
�ûı ÇíOH (Graph Coloring)

A*ûH½æÊ��0�2s\T|V5(,ÇíOH½æAÑû˝

Ç�í½õ{æ, �˛F�íÇ�ç6·{¡D, C`wøÞû˝¥_ó

�H˘íùæ�

|o|Ûí½æu}ƒàS‚àæHV}<ËÇ,.°íÅðCË

–;&àÇøí«É…¿í+}0Ç,Ê|�ôí8”-,bàÖý_æH

n?z®_+·+,æH, U)ó¹í+·+,.°íæH, Jn¨A–

�Ì¶}<íÛï�

%¬ÖŸítð,ÝB¨�=÷ÊûUí½¸6b+,.°æHV–

}½ÞDÐË, øuÉÛbû_æHÿD7, 7/Ý)Uàû_æH.ª,

5ø−ÑBóý? û˝�ÞËÇu´ªJàû_æHVOHU),H5

(Åä)J}<, ÿuF‚íûH½æ�

û˝,H½æªJlz…�AÇí_� (Graph Model): zb,Hí

©_–�à–�qíøõH[ (Wà+à+µ), Í(, ó¹s–�íH[

õàió©,ku)ƒø_Ç�¥óøV,ËÇíOHÿ�gk�²|Ví

ÇíõOH�

c


Çø: «ÉËÇ£w+ú@Ç (_Ò)
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1. õOH (Vertex Coloring)

úkÇ G, ø_Ç G íõOHuNø_â V (G) øB N íƒb ϕ, …

Å—ç uD v Ñ G2ó¹ísõv, ϕ(u) 6= ϕ(v)�ç |ϕ(V (G))| = k v,† ϕ

¢˚Ñu G íø_ k−OH, 6ÿuà7 k _æHíOHj¶� âk k |

×6.}�¬ |V (G)|,FJû˝FÛbí|ýæHbÿuBbû˝õOH
í3æ�

ì2 1.1. (õOHb, Chromatic Number)

ø_ÇíõOHb X (G) = min{k|G ªJà k _æH+ß}�

FJÊ,Hì22, ªJà k _æH+ß, 6ªJÅHA G u k−ª
OH (k-colorable)�

J-í�_·æTX7õOHíø<!…4”�

·æ 1.2. I ω(G) H[ G 2|×êräÇíõb, † X (G) ≥ ω(G)�

„p. ÄÑêräÇíõssó¹, FJr¶·}+,.°æH� ¥

·æ 1.3. X (G) ≤ ∆(G) + 1�

„p. .iËà {1, 2, . . . , ∆(G) + 1}2íæHV+õ,U)…Å—õOHí

!…‘K, |(øìªJêA (©øõ·�”-íæHªJà)� ¥

(∗) ,H„p2FàíOHj¶, øO6˚Ñu Greedy Coloring�

·æ 1.4. ç G ∼= Kn C C2n+1 v, X (G) = ∆(G) + 1�

·æ 1.5. I G í�b� (Degree Sequence) Ñ d1 ≥ d2 ≥ · · · ≥ dp, †

X (G) ≤ 1 + max
i=1,2,...,p

min{di, i− 1}�

„p. I G2íõÕ¯Ñ {vi| i = 1, 2, . . . , p}/ deg(vi) = di�Í(â v1 Çá

OH, kub+ vi v˛%à¬íæH|ÖÉ� min{di, i − 1}, Ä¤ÊæH
ª max

i
min{di, i− 1} Ö “1” í8”-øìªJêAOH� ¥
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·æ 1.6. I β(G) H[ G 2˛¤.ó¹|×õÕ¯íõb (Ö
b, Inde-

pendence Number), † X (G) ≥ |V (G)|
β(G)
�

„p. Oó°æHíõ$Aø_Ö
Õ (Independent Set)� ¥

Ñ7ªø¥«nOHb, J-í@ä–1u.ªCÿí�

ì2 1.7. (k−@äÇ, k-critical graphs)

Ju X (G) = k, 7/úkF� G í£d (proper) äÇ H, X (H) < k,

† G ˚Ñuø_ k−@äÇ�

ùÜ 1.8. Ju G Ñø_ k−@äÇ, † G í|ü�b δ(G) ≥ k − 1�

„p. à‹ δ(G) < k − 1, I deg(v) = δ(G)� ÛÊ, là k − 1 _æH+ß

G− v, y+ v ¹ªêAOH, à¤øV G íOHb.×k k − 1, Dcqp

e, Ä¤ δ(G) ≥ k − 1� ¥

ìÜ 1.9. (Szekeres-Wilf, 1968) X (G) ≤ 1 + max
H≤G

δ(H)�

„p. I X (G) = k, †.ìæÊø_ G íäÇ G′, …uø_ k−@äÇ�â
ùÜ 1.8, X (G)− 1 = k − 1 ≤ δ(G′) ≤ max

H≤G
δ(H)� ¥

·æ 1.3 , 1.5£ìÜ 1.9�øu¦4, …bªJõAu-ÞìÜíR

��

ìÜ 1.10. I f Ñì2kF�ÇFAÕ¯ G íø_õMƒb, °v f Å

—J-s_4”:

(i) J H ≤ G, † f(H) ≤ f(G)�

(ii) úkF�Ç G, f(G) ≥ δ(G)�

† X (G) ≤ 1 + f(G)�

„p. I X (G) = k, †.æÊø_ G íäÇ G′, …uø_ k−@äÇ, k

uâùÜ 1.8, δ(G′) ≥ k − 1, FJ f(G) ≥ f(G′) ≥ δ(G′) ≥ k − 1, ku

X (G) = k ≤ 1 + f(G)� ¥
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âhô,·æ 1.3 , 1.5£ìÜ 1.9,}�I f(G) = ∆(G), f(G) = max
i

min

{di, i− 1} J£ f(G) = maxH≤G δ(G)� à‹I f(G) Ñ G 2|Å˜�íÅ�

l(G), †J-íìÜAÍA
�

ìÜ 1.11. X (G) ≤ 1 + l(G)�

ìÜ 1.9þ�ø_'½bí@à, Bbl�Ü k−¢“Ç�

ì2 1.12. (k−¢“Ç, k-degenerate graph)

ø_Ç G, à‹úkL<äÇ H, δ(H) ≤ k, †˚ G Ñ k−¢“Ç�

éÍ, RŠÑ 1−¢“Ç, 7�ÞÇ†Ñ 5−¢“Ç�

R� 1.13. J G Ñø k−¢“Ç, † X (G) ≤ 1 + k�

„p. âìÜ 1.9ªJòQR)¥_!�� ¥

�7,HíR�, b°|/<ÇíõOHbÿÛb«nvÇí!Z�

Wà, Õ�ÞÇ (Outerplanar Graph), …íF�õ·rÊø_˛,, 7/˛

íÕ¶³�LSi; ¥šíÇªJ„pu 2−¢“Ç, ku…íõOHb.

×k 3, ¢ÄÑÕ�ÞÇ2ª?�úi$, ku 3AÑ|ßí���

ìÜ 1.14. (König, 1995) I G ÑøÕ�ÞÇ, † X (G) ≤ 3�

OHbDõ�bíóÉìÜ|M)øTíu BrooksÊ 1941�F„p

í!‹, (0A†J Brooks ìÜ˚ã…�

ìÜ 1.15. (BrooksìÜ)IGÑ.uêrÇCJb˛í©¦Ç,† X (G) ≤
∆(G)�

„p. ç ∆(G) = k ≤ 2 v'ñqõ|VìÜA
, J-Bb5? ∆(G) =

k ≥ 3�íl, à‹ G .u k−£†Ç, †I v ∈ V (G) 7/ deg(v) < k� ÄÑ

G u©¦Ç, FJ�b©c T , …uJ v = vp (p = |V (G)|) Ñ;7ÞA|V
íc, ÛÊO×Ç vp í�×YŸzõ™ýA vp−1, vp−2, . . . , v1�âk v JÕ

í©ø_õBý¸ø_�™œ×íõó¹,FJ©ø_õ·ªJà kHí

Greedy ColoringVOH:â v1 Çá,YŸOH (.ó¹+,°H);ÛÊƒ vp

v, ÄÑ deg(vp) < k, FJ.ì�øHªJà, ¥„p7 X (G) ≤ k�
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ÛÊ5?ç G Ñ£†Çí8”� à‹Ê G 2�ø~õ (Cut vertex) v,

† G−vÑ.©¦Ç,7/.u£†Ç,FJ©_¶}·ªJà k_æH+

ß,ÛÊ,Éb|cD v ó¹õ (Ê G2)íæH¹ª˛| k H2íøHV

+ v, ìÜ)„� à‹ G 2Ì~õ, Bbı�vƒúõ v1, v2, v, U) v1 ∼ v,

v ∼ v2, v1 D v2 í�× d(v1, v2) = 2,7/ G− v1− v2 Ñ©¦Ç;à‹¥K9

ªJŸƒ,†â v1, v2 +,°øæHÇá,‚à Greedy Coloring|(+ v ¹

ª (°,j¶)�Bb}s�8”n�:

(i) κ(G− v) ≥ 2�ÎÝ G uêrÇ, ´†øìªJvƒ v1, v, v2� (?)

