Graph Theory - An Introduction
In this lecture note of Graph Theory we select 100 Theorems to

introduce the basic properties of graphs.

Theorem 1 (Veblen, 1912)
The edge set of a graph can be partitioned into cycles if and only if

every vertex has even degree.

Proof.

(=) A vertex contained in ¢ cycles has degree 2t.

(<) The cycles can be obtained recursively. We start with finding the
first cycle. Let (xg,x1,---,2;) be a path of maximal length [ in G.
Since xox; € E(G), dega(xo) > 2. Let y(# x1) be a neighbor of zy, i.e.,
zoy € E(G). Now, y € {xa,x3,-+,2;}. For otherwise, we have a longer
path. So, if y = x;, then we have a cycle C' = (g, x1,+,2;). The
process continues in G — E(C'). (Each vertex is of even degree in the

graph G- E(C).) n

Theorem 2 (Mantel, 1907)
2
Every graph of order n and size greater than {%‘ contains a

triangle (Cs or K3).

Proof.
(1st)



Since K3 ¢ G , for every zy € E(G), Ng(x) n Ng(y) = @. This
implies that degq(z) + degs(y) < |G| =n. (Figure 1) Now, consider
Yayer(c)(degg(z) +dega(y))

Yrev(c)(degg(z))? (Two-way counting)
n- |G|
n-e(G).

IN

By Cauchy’s inequality,
(2¢(G))? = (Zsev(e)dega(z))?
n- Yeev (e (dega(r))?

(n)?-e(G).
Hence, e(G) < %2 u

IN

IN

A\

Figure 1. deg(z) =a+1, dega(y)=b+1

(2nd)

Let z € V(G) be a major vertex, i.e., dego(x) = A(G). (Figure 2)
Since K3 ¢ G, (Ng(x))¢ induces an empty graph. This implies that
|G < A(G) + 2(G) - (n - &(G) -1) = &(G) - (n - &(G)).

I(G)| will take a maximum when A(G) = [gJ Hence, we have the

proof. ]



Figure 2.

Theorem 3

A graph is bipartite if and only if it does not contain an odd cycle.

Proof.

(=) Let G = (A, B) where A and B are its partite sets. If

(xo, 21, 27) is a cycle of G, then zy and x; must in different partite
sets. Hence, the index [ must be odd, thus the cycle is of even length.
(<) W.L.O.G, let G be a connected graph. Let x € V(G) and
Vi={y|yeV(G) and d(z,y) is even}. Hence, x € V. Let

Vo = V(G) ~ V4. It suffices to claim that both V; and V5 are
independent sets. First, consider V5. Clearly, for each z € V5, d(x, 2) is
odd. Suppose that zy,29 € V5 and 21 ~ 29 (2129 € E(G)). (Figure 3) Let
P; and P, be the two paths such that P, = (x,---, z1) and

Py = (x,-, z5), moreover they are the shortest paths connecting z to z;

and x to 2o respectively.
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Let w be the last vertex in which P; and P; intersect. Also, let

|Pi| =2s+1 and |P| =2t+ 1. (Note that if V(P)nV(P) ={z}
(Figure 4), then we have an odd cycle (x, Py, 21, 20, P2)) (length
2s+2t+3). ) Now, if w does exist, then (z, P;,w) and (z, P, w) are of
the same lengh, let the length be h.(?) So, the cycle (w,--, 21, z2,+++) is
of length (2s+1—-h) + (2t +1—-h) =2s+2t—2h + 3, an odd integer.
Thus, an odd cycle exists, a contradiction. Hence, V5 is an
independent set. A similar argument can be applied to show that Vj is

also an independent set. (z is not adjacent to any vertex of V; \ {z}.)

Figure 4.

Open problem
How many edges can a graph G of order n have such that G # C4?



Theorem 4

The following statements are equivalent for a graph G.

(a) G is a tree. (G is connected and acyclic.)
(b) G is connected and every edge of G is a bridge.
(¢) G is a maximal acyclic graph. (If z and y are not adjacent, then

G + xy contains a cycle.)

Proof.
(a)=(b)

Let xy be an edge of G and G — xy is connected. Then, there exists
a path P connecting x and y in G — zy. Clearly, G contains a cycle
(z, P,y) in G, a contradiction.

(b)=(c)

If G is not a maximal acyclic graph, then there exists a pair of
vertices z; and zo in GG such that G + 2129 is also acyclic. Since G is
connected, there exists a path connecting z; and 29, say P. This
implies that (z1, P, 22) is a cycle in G + 2129, a contradiction.

(c)=(a)
If G is not connected, then there exists a pair of vertices x1 and x5

(in different components) such that G + x1x5 is also acyclic. —<« |

Theorem 5 (Euler, 1741)

A nontrivial connected graph (multigraph) has an eulerian circuit
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(Euler circuit) if and only if each vertex has even degree. Moreover, a
connected graph has an eulerian trail from a vertex x to a vertex y #

if and only if x and y are the only two vertices of odd degree.

Proof.

The second statement follows directly from the first one. We prove
the first statement.
(=) If a circuit passes a vertex x h times, then degq(z) = 2h.
(«<=) By induction on |G|. Since |G| 21, 6(G) =2 (G is not a tree!)
and thus G contains a cycle. Let Z be a circuit in G with the
maximum number of edges. If Z is an eulerian circuit, then we are
done. Suppose not. Let H be a nontrivial component of G — E(Z).
Since G is connected, V(H)nV(Z) #+ @. Now, H is a nontrivial
connected graph (even graph). Hence, H contains an eulerian circuit
Y. By using x, we can attach Z and Y together to obtain a larger
circuit. (Figure 5) This contradicts to the maximality of |E(Z)].

Hence, Z must be an eulerian circuit of G. u

VA Y

Figure 5.

Open problem

Find the number of distinct eulerian circuits of an eulerian graph G.



(Two circuits are the same if they can be obtained each other by a

cyclic shift of edges.)

€1

es €9 <617 €2, €3, €4, €5, €6, €7, 68>
(& —
6 —def <€37 €4, €5, €6, €7, €8, €1, €2>
€7
€3 €5 #def<617 €2, €6, €5, €4, €3, €7, 68>
€4

Theorem 5.5 (BEST Theorem)

A digraph D has an eulerian (directed) circuit if and only if D is
strongly connected and for each vertex v e V (D), degp(v) = degp, (v).
Moreover, if D is an eulerian graph, s(D) is the number of distinct
eulerian circuits, then

s(D) =t;(D) -1~ (degp(v;) = 1)! for every i€ {1,2,---,n} where
t;(D) is the number of spanning trees oriented toward v;.

(Note: The counting part of the theorem was proved by ”de Bruijn

and van Aardenne-Ehrenfest”, Smith and Tutte. (two independent

groups))

Proof.
The existence part can be obtained by a similar argument as the

"multigraph” version. (We omit the proof of 2nd part.)



Figure 6. Spanning tree oriented toward v;

Theorem 6
Every graph G contains a path of length 6(G) and a cycle of length
at least 6(G) + 1 (provided §(G) > 2).

Proof.

Let (vg, v1,-++,v;) be a longest path. Then, Ng(v;) € {vo, v, vj_1}-
For otherwise, we have a longer path. Since v; has at least §(G)
neighbors | > degq(v;) > 6(G). This concludes the first part. Now, let i
be the smallest index in {0,1,2,---, [ — 1} such that v;u; € E(G). Hence,

(vi, Vis1,--, 1) is a cycle of length at least §(G) + 1. |
o o o2 . ot { V]
5(@)

Figure 7. 1 -i > 6(G)

Exercise A-1

Every connected graph G contains a path or cycle of length at least

min{2§(G),|G|}.



Theorem 7

For each connected graph G, rad(G) < diam(G) < 2rad(G).

Proof.

It suffices to consider the second inequality. Let u and v be two
vertices in G such that d(u,v) = diam(G). Let w be a vertex in the
center of G, i.e., ecc(w) = rad(G). By the fact that ”d” is a metric,
d(u,v) +d(w,v) > d(u,v). This implies that
ecc(w) + ecc(w) = 2rad(G) > d(u,w) + d(w,v) > d(u,v) = diam(G). =
(Note. The eccentricity of w e V(G) is max{d(x,w) |z € V(G)}.)

Theorem 8
A graph of minimum degree § and girth (shortest cycle) g has at

least ng(d, g) vertices where

1+8Y0 (6~ 1), g=ges 2r +1,and

n0(5,g) = r—1 ; B
2'21’=0(5_1)7 g=2r

Proof.
Case 1. g=2r+1,r>1.

Let vy be a fixed vertex in GG, see Figure 9.

<atleast §

<«atleast 6 — 1

Figure 9.
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Then, there are at least ¢ neighbors of vy, and for each neighbor,
say v1, v1 has at least 0 — 1 neighbors. Since g = 2r + 1, G’ contains at
least 1+0+0(d—1)+--+0(5—1)""1 vertices. This concludes the proof
of the Case 1.

Case 2. g =2r

In this case, we start with an edge ugvg, see Figure 10. By a similar

argument, G contains at least 2-[(6 - 1)+ (0 —1)2+--+ (6 - 1)"1]

vertices. u

6 — 1 atleast
——

6 — 1(atleast

Figure 10.

Theorem 9

If 0(G) > 3, then g(G) < 2log, |G|.

Proof.
Note that if d; > d9 > 3,then ng(d1, g) > ng(de,g). If suffices to
consider ny(3,g). By Theorem 8,

|G| >n0(3,9)=2"+2"-2>2" (g=2r) and

or-1 3 .
G| 2no(3,9) =1+3- =" 25-25928 (g=2r+1).

2-1 /2

This implies that r <log, |G| and thus g < 2log, |G| m
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Theorem 10
A (d, g)-cage is a d-regular graph with girth ¢ and minimum

number of vertices. Prove that a (d, g)-cage is 2-connected. (g > 3)

Proof.

First, we claim that if g; > go, then a (d, g1 )-cage contains more
vertices than the order of a (d, g2)-cage. Suppose not. Let G; and Gs
be two cages respectively and |G| < |Gy|. If suffices to consider the
case g1 = g2 + 1. Let |G1] = f(d; g1) and |Gs| = f(d; g2).

(a) d is even

Let C be a cycle (in G) of length ¢; and uvy € E(C') where
Ng,(u) ={v1,v9,,v5}. Let E' = {v1vg, 0304, ++,v4-104}. Now, consider
G1—-u+ E' and denote the component contains vy by G7. Clearly, G’
is a simple graph and G| contains a cycle of length go : C'— u + vy vs.
Further, if C" is a cycle of G} and E(C')n E’ = @, then C’ is a cycle of
(G1 and thus of length at least g;. On the other hand, if E(C")nE’ # &,
then let v;u; be one of the edges. Let P be a (v;,---,v;) path on C’
satisfying E(P)n E’'=@. So, P+ {uv;,uv;} is a cycle of ;. This
implies that |[E(C")| > g1 — 1 = go. This concludes that G is a d-regular
graph with girth at least g, and |Gs| <|GY| = f(d;g1) -1 < |Gyl
(b) d is odd

Let C be a cycle (in G) of length ¢y and uwvy,uve € E(C). Let
Ng,(u) ={uq,ug, -, uqg-1,w}. Clearly, w ¢ V(C'). For otherwise, we
have a cycle of length less than g;. (See Figure 11.)
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Now, let Ng,(w) = {u,z1,22,--,24-1} and G} be the component
(contains v1) of G —uw + {v9—1v9;, Toi—172;]1 <1 < (d—1)/2}. Again, G|
is simple and G is a (d, g)-graph with at most f(d;g;) — 2 vertices.
Hence, f(d; g2) < f(d;q1).

Figure 11. Shorter cycle

Proof of the theorem (A (d, g)-cage is 2-connected.)

Suppose not. Let v be a cut-vertex. Let C4,Cs,---,C,, be the
components of G —u, with |V (C;)| < |V(Cis1)|, i=1,2,--,w-1.
Consider Cy. In Cy, Yvy,v9 € V(Cy) n Ng(u), d(vi,ve) > g—2. (Figure
11) Let C" be an isomorphic copy of Cy with isomorphism ¢. Now,
construct a new graph H where V(H) =V (C")uV(C}) and
E(H)=E(C")u E(Cy)u{ve(v)lveV(Cy)n Ng(u)}. By observation,
|H| < |G|, H is d-regular and H has girth at least min{g,2¢g -2} = g.
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Figure 12. Construction of H

This implies that G is not a (d, g)-cage, a contradiction. u

Facts

1. It has been proved that a (3, g)-cage is 3-connected.

2. It is conjectured that a (d, g)-cage is d-connected.

Reference
H.L. Fu, K.C. Huang and C.A. Rodger, Connectivity of cages, JGT,
Vol. 24, No. 2, 187-191(1997).

Theorem 11
(V(G) = {vla U2,y Un})
The vertices of a connected graph GG can be enumerated so that

G =def (V1,v2,,v;)¢ is connected for every i =1,2, -, n.

Proof.
We construct all G;’s recursively. Define ({v1})g be G; where vy is

an arbitrary vertex of GG. Assume that Gy, Gs, -+, G; have been
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constructed for ¢ > 1 and i <n. Now, let v e V(G) \ V(G;). Since G is
connected, there exists a path connecting v and vy. Let v;,1 be the
last vertex on the path not in G;. (See Figure 13.) Then,

{v1,v9,-v;, 41} induces a connected graph, Gi,1. [

Figure 13. Graph enumeration

(e) The vertices of a tree T can be enumerated such that every v;,;

has a unique neighbor in ({vy, v, -+, v;})r. (v~ v is unique.)

Theorem 12
If T is a tree and G is any graph with §(G) > | T, then T < G.

Proof.
(1st)

By induction on |7T'|. Clearly, the assertion is true for |7 = 1.
Assume that the assertion is true for |T'|| = k£ > 2. Consider a tree T
with ||T']| =k + 1. Since 6(G) > k+ 1>k, G contain a tree (arbitrarily
given) of size k, T". (Let T'" =T — vy where vg is a pendant vertex of T,
moreover vyv’' € E(T').) Now, consider 7" in G. v’ corresponds to a

vertex v in V(G). Since §(G) > k + 1, u has a neighbor uy which is not
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a vertex of T". Note here that T” has k vertices not including u. By

attaching uy to T”, we have a subgraph T

(2nd)

Direct construction

Let T be a tree defined on {vy, vo,---,v,} such that for each 7, every
vertex v;;1 has a unique neighbor in ({vy, vy, -, v;})r. Now, we can
construct directly on G the tree T' by following the enumerating order.
(Pick the vertices and edges recursively.) Since 6(G) > |1, there is

always a vertex in GG available for the next choice. |

Theorem 13
Every graph G with at least one edge has an (induced) graph with
0(H)>e(H) >e(G).

Proof.

We construct a sequence G = Gy > G > G2 > --- of induced subgraphs
of G as follows. If G; has a vertex v; of degree degg, (vi) <e(G;), let
Gis1 =des Gi — vi; if not, we terminate our sequence and set H =g.r G;.

Now, by the selection process, §(H) > ¢(H). Furthermore,
|Gia]|  |Gill - degg,(vi) _ |Gi]| -£(Gy)
e(Gi1) 2 = - 2 =
TG -1 Gi| -1 |G| -1

1
G (1 - )
|Gl - IGl/1G| _ Gl) 16 _ .
Gy - 1 |Gl -1 Gl
Hence, e(H) > (G). "

(o) If there exists no v; to delete, then G is the subgraph we need.
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Tree Packing problem
Given a tree T of size ||T'|| = n. Can we pack 2n + 1 copies of T into the
complete graph of order 2n + 17

For example,

e

Fact 1

Koni1 has (2n+ 1) -n edges.

Fact 2
If we can pack T' (|T| =n) into Ks,.1, then it is a decomposition of

K2n+1 into 1"s.

Review
An H-decomposition of G is a partition of F(G) such that each
part induces a graph in H. If H = {H}, then we simply say G has an

H-decomposition.

Review
A packing or H-packing of G is a collection of edge-disjoint subsets
of E(G) such that induces a graph in H.

e.g. A Ks-packing of K.
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An idea of packing.

(Find a good labeling!)

[Graceful labeling or (§-labeling]

Definition (Graceful labeling) (or a -labeling)
A vertex-labeling ¢ : V(G) = {0,1,2,--+, |G|} is a graceful labeling

if all the weights of uv, |p(u) — p(v)| are distinct.

Graceful labeling tree conjecture

:Trees are graceful!
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k(G): Connectivity of G, k'(G): edge-connectivity of G

Theorem 14
For each connected graph G, k(G) 5) K'(G) é) I(G).

Proof.

2) Let v be a vertex of G such that degg(v) = §(G). Since the deletion
of all edges incident v will provide a disconnected graph, 0(G) > k'(G).
(D Let F (Figure 14) be an edge cut of G which has k’(G) edges.
Case 1. Jv e V(G), v is not incident any edge of F'. Let C' be the
component in G'— F which contains v. Then, C' contains exactly one
vertex of each edge of F'. (7) Hence, deleting all such vertices results

in a disconnected graph. Hence k(G) < k'(G).

