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( @} If there exists a K and an f s.t. cap K =wval f, then K is a

minimum cut and f is a maximum flow.

\

Theorem. “(Ford and Fulkson, 1956-1962)
In any network N defined on D, the value of a maximum flow

equals the capacity of a minimum cut.

Proof.

Clearly, if there exist no cuts such that its capacity of the cut is
val f, then f does not exist. (Theorem 21) So, it suffices to claim that
if the value of a maximum flow f is v, then there exists a cut K, such
that cap K =wval f = v.

Define a subset S ¢ V(D) recursively as follows. Let s€S. If x € S,
and c(z,y) > f(x,y) or f(y,z) >0, then let y € S. We shall prove that
(S,S') is a cut with capacity v. First, we claim t ¢ 5. Suppose not,
i.e., te S. Hence, we can find a sequence of vertices in N such that
s =xg,x1, -, 2] =t. Moreover, if we let
£; = m@a:{c(a:i,xﬂl) ~ f(xi,2501), f(@iv1, i)}, ©=0.1,-,0 =1, then
;> 0. Let e = min{e;}. Now, let f*(xi, 1) = f(@i, T451) + € if
(i, 1) = [(@i, ia1) =€ > 0 and f* (441, 24) = f(xir, ) —c it
f(zie1,2:) =€ >0. As a consequence, f* is a flow from s into ¢ with
value val f* = v +¢, a contradiction. (See Figure [ ) By the definition

of a flow,

val f U= Za;eS./yeS’ f(T y) - erS’,yES f(SZT; y) _~—<1)



Again, by the definition of S, if z € S and y € ', then ¢(x,y) = f(x,v)
and f(y,z) =0. This implies that (1) =
Y vesyes (2, ) = cap (S, 5") = v, the proof follows.
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