(ii) κ(G − v) = 1� Ê ¥ v 5(, G − v íÇà-, Ä¤²VA.° Blocks

í v1, v2 ¹ª� ¥

v=v
p


v
2
v
1
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2. ê1Ç (Perfect Graph)

Ê‡Þ,BbTƒ X (G) ≥ ω(G), Ê¥³Bbn�ÊBó8”-, X (G)

D ω(G) }uó��

ì2 2.1. ó>Ç (Intersection Graph)

I F H[ø_âÝ˛Õ¯F$AíÕ¯í� I F = {A1, A2, . . . , Ap}�
† F íó>Ç G uJ A1, A2, . . . , Ap ÑÝõ, °v Ai ∼ Aj J/ñJ Ai ∩
Aj 6= ∅, 1 ≤ i 6= j ≤ p �

W. I (S, T ) Ñø_ STS(7), † T íó>ÇÑ K7�

W. I (S, T )Ñø_ STS(v),† T íó>ÇÑø£†Ç°v©øõí�b

ÌÑ 3(v−3)
2
�

ì2 2.2. –ÈÇ (Interval Graph)

I F Ñõb(,íø<£–ÈFAíÕ¯, † F íó>Ç6˚Ñu

–ÈÇ�

W. I F = {[1, 2], [1, 3], [2, 3], [2, 6], [4, 5]}, † F íó>Çà-:

1
 2
 3
 4
 5
 6


a

b


c

d


e


b


a


e


c


d


–ÈÇÊ@à,rÆ'½bíiH,Wà DANí§å;7…ÊõOH

jÞ6�Ý�Ô�í!‹�

ìÜ 2.3. I G Ñø–ÈÇ, † X (G) = ω(G)�
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„p. ÄÑ R u�åñ (Ordered Field), I G 2í vi ú@k–ÈÑ [li, ri],

i = 1, 2, . . . , p, °v l1 ≤ l2 ≤ · · · ≤ lp �ÛÊ‚à Greedy Coloring â v1, v2, . . .

íŸåYŸOH,†F)ƒíæHb¹Ñ X (G)Éb„p|Öà7 ω(G)_

æH¹ª�

cqÊ+ vi æHvà k VOH,¥[ýÊUà k 5‡í 1, 2, . . . , k − 1

·.?à, ku¥ k − 1 _æH|ÛÊ N(vi) ∩ {v1, v2, . . . , vi−1} íõ,� I
|ÛæH 1, 2, . . . , k − 1 íõ}�Ñ vi1 , vi2 , . . . , vik−1

� Bb„p¥<õ‹,

vi øû|ø_ k õíêrÇ�âõD–Èíú@,Bbø− li1 ≤ li2 ≤ · · · ≤
lik−1

≤ li� ÛÊ, à‹,Hí k _õb·ó�, † k õíêrÇÿß‚°

)� .Ííu, I t Ñ�k 1D k − 1 íø_cb, …Å—úkF�í j,

1 ≤ j ≤ t, lij < li, Ouúk t + 1 ≤ j ≤ k − 1, lij = li�ku vit+1 , vit+2 , . . . , vi

$AøêräÇ; yõ vij , 1 ≤ j ≤ t, âk vij ∼ vi, FJ rij ≥ li, ¥[ý

vi1 , vi2 , . . . , vit ·}ú@k¨Ö li í–È, FJ {vi1 , vi2 , . . . , vik−1
, vi} û|ø

_êrÇ�

âkæH k |Ûvÿ}�ø_x� k õíêräÇ, FJ X (G) ≤
ω(G)� yâ·æ 1.2, X (G) ≥ ω(G), FJìÜ)„� ¥

ì2 2.4. (ê1Ç, Perfect Graph)

à‹úkF� G íû|äÇ H, X (H) = ω(H), † G ˚Ñÿê1Ç

(Weakly Perfect Graph)�

éÍê1Çøìuÿê1Ç, Ou¥¬V.øìú (?)�

W. I H Ñ C5, éÍ X (H) 6= ω(H)�

W. ù}ÇÑê1Ç�

W. –ÈÇÑê1Ç�

J-Bbn�||±íøéê1Ç�

ì2 2.5. (ýÇ, Chordal Graph, Triangulated Graph)

ø_Ç2, à‹úkFJÅ�×k 3í˛·�ø_i©Qs_.©/

íõ, †¥_Ç˚ÑuýÇ�
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ìÜ 2.6. (Hajnal and Surányi, Dirac)

ø_Ç GuýÇíkb‘KÑ GuêrÇ,Cuâs_õbª |V (G)|
ýís_ýÇ G1 £ G2, %¬½LêräÇF)ƒíÇ�

„p. (⇐) òQâì2ªJõ|V�

(⇒) âkêrÇuýÇ, Bb5?ç G .uêrÇí8”, °vI S

ÑU) G − S .©¦í|üÕ¯, A Ñ G − S 2íø_¶}, J£ B =

V (G) − S − A�ÛÊ, yI G1 = 〈A ∪ S〉G, G2 = 〈B ∪ S〉G�ÉbBb?„p
〈S〉 Ñ G íêräÇ, †ìÜ)„�

éÍç |S| = 1 vA
, I |S| ≥ 2�âk S Ñ|üíÕ¯, úk S 2í

L<õ x, ….ìD G − S 2F�¶}2í/õó©, ´†.. ¥r¶

S(S ′)ÿ˛%U) G−S ′Ñ.©¦Ç�Ä¤,úk S 2íL<sõ xD y,.

æÊs‘|s˜� x, a1, a2, . . . , ar, y; x, b1, b2, . . . , bs, y, w2 ai ∈ A, bj ∈ B�

ku C : (x, a1, a2, . . . , ar, y, bs, bs−1, . . . , b1)Ñø˛,Å�.ük 4�ÛÊ,âk

Ê A2íõ a1, a2, . . . , ar DÊ B 2íõ b1, b2, . . . , bs î.}A˛ó©,y‹

, ai .}© bj, U) xy ∈ E(G) (ýÇ)� ìÜ)„� ¥

‚à,HìÜ, BbªJ„pýÇ6uÿê1Ç�

ìÜ 2.7. à‹ G ÑøýÇ, † X (G) = ω(G)�

„p. úõb¦Ñ, éÍ |V (G)| = p = 1 v.A
� Iõbük p vî

A
� ÛÊ5?x� p õíýÇ G� íl, à‹ G uêrÇ, éÍìÜA


� cq G .uêrÇ� †âìÜ 2.6, G ªJâ G1 D G2 ½Lø¶M

êrÇ7×), I S Ñ½L¶}íõÕ¯� âk V (G1)\S D V (G2)\S ³
�ió©, FJ ω(G) = max{ω(G1), ω(G2)}, 7ÊOHjÞ†� X (G) ≥
max{X (G1),X (G2)}� õÒ,, .Øõ| X (G) = max{X (G1),X (G2)} (?)� Û

Ê, â¦Ñcq X (G1) = ω(G1), X (G2) = ω(G2), FJ X (G) = ω(G), ìÜ)

„� ¥

ê1Çí–1, |ouâ Berge Ê 1961�T|V, °vF6“¿ G u

ê1ÇJ/ñJ Guê1Ç,¥_6\˚Ñê1Ç“¿(Perfect Graph Con-

jecture), …Ê 10�(\ Lovász „pu£üí, kuAÑO±íìÜ�
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ìÜ 2.8. (Lovász) ø_Ç G uê1ÇJ/ñJ G uê1Ç�

b„p¥_ìÜ, âk Fulkerson í›Œ˛.u'˚Ø, è6ªJ¡5

Doug West íÇ�`‡, 209–211, Ê¤ôI���

Êê1Çíû˝,|O±íl¬k#ê1Ç“¿ (Strong Perfect Graph

Conjecture, SPGC), ¥_“¿ñ‡˛×)„õ�

#ê1ÇìÜ [Chudnovsky �A, 2003].. ø_Ç G uê1Çíkb

‘KÑ G C G .ÖLS˛2Ìý5Jbií˛�

j�ê1Çíû˝àÊà¶,ÇøjÞíhô X (G) 6= ω(G)uÌ¶f

ní� Wà ω(C5) = 2, Ou X (C5) = 3; õÒ,, BbªJ�Zø_Ç G, …

Å— X (G)− ω(G) bÖ×·ªJí!