Figure 14. Edge - cut F

Case 2. Yu € V(G), u is incident to an edge of F.
Let C' be the component of G — F' which contains an arbitrary

vertex v. Now, if wv ¢ F', then w is incident to an edge of F'. Then,
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deg(v) < F. This implies (again) k(G) <|F| < k'(G). On the other
hand all, wv € F; w € Ng(v), then (W.L.O.G.) we have a complete
graph of order |F|+1=|G|. kK(G) =|G|-1=|F|=k'(G). n
(o) It is interesting to know the graphs G satisfying k(G) = §(G).

Theorem 15 (Mader, 1972)
Let k € N. Every graph G with d(G) > 4k has a (k + 1)-connected
subgraph H such that e(H) > ¢(G) - k.

Proof.

For convenience, let € = £(G) and consider G’ < G s.t. |G’| > 2k and
IG'| >e- (|G'|- k). Since |G| =¢-|G| > e(|G| - k), such graphs G’ do
exist. Let H be the one with minimum order.

Clearly, |H| > 2k, for otherwise, |[H| >¢e-k > 2k? > ('g') =k-(2k-1).
—<« The minimality of H implies that §(H) > ¢, by Theorem 13 (we
can choose a proper induced subgraph). Hence, |H| > . By the choice
of H, we have |H| > ¢(|H| - k) mentioned above, thus e(H) > ¢ - k.

( H|Z‘H > €(|H||;{_‘ =k =€- % > € - % =€- k:) Therefore, H
satisfies the condition we need. It’s left to check that H is

(k + 1)-connected. Suppose not. Let K be a set of k vertices in H such
that H — K is disconnected, see Figure 15. Now, let V(H) = Uy u Uy
such that Uy nUy = K, Hy = (U1)g, He = (Us)y and no vertices of
Uy N Us is adjacent to vertices in Us \ Uj.

Let v € Uy \ Us. Since degy(v) > d(H) > ¢, this implies that
|H| > e > 2k, so is |[Ha| > 2k. Because of the fact that H is the choice of
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G’ with minimum order, |H;| <e(|Hy - k) and |H;|| < (|Hz - k).
Hence |H| < |Hi|| + ||Hz| < e(|Hi| + |Ha| - 2k) = e(|H| - k). A

contradiction to the choice of H. ]

UNnUy=K

Figure 15. Hy; = (Uy1)g and Hy = (Us) gy

e A maximal connected subgraph without a ”cut vertex” is call a
"block”. ]

increase the # of components

(ee) Every block of a graph G is either a maximal 2-connected
subgraph or a bridge (with its endvertices), or an isolated vertex.

(See Figure 16.)

e A block graph of GG is a bipartite graph be(G) = (A, B) where A is
the set of cutvertices of G and B is the set of blocks, and a € A is
incident to Bz eBiface V(Bl)

Theorem 16

The block graph of a connected graph is a tree.
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Proof.
Observe that each block is an induced subgraph and any two blocks

have at most one cutvertex in common.

— A larger graph (2-connected)

Figure 16. A block graph

Since G is connected, if G has only one block and thus contains no
cutvertex, be(G) is a single vertex. The proof is trivial. Assume that
GG contains more than one block. Then, each vertex is either in a block
or a cutvertex itself. Now, consider a cutvertex v and a block B;. Let
ue By~ {v}. (B;~{v} is non-empty since G is connected.) Then, we
have a path P connecting v and u. Clearly, v is going to connect to a
block which contains some vertices of P. If this block B;, then vB; is
an edge of be(G), done. Otherwise, this path will contain a cutvertex

following the block and travels to another block and finally to B;. The
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other two cases, cutvertex to cutvertex and block to block can be
verified similarly.

Now, for the acyclic part, a cycle in bc(G) will produce a cycle in G
which passes all cutvertices involved. But, in that case, none of these
cutvertices are cutvertices anymore, a contradiction. This completes

the proof. m

Theorem 17
A graph G is 2-connected if and only if can be constructed from a

cycle by successively adding H-paths to graphs H already constructed.

Proof.
(<) From the construction, it is clear that G contains no cutvertices.
Hence, G is 2-connected.
(=) Assume that G is 2-connected and H is a maximum (size)
subgraph following the construction. This is possible, since G' contains
a cycle. Infact, H is an induced subgraph, since for any two vertices x
and y in V(H) and zy € E(G) ~ E(H), we have an H-path and a
larger subgraph will be obtained.

Now, assume that H # G. v e V(G)\V(H), we V(H) and
vw e E(G)~ E(H). Since G is 2-connected, G —w contains a v — H
path P. (See Figure 17) This implies that (w,v, P) is an H-path.

Hence, a larger subgraph is obtained, a contradiction. |
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Figure 17. An extra H-path

Definition (Graph minors)
A graph M is called a minor of G if M can be obtained from G by

contracting edges, deleting vertices and edges.

(*) Determine whether a graph G contains a minor H is considered as

the most important problem in the study of graph structure.

Review (Edge-contraction)
Given an edge zy = e of a graph G, the graph G/e is obtained from
(G by contracting e; that is to identify the vertices x and y and

deleting resulting loops and duplicate edges.

Example

K, is a minor of the above G. (Contracting e,f and g¢.)
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Definition (Subdivision)
A subdivision of an edge zy is obtained by adding a new vertex z

such that we have edges zz and zy.

Definition (Homeomorphic Graphs)
Two graphs are homeomorphic if they can be obtained by

subdividing edges (consecutively) of a fixed graph.

(These two graphs are "topologically” the same.)

Remark
Two cycles are homeomorphic.

(e) The reverse of subdivision can be ”considered” as contraction.

Theorem 18
If G is 3-connected and |G| > 4, then G has an edge such that G/e is

3-connected.
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Proof.

Suppose not. Then, for each zy € F(G), the graph G/xy contains a
separator S with |S] <2. (G- S is disconnected.) Since k(G) > 3, the
contracted vertex vy, € S and |S| =2, ie., 3z e V(G), s.t. S = {vgy, 2}
Therefore, T = {x,y, 2z} is a separator set of G. Since one proper
subset of T' can separate GG, each vertex of T' is incident to every
component of G- 5. (See Figure 18)

Among all edges of GG, we choose an edge xy and its corresponding
vertex z such that the component C' has minimum size. (*) Let
veV(C) and vz € E(G). By assumption, G/vz is again not
3-connected and there exists a corresponding vertex w such that

{v,z,w} separates G.

Figure 18. 3-connected graph

Moreover, each vertex of {v, z,w} is incident to every component of

G - {v,z,w}. Since xy € E(G), G - {v, z,w} has a component D s.t.
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Dn{x,y} =@. By the fact v e V(C), the neighbor of v in D is also in
C. Hence, Dn C # @. This implies that D is a proper subset of C, i.e.,

|D| <|C|, a contradiction to the choice of C. (|C| is minimum.) n

Theorem 19 (Tutte, 1961)
A graph G is 3-connected if and only if there exists a sequence

Go, G, -+, G, of graphs satisfying :

(a) Go = K4 and Gy, = G; and
(b) G471 has an edge xy (with degree of z,y at least 3) such that
G; = G¢+1/£Ify, 1<i<n.

Proof.
(=) By Theorem 18, we start with G as G,, and end at Ky = Gy.
(<) Let Gy, Gy, -+, Gy, be a sequence of graphs satisfying (a) and (b).
It suffices to show that if G; = G;,1/xy is 3-connected, then Gy, is also
3-connected, for all 1 <i<n.

Suppose not. Let S be a separator with |S| < 2. Also, let C; and Cy
be two components of G;,1 — S. Since zy € F(Gj41), let
{z,y} nV(Cy) = @. (Figure 19) Now, if {z,y} ¢ Cy, then G; - S is
disconnected, a contradiction. Hence, at most one of {x,y} is in Cy,
either = or y, but not both. Furthermore, if v ¢ {z,y} and v e V(G),
then G; — S is also disconnected, a contradiction to the fact G; is
3-connected. Hence, Cy contains exactly one vertex of degree at most

2, »><. u



27

Cl CZ

S

Figure 19. G411

Theorem 20
Every non-trivial graph G contains at least two vertices which are

not cutvertices.

Proof.

Review that if v is a cutvertex of GG, then the number of
components of G, ¢(G) is smaller than that of ¢(G —v). Now, consider
u and v such that d(u,v) = diam(G). We show both u and v are not
cutvertices. Suppose not. Let u be a cutvertex, then G — u is
disconnected. Let w be a vertex which is in a component different
from v belongs. Since u is a cutvertex and v, w are in different
components, all v —w path must pass through u. This implies that
d(v,w) > d(v,u) = diam(G). Hence, u can not be a cutvertex.

Similarly, v is not a cutvertex either. ]

Definition (Network)
A network N is a digraph D with two distinguished vertices u and
v, called the source and sink of N, respectively, and a non-negative

integer-valued function ¢ on F(D). The digraph is the underling
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digraph of N and the function c is the capacity function on N. For
convenience, c(a) = c¢((z,y)) = c(z,y) for each arc d = (x,y), is the

capacity of a.

Figure 20. A network

N*(z) ={y|y e V(D)and(z,y) e E(D)}
N=(z) ={y |y e V(D) and(y,x) e E(D)}

(¢) A flow in a network N, f, is a function on E(D), s.t.
(D 0< f(a) < c(a) for every a e E(D) (capacity bound) and
@ ZyeN+(x) f(xny) = ZyeN‘(:L") f(yvx) for every I ¢ V(D) h {U7U}'

(Conservation law)

e The net flow into x is equal to ¥yen-(z) f(¥,7) = Zyen+(z) f (2, )
which is zero except x € {u, v}.

o (V1,Vo) ={(x,y) e E(D) |z € Viandy € V,} (digraph version!)

(ee) A cut in N is (X, V(D) X) such that u € X such that v e X and
veV(D)\ X. [
X/
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Figure 20. A network

Definition

Let K = (X, X') be a cut in N. Then, the capacity of K,
cap K = c(X, X') = X z.p)er (x,y). e.g. In Figure 20, let
X ={u,z,t,y}, then ¢(X, X') = 17.

(*) Definition
The value of a flow f in N is defined as the net value flow out the

source and therefore the net value flow into the sink. (Denoted by

val f.)

Theorem 21
Let f be a flow in a network N and K = (X, X’) be a cut in N.
Then, val f < cap K.

Proof.

Note that val f = f(u,{u}') - f({u}',;u)) and
flr,{z}) - f{z},2) =0, Ve e X ~ {u}. (ue X, veX’) This implies
that Yoex[f (2, {z}) - f({z}', )] = val f

H
fIX, X") - f(X', X) (Calculation).
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Now, f(X,X") < cap(X,X') and f(X’, X) >0. Hence, val f < cap K.

e A minimum cut is a cut K in N such that for every cut K’ in N,
cap K < cap K.
e A minimum flow is a flow f in N such that for every flow f’in N,

val f > val f'.

1capacity
E

Tflow value

min-max problem

= If there exists a K and an f s.t. cap K =wval f, then K is a

minimum cut and f is a maximum flow.

Theorem 22 (Ford and Fulkson, 1956-1962)
In any network N defined on D, the value of a maximum flow

equals the capacity of a minimum cut.

Proof.
Clearly, if there exist no cuts such that its capacity of the cut is

val f, then f does not exist. (Theorem 21) So, it suffices to claim that
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if the value of a maximum flow f is v, then there exists a cut K, such
that cap K =val f =v.

Define a subset S ¢ V(D) recursively as follows. Let se S. If z € S,
and c(z,y) > f(x,y) or f(y,x) >0, then let y € S. We shall prove that
(S5,5") is a cut with capacity v. First, we claim ¢ ¢ S. Suppose not,
i.e., t € S. Hence, we can find a sequence of vertices in N such that
s =xg, X1, +, x; =t. Moreover, if we let
g; = max{c(x;, xiv1) — f(xs, 1), f(xip1,25)}, 0 =0,1,-++,1 =1, then
g;>0. Let e = min{e;}. Now, let f*(x;,xi11) = f(zi,x541) + € if
c(@i, i) = f(@i, Ti1) =€ >0 and f* (@i, 23) = f(2i1, 25) — € if
f(zis1,7;) =€; > 0. As a consequence, f* is a flow from s into ¢ with
value val f* =v + ¢, a contradiction. (See Figure 21) By the definition
of a flow,

val f =v = Ypesyes [(2,Y) = Laesryes [z, y). ——(1)

Again, by the definition of S, if z € S and y € S’ then c(x,y) = f(z,y)
and f(y,z) =0. This implies that (1) =

Y zesyesr c(x,y) = cap (S, S") = v, the proof follows. -

3,2 2,1 52 4,1

3,1

Figure 21. augmenting flow f*
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Theorem 23 (Menger, 1927)
Let s and ¢ be two nonadjacent vertices of a graph G. Then, the
minimal number of vertices separating s from ¢ is equal to the

maximal number of vertex-disjoint (Internally) s —¢ paths.

Proof.
(1st)

Let the number of vertices separating s and ¢ be k. Then, it is easy
to see that there are at most k£ independent (vertex-disjoint) paths
connecting s and t. Also, if k=1, then we have a path joining s and ¢.
Now, suppose the assertion is not true, i.e., we can find less than &
independent s —t paths for certain k. Now, take the minimal k£ in
which we have a counterexample. Then, among all such examples, let
G be the one with minimum size (number of edge).

First, we notice that s and ¢ have at most k£ — 1 independent paths
and no common neighbors. For otherwise, let sz and zt be edges of G.
Then, G — x will be a counterexample for 7k — 1”7 (smaller than k).

Let W be a separating set of s and ¢ and |[W| = k. Suppose, neither
Ng(s) =W nor Ng(t) =W. (Figure 22-1)
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Figure 22-1.

Let G5 be obtained by deleting all the vertices to the left of G in
Figure 22-1 and adding a replacing s’ with edges joining to W, see
Figure 22-2. Now, G4 has fewer edges than G and thus there are k
independent s’ — ¢ paths. Hence, we have k£ W —t independent paths.
With the same technique, we derive k s — W independent paths (by
changing s to t).

Figure 22-2.

So, as a conclusion, either s or ¢ must have their neighbors W. Let
Ng(s) =W and P = (s,x1,T9,+, 2, t) be a shortest s —¢ path. Then,

[ >2. Consider G — z1x5.
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Figure 22-3.

In G — x4, there exists an s —t separating set W, of size k — 1.
Then, both Wy = Wyu{z1} and Wy = Wyu {x2} are s —t separating
sets of GG. By the fact that P is a shortest s —t path, s is not adjacent
to w9 and t is not adjacent to x1. This implies that that Ng(s) = W3
since t is not adjacent to a vertex of the separating set W;. Similarly,
Ng(t) = Wy, Hence, Ng(s)n Ng(t) =Wy (s and ¢ have common
neighbors), a contradiction. (|Wy|=k-12>1.) |

(2nd)
Apply Theorem 22.

(¢) The "Edge” version of Menger’s Theorem can be started as follows:
Let s and t be two vertices of G. Then, the minimal number
of edges separating s from ¢ is equal to the maximal number of
edge-disjoint s —t paths. (We can prove this part by using
Theorem 22. Replace each edge zy of G by (z,y) and (y,x) and

assign capacity ”1” to each arcs.)
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Theorem 24
If S and T are arbitrary subsets of V(G), then the maximal

number of vertex-disjoint (including endvertices) S — T paths is

min{|W|| W c V(G) and G - W has no S - T paths}.

Proof.

By adding to new vertices s and ¢ as in Fingure 23, we have a new
graph G. Now, by Menger’s Theorem, the maximal number of S — T
paths is the same as that of s —¢ paths in G. Hence, we have the

proof. |

Figure 23. graph G

Definition (System of Distinct Representatives, SDR)
Let A={A1, Ay,--+, Ay} be a collection of subsets of a given set X.
Then, an ordered n-tuple (ay,as, -, a,) in called an SDR of A if

a; € A;, 1=1,2,---.n and all elements a;’s are distinct.
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Hall’s Theorem(1935)

A={A;,As,---A,} has an SDR if and only if for each 1 <k <n, the
union of any k subsets in A contains at least k distinct elements, i.e.,
‘U§:1 Aj;| > k. (Hall’s condition)

We can use a bipartite graph to depict the above idea.

X

X isincidentto Aj iff X € Aj

Figure 24. (Marriage problem)

Theorem 25

A bipartite graph G = (A, B) contains a matching saturates A if
and only if for every S ¢ A, I'(S) = Uges Ng(x) contains at least |S|
elements of B, i.e., [I'(S)|>]9|.

Proof.

(1st)

(=) By the existence of a matching saturates A.

(<) By Theorem 24, it suffices to prove that there are |A]
vertex-disjoint A — B paths (and thus a matching saturates A).
Suppose not. Then, these exists a subset A; of A and a subset B; of
B such that there is no edge between A\ A; and B \ By, see Figure
24, and |A1] +|By| < |4]. (The number of A — B paths is less than |A|.)
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Hence, there are no edges between A\ A; and B \ By, equivalently
F(A N\ Al) c B;. Then, ‘F(A N\ A1)| < |Bl| < ‘A| - |A1‘ = |A N\ Al‘ —->< I

A B

WO

A

Figure 24.

