the pattern of the sequence: 
                 〈1, 2, 2p-3, p-1, p, 2p-4, 3, 
                                    p-3, p+2, 2p-6, 5, 
                                    p-5, p+4, 2p-8, 7, 
 
                                                 . . . 
 
                                     p-(p-4), p+(p-5), p+1, p-2, 2p-2〉. 
• P = 19 
• Prime triple: (19, 37, 53); 〈1, 36〉 - path. 

 
                 〈1, 2, 35, 18, 19, 34, 3, 16, 21, 32, 5, 14, 23, 30, 7, 12, 25, 28, 9,   10, 27, 26, 11, 8, 29, 24, 
13, 6, 31, 22, 15, 4, 33, 20, 17, 36〉 
                                         
      



Theorem [CFG] (?) 

If   p and p+2k are primes such that 2k + 3 < p for 
some k<124,  

then   Gp-1 has a Hamilton 〈1, p-1〉 - path. 
 



Evidence 
• For the gap 10, (43, 53). 
• Find (1, 11). (Both of them are of gap 10.) 

• Now, the Hamilton path from 1 to 42 can found: 

  〈1, 10, 33, 20, 23, 30, 13, 40, 3,  
          8, 35, 18, 25, 28, 15, 38, 5,  

          6, 37, 16, 27, 26, 17, 36, 7, 
          4, 39, 14, 29, 24, 19, 34, 9, 

          2, 41, 12, 31, 22, 21, 32, 11, 42〉. 
• For (31, 41), we shall pick 3 and 13 instead. 

    〈1, 2, 29, 12, 19, 22, 9, 4, 27, 14, 17, 24, 7, 6, 25, 16, 15, 26, 5, 8, 23, 18, 
13, 28, 3, 10, 21, 20, 11, 30〉. 



The idea of proof 

• It is similar to the case of finding Hamilton cycles in 
prime sum graph. 

• We have to check all the gaps with suitable primes. 
• Therefore, it takes more effort in settling all the 

small cases by using computer. 
• Hopefully, this can be done soon. 

Many gaps to check! 



Theorem [CFG] (Under checking) 

There are infinitely many n such that Gn 
has a Hamilton 〈1, n〉 - path. 
 



Similarly, define a graph  Hn on {1, 2, …, n}  

by     u~v                |u-v| is prime. 
 
 

Prime Difference Graphs 



 
Z.W. Sun (2012) conjectured and proved by Y.G. Chen 
 

”For n>4, Hn has a Hamilton cycle.” 
 
 

Prime Difference Graphs 



Prime Difference Graphs are Denser 

• It is not difficult to see that “difference” is more 
friendly since we have “2” to use. 

• For example, (1, 3, 5, 8, 10, 7, 9, 2, 4, 6) is a 
Hamilton cycle in H10. 

• As a matter of fact, the order can be odd which is 
not possible for prime sum graphs in finding 
Hamilton cycles. 

• For example, (1, 3, 5, 2, 4) is a Hamilton cycle in H5. 



Theorem [CFG] 
For n > 8, any s and t in [n]   

Hn has an 〈s, t〉 - Hamilton 
path. 
 

Corollary [CFG] 
For n > 8, any edge e in Hn  
there is a Hamilton cycle 
passing through e = {s, t}. (The 
difference of s and t is a prime.) 
 



An Example  

• n = 30, s = 13 and t = 20 
〈13, 11, 9, 7, 5, 2, 4, 1, 3, 6, 8, 10, 12, 14, 16, 18, 21, 
23, 25, 27, 30, 28, 26, 29, 24, 22, 19, 17, 15, 20〉. 
• For general cases, we start with showing the 

existence of a 〈1, t〉 path for any t ≤ n and then 
consider “s” which is larger than 1. 



Theorem [CFG] 
For n > 6  

any 2-factor of Kn  ⊂  Hn  

 

Obviously 
 

Hamilton cycle is a special case 
 



2-factor Example 
• It takes a long while to put up everything since there are so 

many different 2-factors of order n ≥ 7. 
• The main idea follows from the fact for each n ≥ 5 there 

exists a Hamilton cycle in Hn.  This fact implies that for any n 
consecutive integers, there exists a Hamilton cycle of the 
prime difference graph defined on this set of n integers. 

• It is left to put 3-cycles and 4-cycles into the 2-factor with a 
smart way. 

• n = 30 and the 2-factor contains one 3-cycle, one 4-cycle, 
two 5-cycle, one 6-cycle and one 7-cycle.  Since C3 ∪ C4 can 
be (1, 3, 6) ∪ (2, 5, 7, 4), we are done. 

 
 



Theorem [CFG] 
Hn has k edge-disjoint Hamilton cycles 
whenever n>N(k) (large enough). 
 
Proof.  By Green-Tao theorem (2004), there exists an 
arbitrarily long arithmetic progression of primes.  So let 
N(k) be the integer such that we can find 2k primes in 
arithmetic progression which are greater than N(k): p1, 
p2, …, p2k.  Clearly, pi + p2k-i (= n)remains the same for i = 
1, 2, …, k.  By the difference idea, we are able to obtain k 
Hamilton cycles in Hn  which are edge-disjoint.  This 
concludes the proof.                                                               � 



Prime Sum Graphs 

Hamilton  
cycle 

Hamilton  
1-n path 

Filz conjecture 
 

Exist for 2n > 2 

？ 

Kenny  conjecture 
 

Exist for all n  

？ 

[CFG 2018] 
Infinitely  

many 

[CFG 2019] 
Infinitely  

many 



Prime Difference Graphs 

For n>4, 
Hn has a Hamilton cycle. 

 
Y.-G. Chen & Z.W. Sun 



For n > 8,  
there is a Hamilton cycle 
passing through any fixed edge. 

For n > 6,  
Hn contains any 2-factor of Kn. 

For n large enough,  
Hn has k Hamilton cycles (edge-disjoint) 



Thanks! 
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