82



3. k−OHÇí!Z (k-Chromatic Graphs)

ø_Ç G à‹˛ø X (G) = k, †.Í ω(G) ≤ k; ªu, Ê ω(G) ≤ k í

8”- X (G) ª?}'×, J-íøíÇuâ Mycielski FTX, ÊÇ2³

�LSíúi$, .¬ X (G) ªJÓO |V (G)| í‰×7Ó×�

ìÜ 3.1. úkF�í k ≥ 1, ·æÊø_.Öúi$íÇ, …íOHbÑ

k�

„p. ú k ¦Ñ, éÍç k = 1, 2C 3v, K1, K2 £ C5 }�ÑF°í

Ç� ÛÊ, cq H Ñ.Öúi$í k−OHÇ, w2 k ≥ 3� I V (H) =

{v1, v2, . . . , vp}� J-Bb‚à H V�Zø_.Öúi$í (k + 1)−OH
Ç G�

I V (G) = {u, u1, u2, . . . , up, w1, w2, . . . , wp}, E(G) = {uui| i = 1, 2, . . . , p}
∪{uiwj| vj ∼ vi, i = 1, 2, . . . , p} ∪ {whwl| vh ∼ vl}� ku, G .Öúi$£

X (G) = k + 1 ·'ñq�ú� J-ÿOHjÞ‹Jzp: íl, I ϕ Ñ G

íõOH…Å— (1) ϕ(ui) = ϕ(wi) °v ϕ(wi) Ñ H 2 vi íæH, £ (2)

ϕ(u) Ñ� k + 1 H� ku, X (G) ≤ k + 1� ÇøjÞ, à‹ X (G) = k I

ϕ(u) = c, 1 ≤ c ≤ k� âk X (H) = k, Ê H 2�ø<õ vi …bíæHu

c, ÛÊà ϕ(ui) V¦H vi íæH, † H 2.yàƒ c ¥_æH, °v, O

H6³�½æ, ÄÑD vi ó¹õíOH·}D vi íæH.°� ((Å) 〈{w1,

w2, . . . , wp}〉G ∼= H) ¥D X (H) = k pe, FJ X (G) ≥ k + 1, ìÜ)„� ¥

ìÜ 3.1.˝�7'×íØ�, .O³�úi$íÇª?�”×íO

Hb; Ê|ü˛í×ü g (girth) L<#ì(, OHbÑ k í¥éÇEÍæ

Ê�

ìÜ 3.2. (Erdös£ Lovász)

úkL<í k ≥ 2 £ g ≥ 3 ·æÊ� k−OHÇ G w2 G í|ü˛Å

g(G) > g�

„p. J-u‚àœ0íj¶V„p (Probabilistic Method)�

ç k = 2, ÉbvX˛¹ª, FJI k ≥ 3� yI 0 < θ < 1
g
, n Ñ	

ìí£cb, J£ p = nθ−1� ÛÊ, 5? n _õíÓœÇ (Random Graph)

G, V (G) = {v1, v2, . . . , vn}, …íiu;W n 7Óœ²Ï (iDiuÖ
í
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É[)� 6ÿuz, úkLøi n |Ûíœ0Ñ p, J P [vivj ∈ E(G)] = p [

ý� úkÇí²Ï7k, âkõ˛™ý, FJøu� 2(n
2) .ó°í™ýÇ�

Ä¤, m iÇ|Ûíœ0Ñ pm(1− p)(
n
2)−m�

ÛÊI X ÑøÓœ‰b…#ì˛ÅBÖÑ g í˛b�ku

X =

g∑
i=3

(
n

i

)
i!

2i
=

g∑
i=3

n(n− 1) · · · (n− i + 1)

2i
,

E(X) =

g∑
i=3

n(n− 1) · · · (n− i + 1)

2i
pi (Ci |Ûíœ0Ñ pi�)

≤
g∑

i=3

ni

2i
n(θ−1)i (p = nθ−1)

=

g∑
i=3

nθii

2i
�

âk 0 < θ < 1
g
, FJ.æÊ�ø_õb 0 < ε < 1 U) θg = 1− ε�

Ä¤ E[X]
n/2

≤ ∑g
i=3

nθi

ni
≤ (

∑g
i=3

1
i
)n−ε, 6ÿuz

lim
n→∞

E[X]

(n/2)
= 0 � (1)

â Markov í.�� P [X ≥ n
2
] ≤ E[X]

n/2
ø−ç n —D×v

P
[
X ≥ n

2

]
≤ 1

2
� (â(1) �) (2)

*ÇøjÞõ, I t = b3(ln n)
p
c� Ê {v1, v2, . . . , vn} 2vƒø_Ö
 t−ä

Õíœ0Ñ (1 − p)(
t
2)� ÄÑ {v1, v2, . . . , vn} 2/�

(
n
t

)
_ t−äÕ, FJ, Ö


b β(G) ≥ t íœ0.×k
(

n
t

)
(1− p)(

t
2)�Í7, 1− p < e−p FJ P [β(G) ≥

t] <
(

n
t

)
e−p(t

2) < (ne−p(t−1)/2)t�â t í²Ï n ≤ e
pt
3 , FJÊ n D×v,

ne−p(t−1)/2 < 1 °v P [β(G) ≥ t] <
1

2
� (3)

úk,Hí n, â (3) BbªJ)ƒ

P
[
β(G) < t / X <

n

2

]
> 0 �

Ä¤, æÊø_Ç G, Ê G 2˛Å.×k g í˛bª n
2
ý, / β(G) < t� Û

Ê, ¢ÄÑ t = b3(ln n)
p
c = b3(ln n)n1−θc, ç n D×v, t < n

2k
(AÐ²)�
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|(, úk G 2Å�.×k g í©ø_˛,·²øõø… ¥, à¤

øVF)ƒíhÇ G∗ }Å—-�í4”:

(a) |V (G∗)| ≥ n
2
�

(b) β(G∗) ≤ β(G) < n
2k
�

FJ,

X (G∗) ≥ |V (G∗)|
β(G∗)

≥ n/2

n/2k
= k �

âk G∗ OHbJ.ük k,Éby* G∗ 2 ¥ø<õ¹ª°)õO

HbÑ k, /|ü˛Å.×k g íÇ� ¥

j�³�úi$íÇ…íOHbªJ'×, Wà-Ç (a) íOHbÑ

4, çÍ6.}� K4, .¬, K4 u´}JÇø��G¿RÊÇ2á? Ç (b)

µsBb, Ç2Ö�ø_ K4 íi�} (Subdivision), 9õ,, Dirac„p7

¥�$�íìÜ�

g


h


i
 j


k


a


e


d
f
c


b


(a)


j


i
 d


e


b


g


k


ìÜ 3.3. ø_ 4−OHÇ2.Ö� K4 íø_i�}�

QO Hajos“¿,HìÜúkøOí k ≥ 56ú,6ÿuz k−OHÇ
2.Ö�øêrÇ Kk íi�}�'.�íu,¥“¿Ê k ≥ 7v˛%\„

p�˜, Bk k = 5 C 6, ñ‡Eu„ø�
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�7,Þí%ð, HadwigerT7J-í“¿:

Hadwiger’s Conjecture.