(2nd)

By induction on |A|. Cleanly, it’s true for |A| = 1.

First, if for each S & A, [I'(S)| > |S|+ 1, then set a; € A and
a1b; € E(G) where by € Ng(a1). Now, consider the bipartite graph
G’ = (A1 ~{ai}, By~ {b1}). Since for each S’ ¢ Ay ~ {a;}, I'(S") > ||,
there exists a matching saturates A; \ {a;}. Combining with a,b;, we
have a matching needed.

Second, it there exists a proper subset S of A such that |[I'(S)| = |S].
By induction, we have a matching Mg saturates S. Now, consider
(A-S,B-T) where T is the set of vertices used in Mg. If there exists
an S’ ¢ A - S such that |T'(S")| < |97|, then [I'(SuS")|<|[Su S’ a
contradiction. Hence, the Hall’s condition holds for the graph
(A-S,B-T). By induction, we have a matching saturates A —S. As

a consequence, G has a matching saturates A.
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(3rd) (Rado)

Let G = (A, B) be a minimal (size) graph satisfying the condition.
It suffices to claim that G contains |A| independent edges (matching of
size |A|.). Suppose not. There exist two vertices a; and as in A and b
in B such that a1b and asb are edges of G. Since both G - a1b and
G — asb vialate Hall’s condition, there exist two subsets Ay and Ay of
A such that [['(Ay)| = 44|, T'(As)| = |A2| and a; (i = 1,2) is the only

vertex of A; which is adjacent to b.

HGHCG, ‘F(Al) N F(A2)| > |F(A1 - al) N F(AQ - ag)‘ +1
2 |P(A1I’7A2)‘+1
2 |A1 N AQ‘ + 1.

On the other hand, [T'(A; U As)| = [I'(A1) uT(Ay)|

[P(AD]+ [T (Az)[ = [T (Ar 0 Ay)|
|A1| +|Ag| = |A1 n Ag| -1

A1 U Ag| = 1. (=<).

IN

(e) Can you find another proof?

Theorem 26 (Ko6nig)
Every r-regular bipartite graph contains r edge-disjoint perfect

matching.

Proof.
By induction on r. Clearly, it is true for r = 1. Let » > 2 and G be
the r-regular bipartite graph where G = (A, B). Then |A| = |B|. So, it
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suffices to find a matching saturates A. Now for any subset S of A,
['(S) = Uges Na(z). If |S| = k, then S is incident to k- r edges. Since
each vertex of B is of degree r, it takes at least k vertices of B to join
with these r - k edges. This implies that [['(S)| > |S|. So, by Hall’s
Theorem, a matching saturates A can be obtained. Following the

same process we conclude proof. |

Theorem 27
Let G = (A, B) be a bipartite graph such that for each S c A,
IT'(S)| > |S|-d, d <|A|. Then, G contains a matching with |A|-d edges.

Proof.

Clearly, if d = 0, then we have a matching with |A| edges. Now, let
d>0and B'= BuD where D = {y;,y2,....,4:} and Dn B =@. Let
G' = (A, B") such that
E(G") = E(G)u{ya;li=1,2,....d;j=1,2,...|A|]}. (Join each vertex in
D to every vertex of A.)

Now, for each S c A, [['(S)| > S (in G'). Hence G’ has a matching

saturates A. This implies G has a matching of size at least |A|-d. =

Remark

The following results can be obtained by applying Hall’s Theorem.

1. A Latin rectangle can be extended to a Latin square.
2. An n xn matrix (non-negative) A = (a;;) is said to be doubly

stochastic if }.; 1 a;; = 1 for every j and Y7 a;; = 1 for every i.
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Then, there exist A\ >0, Y7 Ax = 1, and permutation matrices
Py, Py, ..., Py, such that A =Y7" \pPy.
3. More ...

Appendix

Use max-flow min-cut theorem to prove Hall’s Theorem.

Let X ={xy, 29,y } and Y = {y1, Y2, Yn}, m < n.
Claim: There exists a matching in G = (X,Y") saturates X if and only
if for each subset A c X, [['(A)| > |A].
(Note) We shall prove the theorem for both (=) and (<) by using
network argument.

First, we construct a network N by (1) adding s and ¢ such that
(s,z;) and (y;,t) are arcs in IV, 1 < j <n, (2) orienting z;y, € E(G)
with (z;,y,), and (3) c(s,x;) = c(y;j,t) =1 and c(x;,y;) = M > | X|=m.

(See Figure 1 below.)

Figure 1.
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Now, it is easy to see that a flow of value | X|=m will provide a
matching saturates X since each (y;,t) can take at most one flow
value through the flow.

(=) Suppose that there exists a subset A of X such that |[A| > |[['(A)|.

Let S={s}uAuTl(A). Then, (S,S) is a cut with capacity

(|X|-1]A]) + |T'(A)| since there are no arcs from the vertices of A to the
(s>8) (S-1)

vertices of Y N\ T'(A). This capacity of cut is less than | X|. Hence,

there exists no flow with value | X| and thus no matching saturates X.

(<) Assume that |T'(A)| > |A| for each A < X. It suffices to claim that

all cuts have capacity at least | X|. Let S ={s}uAu B, see Figure 2.

(Ac X and BcY.) <They can be empty. (B is not necessary be

T(A).).
N4

Figure 2.

Now, if there exists an arc from the vertices of A into Y \ B, then
c(S,S) > M > |X|. On the other hand, if I'(A) ¢ B, then
c(S,8) = (IX| - A]) +|B| > |X] - |A] + [T (A)] > |X].
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55
Since ¢(S,S) = | X| in the case S = {s}, we obtain a min-cut with
capacity |X| and thus there exists a flow with maximum value |X]|.

The proof follows. |

Use max-flow min-cut theorem to prove Menger’s Theorem.

Proof.

First, we proof a directed version of Manger’s Theorem.

(o) If s and t are distinct vertices of a digraph D such that s ZS t, then
the maximum number of internally disjoint u — v directed paths in

D equals the maximum number of vertices in a u — v separating set

n D.

(ee) For the undirected version, we replace each edge uv by a pair of

arcs (u,v) and (v,u).

Proof of (e).
Let D be the digraph obtained as follows:

(1) Yz e V(D) \ {s,t}, split z into two vertices ' and z”, also let
(2/,2") € A(D);

(2) Y(z,y) € A(D) such that {z,y} n{s,t} = @, replace (x,y) with
(", y");

(3) For x #t, (s,x) € A(D), (x,s) € A(D), replace them with (s,x")

and (z",s) respectively, and



(4) Replace (t,z) with (¢,2') and (x,t) with (z”,t) if x +s. As a
consequence, we have a network N defined on D by assigning each

arc a capacity 717,

x T

S /L/ 1 x// ,l/ 1 T// 1‘

/ . = \t -
Figure 3.

Let m be the maximum number of internally disjoint s —¢ paths in
D and n be the minimum number of vertices in an s —t separating set
in D. Let A be a u - v separating set of arcs in D and |A| = n/. First,
we observe that if (S, 5) is a cut, then cap(S,S) <n’. Here, S contains
sif (s,z") € A, S contains x if (z/,2") € A and (z2",t) € A. Moreover,
cap(S,S) >n. As a matter of fact, the min-cut is of capacity n and
thus N has a maximum flow n. By the way, the construction of
network shows that a flow value 1 will give a path (directed) from s to
t. Since each arc has capacity one, these paths are internally disjoint.

The proof follows. |

(e) A 1-factor of a graph G is a 1-regular spanning subgraph of G.
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Theorem 28 (Tutte’s 1-factor theorem)

A nontrivial graph G has a 1-factor if and only if for every proper
subset S of V(G), the number of odd components of G — S,
o(G-S)<|S|

Proof.
(=) Assume that F is a 1-factor of G’ and there exists a proper subset
W of V(G) such that o(G - W) >|W|. Since an odd component H has
an odd number of vertices, one of the vertices in H incident to F' must
be joining a vertex of WW. But, we have more odd components than
[W|. One of the vertices in W will be incident to at least two edges in
F', a contradiction.
(<) Since o(G - @) <0, G contains only even components. Hence, |G|
is even. Furthermore, if |S| is odd (even), o(G - S) must be odd
(even). So, |S] and o(G - S) are of the same parity. We shall prove the
sufficiency by induction on |G| =n. Clearly, if n =2, then G 2 K.
Assume for all graphs H of even order less than n that if
o(H - W) < |W]| for every proper subset of V(H), then H has a
1-factor. Let G be a graph of order n and o(G - S) < |S| for each
proper subset S of V(G). We claim that G has a 1-factor.
Case 1. VS & V(G), |S]>2 and o(G - S) <|S|. —(*)

The fact of parity shows that o(G - S) <|S| -2 for all S. Let e = uv
be an edge of G and consider G — {u,v}. By the fact that for each
proper subset T of V(G - {u,v}), o(G - {u,v} -T) <|T| and induction
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hypothesis, G - {u,v} has a 1-factor, so is G. (If
o(G—{u,v}-T)>|T|=|T v{u,v}| -2, then

o(G - ({u,v}uT)) >|Tu{u,v}|, a contradiction to (x).)

Case 2. IR V(G), s.t. o(G - R) = |R| where 2 < |R| < n.

Among all such R’s, let S be the one of maximum cardinality
|S| = h. Now, let Gy, G, -+, G}, denote the odd components of G - S.
Note that the A odd components are the only components in G - S.
For otherwise, let Gy be an even component of G - S and vy € V(Gp).
Then, o(G - Su{vp})2h+1=|Su{vp}|. In fact,
o(G-Su{v}) =|Su{uv}| by the assumption. Now, we have a larger
"R” for S, a contradiction.

For¢=1,2,---, h, let S; be the set of vertices in S which are adjacent
with vertices in GG;. None of S;’s will be empty. For otherwise, GG; is an
odd component of G and it is not possible. (G has only even
components.)

Now, for 1 <k < h, consider the union 7" of "any” k sets in
{S1,S2,++,Sp}. Suppose that |T| < k. Since o(G —T) is at least k,

o(G - T) > k >|T| which violates the assumption o(G - S) <|S|. So,
{S1,S2,++,Sp} has an SDR (vy, v, -+, vy) where v; € S;. Moreover, in
G, let u; 5 v;.

For showing that G' has a 1-factor, it’s left to show that for each
1=1,2,---,h, G; — u; has a 1-factor. Therefore, let W be a proper
subset of V(G; —u;) and we claim o(G —u; — W) <|W|. (This will

imply the existence by induction.)
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Suppose not. Let o(G —u; — W) > |W|. Again, since o(G —u; — W)
and |IW| are of the same parity, we have o(G —u; - W) > [W|+ 2. Now,
combining with S, o(G —u; - W -S)=0o(G-5)+0o(G—-u; -W) - 1.

O(G—’ui—W—S)

o(G-8)+o(G-u; -W)-1

I >
> S|+ W|+2-1
= |S|+|[W]+1
= HupuWus.

Hence, we conclude that o(G — ({up} uW u S)) = [{ug} uW U S|. Since
{ug} uW U S is larger then S (in size), this contradicts to the choice of
S. As a consequence, we have the fact: G; —u; contains a 1-factor and

thus G has a 1-factor. ]

Theorem 29 (Petersen)
Every 2-edge-connected (bridge less) cubic graph G has a 1-factor
F and G - F'is a 2-factor.

Proof.

Let S € V(@) and consider an odd component in G - S. (Notice
that if o(G - S) =0, then o(G - S) <|S|.) Since G is cubic, the number
of edges between S and C' must be odd. (Otherwise, the degree sum of
V(C) in G- S is odd.) By the assumption that G is 2-edge-connected,
there are at least three edges in (S, C'). This implies that the number
of edges between S and G - S is at least 3-0o(G - S). By the fact that
G is cubic, such edges are at most 3-|S|. Hence, 3-0(G - S) <3-]9).
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By Tutte’s 1-factor theorem, G has a 1-factor F' and G — F' is clearly a

2-factor. ]

Theorem 30 (Petersen’s 2-factor theorem)
Let £ be an even integer. Then, a k-regular graph contains 5

edge-disjoint 2-factors.

Proof.

It suffices to consider a connected k-regular graph G. Let k = 2h.
By Euler’s circuit theorem, G has an eulerian circuit
7 ((vg, 01, V2, Vi, Vis1, -+, Vg, V) ) -

Now, we defined a bipartite graph G = (A, B) such that
|A| = |B| =|G]|, (See Figure 26.) and v; ~ u; if v;, v; are two consecutive
vertices in Z. Since G is 2h-regular, G'Gls h-regular. By Konig’s
Theorem, G contains h edge-disjoint perfect matchings. It is not
difficult to see that a perfect matching in G gives a 2-factor in G. This

concludes the proof. |

(e) Unfortunately, we are not able to control the type of 2-factors we

are going to obtain.

(ee) A perfect matching in G can be represented as a permutation.
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Vo U

U1 V1 Ul

Vo

(% 2
4 V3 U3 us

((vo,v1, 2, V3,04, Vg, V2, Vg, v1,v3)) is an eulerian circuit of G.

e A graph F (or a class F) is said to be forbidden in a class of graphs
G if for each Ge G, G# F (or G # F for each F € F).

e ex(n; F) =max{|G| |G is a graph of order n such that G # F'}.
ex(n;F) can be defined accordingly.

e The graph G of order n with |G| = ex(n; F') is called an extremal
graph of order n with forbidden graph F'.

e The class of bipartite graphs with partite sets of sizes m and n
respectively is denoted by Ga(m,n).

e The extremal size of graphs in Ga(m,n) which do not contain K is
denoted by z(m,n;s,t). (The notation is in honor of Zarankiewicz.)

e Notice that ex(n; Ky;) is different from z(m,n;s,t).

o z(m,n;s,t) > 2ex(n; Kqy). (7)

o 1;(n) =gey Knjn|..;2 and [T.(n)[ =t.(n).

Theorem 31 (Turan, 1941)

exr(n; K,41) =t.(n) and T.(n) is the unique extremal graph.
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Proof.
(1st)

By induction on n. (To show ex(n; K1) =t.(n).)

Since T,(n) does not contain K., ex(n; K,11) > t.(n). We claim
ex(n; Ky41) <t.(n). Let G be a graph such that G ? K,;; and G is of
maximum size. Then, G > K,.. For otherwise, we may add more edges
to G. Let W cV(G) and (W)g 2 K,. Let U=V (G)\W.

Now, |G| < (g) +(r=1)(n-r)+|{(U)g|. The term (r-1)(n-r)
comes from the fact that each vertex of U is incident to at most r — 1
vertices of W. By induction hypothesis, [(U)qg| < t.(n—r). Hence,
IG| < (;) +(r=1)(n-=r)+t.(n-r)=t.(n). This is a direct
consequence of adding one vertex of W to one partite set of T,.(n —r)
a0

r r r r
Next, we claim the uniqueness. The proof is also by induction on n.

Let y € V(G) such that deg.(y) = 6(G). Clearly, G —y does not
contain K, and thus |G -y| = |G| - d(G) > t,.(n—1) by the proof of

the first part. By induction, 7,.(n — 1) is the unique graph which is

isomorphic to G —y. This implies that in G' -y the smallest partite set

is of size l J Since T,.(n — 1) contains a K, from r-partite sets, y

-
is incident to at most r — 1 partite sets of T,.(n — 1). Therefore, y can

be recognized as a vertex in one of the partite sets, and thus the

-1
number of edges between y and G-y is (n—1) - ln J =n- {EJ
r r

This implies that G = T,.(n). m




(2nd) (Zykov)

Only ea(ns Kvar) = 1, (n).

Let vy € V(G) such that deg,(v1) = A(G) and let W = N(vq). Let
G1=G—(N(v))e+T-1(A(G)), and U; = V(Gy) N (W u{v1}). See
Figure 26.

G

T,(5(G))

Figure 26. G,

If Uy is an empty set, then we stop and evaluate |G1|. Otherwise, if
Uy # @, let v9 € Uy. Now, delete all edges with
Uy =V (G) N~ (W u{vy,va}) in G1 which are incident to vy, Fy and add
vou for each uw € W to G1 — E5. The new graph is defined as G5. Since
T,-1(A(G)) defined on W does not contain K,, Go does not contain
K,+1. By continuing this process (until U; is empty), we shall obtain a
complete r-partite graph H such that |H| > > ||Ga| > |G| > |G|.

(Notice that vy, ve, -, v; is a new partite set.)

(3rd)
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We can replace all the vertices of U; at the same time by deleting
all the edges incident to Uy and add (W, U;) to obtain a complete

r-partite graph. |

Theorem 32 (Erdés, 1970)

Let G ¥ K,,1. Then, there exists an H satisfying (1) H is an
r-partite graph, (2) V(H) = V(G), and (3) Yx € V(G),
degn(x) < degy(x). Moreover, if G is not a complete r-partite graph,

then there exists a vertex z € V(G), s.t. degg(z) < degy(2).

Proof.

By induction on r for the whole statement, and r = 1 is true. Let
the assertion be true for r’ < r.

Let x € V(G) s.t. degg(z) = A(G), N(x) =W and (W)g = Go.
Clearly, Gy # K,. By induction, there exists an (r — 1)-partite graph
Hy, s.t., V(Hy) =W, Yy e W, degg, (v) < degy, (y), moreover, if Gy is
not a complete (r — 1) partite graph, then there exists a y’ € W, s.t.
degg, (y') < degp, (y').

Now, let H = Hyv (V N\ W) (join), see Figure 27. So, H is an
r-partite graph. For z e V N\ W degn(z) < A(G) = |[W| =degy(2), and
if ze W, degg(z) <degg,(2) +n—|W|<degy, (2) +n—-W =degy(2).
This concludes the first part. For the second part, assume that
degn(x) = degy(x) for all z € V(G). Hence, |G| = |H| and thus
|Go| = | Hol||. (For otherwise, |G| > ||H|.) Moreover,

degg, (z) = degy, () for each x € W. Suppose not. Let
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degg, (2") < degy, («") for some vertex ' € W. This implies that
degq (') < degy(a') = degy, (x) + n—|W|, a contradiction. As a
consequence, Gy (Hp) is a complete (r — 1)-partite graph and G is a

complete r-partite graph as well.

VAW
/ No edges inside
Figure 27.

(ee) Try to estimate z(m,n;s,t)

Theorem 33 (Important Lemma)
Let 2<s<m, 2<t<n,0<r<m, z=km+r and z=my. y e R*
Let G be a bipartite graph, G € Ga(m,n) and G # K. Then,

O S P )

(Remark. A function f:R — R is convex if

tf(x)+ (-0 f(y) > flzt+y-(1-1)),0<t< 1)

Proof.
Let G = (A, B) where |A| =m and |B| = n. Define a graph
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B B
H = (A, ( ; )) (t ) is the collection of all t-subset of B. And x nY for

each y € T'. Figure 28 is an example |A| =5, |B| =6 and t = 3.

6 3-subsets
<3> \ {y47 y57y6}

{yi, vyt {vnye vl {vi,ys wal}

Figure 28. H induced by G

Hence, we have

degq ()
t

(2) VT e (]f) degy(T) < s—1, (G % K,,)

@) 1H] < (5= 1)(}). (From (2),)

(1) |H| = ExeA( ), (For example, in Figure 28, | H| = 10.)

Now, since z = km +r =my = Lcadega(x), (*)

m(gi) <(m- r)(]Z) +r(k i 1) < ExEA(degi(x)) <(s- 1)(?) m

t
(*) comes from the property of combination number. For example,

2=16, k=3, m=>5,r=1and t=2. Then,

()= 6) G)=0)+ () ()

Theorem 34

1
¢

z(m,n;s,t) < (8—1)%-(n—t+1)-m1‘ +(t-1)m.
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Proof.
y n
By Theorem 33, m(t) <(s- 1)(t)’ -
—i y—t+1

ply=1-(y=t+1) Ss_l. By the fact - >
n(n-1)-(n-t+1)~ m n-i n-t+1
y-t+1 t<s—1
n—t+1) om
(y—t+1) <(s=1)-(n—t+1)"-m-'. This implies that

<

for each

OSiSt—l,wehave( , l.e.,

y—t+1§(3—1)%~(n—t+1)-m‘% and

y<(s-1)-(n—t+1)-m++(t-1).

Hence,z=my£(3—1)%-(n—t+1)-m1‘%+(t—1)m. n

Theorem 35-1

z(m,n;2,2) < g[l +4n - 3)%].
Proof.
By Theorem 33, n - (g) < (Z) Hence, n-y(y—1) <n(n-1) and we
have y2 —y—(n-1) <0. A direct calculation shows that
1++vV4n -3 1++v4n -3
y£++. Thisimpliesthatz:m-yzn-ygn( i 2n )

Theorem 35-2
If n=¢?>+q+1 and ¢ is a prime power, then
z(m,n;2,2) = g [1 +4n — 3)%]. (Proof. By the existence of a

projective of order q.)
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Theorem 36
1 1 1
ex(n; Kqy) < 5(3 — 1)1 2+ §(t - 1)n, ie.,

1
ex(n; Kgy) < §z(n,n; s,t).

Proof.
(1st)

Let G be an extremal graph such that |G| = ex(n; K,;). Define a
bipartite graph H = (A, B) based on G. Let V(G) = {vy,v2, -, v, }.
Let A ={ay,a9,---,a,}, B ={by,ba,+, b,} and q; ~ b; if and only if
Vi % U, See Figure 29 for an example. Now, clearly, |H| = 2|G|| and
a; % b;j for i =1,2,---,n. Moreover, if G ¥ Ky, then H # K. (?) This

1 1
concludes that |G| = §HHH < §z(n,n; s,t). u

(2nd) (Two-way counting)
Consider the number of stars K; ;. Since G ¢ K4, every set of ¢
vertices of V(G) has at most s — 1 centers of stars whose pendent

n
vertices are these vertices. So, there are at most (s - 1)(25) t-stars.

d;
The number of stars K can be obtained by 2?21( ) ) where
d; = degg(v;). Now, let m = |G|. £",d; = 2m. By a similar technique

as Theorem 34, we conclude the proof u

o s
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a D) as aq as

by by b3 by bs

Figure 29. Bipartite version

Ramsey Theory

(e) The Ramsey number R(s,t) is the smallest value "n” for which
either a graph G of order n contains K, or G > K;.

(e) Edge-coloring version of Ramsey number. The Ramsey number
R(s,t) is the smallest value "n” for which any 2-edge-colored K,
(red and blue), either there exists a red K or a blue K;. (A red
K is a complete graph of order s such that all its edges are
colored red.)

(¢) R(3,3) =6 (Do you know this fact?)

Theorem 37

The following statements are true:

(1) R(s,2) =s and R(2,t) =t,

(2) R(s,1) = R(t,),

(3) For s >2,t>2, R(s,t)<R(s,t-1)+R(s-1,t), and
(4)

s+t—-2 s+t—-2
4 t) < = .
R(S’)‘( s—1 ) (t—l )
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Proof.

(1) and (2) are easy to see.

Claim of (3)
Let n= R(s,t-=1)+ R(s—-1,t). Then, in K, each vertex is of
degree R(s,t—1)+ R(s—1,t) — 1. Therefore, if K, is 2-edge-colored by
red and blue, then the edges incident to a fixed vertex x € V(K,,) are
either red edges or blue edges. By Pigeon-hole principle, either there
are R(s,t—1) blue edges or R(s—1,t) red edges. If the first case
holds, then in (Ng, (7))

n

(a complete graph of order R(s,t-1)),
either there exists a red K or blue K;_1. Hence, we have a red K or a

blue K; in K,. The other case can be obtained by a similar argument.

Claim of (4)

By inductive argument. (Or induction)

R(s,t) < R(s,t—-1)+R(s-1,t)
s+t—-1-2 s—1+t—2)
< +
s—1 t—1
_ s+t—3)+(s+t—3)
- s—1 s—2
B s+t-3+1
- s—1
B s+t—2)
- s—1 )
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Theorem 38 (Erdds and Szekeres, 1935)
25-2

2
For each s> 2, R(s) < VPR (R(s) =der R(s,5s).)

Proof.
25— 2 25— 2\ 22572
R(s,s) < ( 5_ ] ) We claim ( 58_ 1 ) < 2 by induction on s.
First, if s =2, 2< %, the assertion is true. Assume that the assertion
2k -2\ 222
is true for s = k, thus < . Now, we calculate
k-1 k1/2
(Zk) _(2B)Y 2k-(2k-1)-(2k-2)! 2k(2k-1) (ka — 2) <
k) KK R2(k-D!(E-1)! k2 k-1)"
4k? -2k 2Qk-2) 4k-2 2(2k)
K2 kY2 4k kY2 —(1)
Ak - k1/2 2 92k
Since (k+1)Y2< ik , we conclude that ( k) < —. m
4k -2 (k + 1)1/2

(o) The result has been there for almost 50 years before the
improvement due to Thomason in 1988:

R(s) <2%/s.

(ee) The original proof by Ramsey shows that
92s5-2
R(s)<22%-3="——_(1930)

Theorem 39
R(k) >[22]. (k>3)

Proof. (Probabilistic method )
Consider a random red-blue coloring of the edges of K,,. For a fixed

set T of k vertices, let Ay be the event that (T')g, is monochromatic.

Hence P(Ar) = (%)(5) -2(red or blue)= 21-(2). Since there are (Z)
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possible sets for T', the probability that at least one of A occurs is
(Z) 21-(5), Now, if (Z) 21-() < 1, then no event A occurs is of

positive probability, i.e., there exists a coloring of edges such that no

monochromatic Kj occurs. Therefore, for such n, R(k) > n.

Let n =|22]. (It suffices to show that (Z) 21-0) < 1.)
k ol+k ENk ol+k 1+%
(n)'21_(§)<n_'22g(2) '22S2
k! ok kKl ok k!
(1-(5)=1-—=+ 5) Hence, R(k) >[22].

<1 (k>3).

m
2
() Combining Theorems obtained above
22 < R(s) < 22573 for 5> 2.
(ee) Open problem: R(s) = 2(cte(1))s (¢ may be equal to 1).
Theorem 40
Known results of R(s,t).
t s 3 4 5 6 7 8 9
3 6 9 14 18 23 28 36
4 18 25 36-41 | 49-61 59-84 73-115
5 43-48 | 5887 | 80-143 | 101-216 | 133-316
6 102-165 | 115-298 | 134-495 | 183-780
7 205-540 | 217-1031 | 252-1713
8 282-1870 | 329-3583
9 565-6588

R(s,t) = R(t,s)
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(e) The results of lower bounds are obtained by ”a special

edge-coloring” with two colors. Corresponding to the coloring we

have G and G of order (prescribed).

R(3,3): R(3,4) :
(>5) (>8)

R(4,4) :

(>7) G(17;{1,2,4,8})

Bonus
Find as many vertices (n) as possible such that a graph G of order

n satisfying G ¥ K5 and G ¥ K5. (Try 43!)

Exercise C-1

Find a better upper bound for R(s). (Do your best!)

Theorem 41

R(p17p2) "'7pt) <
R(pl - 1)p27 '“7pt) +R(p17p27p37 “'7pt) +'“+R(p17p2 - 17 P 1) —1+2.
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Proof.
By a similar argument as the proof

R(s,t) < R(s-1,t)+ R(s,t—1) -1. u
(o) R(3,3,3)<6+6+6-3+2=17 (Theorem 41).

(ee) There exists a 3-edge-coloring of K;6 such that no

mono-chromatic triangles occur.

Theorem 42
R(3,3, ey 3) =def Rk(?)) < LG . k'J + 1.
k-tuples

Proof.

Since R(3,3) =6, R(3,3,3) =17, the assertion is true for k£ = 2 and
3. Assume that it holds for £ -1 when k > 3. Hence,
Rir-1(3) < |e(k-1)!|+1. By Theorem 41,

IN

Ri1(3) < E(le(B-D!+1)-k+2

kle(k-1)!] +2.

Now, kle(k-1)!] = k (k_l)!'(1+%+%+"'+(k-11)!+%+"') _
11 1
M e vk Gy -Gy | T ) el 2 ()

(o) Instead of R(s,t), we use R(Hy, Hy) to denote the smallest integer
n such that any 2-edge-coloring (red, blue) of K, either there

exists a red Hy or a blue Hs.
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Theorem 43
R(C4, C4) =def R(C4) < 8.

Proof.
Consider a graph G # Cy and |G| = 8. By Theorem 35-1,
1 (1++V4n -
|Gl < 52(8,8:2,2) < n-(1+ y "=3) _5(14/29) < 14. That is, if a

graph G is of order 8 and size 14, then G > Cy. Now, in a
2-edge-colored Ky, either red or blue edges induce such a graph, the

proof follows.

Theorem 44
Rp(Cy) < K2+ k+2.

Proof.

Let n = k% + k +2 and consider a k-edge-colored K,,. Since

n k2 +k+2
ex(n;Cy) < Z(l +4n -3) = — (1+V4k2+4k+5) <
E2+k+2 1+4kZ2+4k+5

2 2
\/ 2
k(L+ 4k2 rak 5). By direct calculation, we have
1+V4k2+4
(2 +k+2)> B(L+ VAR? +dk + 5). This implies that k- ex(n; Cy) <

2
k*+k+2 k(1+V4k*+4k+5) . (F2+k+2)(k2+k+1) _(n)
2 2 2 2/

(o) R(Hy, Hy) =min{n ||G|=n, G> Hyor G > Hy}.

Now, compare (k% + k +2) and
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Theorem 45
For [>1and p>2, R(IKy, K,)=2l+p-2.

Proof.
Let Oy (stable set) denote the graph of order k& which contains no
edges. Let H be a graph of order 2/ + p — 3 such that H = O, U K91

(see Figure 30).

-1

Figure 30.

So, it is not difficult to see that H does not contain a matching of
size l. As a consequence, H = Oy_1 v K, 5 (join) does not contain a
K,. Hence, R(IKs,K,) >2l+p-2.

On the other direction, let G be a graph of order n which does not
contain a matching of size [. Let s <[ be the maximum number of
independent edges in G.

Now, consider G. Since in G, the set of vertices not incident to
these s edges induces a graph of order n — s which has no edges, G
contains a complete graph of order n—2s>n—-2(l-1) = p. This

concludes the proof. |

(e) Topological Graph Theory studies the ”drawing” of a graph on a

surface.
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(ee) A proper drawing on a surface of a graph G with p vertices and ¢
edges follows the rules:
(1) There are p points on the surface which corresponds to the set
of vertices in GG; and
(2) There are g curves joining points defined above which
correspond to the set of edges and they are pairwise disjoint

except possibly for the endpoints.

2-manifold: A connected topological space in which every point has a
neighborhood homomorphic to the open unit disk defined on R2.
Bound subspace: A subspace M of R3 is bounded if 3K € R* such that
Mc{(x,y,2) |22 +y?>+ 22 = K}.

Closed: M is closed if its boundary M coincides with M.

Orientable: M is orientable if for every simple closed curve C' on M, a
clockwise sense of rotation is preserved once around C. Otherwise, M

is non-orientable.

Y%
)\

e
0

Orientable Surface: A surface Sj is a compact ”orientable” 2-manifold
that may be thought of as a sphere on which has been placed
(inserted) a number &k of "handles” (holes).

non-orientable Surface: A surface obtained by adding k cross-caps to a

sphere (Sp) is a non-orientable surface N.
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a

C
1
Y i \(—’ i " Mébius band
b

d

(O (O e

Handle @

(¢) Adding a crosscap: Attach the boundary of a Mobius band to a

cycle on S.

The Crosscap The Roman Surface Boy's Surface

Definition (Embeddable)
A (p,q)-graph G is said to be embeddable on a surface if it is
possible to draw G properly (drawing without crossings) on the

surface.

Definition (Planar graph)
A graph is planar if it can be embedded in the plane, equivalently,
embedded on the sphere.



66

Definition (2-cell embedding)

A region is called a 2-cell if any simple closed curve in that region
can be continuously deformed or contracted in that region to a single
point, equivalently, a 2-cell is topologically homeomorphic to R2. An
embedding of G on a surface is a 2-cell embedding of G is all the
regions so determined are 2-cells.

The following figure shows embeddings of K33 on 57 and Sy

respectively. S is a surface obtained by attaching £ handles.

(a)

Figure 31. Embeddings of K3 3 on surfaces Si, S2

(o) Sp: Sphere
() No ~ Sy (Homeomorphic), Nj: Attach h crosscaps to Ny(Sp).

Definition (Genus)
The number of handles (resp. crosscaps) (on a surface) is referred
to as genus of the orientable surface (resp. non-orientable surface). We

use Y(G) (respectively 7(G)) to denote the smallest genus of all
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orientable surfaces (resp. non-orientable surfaces) on which G can be

embedded.

(%) If G is a planar graph, then v(G) (so is 7(G)) is equal to zero.
But, G can also be embedded on a surface with genus larger than

” 077

(#*) Given a graph G, determining v(G) is a difficult problem.

Theorem 46 (Euler)
Let G be a connected planar graph with p vertices, ¢ edges and f
faces (regions). Then p—q+ f = 2.

Proof.

By induction on ¢. Since G is connected, G has at least p — 1 edges.
(7) If G has p—1 edges and G is connected, then G is a tree which
contains no cycles. This implies that f =1 and thus p—(p—-1)+1=2.
The assertion is true for "minimal” graphs. Let the hypothesis is true
for k= ||G| > p-1. Now, consider G with k + 1 edges. Clearly, G
contains a cycle. Let e be a cycle edge. Since GG is a connected planar
graph (with ¢ faces), G —e is also a connected planar graph. Moreover,
|G —e|| =k and G - e has k edges and ¢ — 1 faces. By induction
p—-k+q—-1=2and thus p— (k+1)+¢=2. This concludes the proof. m
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Theorem 47

If G is a planar graph with largest size, then |G| = 3|G| - 6.

Proof.

By observation, if G has maximum size, then each region of G is a
triangle. Since each edge of GG is in the boundary of exact two regions,
3-f=2-g where f is the number of regions and ¢ is the size of G, i.e.,
q = ||G|. Now, by Euler’s formula p — ¢ + f = 2 equivalently
Gl -G+ ;HGH =2=3-1G|-6=|G|. (Gisa

mazimal planar graph!) |

Corollary
If G is a planar graph, then |G| <3-|G|-6.