à‹ G uø_ k−OHÇ, † Kk ªJâ G %¬9ò (Contraction) 7

) (Kk u G íø_ Subcontraction)�

(Å) ¥³Níui9ò;  ¥i, yziísõ¯Aøõ�

W. 9ò e

e


¥_“¿ñ‡Ê k ≤ 6 vî˛„õ, k ≥ 7 v†u„ø�

Ê¥ø�í|(,Bb�Üø_Ý�|Hí.��,øO6˚ÑuNord-

haus £ Gaddum í.���

ìÜ 3.4. I G Ñx� p õíÇ, †

(1) 2p1/2 ≤ X (G) + X (G) ≤ p + 1�

(2) p ≤ X (G)X (G) ≤ (p+1
2

)2�

„p. l„ (2) í-ä� I ϕ D ψ }�Ñ G Ñ G íõOH, °v}�à

7 X (G) D X (G) _æH� ÛÊBbà (ϕ(v), ψ(v)) V+ Kk íõ v, ku

X (Kp) ≤ X (G)X (G), FJ p ≤ X (G)X (G)� ‚à�b�Ì.ük�S�Ì

í–1, X (G) + X (G) ≥ 2(X (G)X (G))1/2 ≥ 2p1/2, FJ (1) í-ä)„�

yõ (1)í,ä� I k = max{δ(H)|H Ñ Gíû|äÇ},ku X (G) ≤
1 + k, QOyõ G íû|äÇ H ′, BbªJ„p δ(H ′) ≤ p − k − 1 (?)�

FJ X (G) ≤ 1 + (p − k − 1) = p − k, (1) í,ä)„� °Ü X (G)X (G) ≤
(X (G)+X (G)

2
)2 ≤ (p+1

2
)2� ¥
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4. @äÇ(Critical Graphs) DõOHÖá� (Chromatic

Polynomial)

ì2 4.1. (Color-critical)

cà X (G) = k, OuúkL<í H < G / X (H) < k , † G ˚ÑuO

Hí k−@äÇ, C�˚ k−@äÇ�Ñ7jZzp, Bb½µJ-í4”�

ùÜ 4.2. I H Ñø k−@äÇ, † δ(H) ≥ k − 1�

„p. I xÑ H 2íLøõ,† X (H−x) = k−1�ÛÊ,à‹ deg(x) < k−1,

†Ê 1, 2, ..., k − 1 2.�øHªJàV+ x, U) X (H) ≤ k − 1, ¥Dcq

pe, FJùÜ)„� ¥

ùÜ 4.3. H Ñ k−@äÇíkb‘KÑ (1) H ³�‚
õ, £ (2) úkL

<íi e ∈ E(H), X (H − e) < X (H)�

„p. (⇒) éÍA
�

(⇐) ÄÑ H ³�‚
õ, FJúkL<í x ∈ V (H), X (H − x) =

X (H − U) < X (H), w2 U = {xv| v ∈ N(x)}� Ä¤, úkL< H íäÇ H ′,

X (H ′) < X (H)� ¥

ùÜ 4.4. cà v ∈ V (G) 7/ X (G− v) < X (G) = k, † G �ø_ k−OH
ϕ, …Å— |ϕ(N(v))| = k − 1, °vúkw…í u /∈ N [v], ϕ(v) 6= ϕ(u)�

„p. à‹ |ϕ(N(v))| < k − 1, †éÍ X (G) ≤ k − 1�Bk ϕ(v) É|ÛøŸ

6'ñqõ|V� ¥

ùÜ 4.5. à‹ X (G− e) < X (G) = k, †úk G− e íL< (k − 1)−OH, e

ís_«õ·}+,ó°íæH�

„p. .Ííu, ‹ e � ¹ª (.}	àOHb)� ¥
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ùÜ 4.6. (Kainen) I G Å— V (G) = X ∪ Y J£ X (G) > k� †Ê 〈X〉G D
〈Y 〉G }�Ñ k−ªOHÇv, [X, Y ] = {xy ∈ E(G)|x ∈ X, y ∈ Y } Býx�
k _i�

„p. cq |[X, Y ]| < k�âk 〈X〉G D 〈Y 〉G }�Ñ k−ªOHÇ, I…bí

æHb (+ó°æHíõÕ¯)}Ñ X1, X2, . . . , Xk; Y1, Y2, . . . , Yk�éÍ¥<

Õ¯·uÖ
Õ� ÛÊ, ì2ø_ù}Ç H, w2 V (H) = {X1, X2, . . . , Xk;

Y1, Y2, . . . , Yk} J£ Xi∼HYj J/ñJÊ G 2, ³�i©Q Xi 2íõD Yj

2íõ�FJç |[X, Y ]| < k v, |E(H)| > k(k − 1), ku H x�êrºú P

(?)�ku, ÉbÊ Xi∼HYj v, z Xi D Yj í·+,°øH, † X (G) ≤ k, ¥

Dcqpe, FJ |[X,Y ]| ≥ k� ¥

ìÜ 4.7. (Dirac, 1953)

Lø_ k−@äÇ·u (k − 1)−i©¦Ç�

„p. L<|üíi~Õ [X,Y ], |[X,Y ]| ≥ k − 1� (X (G) = k, X (〈X〉G) £

X (〈Y 〉G) îük k�) ¥

Q-V, Bbn�OHÖá��

ì2 4.8. ì2 X (G; k) Ñâ V (G) øB {1, 2, . . . , k} F�.°íõOHƒ
b5_b�

FJ G Ñ k−ªOH5kb‘KÑ X (G; k) ≥ 1� X (G; k) 6˚Ñu G

í k−OHÖá� (k-Chromatic Polynomial)�

W. X (Kn; n) = n!, X (Kn; m) = mn, m > n�

ùÜ 4.9. I T Ñx� n õícÇ, † X (T ; k) = k(k − 1)n−1�

„p. Î7�øõ (Root) � n _²Ï5Õ, w…®õÌ� k − 1 _²Ï� ¥
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ìÜ 4.10. I e ∈ E(G), † X (G; k) = X (G− e; k)−X (G · e; k), G · e H[z
G 2í e = uv òAøõ (Contract uv)�

„p. ÄÑ e = uv, FJ G íø_ k−OHªJVA G − e í k−OH°v
Å— uD v +.°íæH;Ä¤Ê G− eí k−OHƒb2bpÎ uD v °

Hí8$,7 uD v °Hí8$ÿ�kuÊ� X (G · e; k),FJìÜ)„�¥

W.

w


e


v
x


u


G-e


w


u=v


x


ìÜ 4.11. X (G; k) Ñ k í |V (G)| ŸÖá�, …íäû[bÑ 1, �ùòŸ

báí[bÑ −q, w2 q = |E(G)|�
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õOHí@à:

õOH�.ýõÒ,í@à, J-ÿJ�_Wä}�zp�

1. Yßœä0íNì

Ê¥_Çí_�2BbzF�íê¦¦õAuÇíõ;7ê¦¸ˇ�

½Lís_ê¦¦ÊÇ2Fú@ísõ�ió©� ÛÊ, cqó¹ís_

ê¦¦ÊUàó°ä0ê¦v}�óß×,kuÇí.°æHªJàVH

[.°íä0, Ä¤, õOHbH[FÛUàí|ýóæä0b�

2. “çÓ¹íYR

Ê¥__�2, .°í“çÓ¹H[õ, 7[Êø–ª?}¨A˛	

C
úís�Ó¹Fú@íõ�ió©,kuõOHbú@ƒ0æ¥<Ó

¹FÛbí|ý0ælÈ�

3. ç�§{ (JçÞÑ3)

Ê¥__�2, {˙H[õ, 7çø_çÞÊãÅwv°v²7/s

Æ{v, vsÆ{Fú@íõó©; kuõOHbH[O,uÛbÖýv

¨n?z{˙§ß,U)©_çÞ·?ß‚²ƒãÅwvF²í{7.}

�§Ð�

(Å)cq©øÆ{©Ù (C	ì�Ù)·Ê°øvÈ,{øüvCsüv�

4. 
¶ÍÇ}

¥__�uJ®_ãºÑõ, 7çs_ãº}�u°Aº (/ãº)

v, sõ�ió©, kuõOHbH[.°vÈÇ}v¨; Ê¤, Bbcq


¶Í�'Ö}‡�, .bv'Öãº}ªJ°vÔW, 7/.}§w…

ÔyÜâ7	àÇ}�

w…þ�Ý�Öí@à, çÍ´¨�5AÐí;d�
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5. iOH (Edge-Coloring)

.°kõOH,iOHuzæH+Êi,�à‹øuà7 k_æH,B

b˚…u k− iOH ( k -edge-coloring), 7çó¹íLsi·+,.°æ

Hív`, Bbÿ)ƒF‚í£d (Proper)iOH� (…�Én�£diO

H�)

ì2 5.1. (£diOH)

Ç G íø_£d k− iOH π uø_â E(G) øB {1, 2, . . . , k} íƒ
b,…Å—ç.°ísi e∩ f 6= ∅v π(e) 6= π(f) ;¥_v` G6˚Ñuø