Corollary
In any planar graph, there exists at least one vertex of degree
smaller than 6.

This corollary is very useful.

Corollary
The degree sum of a planar graph is at most 6 - |G| - 12.

(¢) We can give a more accurate estimation of the above corollary

Theorem 48

Let G be a maximal planar graph (triangulated) of order p, and let
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p; denote the number of vertices of degree ¢ in GG for
i=3,4,--,A(G) =d. Then

3p3+2ps+ps =pr+2pg+--+ (d=6)pg + 12,

Proof.
Since p = Z§:3pi and 2q = Zfzgz' - p;, we have
S 4i-pi=2(3p-6) =6-XL,p; - 12.

This implies the conclusion. u

Theorem 49

There are exactly five regular polyhydra.

Proof.

Notice that a regular polyhydron is a polyhydron whose faces
(regions) are bounded by congruent (4 =) regular polygons and
whose polyhydral angles are congruent (48 ).

First, we convert a polyhydron into a regular planar graph. (See
Figure 32.) Let the number of vertices, edges and faces be p,q and f
respectively.

By Theorem 46, p— g+ f = 2. Hence,
-8 dg-4p-4Af
29 +2q—-4p—-4f
Yisgifi + Liszip; — 42553p; — 48553 fi (fir # of i-face)
Yis3(i—4) fi + Lis3(i — 4)p;.
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Since the polyhydron is regular, all degrees and face sizes are the
same, let them be k and h respectively. Therefore,
8= (h=4) fu+ (k= Dpp.
By the fact that every planar graph contains a vertex of degree less
than six, we only have nine cases to consider: 3<h <5 and 3<k <5.
From direct checking, only 5 cases are possible, namely,
(1) f3=p3 =4 (Tetrahedron) v @78
(2) f3=8 and py = 6 (Octahedron) /\ & 478
(3) f3=20 and ps = 12 (Icosahedron) = @174
(4) f4 =6 and p3 =8 (Cube) >~ @4
(5) f5 =12 and p3 = 20 (Dodecahedron) + =M@ #3. m

See Figure 32 for regular polyhydra.

tetrahedron cube octahedron

dodecahedron icosahedron

Figure 32. The graphs of the regular polyhedra

Theorem 50 (Fary (1948), Wagner(1936))
A planar graph G can be embedded in the plane so that each edge

is a straight line segment.
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Proof.

The proof is by induction on the order of GG. It suffices to prove the
case when (G is a connected maximal planar graph. Clearly, it is true
for small orders. Assume the hypothesis is true for order £ and let G
be a connected maximal planar graph of order £k + 1.

Since G is maximal, 3 < §(G) < 5.

Case 1. (G) =3

Let vg € V(G) such that degq(vo) = 3 and v is adjacent to vy, v and
v3. Since G is maximal, ({v1,v9,v3})¢ 2 K3. This implies that G — vy is
also a maximal planar graph. By induction G — vy has a straight line
segment embedding. Now, put vy back to the graph G — vy such that
vp is inside the region bounded by ({v1,v9,v3}) and connect vy to the
three vertices by straight line segment. This concludes the proof of
this case.

Case 2. §(G) =4

The proof follows by a similar process by letting
N(vg) = {v1,v9,v3,v4}. Now, G — vy + vyv3 is a maximal planar graph
and thus it has a straight line segment embedding. The proof follows
by placing vy back to G —vg + v1v3 — v1v3. By considering the drawing
of the embedding (Figure 33(a)), we are able to put vy back and
connect vy to its neighbors in GG by straight line segment.

Case 3. 0(G) =5
Again, we use the same technique and the drawing can be seen in

Figure 33(b). m
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Figure 33. Location of vg

(e) The following Theorem consider pseudographs, i.e., loops and

multiedges are allowed.

Theorem 51 (Euler-Poincaré Theorem)
Let G be a (p, q)-pseudograph which has a 2-cell embedding on S,,.
Then, p—q+ f =2 -2n where f is the number of faces in the

embedding.
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Proof.

By induction on n and it’s true when n = 0 (by Euler’s planar graph
formula). Assume that the assertion is true when n =%k >0 and G is a
(p, q)-pseudograph which has a 2-cell embedding on Sk;1. Since
k+1>1, there exists a handle in the embedding, see Figure 34(a). It
suffices to consider the embedding such that there exists at least one
edge which passes through the handle (on the surface). Note that if
we can pull back an edge without passing the handle, then pull it
back, see Figure 34(b). Now, we apply the idea of ”cut and past” to
obtain a 2-cell embedding of G on Si.

By using a circle around the handle, we can cut the handle through
the circle and obtain G, see Figure 34(c). As a consequence the graph
G is embedded in Sy. If there are ¢ edges passing through the handle
then |G| = p + 2t, |G| = ¢ + 3t and the embedding in embedding in S,
has f +1t+ 2 faces. Hence,

(p+2t)—(q+3t)+(f+t+2)=2-2k.

This implies that p—q¢+ f=2-2(k +1). |

v ava
NN

Figure 34(a) Figure 34(b), pull edges back Figure 34(c)
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Exercise

Give a more precise proof.

(e) How to find a 2-cell embedding on S;?

The above figure provide an embedding of K5 on 57, their regions
are ((U17027U5))7 ((Ul,?}g,’(}z)), ((U17U4,U3)), ((Ul,’U5,'U4)), and
((2}277)37?}57@27U47U57U37U4))-

(e) Each are of D5 occurs exactly once in a region (face).

(ee) By considering each vertex, we observe that there are five

permutations to determine this embedding.

(12345
m =(2,3,4,5) = kl 345 2) (Defined on vy.)
(12345
o =(3,1,5,4) = k5 2134, (Defined on v5.)
7T3=(4,1,2,5)
T =(3,2,5,1)

75 =(1,4,3,2)
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On the other hand, if we are given five permutations one from each
vertex, then we have a 2-cell embedding. For example, 71 = (3,2,4,5),
7o =(3,1,5,4), m3=(4,1,2,5), m4 = (3,2,5,1), and 75 = (1,4, 3,2).

Now, if we start from the arc (v1,v2), then the permutation of my
will give the next vertex of the oriented 2-cell containing (1,2).

V] = V2 = Upy(1) = U1 — V2 = V5 — V1 = Up(5) = U1 — Vg — U5 = V] — U3+ => =+ =

((v1,v2,v5,v1,V3,02,V1,04,03) ). (Ury(ay = V1 and vy, (3) = V2)

(*) Therefore, given a (p, q)-graph G, we can define p permutations for
p vertices v; such that each permutation is a cycle using the indices

of vertices in Ng(v;). Then, a 2-cell embedding will be obtained.

Theorem 52 (Heffter’s Rotational Embedding Scheme)

Let G be a nontrivial connected graph with V(G) = {v, v, -, vp}.
For each 2-cell embedding of G on a surface, there exists a unique
p-tuple (7, m, -, my) where for i =1,2,---,p, m; is a cyclic permutation
of V' (7) that describes the subscripts of the vertices in Ng(v;) in
counterclockwise order about v;. Conversely, for each p-tuple
(71,79, -+, mp), there exists a 2-cell embedding of G' on some surface
such that for ¢ =1,2,---, p, the subscripts of the vertices adjacent to v;
are in counterclockwise order about v; given by m;. Moreover, the set
{my,mg,---,mp} induces a mapping 7 such that
m((vi,v5)) = w(vi,v;) = (v}, vr,(;)) for each pair of adjacent vertices v;

and v, 1 <i# 5 <p.
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Proof.
The scheme was first observed and used by Dyck (1888) and Heffter
(1891). A formalized version was obtained later in 1960 by Edmonds.
The main idea has been mentioned before the statement of
Theorem 52. The genus of surface can be obtained after the number of

face (regions) has been determined. m

Theorem 53
Y(Komon) =(m-1)(n-1), m<n.

Proof.
For convenience, let Koy, 0, = (Ao, Ae) where A, = {a1,as, -+, agm-1}
and A, = {az, a4, +, a4, }. Note that m may not be equal to n. See

Figure 35 for the case 2m =6 and 2n = 8. Now, let

T =T5 = =Tym3=(2464n);
T3 =T7 =" =Tym1=4ndn-2--64 2);

{ To=Tg=+=T4pn2=(135-4m-1); and
Ty=Tg=+=Tg=(4dm-14m -3 --- 53 1).

We may check that this embedding does have 2mn regions each of
them is bounded by a 4-cycle. Hence, by Theorem 51,
29(G)=2-p+q-r=2-(2m+2n) +4dmn - 2mn =2mn - 2m - 2n + 2.
Hence, v(G) = (m-1)(n-1). m
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@
aq a4
® ® (771,7T2,,/'77T12, 14, 7T16)

Figure 35. K(;’g

(ee) The are [T7_;(degq(v;) — 1)! p-tuples of (w1, w2, -, ).

(e @ o) The 2-cell embedding with the largest number of faces gives the
genus of G.

(%) The 2-cell embedding with the smallest number of faces gives the

"maximum” genus of GG, denoted by v/ (G).

(*%) Finding v(G) is a very difficult problem in general.

(*x) Finding v/(G) is comparatively easier.

Theorem 54
Let cr(G) denote the crossing number of G. Then,
cr(Ks) =cer(Ks3) =1 and cr(Ks) = 3.
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Proof.

Since v(K35) = v(K33) = 1, the proof follows by a drawing with ”1”
crossing number. Now, we consider Kg. By Figure 35, cr(Kg) < 3. Let
cr(Kg) = k. Then, we may convert the crossings into new vertices.

Hence, we have a planar graph G (obtained from above): |G| =6+ k

and |G| = 15+ 2k. By the fact 15+ 2k <3(6 + k) — 6, we have £k >3. =

Figure 35.

Theorem 55
cr(Kyg) = 36.
Proof.

For the upper bound, it suffices to give a drawing which has exactly
36 crossings. But, it is very technical to show the lower bound. Here,

we provide a drawing for cr(Ky) < 36, see Figure 36.



12 crossings

Figure 36. cr(Ky)

Conjecture

cr(K,) = i ng lp; 1J [p;QJ {p;SJ' (True for 1 < p<10.)

Vertex-Coloring

(o) k-coloring (proper): ¢ : V(G) - {1,2,3,--, k} s.t.
uv € E(G) = ¢(u) # p(v).

(¢) x(G) =min{k | G has a k-coloring} (Chromatic number of 7)

(e) G is n-critical (chromatically) if x(G —v) < x(G) for each
veV(Q).

(ee) Every graph G has an n-critical induced subgraph H.

79



80

Theorem 56
Every critically n-chromatic (n-critical) graph, n > 2, is

(n — 1)-edge-connected.

Proof.

First, if n =2, then G 2 K5 and thus G is 1-edge-connected. If n = 3,
then G = Cyy1, m > 1, (7) and G is 2-edge-connected. Let n >4 and
assume that G is not (n — 1)-edge-connected. Hence, V(G) =V, u Vs
such that [(V1,V5)|<n—-1 (<n-2). Let G; = (V1)¢ and G = (V5)q.
Now, both of them are n -1 colorable since G is (n — 1)-critical. (See
Figure 37.) Let the colorings be ¢; and ¢- resp.

Now, consider the vertices incident to edges in (V1, V3). If for each
edge uv € (V1,Va), ¢1(u) # p2(v), then G has an (n - 1)-coloring, a
contradiction. Thus, assume that for some edges uv € (V4, V3),
©1(u) = p2(v). (We shall permute the colors of G (¢]) in order that
for each uv € (V1,V3), p1(u) £ pa(v)).
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®1 (%)

less than n-1 edges
Vi Va

Figure 37.

Let Uy, Us, -+, Uy, be the subsets of V; such that ¢71(4) = U,
i=1,2,---,m (<n-2) and there is at least one edge joining U; and
V(Gs) for each i. Furthermore, let n; be the number of vertices in U;
which are incident to a vertices of V(G32). Hence, X7 n; <n - 2.

Now, we start a process to recolor the vertices in V. Starting U;. If
Va € Uy, p1(x) has distinct colors with the colors of these vertices in
V5 which are incident to Uj, then we go to consider U,. Otherwise,
©1(x) = pa(y) for some z € Uy, and zy € (V4, V5). In this case, we
permute the colors of Uy, Uy, -+, Uy, (It was 1,2,--,m) such that the
color used for the vertices in U; is distinct from the colors of vertices
in V5 which are incident to Uj, there are ny of them. Since
YXrmn;<n-2,n-1-n; >0 and thus there exists a color for U;.

Following this idea we consider U,. If there are vertices x in U, such

that ¢1(x) = p2(y) for some xy € (V1, V5) then permute the colors used
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in Uy, Us, -+, U, where the color for U; is fixed. Again, since
n—-2-ny>(n-1)-ny—ne >0, acolor for U; is available. Continuing
this process, we end it up with an (n - 1)-coloring of G, a
contradiction to y(G) = n. u

(o) If G is n~critical, then §(G) > n - 1.

Question

Is this graph (n — 1)-connected?

Theorem 57
Let k = I}}aé((s(H)' Then, x(G) <k +1.

Proof.

(1st)

Let x(G) =n and H' be an n-critical induced subgraph of G. Then,
d0(H") 2n—1. Since %}?&‘5(1{) >d(H")>n—-1, k>n-1 and thus
X(G)=n<k+1. u

(2nd) (G is a (p,q)-graph.)

Since k = 1’]5135(5(]{), d(G) 2 k. Let x, € V(G) and
degq(zp) = 0(G) > k. Moreover, let Gp_1 = G —x,. Again, G),_; has a
vertex of degree at most k. So, we obtain a sequence of induced
subgraphs, G = G}, > Gp,-1 > - > G such that 0(G;) < k for
i=p,p—1,---,1 such that x; € V(G;). Hence, we obtain a sequence
(1,9, xp) such that x;,; is incident to at most k vertices in

({w1,22,--,7;})c. This implies that we can use greedy algorithm to
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color G starting from z;, and then x3,---,z,. All we need is at most

k +1 colors. Hence, x(G) <k + 1. m

Theorem 58 (Brooks, 1941)
Let G be a connected graph which is neither a complete graph nor

an odd cycle. Then, x(G) < A(G).

Proof.

By induction on |G| = p. We may assume that the graph we
consider is 2-connected and A-regular where A > 3. (7) (Note that a
2-regular connected graph G with x =3 is an odd cycle.)

First, if G is 3 - connected, let x, be any vertex such that (Nq(z)))c
is not a complete subgraph of G. Such an z, does exist since G is not
a complete graph. Let z; and 3 be two vertices in Ng(x,) such that
1 g r9. Now, we may construct a sequence corresponding to V' (G).
Choose xp_1 € Ng(xp) \ {z1,22} (3-connected). Then, x,_o is adjacent
to either x,, or z,_1. As a consequence, we have a sequence
(1,29, ) such that "x; is incident to at least one vertex in
{@is1, Tiv2, -, 2} . Now, we use the greedy algorithm to color all the
vertices starting ”"from z; and x5 with a common color”.

Second, let G be 2-connected (but not 3-connected), i.e. k(G) = 2.
Let S be a cut set with two vertices and z, € S. Hence, G -z, has a
cut vertex, see Figure 38. Let ;1 and x5 be two vertices in distinct
blocks (2-connected maximal subgraph of GG). Again, we use the idea

mentioned above to construct a sequence (x1,zo, -, x,) and the proof
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follows by using the greedy algorithm for vertex coloring. The proof

for k(G) =1 is similar.

(¢) A(G) - x(G) can be arbitraily large.
(e) There are also graphs such that A(G) = x(G), for example even

cycles, non-bipartite 3-regular graphs, say, Peterson graph.

Figure 38. k(G) =2

Another coloring algorithm

— i |

contract c,d
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Observation

A coloring ¢ of GG has two outcomes:

(1) ¢(c) # p(d) and (2) p(c) = ¢(d).

Theorem 59

Let py (k) be the number of distinct k-colorings of H. Then,
pc(k) = per (k) + pgr(k) where G’ and G are graphs obtained from G
by adding zy and contracting x and y respectively for x LY. (pa(k) is

known as the chromatic polynomial of G with k-colorings.)

Proof.

The proof follows by the fact that p(z) = ¢(y) or p(z) # p(y) but
not both. -
(o) G is k-colorable if and only if pg(k) > 1.

(¢) x(G) = min{x(G"), x(G")}.

Theorem 60
Let G be a (p,q)-graph with & components. Then,
pa(x) = Zf;ok(—l)i -a; - xP~' where ag = 1, a; = ¢ and a; is a positive

integer for 0 <t <p-k.

Proof.
By induction on p + ¢q. Clearly, it’s true for p + ¢ = 1. Assume the
assertion is true for the cases of smaller p + ¢ and let G be a

(p, q)-graph with k& components. First, if m =0, than p = k, so
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pa(x) =P, thus ag =1, a; = ¢ =0. Now, consider m > 1. Let uv be an
edge of G and Gy = G —uv. By induction,
pa,(x) =P — (q-1)xP~ 1 + Efj(—l)ibixp‘i where b; is a non-negative
integer for each i. (G¢ has at least k components.) Also,
pay(v) = 2Pt - Efj (=1)%c;zP~* where ¢; is a positive integer for each i.
Note that G{, = G (adding uv back).