_ k−iªOH ( k -edge-colorable)�iOH GFÛbí|ýæHbøOJ

X ′(G) [ý, ¥_b (Chromatic Index) øO˚Ñu G íiOHb�

J-u�_!…4”�

·æ 5.2. X ′(Cn) =

{
2, ç n ÑXb,

3, ç n ÑJb�

·æ 5.3. X ′(G) ≥ ∆(G) �

·æ 5.4. ç G ÑøOÇv, X ′(G) ≤ 2∆(G)− 1 �

·æ 5.5. X ′(Kn) =

{
n− 1, ç n ÑXb,

n , ç n ÑJb�

„p. Bb„pç n ÑXbv X ′(Kn) ≤ n − 1 , w…í¶M6ÿCr7

j� I V (Kn) = Zn , n = 2m � 5?iÕ¯, M1 = {{1, 0}} ∪ M , w2

M = {{2, 2m− 1}, {3, 2m− 2}, . . . , {m− 1,m + 2}, {m,m + 1}} , † M1 Ñ Kn

ø_êrºú (1-factor)� yI Mi+1 = {{i+1, 0}}∪ (M + i) , M + i2íjÖ

¦ mod n− 1 , i = 0, 1, 2, . . . , 2m− 2 �ku Kn ªJŸA 2m− 1 _ 1-factors

í:Õ, Ä¤ X ′(Kn) ≤ n− 1 � ¥
(Å) M2 = {{2, 0}}∪{{3, 1}, {4, 2m−1}, . . . , {m,m+3}} , M3 = {{3, 0}}∪{{4, 2}
, {5, 1}, . . . , {m + 1,m + 4}} �

·æ 5.6. (König, 1916) ç G Ñù}Çv X ′(G) = ∆(G) �
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„p. l„pç G u£†ù}Ç, † X ′(G) = ∆(G) (?); Í(y„pLø_

.u£†íù}Ç·ªJvƒø_�Ç (Supergraph) G′ , G′ ≥ G 7/ G′

u£†ù}Ç°v ∆(G′) = ∆(G) � ¥
(Å) (?) ªJ‚à SDR í–1‹J„p�

·æ 5.7. I P Ñ˛)RÇ, † X ′(P ) = 4 �

„p. âk˛)RÇ (Petersen Graph)2� C5 ,FJ X ′(P ) ≥ 3 ,7 X ′(P ) ≤
4'ñqõ,FJBb„p X ′(P ) > 3 � cq X ′(P ) = 3 ,†©_æH.|Û

5Ÿ, ?¹©_æHí 5i}$Aø_ 1-factor� ÛÊ, p¥ø_ 1-factor ”

-íu 2− £†Ç; ÄÑ P 2Ì C3 C C4 , FJñøíª?u”-s_ C5

(P .Ñé��âÇ?);â·æ 5.2´Ûb 3HnD,FJ X ′(P ) = 3.ª?�

¥

·æ 5.8. (¬½Ç (Overfull))

ø_Ç G JÅ— |E(G)| > ∆(G) · b |V (G)|
2
c , †˚ G Ñ¬½Ç�

·æ 5.9. I G Ñø_¬½Ç, † X ′(G) > ∆(G) �

·æ 5.10. I G Ñx�Jbõí£†Ç† X ′(G) > ∆(G) �

„p. Jbõí£†Ç.Ñ¬½Ç, FJâ·æ 5.9, ·æ)„� ¥

·æ 5.11. ¬½Çíõb.ÑJb�

„p. âì2¹ªõ|� ¥

·æ 5.12. à‹ G u k− iªOH, †.ìæÊø_ k− iOH π , U)

úkL<í i 6= j ∈ {1, 2, . . . , k} , ||π−1(i)| − |π−1(j)|| ≤ 1 �

„p. à‹æÊ�s_æH i , j ,…b|ÛíibóÏ.ük 2,I¥s_

iÕ¯}�Ñ Ei D Ej 7/ |Ei| > |Ej| + 1 � ÛÊ, I Ei ∪ Ej Fû|íä

ÇÑ Hij � Ê Hij 2ª?í¶MÇÑX˛, Xbií˜�J£Jbií˜

�;âk |Ei|ª |Ej|×,FJJbií˜�.ÍæÊ,7/˜�íí®si
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Ì+,æH i �ÛÊ, ÉbÊ¥‘˜�,z i D j s_æH�², ¹ªòü

|Ei| D |Ej| íÏ��O°ší¥	./- ¹ª)„� ¥

à‹ø_iOHªJÅ—,HìÜí‘K,Bb6˚…uø_Ì©i

OH (Equalized edge-coloring), Ê@à,ªJàVé§	T (Scheduling), é

©Ÿbdí9 (Ö
) �ÌªW� °v, �.ý ¯bçí!‹‚à¥_–

1‹J„p�

ÊiOHjÞ Vizing íìÜªJ�u|�õ.íA‹�

ìÜ 5.13. (VizingìÜ)

I G ÑøOÇ (Simple Graph)� † X ′(G) ≤ ∆(G) + 1 �

„p. íl,Bb‚à ∆(G) + 1_æH a0, a1, a2, ..., a∆ V+ G2íi ()ƒ

íOHÑ π ),Ê¯˛£diOHí8”-?+�Öi�ß�à‹©øi·

˛%,H,†ìÜ)„�ÛÊ,cq uv ¥_iþ„OH,âk v í�b|Ö

Ñ ∆(G) ,FJÊ v¶ˇíi|Ö+7 ∆(G)_æH,FJ,cq võûUý

¥7æH a1 ;IÊ v õûUý¥íæHFAíÕ¯Ñ M(v) ,† a1 ∈ M(v)

�Q-V5? M(u) ;à‹ a1 ∈ M(u) ,†éÍ uv ªJ+, a1 ¥_æH,F

J a1 /∈ M(u) , I a0 ∈ M(u) , 7 π(uv1) = a1 � yõ M(v1) , I a2 ∈ M(v1) ,

† a2 /∈ M(u) ,´†ø uv1 íæHZA a2 ,ku a1 ∈ M(u) , uv ¹ª+, a1

�ku, Bb)ƒø_É[�, ¹ç ai+1 ∈ M(vi) , † ai+1 /∈ M(u) , i ≥ 1 �

âkæHbÑ ∆(G)+1 ,FJ,HÉ[�í ai+1bo}|Ûó°íæ

H� I l Ñ|üí£cbU) al+1 ∈ {a1, a2, . . . , al} , I al+1 = ak , 1 ≤ k ≤ l

�¥_v`, 5? a0 |Ûí8$:

(a) a0 ∈ M(vl) ,ø al à a0 ¦H,Í(%�R,²H,|(ªJø uv +, a1

�

(b) a0 /∈ M(vl) , âk al+1 = ak , FJ ak ∈ M(vl) �ÛÊ5?â a0 , ak sH

* al Çá•í>�˜� P , éÍu a0 íi, yQ ak íi, ...�Bb}

ú�8$n�:

(i) P = vl − vk , ¥_v`ÄÑ π(uvk) = ak , FJz a0 D ak ²H, U

) π∗(uvk) = a0 , Q- y‚à�Ríj�OH¹ª�

(ii) P = vi − vk−1 ,¥_v`ÄÑ ak ∈ M(vk−1) ,FJ P í|(øi+

, a0 ¥_æH, kuø a0 D ak−1 ², y�R¹ª�
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(iii) P = vl − vi , i 6= k − 1, k , ¥_v`ø al D a0 >², y%�ROH

¹ª�(?) ¥
(Å) ,H²Hí–1øOJ“Fan Sequence”V˚ã…�

�7 VizingìÜí\„,ø_ÇíiOHbÉ� ∆(G)D ∆(G) + 1s

��

ì2 5.14. (Class 1 and Class 2)

iOHbÑ ∆(G) íÇ G ˚Ñu�øéÇ (Class 1), 7.u ∆(G) í

ÇÑ�ùéÇ�

FJ, ‡ÞTƒíÇ, ÉbiOHbª ∆(G) ×ÿøìu�ùéÇ�

Q-Bby}&ø-�øéÇíÔ4�

çø_£†Çu˘k�øéÇív`,©ø_.°æHF|Ûíiÿ

}$Aø_êrºú, Cuz 1− Ää (1-factor), FJ¥_Çÿ�7 1− }
j (1-factorization)� J-í“¿iBñ‡Ñ¢þ„\„p|V, à‹uú

í, Ê ¯ql,ø}�'½bíõ.�

“¿. úkF�í r− £†Ç G , à‹ |V (G)| = 2m , 7/ r ≥ m , † G u

�øéÇ�

‡ÞFTƒíÇ·uøOÇ, à‹Bb5?íu½iÇ, †8”}�

<Z‰�

ìÜ 5.15. (½iÇí Vizing ìÜ)

I µ(G) H[Ê G 2x�½ií|Öib (multiplicity)� † X ′(G) ≤
∆(G) + µ(G) �

„p. ôI�

“¿. (6 Perfect Matchings)I GÑ³�›í©¦ 3−£†Ç,† X ′(2G) = 6

, ¥³í 2G H[ G 2�iíËj·uù½i�

(Å) ³�›í©¦ 3− £†ÇAÍ³�~õ�
(Å) x�~õí£†Ç·u�ùéÇ (?)�
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iOHí@à:

¸õOHøš, iOH6�'Ö@à, Ê¤Ô|�_Wäzp�

1. Ú˜$

ÊÚ˜$,�'ÖÚä K (Devices)®x�…íŠ?,7¥< K5

Èÿ}à(˜z…bó©Êø–,éÍâø_ K²Õ©í(˜·bà.