This implies that

pGo(x) - pGg(x)

= 2P —(¢-1)zP~ 1+ Efj(—l)ibixp‘i — Pl 4 Efj(—l)ic,-xp‘i

pa(w)

= 2P —q-aP 4+ Ef:_zk(—l)i(bi +¢;)zP

_ —k e :
= P —q-2P L+ X (~1)axP?, a; > 0 for each i.

(o) If T is a tree of order p, then for each k > 1, there are
k-(k-1)pt=kr— (pl 1) kPl 4= kP — (p—1)kP~1 + ... different
k-colorings of T', i.e., pr(k) = k- (k-1)r~L

Theorem 61 (Nordhaus and Gaddum, 1956)

If G is a graph of order p, then
(1) 2o/p £ x(G)+x(G) < p+1, and
O @

(2) p @ X(G) - x(G) @,[(er 1/2J2.

Proof.
First, we claim that x(G) - x(G) > p. For each vertex v of K, let

o(v) = (p1(v), p2(v)) where ¢ and @9 are chromatic colorings of G



and G respectively. Since two vertices of K, are either adjacent in G
or G, all ordered pairs of v € V(K,) are distinct. Hence,
X(G) - x(G) 2 p. (We need p colors for K,.)

This implies that X(©) ; ) > \/m > /P, (D holds.

Now, let k = Igllaécé (H). We claim that every induced subgraph H’ of

G has minimum degree p -k -1, i.e. rfqulaéé(H’) <p-k-1. Suppose
not. Let H” be an induced subgraph ofsé such that 6(H") =p-k.
Since H” is an induced subgraph of G, H"” = H for some induced
subgraph H of G. Let |H|=h. Since 6(H") =6(H) =p -k,

degy(v) < (h-1)-(p-k) for each v e V(H). Therefore, in G,
degi(v) < (h-1)-(p-k)+(p—h)=k—-1. On the other hand,

k= Iélﬁ&é((g (H) and thus we have an induced subgraph H" < G such
that 0(H"") = k. This implies that V(H)nV(H") = @. By the fact
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V(H™)|2k+1,|H|=h<p-(k+1) and thus |[H| <p-(k+1)=p-k-1.

§(H) = p -k is not possible. This concludes that

maxd(H') <p-k-1 and thus x(G)<p-k-1+1=p-k (and
H'<G

X(G) <1+k), the proof of (I)' follows.
Now, for (2)', it follows by

@) (@) MO ol

(e) A graph is said to be self — complementary if G = G.
1
In this situation \/p < x(G) < 2% p=5=>x(G)=3->G=Cs.

Problem.

Let w(G) denote the order of a maximum clique, i.e., the order of
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complete subgraphs with maximum order. Then, x(G) > w(G) -
Clique number of G. When does the equality holds?

() A subgraph G is called perfect if x(H) =w(H) for each induced
subgraph H of G.

(%) x(H) —w(H) can be very large!

Theorem 62 (Mycielski’s graph)
For every integer n, there exists a triangle-free graph G such that

X(G)=n. (x(G)-w(G)=n-2.)

Proof.

By induction on n and K, Ky, C5; do have the property
respectively for n=1, 2, and 3. Now, assume that H is a triangle-free
k-chromatic graph, i.e., H = k. We construct a graph G based on H
such that G is a triangle-free (k + 1)-chromatic graph.

Let V(H) = {vi,v2,-+,vp} and V(G) = V(H) U {u, ug, -, up, up }.
Let E(G) = E(H) u{upu; |i=1,2,---,p} u{uv; | v; € Ng(v;)}. See

Figure 38 for an example when k=3.



89

1 V4

H. (2 Vy - a. ' '
V9 V3 b‘A

(5 U3

Figure 38. Grotzsch graph

Since ({u1,ug, -, up})e contains no edges, ug is not in any triangle.
By assumption, H ¥ K3. So, the only possibility will be a triangle
consists of u;, v; and vy, where u;v; and u;vi, are edges of G. If they
form a triangle, then ({v;,v;,v;})m is a triangle in H. Hence, G is
triangle-free.

Now, we claim x(G) =k + 1. Let ¢ be a k-coloring of H. Let
¢:V(G) > {1,2,--,k+ 1} by letting ¢(u;) = ¢(v;) and @(ug) =k + 1.
Hence, we have a (k + 1)-coloring of G, thus x(G) < k+ 1. On the
other hand, we show that x(G) > k + 1. Suppose not. Let ¢’ be a
k-coloring of G and the colors used are 1,2,---, k. First, we assign ug
the color k, i.e., ¢'(up) = k. So, the colors used for uy,ug, -, u, must
be in {1,2,---,k—1}. Since x(H) = k, k occurs somewhere in H, say v;.
(May have more vertices.) Now, we recolor v; by using ¢'(u;). Since u;
is adjacent to every vertex of Ny (v;), ¢'(u;) # ¢'(v) for each
v € Ng(v;) and thus we have a proper coloring of H using at most

k—1 colors. (7) »« u
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(*) This theorem has been extended to a more general result obtained
by Erdés and Lovész (1961): For any integers m,n > 2, there exists
an n-chromatic graph whose girth exceeds m. (Theorem 62 is for

m=3.)

+*Theorem 63 (Lovasz, 1972) (Weakly Perfect Graph
Theorem)

A graph G is perfect if and only if G is perfect.

Note
The proof of this Theorem is not too long. But, the proof of next

one is long.

*%*Theorem 63’ (Maria Chudnovsky, Neil Rokertson, Paul Seymour and
Robin Thomas, Annals of Mathematics, 164(2006), 15-229.)

A graph G is perfect if and only if no induced subgraph of G or G is
an odd cycle of length at least 5.

Proof of Theorem 63.
We prove a different version (stronger):
A graph G is perfect if and only if |H| < a(H) -w(H) — (1)
for all induced subgraphs H of G. (w(H) is the clique number of H.)

(o) In G, if A is an independent set, then in G, (A)q is a clique (A is
independent) (A)g (a clique)

(=) (Definition) If G is perfect, then for each induced subgraph H,
X(H) =w(H). Hence, the vertex set of H, V(H), can be partitioned
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into w(H) subsets. Clearly, each subset has size at most «a(H), hence
|H|<a(H) w(H).

(<) By induction on |G|. Assume that every induced subgraph H of
G satisfying (1), but G is not perfect. (Every ”proper” induced
subgraph is perfect.)

Now, let u € V(G) and consider G —u. Let w(G) =w and a(G) = a.
By induction, x(G - u) = w(G —u). If w(G -u) <w(G), then by
coloring u with a new color, we have x(G) < w(G). This implies that
G is perfect. (We can replace v with an independent set!) -«

Let K be the vertex set of a clique with w vertices. Notice that if
u ¢ K, then K meets every color class (independent set) of G — u.
—(2) But, if v € K, then K meets w — 1 color classes of G —u. —(3)

Now, we construct aw + 1 independents in GG by the followings. Let
Ag = {uy,us, -, uq} be an independent set of G with « vertices
(independence number «).

Starting from G —uq, and then G — us, -+, G — u,, we have aw
independent sets: Ay, Ag, -+, Ay, Awst, Awsa, s Ao, oy Aaw- (Each of
them contains w independent sets.)

Observe that K n A; = @ for all but one i € {0,1,2,-, aw}. (If
KnAy=a,then KnA; +@ for all i e {1,2,---,;aw} (by (2))). On the
other hand, if K n Ay # @, then |K n Ay =1, say K n Ay = {u;}.
(Except for uj, all the other vertices of Ay are not in K.) This implies
that K meets w -1 color classes of G'—u; which implies that in G - u;,

there is an independent set A; such that K n A; = @. (By (3).)
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Finally, let M and N ((0,1)-matrices) be defined as in Figure 39.
Let V(G) = {v1,va,---,vp}. Let K; €G- A; (?) for each i =0,1,---, aw.

o Vg v3 K, K, . Ko
A ] wo ]
A M(,j) =1 v2 N(i,j) =1

M. v € A, N _ iff vi € Kj
A | _Jlawtnxp LN _

(7) By induction x(G - 4;) =w(G - 4;) = w(G) (otherwise, G is
perfect.). Since M - N = J(qui1)x(aw+1) — Law+1 1S non-singular, the rank
of M - N is aw + 1 which is larger than p = |G|, a contradiction to the

assumption when H 2 G. Hence, the proof follows. |

Theorem 64

If G is a connected planar graph, then x(G) < 5.

Proof.

By induction on |G|. By Theorem 57, it suffices to consider an
induced subgraph H whose minimum degree is 5.

Let v e V(H) such that degy(v) = 5. By induction, x(H —v) <5.
Let ¢ be a 5-coloring of H and we consider the colors assigned on
Npg(v). Let them be p(v1), p(v2), -, ¢(v5). Clearly, if any two of
them are of the same color, then there is a color for v such that we
have a proper 5-coloring of H. So, assume that ¢o(v;) =4,i=1,2,3,4,5

and the vertices are in clockwise order, see Figure 40.
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Now, consider the induced subgraph Hy 3= (¢ (1) up™(3))n. If v
and vs are in distinct components, then by changing the colors 1 and 3
in the ¢(v1) =3 and ¢(v3) = 3. Hence, 3 is available for v.
On the other hand, there exists a path P connecting v; and vs.
Hence, v —v; — P —wv3 — v is a cycle such that v and vy are in different
regions. By a similar argument, we may change the color of vy to 4.

Then, 2 is available for v. |

Figure 40.

(* » *) Theorem (4CT)

Every planar graph is 4-colorable.

The most recent proof was obtained by N. Robertson, D.P. Sanders,
P.D. Seymour and R. Thomas (1996): A new proof of the 4CT,
Electron. Res. Announc. A.M.S. 2, 17-25.

The first proof was obtained in 1976-1977, by K. Appel and W.
Haken.

(e) The following theorem is not working for n = 0.
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Theorem 65 (The Heawood Map Coloring Theorem)

7T+V1+48
* 2+ n‘ (x(Sy): the
maximum chromatic number among all graphs that can be embedded

on Sy,.)

For every positive integer n, x(.S,) =

Proof. (Outline)
7T+V1+48n

The upper bound x(S,) < { 5 was obtained by Heffter

in 1890. At that time, he claimed that it’s an equality. But,
unfortunately, the correct proof came out many years later by the

effort of considering the embedding of K since for sure K, needs p

colors.
So, define p = [ 12+ A8n . It follows that n > (= 3iép —4) and
- -4 - -4
thus n > [(p 3i;p )] By the fact r(K)) = [(p 3igp )],
7T+V1+48n
X(Sn) 2p= \‘ 9 J

(o) There exists a procedure to construct all the graphs G with

X(G) 2 k.

(ee) Gy is a collection of k-constructible graphs if G € Gy, can be
constructed recursively by the following steps.
(i) K} is k-constructible.
(ii) If G is k-constructible and x,y € V(&) are non-adjacent,
then (G + xy)/xy is k-constructible.
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(iii) If G4 and G9 are k-constructible such that
V(G1)nV(Gs) ={x}, zy1 € E(G1), xy2 € E(G3), then
(G1UGs9) — xy1 — xy2 + Y199 is k-constructible, see Figure 41.

Figure 41. Hajés construction

(%) If G is k-constructible, then x(G) > k.
(1) is trivial.
(i) If (G + zy)/xy uses less then k colors, then by coloring x and
y with the same color, we have x(G) < k.
(iii) If the graph obtained uses less than k colors, then either
X(G1) < k or x(G3) < k depending on whether ¢(y1) # p(z)
or o(y2) # @(x). Since y; and yo receive distinct colors, one

of the above two conditions must hold.

Theorem 66 (Hajés, 1961)

Let G be a graph. Then, x(G) > k if and only if G has a
k-constructible subgraphs.

Proof.
(<) It has been explained above.

(=) Suppose not; then k > 3. Let G be a mazimal counterexample,

i.e. (G is of maximum size such that GG does not contain a
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k-constructible subgraph. Now, G can not be a complete r-partite
graph. For otherwise, x(G) > k implies that r > k and then G contains
a k-constructible Kj. (Contract each partite set.) Hence there exist
vertices x, 1 and yo such that zy; ¢ F(G), xys ¢ E(G) but
y1y2 € E(G). By assumption of the maximality of G, both G + zy; and
G + xyo contain k-constructible subgraphs, say H; and Hs; moreover,
xy; € E(Hy) and 2y, € E(Hs).

Let Hy — H; denote the graph (V(Hz) N\ V(H;))m, and H} is an
isomorphic copy of Hs such that
V(H)nV(G) ={z}u(V(Hy) N\ V(H;)), see Figure 42. So,
V(Hy)nV(H)) ={z}. Now, since H} = Hy, let v : Hy - H} be an
isomorphism. By (iii) Hyu H) — 2y -z - ¢(y2) + y1 - p(y2) is
k-constructive, let this graph be H. Now, for each vertex v’ in
V(H)) N V(G), there exists a v such that v’ = ¢p(v). Furthermore vv’ is
not an edge of H. By (ii), we can identify v and v’ and obtain a

k-constructible subgraph of G after identifying all vertices in

V(H2) NV (Hy). -
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Figure 42.

() A k-edge-coloring is a mapping «: E(G) - {1,2,---,k} such that
incident edges receive distinct images (colors).

() X'(G) =min .{k | G has a k-edge-coloring}. (Chromatic index of
G.) If X'(G) =k, then G is h-edge-colorable for each h > k.

Theorem 67 (Vizing, 1964)
If G is a simple graph, then A(G) < x' < A(G) + 1.

Proof.
The left hand inequality is easy to see, we prove the right hand
inequality. By induction on ||G|. We shall prove that G has a
(A(G) +1) —edge — coloring (coloring in short) for G and the assertion
is true for smaller sizes, i.e., for each e € E(G), G — e has a coloring 7.
First, we observe that since each vertex v is of degree at most

A(G), a color is missing around v. Second, if & and 5 be two colors
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used in the coloring, then a and 3 induce a subgraph with
components either paths or even cycles.

Finally, if ”G has no colorings using A(G) + 1 colors”, then for each
edge ry and any coloring of G — zy, there exists an o — 8 path from y
ends in x provided « is missing at = and [ is missing at y. See Figure
43 for missing colors.

x y
missing missing 3
missing 3 < missing @
Figure 43.

(%) If a— (8 path does not connect = and y, then we may recolor one of

the path («, 3), to obtain a coloring of G using A(G)+1 colors.

Clearly, if x and y are missing the same color, then we can use that
color to color xy and obtain a A(G) + 1 coloring of G. -«
Claim: There is a way to recolor some edges in G — xy such that x and

y miss the same color.

Outline of proof.

Let M (y) denote the colors missing at y, and ¢; € M (y). Now,
consider M (x). If ¢; € M(x), then color xy by ¢; results in a A(G) + 1
coloring of G. (The claim holds.) Hence, ¢; ¢ M (x), let ¢ € M(z) and
m(xy1) = ¢1. (See Figure 44) Then, consider M (y;) and let co € M (y1).
Note that co ¢ M (x). If co € M(z), then we let w(xy;) = co. Thus, ¢y

becomes a missing color in M (x), the coloring for xy is available,
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m(xy) = c¢1. This fact will continue: co ¢ M () = Fyo, s.t.w(xys) = Co;

and then c3 € M (y2), m(xy3) = 3, civ1 € M(y;), m(xyiz1) = ¢ip1- Since

we only have A(G) + 1 colors, there exists an [ such that

m(xyis1) = a1 € {c1, 09, . W.L.O.G., let ¢j41 = ¢, k€ {1,2,--, 1},
Now, we have several cases to consider depending on whether

co € M(y;) or co ¢ M(y;).

yi(cie1)

Yi ciy1 € M(y;)

Figure 44.

(a) co ¢ M(y1).

Since ¢j41 = ¢k, cx € M (y;). Now, consider ¢ — ¢y path starting from

Y-

(i) It is a y; — yx path. Since m(xyy) = cx, we may recolor them to a
co — ¢ path starting from yg. (Note here that ¢y occurs in an edge
incident to y;. By the fact that the last color is ¢, both ¢y and ¢
occur an even number of times.) Now, since 7(zyyx) = co, the
recoloring of xyy, xys, -, xyr_1 gives ¢ € M (x), we have the proof.

(ii) It is a y; — yx-1 path. Since ¢ € M (yi-1), this path is ended with
color ¢g. That is to say ¢ is also available for zy;_1 (not only
ck-1). Hence, we color xyy_1 with ¢y instead of ¢j_1, the proof

follows by a similar recoloring process.
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(iii) It is a y; — y; path, i ¢ {k—1,k}.

Then, either ¢; or ¢y will be available for xy; and the proof follows

by recoloring process. The case (b) ¢g € M (y;) can be done similarly. m

() Based on the same proof technique, we also have a stronger result

of Vizing’s Theorem.

Theorem 67’ (Vizing, 1964)
If G is a multigraph with multiplicity n, then x'(G) < A(G) + 7.
(o) The following graph has A(G) =4 and n = 2.