°íæH, kuiOHbH[OFUà.°æHÚ(í_b�

2. §{½æ (`�£{˙)

I`�àõ t1, t2, . . . , tm H[,7`çí{˙à s1, s2, . . . , sn VH[;Û

Ê, à‹`� ti b` si1 , si2 , . . . , sik , †ø…bàió©, ku, Bb)ƒø

½iíù}Ç (/ø{˙øP4�ª?b`'Ö_Ú),7…íiOHbH

[øÙBýb�Ö_v¨, ´†øP4�Ì¶`êFíNì{˙�

3. Úuæ˜

Ñ7�ô, Úuæ˜·u‚à>²œV}ºb°¦uíÚu, Ä¤_

çíÇ_�ªJVj²}ºí½æ,7iOH6¥@|œýí>²œbJ

�ôA…; BkàSÍT~AW;d�
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6. rOH (Total Coloring)

Ê¥ø�2Bbn�àS°vÊõ£i,OH�

ì2 6.1. G írOHuø_â V (G)
⋃

E(G) øB N íƒb ψ , …Å—

(i) à‹ u ∼ v , † ψ(u) 6= ψ(v) ,

(ii) à‹ e
⋂

f 6= φ , † ψ(e) 6= ψ(f) , £

(iii) à‹ u ∈ e , † ψ(u) 6= ψ(e) �

�Àíz, à‹ ψ uø_Ç G írOH, † ψ|V (G) Ñ G íø_õOH,

ψ|E(G) Ñ G íø_iOH, °vó¹íõDi6+,.°íæH�

ì2 6.2. Ju ψ Ñ G íø_rOH, ç |ψ(V (G)
⋃

E(G))| = k v, ψ 6˚

u G íø_ k -rOH; ku, G írOHb χ′′(G) ÿì2ÑF� k -rO

Hí|ü k M�

âì2, -�í!‹·'ñq°|�

ùÜ 6.3. 4(G) + 1 ≤ χ′′(G) ≤ χ(G) + χ′(G) �

·æ 6.4. χ′′(C2m) = 4 , χ′′(C2m+1) = 3 �

·æ 6.5. χ′′(K2m) = χ′′(K2m+1) = 2m + 1 �

·æ 6.6. χ′′(Kn,n) = n + 2 �

„p. íl χ′′(Kn,n) ≤ n + 2 , ÄÑ χ′′(G) ≤ χ(G) + χ′(G) � yõÇøi, à

‹ χ′′(Kn,n) = n + 1 , †©_æH�Ì|Û (n2+2n)
n+1

Ÿ, FJ, â!ÁŸÜ B

ý�ø_æH|ÛBý n+1Ÿ;I¤æHÑ c �âk Kn,n í|×ºú� n

i,FJøì}�/<õ, c¥_æH,Ou+, cHíõ.?ó¹,FJ

…b|ÛÊ Kn,n í°øi, ¥[ý c |ÖÉ}|ÛÊ n _Ëj (õCi),

Dhôí!‹ pe, FJ χ′′(Kn,n) > n + 1 � ¥

â,Þí!‹,.Ø;dø_Ç GírOHbª?.}ª ∆(G)×'

Ö,FJÊú�Ö�‡ Vizing¸ Berhzadÿ}�“¿ ∆(G) + 2ª?u|ß

í,ä�

rOH“¿ (Total Coloring Conjecture) χ′′(G) ≤ ∆(G) + 2 �

¥_“¿c�Ê'ÖÔyÇ·A
, øOí„pEÍÊ„ì5Ù� J

-uø_àV„p¥K9í_xÍ�
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íl,Ê G2vø_Ö
Õ T ,Í(�Zø_hÇ G∗ � w2 V (G∗) =

V (G)
⋃{v∗} , E(G∗) = (E(G)

⋃{E(G)
⋃{v∗v|v ∈ V (G)\T})\M , M u

< V (G)\T >G íø_ºú�ÛÊ, Ébø− χ′(G∗) ÿªJø− χ′′(G) íø

_ ,ä�

ùÜ 6.7. χ′′(G) ≤ χ′(G∗) + 1

„p. ‚à G∗ íiOH, z V (G)\T 2íõ v +, v∗v íæH, °v\G

E(G) 2iíæH yàø_híæHV+ T 2íFJõJ£ M 2íi,

ÿªJ)ƒ G íø_rOH� ¥

R� 6.8. Ju χ′(G∗) ≤ ∆(G) + 1 , † G Å— TCC �

âùÜ 6.7,Bb.Øõ|,Éb ∆(G∗)&M¸ ∆(G)øš, Gÿ}Å—

TCC � ‚à¥_h 1, BbªJ„pêrÖ}Ç6Å— TCC �(?)

Ñ7�^Ë‡iø_ÇírOHb, J-uø_}éí–1�

ì2 6.9. ç χ′′(G) = ∆(G) + 1 vBb˚ G Ñ�ø�Ç, .Ííuÿu�

ù�Ç�

W. C2m+1 , K2m+1 Ñ�ø�Ç, Kn,n Ñ�ù�Ç�

ùÜ 6.10. I G Ñ�ø�Ç/ xi = |ψ−1(i)
⋂

V (G)| = |ψ|−1
V (G)(i)| , i =

1, 2, 3, ..., ∆(G) + 1 � † |{i|xi ≡ |V (G)| (mod 2) }| ≤ def(G) � (∗)

„p. âk G u�ø�Ç, úk�bÑ ∆(G) íõ v , {ψ(v)}⋃{ψ(uv)|u ∈
N(v)} Ñ {1, 2, ..., ∆(G) + 1} , 6ÿuz, Ébx�|×�, võíË¡

.Í|Û©ø_æH; ÛÊ, cq i ¥ø_æH|ÛÊ Ti = ψ|−1
V (G)(i) J£

Mi = ψ|−1
E(G)(i) , †ç |Ti| ≡ |V (G)| (mod 2) v, .ì}�Býøõ, …íË

¡³� i ¥_æH, ¥[ýBý�øõ…í� bª ∆(G) ü” 1 ”, FJù

Ü)„� ¥

ì2 6.11. à‹Ê G2æÊø_õOH ψ ,U) |{i||ϕ−1(i)| ≡ |V (G)| (mod

2) }| .×k def(G) , †Bb˚ G Ñ_¯Ç (Conformable)�
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ùÜ 6.12. �ø�Ç.ìu_¯Ç�

Í7, u_¯Ç1.øìu�ø�Ç�

W. K2m,2m Ñ_¯Ç, Ou….u�ø�Ç�

W. Chen and Fu Çu_¯Ç, Ou….u�ø�Ç�(z K2n−1 íøi}A

si�)

Chen and Fu Ç : n = 4

ùÜ 6.12|½bíõ.u…TXø_‡i�ù�Çíßj¶,6ÿu

z, Ébø−ø_Ç….u_¯Ç †…ÿ.ìu�ù�Ç� Bk, àS‡

iu�ø�Çÿ�&›‰7� J-í“¿u%¬^òí�…,ŸVí�…,

ŸVí�…Ê Chen & Fu ÇêÛ5(ÿêÛ…u˜7�

_¯4“¿ (Conformability Conjecture)

I G ÑÅ— ∆(G) ≥ 1
2
(|V (G) + 1|) íÇ� † G u�ù�Çíkb‘K

Ñ (i) G . ÖLSäÇ H , …Å— ∆(H) = ∆(G) 7/ H Ñ._¯Ç, C

(ii) ∆(G) uXb7/ G .Ö Chen & Fu ÇÑ…íäÇ�

Ñ7û˝�ø�Çí…•,Î7_¯45Õ,Hamilton,Hilton¸Hind(3H)

FbTX7Çø_½bí¹�–1�ÛÊ,cq Gu�ø�Ç, ψuø_ G

írOH,…à7 ∆(G)+1_æH;I Ci = ψ|−1
V (G)(i) , i = 1, 2, 3, ..., ∆(G)+1

� úk i = 1, 2, 3, ..., ∆(G) + 1 yI ξi = |{u|N(u) ⊆ Ci 6= φ}| ,

ξ+
i =

{
ξi , ξ + |Ci| ≡ |V (G)|(mod2)