A

Definition (Class 1 and Class 2)
A graph (simple) is of Class 1 if x/(G) = A(G) and of Class 2 if
X'(G) = A(G) + 1.

Theorem 68 (Kdénig, 1916)

A bipartite graph is of Class 1.

Proof.
(1st)

By induction on |G|. Let xy € E(G) and G - xy can be
edge-colored with A(G) colors. Now, since degg_,, (7) < A(G) and
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degg ., (y) < A(G), a color is missing at x and also a color is missing
at y. Let them be o and [ respectively. Clearly, o # 5, and 8 occurs
around x and « occurs around y. Now, we adapt the idea in proving

Vizing’s Theorem, let P be a longest o — 8 path from x:

First, if P is an x —y path and the last edge has color «, then P is a
path of even length. Hence, Pu {xy} is an odd cycle. G is bipartite.
—<« Hence, z and y are in different components induced by the set of
edges colored oo and 5. Now, we recolor all the edges of P by
interchanging o and 3. This gives a coloring in which £ is missing at x
and also at y. By coloring zy with £, we obtain a A-edge-coloring of
G. |

(2nd)

Lemma

Let G be a bipartite graph. Then, there exists a A(G)-regular
bipartite graph G' > G. (Exercise) By Lemma G is a A(G)-regular
bipartite graph and thus G can be decomposed into A(G) perfect
matchings by Kénig’s Theorem. This implies that x/(G) = A(G).
Since G < G, X'(G) < x'(G) < A(G). Hence, we conclude the proof.
(o) A graph G is said to be overfull if |G| > l@J -A(G).
(ee) If G is overfull, then G is of Class 2.
(o) If G is overfull, then |G| is odd.
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Theorem 69

Petersen graph is of Class 2.

Proof.
If G is the Petersen graph and x’(G) = 3, then G can be
decomposed into 3 1-factors: Fy, Fy and F3 (3 color classes). Now,

consider the set of 5 link-edges e, es, e3,e4 and e5, see Figure 45.

Figure 45. Petersen graph

At least one of Fy, Fy, and Fj will contain at least two link-edges by
Pigeon-hole principle, let it be Fj. Clearly, F; can not contain all the
5 link-edges. For otherwise, two C5’s is the union of F, and F3 which

is impossible. So, there are three cases to consider.

(i) [F1n{ey,eq,- - e5} =4
Let e; be the edge not in F. But, now all the edges of G — ¢4
not in {ey, €3, €4, €5} are incident to an edge of {es, e3,e4,6e5}. So,
no other edge can be chosen for F7.

(11) ‘Fl N {61,62, N 65}‘ =3
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Let e; and ey be the edges not in F}. Then, other than
link-edges, we choose at most one more edge f;. The case e; and
es are not in F} has similar conclusion (only f5 is available).

(iii) |[Fin{e1,eq, -, e5}] =2
This case comes out that we can find two more edges which

not link-edges. |

(*) The proof of Theorem 69 implies that the Petersen graph contains

no ”Hamilton cycles”.

Proof.
If G contains a Hamilton cycle C, then x/(G) = 3 by coloring the

cycle with two colors and G — C' (1-factor) with another color. n

Theorem 70

A 3-regular planar graph G is of Class 1.

Proof.

Let G be embedded in Sy. Then, by 4-color Theorem, G is
4-face-colorable (or 4-map-colorable). Let the 4 colors used be
obtained from the group (Zg x Zs,®). Since each edge is in the
boundary of two adjacent faces, let the edge be colored by
(a1,b1) ® (ag,by) where (ay,by) and (a9, bs) are the colors of these two
adjacent faces. As a conclusion, we obtain a 3-edge-coloring of G,
since (0,0) will not be used. The coloring is proper since three

adjacent faces will receive three different colors, see Figure 46. ]
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Figure 46.

Theorem 71 (Equitable edge-coloring)
If G has a k-edge-coloring f, then GG has an equitable edge coloring,
i'e'a for any two Za] € {1727“'7k}7 Hf_1(2)| - ‘f_l(])H <L

Proof.

If there exist ¢ and j such that |f~1(i)| - |f~1(j)| £ 2, then we
consider the graph H induced by the set of edges colored i and j.
Then, H is a subgraph of G such that each component of H is either a
path or an even cycle. Since ¢ occurs more times than j, there exists

an ¢ — j path:

whose end edges are colored 7. Now, by switching the colors on this
path, we obtain a new edge coloring of G such that ¢ occurs one less
time and j occurs one more. It turns out that we can obtain an
k-edge-coloring s.t. |[f~1(:)|=|f~1(j)|| £ 1. As a consequence, we are
able to adjust all of them and obtain an equitable k-edge-coloring. m
(e) This Theorem is not difficult to prove, but very useful.

(o) Without using 4CT, the proof of Theorem 70 is very difficult.
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(%) It was conjecture that if G is planar and A(G) is large enough,
then G is of Class 1.

Theorem 72
The complete graph K, is of Class 2 if and only if K, is overfull or

equivalently n is odd.

Proof.

First, we claim that for each m > 1, Ks,, is of Class 1. It suffices to
give a (2m — 1)-edge-coloring of Ks,,. For convenience, let
V(Kopm) = Zom =40,1,2,---,2m — 1}. For each color i € {1,2,-,2m — 1},
let the set of edges colored ¢ be
F;={(0,i),(i+1,i-1),(i+2,i=2),~, (t+m-1,i—-m+1)}

(mod 2m —1). See Figure 46 for an example of m =5 and i = 3.

Figure 46. x'(K19) =9

Since A(Kop,) =2m -1, X' (Kap) =2m - 1.

Now, by deleting 0 in K5,,, we obtain a (2m — 1)-edge-coloring of
K5,,-1. On the other hand, it is not difficult to check that K5, is
overfull for m > 2, this concludes that x'(Kop_1) > A(Kaopm-1) = 2m - 2.
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() This Theorem is not difficult to prove, but it is very useful in the

construction of ”Combinatorial Designs”.

(ee) Equivalently, K5, can be decomposed into 2m —1 1-factors,

which is also know as a 1-factorization of Ks,,.

(e ee) If G is an r-regular graph and x/(G) =r, then G has a

1-factorization.

G
(% * *) It was conjectured that if G is r—regular and r > %, then G

has a 1-factorization or equivalently x/(G) =r.

Theorem 71’ (D. Hoffman et al.)
A complete multipartite graph G is of Class 2 if and only if G is

overfull.

(e) ”Total coloring”
A k-total coloring of a graph G is a mapping
0:V(G)UE(G) > {1,2,- k} such that
(i) adjacent vertices receive distinct images,
(ii) incident edges receive distinct images, and
(iii) each vertex has a distinct image with the images of its

incident edges.

e.g.
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3 2
2 5
1 3
P)

3 “ 4

A 4-total coloring of Cj

(o) x""(G) =min .{k | G has a k-total coloring}. (Total chromatic

number)

Theorem 73
X" (Kaon+1) = X" (Kap) = 2n + 1.

x"( ) =5 ()

Proof.

X" (K2,11) can be obtained by using x/(Kopi1) =2n + 1.

TCC Conjecture x"(G) < A(G) +2

Note that x"(G) > A(G) + 1. As to the total coloring of Ks,, we
claim that 2n colors are not enough.

Observe that each color class has at most one vertex and n -1
edges. So, 2n color classes will contain at most 2n vertices and
2n(n —1) edges. Hence, there are 2n? elements (vertices and edges) in

2n(2n -1
total. But, K5, has 2n + M elements to color, which is
2n? + n. Clearly, 2n color is not enough. Since Ky,,1 is (2n + 1)-total

colorable, Ky, is also (2n + 1)-total colorable. The proof follows. |
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() Based on TCC Conjecture, a graph G is called Type 1 if
X"(G) = A(G) + 1 and Type 2 otherwise.

Theorem 74

Ky, is of Type 1 if and only if m # n.

Proof.

(=) If m =n, then there are 2n + n? elements to color. Since each
color class contains at most n elements, A(G) +1=mn+1 colors are not
enough, n(n+1) <2n+n?. Hence, X" (K,) >n+2, and thus K, , is
not of Type 1.

(<) On the other direction, let m =n+ k. Now, A(K,,,) =n+k. By
the edge-coloring of K, ,, we have an n x (n+ k) Latin rectangle based
on {1,2,--- n+k}, see Figure 47. Since k > 1, we may extend this
rectangle to (n+ 1) x (n + k) and the last row can be used to color the

vertices of A. Finally, color all vertices of B by one extra color, we

have Ky <n+k+1=A(Kp,) + 1. ]
n+k
'
1| 2 n+k —(
2 3 n+kl 1
n 2
n
n n—1 m
colors of
vertices _,
in A

Figure 47. An edge-coloring of K, ,,
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(o) A cycle C,, is of Type 1 if and only if n =0 (mod 6).

If we use three colors, then starting from one vertex and one edge,

all the colors of the others are forced!

(e) The deficiency of a graph G, def(G), is defined as
Yoev (@) (A(G) — dega(v)).

(ee) G is con formable if G has a vertex coloring
0:V(G) > {1,2,--,A(G) + 1} such that
def(G) 2 [{i[|G] - ¢~ (1)[ = 1 (mod 2)}|.

Theorem 75
Let S; be a star with ¢ edges. Then, Ky, —S1 — So,-3 = G(1,2n - 3)

is of Type 2.

Proof.

Assume that G(1,2n - 3) is of Type 1, i.e., there exists a total
coloring v of G(1,2n—-4) using A(G) +1=2n -1 colors. Let uv be the
edge subdivided by w, see Figure 48. First, if ¥)(u) =1 (v) = 0, then let
Y(w) =1, Y(uw) =2 and ¢(wv) = 3. Let r; the number of vertices v in

which j occurs in either v or an edge incident to v. Hence,
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¥2n0%ry = | Ko + 2| G(1,2n = 3)[. (?) Now, 0 occurs in at most 2n ~ 2
vertices. Hence, ¥2"3%r; < (2n-2) +3-(2n) + (2n-5)-(2n-1) =

4n? — dn 43 < |Kon| + 2| G(1, 20 - 3)]. <

baiyide one edge

1%

Figure 48. G(1,5)

On the other hand, if ¢)(u) # ¥(v), a similar argument shows that
2n — 1 colors are not enough. Hence, G(1,2n - 3) is of Type 2. |
(%) If G is of Type 1, then G is conformable.

Proof.

If there exists a color i such that |G| - \@D“}(G)(iﬂ =1 (mod 2), then i
occurs in at most |G| -1 vertices. Since every color occurs around a
major vertex (A-degree), A(G) + 1 colors are not enough if
def(G) < |[{i||G]| - \@ZJ“}(G)(M =1 (mod 2)}|. So, if G is not
conformable, then G is not of Type 1. |

Conjecture (Chetwynd and Hilton, 1988)
1
Let G be a simple graph with A(G) > l‘G| i

J. Then, G is of Type
2 if and only if there exists a non-conformable subgraph H of G such
that A(H) = A(G) (and G is not the Chen and Fu graph).«—1& £ /4w
A.
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(e @) The (original) conjecture was disproved by using Theorem 75.

(o) The graph G(1,2n —3) is known as ”Chen and Fu graph”.
(e) Prime Labeling
A prime labeling of a graph G is a mapping
f:V(G) = {1,2,---,n} such that if u,v € E(G), then f(u) and f(v)
are relatively prime, i.e., gcd(f(u), f(v)) = 1.

Example

%

3 4

(o) P(a,b): The of primes between integers a and b. P(a,b], Pla,b]

and P[a,b) can be defined accordingly.

(%) Bertrand’s Postulate: (Bertrand-Chebyshev Theorem) For each

n>2, P(n,2n) + @.

(o) a(G): Independence number of G
o(G): Vertex cover number of G
(S is a vertex cover of G if every edge e of F(G) is incident at

least one vertex of S.) = V(G)\ S is an independent set.

Theorem 76
Let G be a graph of order n. Then the followings hold.
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(1) If a(G) < ng, then G has no prime labelings.
(2) If S is a vertex cover of G and |S| <|P(n,2n)|+ 1, then G has a

prime labeling.

Proof.

(1) follows from the fact that in all prime labelings (if exist), the set of
vertices with even labels induces an independent set. Hence, the
graph must contain an independent set of size {aJ

(2) Use the labels 1 and x € P(n,2n) to label the vertices in S, we
obtain a prime labeling of G. (The vertices in G — .S can be labeled

arbitrarily.) n

Use the facts above, we can easily find a prime labeling of a tree of
order at most 10. The proof follows by letting 7" = (A, B) and consider
the cases [A| =1,2,3,4,5.

Prime labeling Conjecture
Every tree has a prime labeling.

(o) The first goal should be the answer for caterpillar.

'/\VIQ/I/\' '

Prime sum graph




() The prime sum graph of order n, G,,, is defined on [n] and two

vertices ¢ and j in [n] are adjacent if i + j is a prime.

G5; GG:

20 18 16 14 12 10 8 6 4 2

A part of edges, 23,19,41 are primes used for them.
(1,22,19,4,15,8,11,12,7,16,3,20,21,2,17,6,13,10,9,14,5,18) <« Hamilton

cycle.

(ee) So, we are interested in determining ”for which n, G,, has a

Hamilton cycle?”. Clearly, n must be even. (?)

(%) It is not difficult to check, for small n > 6, G, is indeed

hamiltonian.

(¢) Graceful Labelings

A graceful labeling of a graph G (with |G| < |G| + 1) is a mapping
F:V(G) 15 {0,1,2,-,|G|} such that
(1)~ F)] | ww € B(G)} = (1,2, |G



Theorem 77

Any caterpillar has a graceful labeling.

Proof.

Starting from the end vertex from one side, label the vertex vy with
0, then the vertex vy incident to vy is labeled with |G| = g. Now, the
neighbors of v; are labeled by 2, 3, --- for pendant vertices and let the
largest label be used in vg. Again, we shall start from the use of
g—1,q-2,--- and let the smallest label for v4 to use. The proof then

follows. .

qg—1 q— t 2 S
. v vs . v /
@ @ @

Vo U1 U3 V4

q qg—t—1

(*) There are special trees which have a graceful labeling. But, to

prove that all trees do have graceful labelings remains unsolved.

Graceful Tree Conjecture (Rigel-Kotzig)
All trees are graceful.

(%) We remark here, for forests, we can also find graceful labelings.



Theorem 77’

Each matching of size n, M,,, has a graceful labeling.

Proof.

This is a direct consequence of using Skolem sequences of order n.

(See a couple of examples below.) n

2 3 7 9 1 4 8 12 5 10 0 6
o*— o*—= o—=0 o*— o—= o—

11 12 13 15 1 4 2 6 5 10 3 9 7 14 0 8
o—0 *——=0 *——a *—0 *—=0 o—0 *—a0 *——0

n==~6

(#%) There are many problems in graph labelings, you may refer to
the following reference for more informations.
A dynamic survey of graph labeling by J. A. Gallian.
(502 pages!)

Random Graphs

(*) The notation of random graphs is different from probabilistic
method. Here are two theorems which uses probabilistic method.

(Find the lower bound of R(s) is another example.)

Theorem 78
There exists a tournament T, such that T}, has at least n!/27-1

directed Hamilton paths.
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Proof.

In K, there are n! Hamilton paths. (Starting from one of the
vertices which have been selected.) Now, if each edge is assigned with
an orientation, the probability for any one Hamilton path to be a

1 1
directed Hamilton path is ——. (each edge has 3 chance to be in the

2n—1

right direction.) So, if x is the random variable for the number of

1
directed Hamilton paths, F(x) (Expectation) = n!-—— and

2n—1

therefore, there exists a tournament satisfying this value. ]

Theorem 79
1

The independence number of G, a(G) > Evev(g)r().
ega\v

Proof.

Let f be a random labeling of G by using 1, 2, ---, |G|. For
convenience, let V(G) = {v1,v9,--+,v,} and f is a 1-1 mapping from
V(G) onto {1,2,---,p}. Now, for each v, there exists a unique
u € Ng[v] such that f(u) =min.{f(x)|x € Ng[v]}. Now, let S be the
set of vertices v in V(G) such that f(v)=min.{f(z)|x € Ng[v]}.
That’s is v has the smallest label, then put v in S.

Now, clearly S is an independent set. (7) Moreover, the probability
1

of being the smallest label among all its neighbors is —————, w
degs(v) +1

c

conclude the proof since a(G) > |S| =% ]

VO degn(v)



Random Graphs
There are different models, here we consider one of the most

popular one.

Model A G(n,p),0<p<1.
The probability of the existence of an edge (independently) is p and
the graph induced by using existent edges is G,.

(e) We use G™ to denote the distribution of graphs of order n. Let g,
be the probability of the existence of "property” () when the

graphs considered are of order n.

(ee) If lim,, 00 ¢ = 1, then we say "7 almost always holds. In this

case, we say almost all graphs have property ”Q”.

Theorem 80 (Gilbert, 1959)
Let p be a constant such that 0 < p < 1. Then, almost all graphs are

connected.

Proof.