ξi + 1 , ξ + |Ci| 6≡ |V (G)|(mod2)
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âk¹�íF�õ·+, i¥_æH,[ý”…™ÿ.}u+ i ”,y‹

,ç ξi + |ci| ≡ |V (G)| (mod 2) v, ÿ.ì}ßÞx� deficeincy íõ, FJ

f(G) ≥ ∑∆(G)+1
i=1 ξ+

i �————– (∗∗)
¸ (∗)ªœ–V, (∗∗)Ö‹7ø<5¾,úkû¶·+,°Híõ6“

|V��ÛÊÿJ Chen & Fu ÇÑWV‹Jzp:

3


2


4


1


4


1


n=3 (Conformable)


à‹,Çu�ø�Ç, † y D z .Û°H” 1 ”, u, v, x }�+,

2, 3, 4, w †L²øH 2 ; ÛÊ ξ+
1 ξ1 + 1 = 2 , ξ+

2 = 0 , ξ+
3 = 0 + 1 = 1 ,

ξ+
4 = 0 + 1 = 1 , ξ+

5 = 0 �FJ
∑5

i=1 ξ+
i = 4 > f(G) � Ä¤, G .u�ø�Ç�

(∗∗)õ–VÝ�ß,u´?®ƒ…•�ø�ÇíñíÿÉßÔ/_�

pAV��7�

½æ vø_Ç, …Å— (∗∗) , Ou…u�ù�Ç�

v%Ö�í›‰, rOHíû˝�7.ýíA‹, Ê TCC í„pj

Þ, ÖÍiBñ‡Ñ¢´³�)ƒêrí��, Ou-%�óçÖíÇ G

\„p χ′′(G) ≤ ∆(G) + 2 , C†u)ƒªœ×øõí,ä, J-í!‹„

pÌôI�

ìÜ 6.13. [Hind , 1986] χ′′(G) ≤ ∆(G) + 2d∆(G)
1
2 e+ 1 �

ìÜ 6.14. [Chetwynd,Hilton£ Zhao Cheng,1989]à‹ δ(G) ≥ 5
6
(|V (G) + 1|)

, † χ′′(G) ≤ ∆(G) + 2 �
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ìÜ 6.15. [Chetwynd £ Häggkvist ,McDiarmid £ Reed , 1990] à‹ t! >

|V (G)| , † χ′′(G) ≤ ∆(G) + t + 1 �

ìÜ 6.16. [Hind , 1990] χ′′(G) ≤ ∆(G) + 2d |V (G)|
∆(G)

e+ 1 �

¥ø_‹Ý�Ô�, «wuç ∆(G)óç×ív`, &à ∆(G) ≥ |V (G)|
2

, † χ′′(G) ≤ ∆(G) + 5 � .¬, Ê ∆(G) D |V (G)| óÏ'×ÿ.ØÜ;7�

ìÜ 6.17. [Hilton£ Hind , 1989]Ju∆(G) ≥ 3
4
|V (G)| ,† χ′′(G) ≤ ∆(G)+2

�

J,í!‹ª–o‚û˝ç ∆(G) −→ |V (G)| í8”·bß'Ö, F

Jµ<!‹Ê¤.yÅ H�Bk ∆(G) üí8”, 6�ø<½bí!‹�

ìÜ 6.18. [Rosenfeld Vijyadita , Kostochka ; 1971 , 1977]à‹ ∆(G) ≤ 4 ,†

χ′′(G) ≤ ∆(G) + 2 �

ç G Ñ�ÞÇv, †!‹yß!

ìÜ 6.19. [Bordin , 1989] I G Ñ�ÞÇ, †

1. χ′′(G) ≤ ∆(G) + 2 , ∆(G) 6= 6, 7, 8 ,

2. χ′′(G) ≤ ∆(G) + 3 , ∆(G) ∈ {6, 7, 8} , £

3. χ′′(G) ≤ ∆(G) + 1 , ∆(G) ≥ 14 �

M)øTíu, à‹Bb‚àæHlzõ+ßæH, Í(yV+ií

æHõ–VN˛u.˜í–1,Í7,8”1„Z¾,õÒ,ª?b�ày

ÖíæH� Wà K2,3 � χ′′(K2,3) = 4 , OuJzõlà 1 , 2 sH+ß, y+

i, †ÛbüHí!

Q-V, BbõõrOH”Type”…•íø<!‹: ,ø�-%Tƒí

.y½µ�

íl, Bb«nêrÖ}Ç (Complete Multipartite Graph):

Kn1, n2,..., nk

ìÜ 6.20. χ′′(Km,n) Ñ�ø�ÇJ/ñJ m 6= n �
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„p. (⇐)I m < n£ Km,n = (A,B) ,† ∆(Km,n) = n � ÄÑ χ′(Km,n) = n ,

lø Km,n íià n _æH+ß, Q-V+õ�à� n + 1 H+Ê A ,; Í

(, úk B 2íõ, +, n H2 .|ÛÊvõ (i) íLø_æH, ¹ª)

ƒ Km,n íø_ (n + 1) -rOH�

(⇒)cq Kn,n = (A,B)Ñ�ø�Ç,?¹à n+1_æH¹ªêAOH�â

k Kn,n 2í©ø_õî�ó °í�b, FJ©ø_æH·}|ÛÊ…í

Ë¡ (õ,Ci,)�QOVõæH|ÛÊõí8”,I iu|ÛÊ A2í

ø�æH; † i .}|ÛÊ B, FJ B 2í©øõ.ìíƒø_+, i í

i,Ou.àƒ+ iíõy6v.ƒx� n_iíºú,FJu.ª?,Ä

¤ìÜ)„�

,Hí–1, ªJàV‡iø_ù}Çu´Ñ�ø�Çí½b	x�

ì2 6.21. (Â_¯4, Biconformability) I G = (A,B) / |A| = |B| � à‹
G �ø_õOH ϕ : V (G) −→ {1, 2, ..., ∆(G) + 1} Å—-�‘K, † G x

�Â_¯4

(i) def(G) ≥
∆(G)+1∑

i=1

|ai − bi| , ai = |Ai| = |ϕ−1(i) ∩ A| , bi = |Bi| = |ϕ−1(i) ∩B|

�

(ii) |V<∆(A \Aj)| ≥ bj − aj , |V<∆(B \Bj)| ≥ aj − bj , j ∈ {1, 2, ..., ∆(G) + 1} ,

V<∆(S) H[Ê S 2�b.Ñ ∆(G) íõb�

¥_ì2zp7sK9;bx�Â_¯4,|ß (i)æH i|ÛÊ AD

B íõb�Ô¡�ß; ÇÕ (ii) à j |Ûíõb .D�Ì; ç|ÛÊ B 2

œÖv,A 2Î7+, j íõ5Õ, øìb�—DÖíõ, …bí�b.u

∆(G) �

ùÜ 6.22. I G = (A,B) , 7/ |A| = |B| , †ç G Ñ�ø�Çv, G x�

Â_¯4; ¥¬V, .x�Â_¯4íÌ ©ù}Ç.Ñ�ù�Ç�

„p. ‡ÞízpªJ)ƒ¥_!��

ìÜ 6.23. [Hilton , 1991] I J ≤ Kn,m , e(J) = |E(J)| £ m(J) ÑÇ J í|

×ºúb� † χ′′(Kn,n \ E(J)) = n + 2 J/ñJ e(J) + m(J) ≤ n− 1 �
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Ê,H�d2°vT|J-íÂ_¯4“¿:

Â_¯4“¿ (Biconformable Conjecture)

ø_Å— ∆(G) ≥ 3
14

(|V (G)| + 1) íù}Ç G u�ù�Çíkb‘K

Ñ G¨Öø_û|äÇ H …Å— ∆(H) = ∆(G)°v H .x�Â_¯4�

¥_“¿2í 3
14

, uÄÑ-Çx�Â_¯4, Ou…u�ù�Ç�

M
14


.¬, ³Ö˝, ¥_“¿¢\„pu˜7� w?Û�Avƒ7øíÇ,

…b·u¥W, -Çuw2íø_ÔW, ÄÑ G íiœÖ, à G V[ý¥

_Ç�

G
 (3;2,2;1)-�D
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âk·H¥_!‹ÛbœÅí¹Ù,Ê¤ôI,è6ªJ¡5”A study

of total chromatic number of equibipartite graphs” , DM 184(1998) , 49-60 , T

6�Ï+��ûA�

|(,BbVõõêrÖ}Çí}é�íl,ç©_¶}·x�ó°í

õbv, Bb˚5ÑÌGêrÖ} Ç (Balanced Complete Multipartite Gr-

pah), J Kt(n) H[…� t ¶}, ©¶}·� n _õ�

ìÜ 6.24. [Bermond , 1974; Chen , Fu£ Wang 1991] Kt(n) Ñ�ù�Çík

b‘KÑ t = 2 Cu t ÑXb7/ n ÑJb�

à‹5?øOíêrÖ}Ç, †çõbÑJbvÿ.Ø„p�

ìÜ 6.25. [Chew £ Yap , 1990] ç G = Kn1,n2,...,nt £ |V (G)| ÑJbv, G

Ñ�ø�Ç�

'J%íuç |V (G)| ÑXbv, b…•…ÿ³µóñq7�

çÍ, 3bíÜâu…ª?u�ù�Ç (ìÜ 7.12)� J-uBbí“

¿:

“¿ (Chen & Fu)

ø_êrÖ}Ç ( t ≥ 3 ) Gu�ø�Çíkb‘KÑ Gx�_¯4�
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7. �[OH (List Coloring)

ÊrOHíû˝2,�A�‡l+ßõíæH,Í(úk©_i,‚à

.|ÛÊs«õíæHV+i; C† l+,iíæH, y+õ� c�¥š

íZ;, øO7k, .}�Ø×í6Œ, Í7ø�ãlÊõ (Ci) ,N ì

ªJUàíæH,Í(yOHí–1ÿ$A7;DÙ,…6AÑOHÜ�2

½bí{æ�Bbln� õOH½æ�

ì2 7.1. ø_â V (G) ú@ƒ 2N íƒb L ˚Ñu G í�[ƒb� úk

G 2Løõ x , L(x) 6˚Ñuõ x í[��

ì2 7.2. (�[OH,²Ïƒb;List Coloring , Choice Function)ú@k Gí

ø_�[ƒb L , fL : V (G) −→ N ˚Ñu G íø_�[OH (C²Ïƒ

b) à‹-�s_‘KÅ—:

(a) ∀x ∈ V (G) , fL ∈ L(x) �

(b) fL Ñ G íø_õOH�

ì2 7.3. ( k -�[ªOH) à‹úkLSÅ— |L(x)| = k(x ∈ V (G)) í�

[ƒb L , ·æÊø_ G í�[OH, † G ˚Ñu k -�[ª OH, C k

-�[ª²Ï�

U) G ªJu k -�[ªOHí|ü k ˚Ñu G í�[OHb, J

χ̂(G) [ý�

âì2, .ØpJ-¸ χ(G) óNí4”�

ùÜ 7.4. χ̂(G) ≤ ∆(G) + 1 �

ùÜ 7.5. Ju G Ñ k -¢“Ç ( k -degenerate), † χ̂(G) ≤ k + 1 �

.¬, χ̂(G)−∆(G) ªJuø_Ý�×í¾�

ìÜ 7.6. [Erdös , Rubin ¸ Taylor , 1979]

I m =

(
2k − 1

k

)
, † χ̂(Km,m) > k �
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„p. I X = {1, 2, ..., 2k − 1} , A = B =

(
X

k

)
J£ Km,m = (A,B) � Û

Ê, cq χ̂(Km,m) ≤ k °vI S uàV�[OHíæHF$A íÕ¯; â

k Km,m uêrù}Ç,FJ A2íõ|ÖÉ}àƒ k− 1_æH,I¥<

æHF$AíÕ¯ Ñ S ′ ⊆ S , †.æÊøÕ¯ T ∈ A , 7/ S ′
⋂

T = φ ,

à¤øV T ÿ³�OH, ¥D cqpe� ¥

b²ìø_Çí�[OH1.ñq, ÖÍ χ(G) ≤ ˆχ(G) u'péí!

‹, Wà, ‡iSv ˆχ(Km,m) = 3 ÿ)×‘¶ıí!J-íìÜuâû¹½

b�dF#	|VíA‹�

ìÜ 7.7. I m ≤ n , † χ̂(Km,m) = 3 J/ñJ m ≤ 2 , m = 3 / n ≤ 26 ,

m = 4 / n ≤ 20 , m = 5 / n ≤ 12 Cu m = 6 / n ≤ 10 �

,Hí 4¶}!‹T6}�Ñ Erdö s-Rubin-Taylor[1979],Mahadev-Roberts-

Santhanakrishnan[1991],

Shende-Tesman[1994]¸ O’Donnell[1996]�

ÇÕø_IAEUí!‹u�ÞÇí�[OHb�

ìÜ 7.8. [Thomassen , 1994] úkLS�ÞÇ G , χ̂(G) ≤ 5 �

„p.

âkÓ‹i (&M�ÞÇ).}ÁýOHb,FJBb„pªœ×í�

ÞÇúíu, †…íäÇ6øìA
� ku, 5?ø_�ÞÇ, …Î7|Õ

ˇuø_˛5Õ,w…q¶í–�·uâúi$FˇA� J-Bb„pÊ

Õˇí˛,�s_¹õ…bí�[ÌÑjÖíÕ¯ (óæ),w…õí�[

Å�Ñ 3; 7q¶õí�[Å� u 5í8”-, G ªJvƒø_�[OH�

à¦Ñ¶„p (õb p)� éÍ, ç p=3vªJvƒ_çíõOH, Û

Êcq < p v·A
� IÕˇí˛u C , V (C) = {v1, v2, ..., vt} , 7/

|L(v1)| = |L(vp)| = 1 , w…Ñ 3�

(i) C �ý xixj , 1 ≤ i ≤ j ≤ p �

ÛÊøŸÇ}As¶}, àÇFý; †â¦Ñcq χ̂(G1) ≤ 5 ; Í(,

Ê”²ì xi D xj íæH”5(, G2 í¶}â¦Ñ¶6)ƒ χ̂(G2) ≤ 5 ,FJ

χ̂(G) ≤ 5 �
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v
1
 v
p
 v
j


V
j-1


v
i


v

2
 G
1
 G
2


v
i-1


(ii) C ³�ý�

IN(v2) = {v1, u1, u2, ..., um, v3} ,àÇFý�âk C³�ý, u1, u2, ..., um

îÊ C íq¶� ÛÊ, 5? G′ = G − v2 , † C ′ = v1 − u1 − ... − um − v3 −
v4 − ... − vp − v1 Ñ G′ íÕˇ; I L(v1) = {c} , {x, y} ⊆ L(v2) \ L(v1) ,

LG′(ui) = LG(ui) \ {x, y} , i = 1, , 2, ..., m � kuâ¦Ñ¶ χ̂(G′) ≤ 5 � |

(,I v2íæHÑ {x, y}2íøHOu.|ÛÊ v3¹ª)ƒ χ̂(G) ≤ 5 �¥

v

2


v
1


v
3


u

m


v
1

G


u

1
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�[OH6ªJ5?i,íOH, …íA‹6;çß, |.ª2‡í

u, .dõOH χ̂(g) D χ(G) ª?óÏ'×, ÊiOHjÞ¥s_¾”ª

?ó��

ì2 7.9. (i�[OH, Edge-List-Coloring) χ̂′(G) = χ̂(L(G)) �

â L(G)í4”,.Øõ| χ̂′(G) ≤ 2∆(G)− 1 ,Cu χ̂′(G) ≤ 2χ′(G) ,O

u, õÒ, Gupta �A“¿: χ̂′(G) = χ′(G) �

i�[OH“¿ (Edge-List-Coloring-Conjecture)úkF�íÇ G

, χ̂′(G) = χ′(G) �

J-uóÉ!‹�

ìÜ 7.10. [Häggkivst £ Janssen , 1996] ç n uJbv, χ̂′(Kn) = n , ?¹

χ̂′(Kn) = χ′(Kn) �ç n uXbv, ñ‡Eu„ø�

ìÜ 7.11. (Dinitz Conjecture) χ̂′(Kn,n) = χ′(Kn,n)

ìÜ 7.12. (Galvin , 1995) úkF�íù}Ç G , χ̂′(G) = χ′(G) = ∆(G) �

¥uø_Ý�Ô�í!‹, è6ªJ¡5 JCK(B)63 , 1995 , 153-158 �

ìÜ 7.11éÍu 7. 12_ÔW,…í„pªœñq,âkbàƒªœÖíã

eø…, Ê¤ôI; „p¡5 D.West íz, 387-389�

107