Suppose not. Then, there are graphs G (of order n) which are not
connected. Here, there exists a proper subset S ¢ V(G) such that
(S, V(G)\S)g contains no edges. This implies that the probability ¢,

of the existence of disconnected graphs of order n satisfies
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< Z;LEJl (Z)(l —p)k'(n_k) -p¢ (c is a constant)
< T k(- p)t
_ L%J 1— n—k k
B Z:l~::1 (n-(1-p) )
o0

-y

Since lim,, . (n(1 —p)n_k =0, lim,, 00 1L = 0. Hence,
-y

lim,, ., ¢, = 0 and thus almost all graphs are connected. |

(o) It is not difficult to see the connectedness should be quite strong,
not only 1-connected. We can in fact claim that any cut set of size

k — 1 is not available for a fixed k.

Following the arguments from Theorem 80, we are able to show, if
n is large enough, then a rendom graph obtained from constant p will

give a graph with high connectedness.

Theorem 81
For every constant p € (0,1) and k € N, almost all graphs are

k-connected.

Proof.

First, we claim GP has property ” P, ;”. (P, ; is the property that for
any disjoint vertex sets U and W with |U| <7 and |W| < j, there exists
a vertex v ¢ U uW such that U = Ng(v) but Wn Ng(v) =@. (See



Figure below.) Let g = (1 - p). Then, the probability of such v is
AU W > i gi. (U] <4 and W] < j)
Hence, the probability of no such v exists is
(1-plUl. q|W|)n_|U|_|W| <(1-pi-g)""7 forn>i+j.
Now, there are at most n*7 (U, W) pairs, and thus the probability

n—i—j

of 7 P, ;7 (not P, ;) is at most n*7 - (1 - pi¢?) . By the fact 7 and j

are constants, we have the probability 70” when n — oo.

To prove the theorem, let ¢ =2 and j = kK — 1. Since almost all
graphs G have property P -1. Let W be an arbitrary set of k-1
vertices. Then, for any two vertices z,y € V(G)\W, then either z is
adjacent to y or y have a common neighbor. Therefore, W is not a
vertex cut of size k — 1. This implies that G is k-connected. ]

Not only the graph is with high connectivity, the graph does have

very small diameter.

Theorem 82

Almost all graphs are of diameter 2.

Proof.

Let x;; be the indicator random variable such that
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1 if v; do not have a common neighbor; and
e 0 otherwise.
So, the random variable x of "no two vertices have a common
neighbor is equal to ¥,.; xi;. Hence,

E(x) =X+ E(xij) = (g) (1 —]02)n_2 — 0 and we conclude that almost

every pair of distinct vertices have a common neighbor. ]

(*) We may replace p by p(n). Then, we have a more complicate

situation to consider the random graphs.

(**) We may also consider the probability of edges based on the
vertices they are incident to. That is, the next edge will come

from somewhere near a vertex with larger degree.

Problem
Show that almost all graphs there is a unique vertex with maximum

degree.

(e ® @) If this is true, then almost all graphs are of Class 1, since
Vizing did prove that a Class 2 graph contains at least three
major vertices (degree A(G)).

For convenience in referring this result, we put it as a theorem.
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Theorem 83
For p e (0,1), almost all graphs obtained in Model A is of Class 1.

Proof.

Step 1.

Prove that almost all graphs have a unique major vertex.

Step 2.
By Vizing’s result, every Class 2 graph has at least three major

vertices, we conclude the proof. u

Some ideas in Algebraic Graph Theorem.

(o) The adjacency matrix A(D) of a directed graph D is
A(D) = [ j]nxn where V(D) = {vy,ve, -, v}, x;j = 1 if and only if
(vi,v;) is an arc of D.

(e) If D is a graph (instead of digraph), then we view each edge of D
as a pair of arcs in opposite directions, and thus A(D) is a
symmetric (0,1)-matrix.

(e) If G is a simple graph, then we can define the Laplacian of G,
denoted by L(G) = [l;  |nxn where l;; = degq(v;) and [;; = -1 =1;; if
{vi,v;} € E(G).

(ee) We shall consider A(G) where G is a simple graph in what

follows.

(o) The characteristic polynomial of A(G) is defined as



O(A, ) =gy (G, x) =det(xl, - A). (A~ A(G)).
(o) The spectrum of A (matrix) is a list of its eigenvalues of A, the

zeros of ¢(A,x), together with their multiplicities.

Example
G = Oy
d(Cy,x) = 2t = 4a2; zeros are 2,0,0,-2 (0 is of multiplicity 2).

(e) The largest eigenvalue of a graph G is called the index of G and
the spectral radius of GG is the maximum value of
{INil | ©=1,2,---,n, and \; is an eigenvalue of A}. In Cy case, the
index and and spectral radius of G are equal.

M o o\
(¢) Spec(Q) = (

ml m2 e mt

) and Zle m; =n.

Example
n-— -1
1. Spec(K,) =
n—1
vmn 0 —/mn
2. Spec(Kpmp) =
1 m+n-2 1

Theorem 84
The diameter of a connected graph G is less than the number of
distinct eigenvalues.
diam(K,) =1
diam(Kp, ) =2
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Proof.

Let  be the number of distinct eigenvalues, let them be
A1, A2, A Then [T;_;(x - A;) is the minimal polynomial of A. This
implies that the linear combination of I,, = AY, Al ..., A" is the zero
matrix. Now, consider diam(G). Let d(v;,v;) = diam(G) = k. Then,
Al(i,7) =0 for each 0 < h < diam(G). Hence, A%, Al,---) A* are linearly
independent. (7) This implies that k <, i.e., diam(G) is less then the

number of distinct eigenvalues. |

Theorem 85

For every graph G, x <1+ Apax(G).

Proof.

For every graph G, let x(G) =k and H be a vertex critical
subgraph of G. That is, x(H) = k and for each vertex v e V(H),
X(H —v) =k —1. By Theorem 56, 6(H) >k - 1.

Now, consider Apax. If A is an eigenvalue of A(G), then there exists
an eigenvector T such that AZ = A\Z. Let
xj=max} {x; | T =(x1,29,,2,)}. Then

Arj=(AZ); = Xpen(oy) Ti < degg(v)) -z < A(G) -z
Hence, A\pax < A(G) and Theorem 85 is an improvement of Brooks
Thm. On the other hand, Ayax > 6(G). (?7) This implies that
k<1+0(H) <1+ Amax(H) <1+ Anax(G). m
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Theorem 86

For each bipartite graph G, there exists a graph G such that G <G
and G is A(G)-regular.

Proof.
Let G = (A, B) with |A| <|B|. Let A ={ay,as, -, ay,} and
B ={b1,bs,---,b,}. (m <n)) First, we construct a graph
G=(A,B):(AuB’,BuA") where A’ = {a},a}, - a’,} and
B = {b}, by, b} and E(G) = E(G) U {{t},ai} [ aibj € E(G)}. (See
Figure for example.) In fact, (Au B)s = (A’ U B’)5. Hence,
Yveaun degq(v) = Tyepuar degg(v) = 2|G, |A] =|B],
Yveavs (A(G) - degg(v)) = Loepoa (A(G) - degg(v)) = def(G). Now,

based on def(G), we have two cases to consider.

Case 1. def(G) > A(G).

Construct a bipartite graph G" such that G"” = (A", B"),
|A”| = |B"| = def(G) and G” is (A(G) - 1)-regular. The proof then
follows by connecting A” to B and B” to A.
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A// B//

o= 2 — regular

A B
ay b[
as l)g
b bs
«— G
b a)
b, ay
G def(G)=5

Case 2. def(G) < A(G).

Let |A”| = [B"| = A(G), and G" = Kx¢ey,a(e) — M, M is a matching
of size def(G). The proof follows by connecting the vertices in G”
(which are incident to M) and the vertices in G whose degrees are less
than A(G).

So, the graph G is defined on (A” U A, B” u B). Moreover, G is
A(G)-regular with partite set size
max .{|A| + |B| + def(G),|A| +|B| + A(G)}.

Theorem 87
Let G be a planar graph with A(G) > 10, then G is of Class 1.
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Proof.

We shall apply a lemma obtained by Vizing.

Vizing’s adjacency lemma

First Form: If G is of Class 2, then every vertex of GG is adjacent to at
least two major vertices. In particular, G' contains at least three major
vertices.

Second Form: Let G be a connected graph of Class 2 that is minimal

with respect to edge coloring. "If wv € E(G) and degg(u) = m, then v
is adjacent to at least A(G) —m + 1 major vertices.” —(x*)

We shall apply the 2nd form to prove the theorem. Suppose not.
Let G be a counterexample with minimum size. Thus, G is planar,
A(G) =k>10 and x'(G) = k+ 1. Clearly, G is minimal with respect to
chromatic index. Since G is planar, G contains vertices of degree 5 or
less, let S be the set of all such vertices. Define H = G- S. Again, H
is planar, H contains a vertex w such that degy(w) < 5. By the fact
degs(w) > 5, w is adjacent to some vertices of S. Let vw € E(G)
where v e S. In G, degs(v) <5. By (%), w is adjacent to at least
A(G)-5+1 (>6) (major) vertices of degree A(G). This implies that
w is adjacent to at least 6 vertices of H since all major vertices are in

H. Hence, degy(w) > 6. —»<. This concludes the proof. u

(o) 0(G): Vertex cover number; a1(G): matching number

Theorem 88 (Konig-Egevary)
For bipartite graphs G, ¢(G) = a1(G).
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Proof.

We shall apply max-flow min-cut theorem to prove the theorem.
First, we define a network as in Figure 49. Let A = {a,as, -, an},

B ={b1,by,--,b,} and G = (A, B). Then, the network is defined by
letting v and v be source and sink respectively, cap(u,a;) =1 for
i=1,2,---;m, cap(bj,v) =1 for j=1,2,--- n, and cap(a;,b;) = |G| +1 if
a;b; is in E(G). (Note that all arcs are from A to B.)

Since 0(G) > a1 (G) as mentioned above, it suffices to show that
a1(G) > 0(G).

Now, let f be a maximum flow. It is easy to see that val f = a1(G).
This is due to the fact that all the arcs from u and into v are of
capacity 1. (No two arcs can be out of two vertices in A and ended in
a vertex of B.)

So, it is left to consider the minimum cut, let it be K = (X, X)
where ue X, ve X, AnX =A"and Bn X = B’, see Figure 50. Hence,
K contains arcs from u to A’, AN A" and B\ B’, see Figure 50. Hence,
K contains arcs from u to A’, AN A’ to B\ B’ and B’ to v. Notice
that cap K < |G|, for example, let X = {u}. This implies that the
following (e) is true and A’ u B’ is a vertex cover and
cap K =|A'| +|B’| =val f = a1(G). By the fact, |A’|+|B’| > 0(G), we
have a1(G) > o(G). m
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Figure 49. Net work

Figure 50. Cut

(o) In (X, X), there exist no edges from A\ A’ to B\ B’. For
otherwise, it is not a minimum cut. This implies that all edges are

incident vertices in A’ u B’. A’ u B’ is a vertex cover.

Theorem 89
Let G be a graph of order p which has no isolated vertices. Then,
a(G) +0(G) =p.
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Proof.

Let S be a vertex cover with o(G) vertices of G. Then, V(G) \ S is
an independent set. Hence, [V (G) \ S| < a(G) and thus p - || < a(G).
This implies that p < a(G) + S| = a(G) + 0(G). On the other hand, let
T be an independent set of G such that |T| = a(G). Then, G-T is
vertex cover of G. By the fact 0(G) (min.) <|G-T|=p-a(G), we
have p > 0(G) + a(G). m

Definition (Edge-cover)
An edge cover of a graph is a set of edges M such that all vertices
of G are incident to M, i.e., for each v € V(G), v is incident to an edge

in M. e.g.

{e, f,g} is an edge cover.
The edge cover number of G, 01(G) = min .{|M|| M is an edge

cover}.

&

(o) 01(G) > [7] (Each edge can cover two vertices.)

Theorem 90

01(G) + a1 (G) = p. (G is a connected graph.)

Proof.
Let M be a matching in G with «a;(G) edges. Then, for each vertex
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not in M, v is incident to a vertex in M if v is in an edge of G.
Assume that t vertices not in M, i.e., p = 2|M|+t. Now, by taking
every edge in the matching M and the set of ¢ edges not in M but
incident to M, we have an edge cover with |M|+t edges. This implies
that 01(G) < |M|+t. As a consequence, we have
p=2|M|+t=01(G)+|M|+t>a1(G)+01(G). On the other hand, let
N be an edge cover of G with minimum number of edges, i.e.,
|N|=01(G). Notice that (N)q is a disjoint union of stars. (You can
not find

in (N)g.) Assume that there are ¢ stars. Then, p = |N|+t. By the fact
that in (N)¢ we can find a matching of size ¢, p < |N|+ a1(G). (a1(G)

(maximum matching number) > t.) ]

PEo

Theorem 90’
Let G be a graph with V(G) = {v1,v9,--+,v,}. Then, we can use the
vertices of G as variables to obtain a generating function for all

dominating sets of G.

Proof.
Let f be defined as follows:

f(Ul, Vo, +, Up) = Hle(vi + ZueNg(vi) U)
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Then, each summand is a product v{'v§?---v,” where 0 < ¢; < p. Now,

let S={vj|lc;>0,j=1,2,--,p}. HueV(G)\ S, say u =y, then in

the product v} 1152---1};” , ¢t = 0. But, one of its neighbor has been

selected. This implies that v is incident to a vertex of S. |

(e) For small order graphs, this is a good way to find dominating sets.
In fact, the term with maximum of 70" in powers provide a
dominating set with minimum size and thus the domination

number is determined.

Theorem 91
Let G be a (p,q)-graph and A(G) = A. Then,

1
(1) the number of triangles in G is gtT(A?’);

o1
(2) the number of 4-cycles in G is g[tr(A‘l) —2q - Yisj ag?] where ag?

is the (7, 7)-entry in A%; and
(3) the number of 5-cycles in G is

1
Tgltr (A7) =5tr(A%) = 5T, 87 (ais - 2) )]

Proof.
It follows from the fact that the number of walks of length & from v;
to v; is equal to A¥) (3, j). This can be proved by induction on .
Hence, if triangles are concerned, then we consider A®)(i,1), i.e.,
tr(A3). Since for each triangle (v;,vj,vi), there are 6 different ways of
3-walks: (v, v;, vk, vi), (Vi, Uk, vj,0i), (V5, Vi, Uk, v5), (Vk, Vi, v}, vg) and

1
(U, vj,v;,vg), the result follows by using étr(A?’). For 4-cycles and
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5-cycles, we have to take away those 4-walks (and 5-walks) which are

not for cycles, for example

= (vj, vj, v, v;). Check (2) and (3) yourself. m

Theorem 92
Let G = (A, B) be a tree of order st most 16. Then, G has a prime

labeling.

Proof.

(Sketched) We present a proof of the case |A| =6 and |B| = 10.
First, we label A by using S ={1,13,11,7,5,3}. Then, the labeling of
the vertices can be found from the set {1,2,---,16} ~ .S. Now, denote
B = {b1,by,---,b10}. We claim that there exists a labeling of the
vertices of B by using [16]\ S.

Let B; ={x e[16]\ S| gcd(z,s) =1 for each z € An Ng(b;)}. Now,
consider |Sg| = |U§7:1 B;;|. Clearly, if k =1, then |Sg| > 1 since
gcd(2,s) =1 for each s € S. In fact, each B; contains at least 4
elements, 2, 4, 8 and 16.

But the fact, any two B;’s have at most one common neighbor”,
we can verify that |Sg| > k for 6 < k < 10. Hence, by Hall’s condition,

the proof follows. ]
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Theorem 93 (Alon, 1995)
Let G be a graph of order p. Then, v(G) (the domination number)
of G, v(G) <n[l+In(c(G)+1)/(c(G) +1)].

Proof. (Probabilistic Method)
Let S be a subset of V(G) with the probability of each vertex
1 G)+1
D =def n<(70((G))++1 ) Let T={x|x ¢S, No(x)nS =g} Since for each
y¢ SUT, Ng(y)nS+@, SUT is a dominating set of G. By the

expectation of E(SuT) =E(S)+E(T) <np+n-(1 _p)U(G)+1 <

np+n-ePO(@+) —pn|p+ . This implies that there exists a

L
o(G)+1
dominating of size at most n-[1 +In(c(G) +1)]/(c(G) +1). n

() A greedy algorithm for finding the dominating set:
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Choose the vertices of a dominating set one by one following
the idea: A vertex that covers the ”maximum number” of vertices

which are not cover yet is pick.

"p is not a constant.”

Theorem 94 (Omit the proof)

Let p = p(n). Then, we have

(1) p(n) =n=2 — No edges.

(2) p(n)=n"

tree.

[Ny

— (G has a nontrivial component which grows like a

(3) p(n) =n~! — Contain a cycle.
1
(4) p(n) = T, Connected.
n

(5) p(n) = (1 +¢) — Contains a Hamilton cycle.

(e) The growth rate is getting smaller.

Theorem 95 (More about eigenvalues of A(G))
Let G be a connected graph of order p and A be its adjacency

matrix. Then, we have the following basic properties.

(1) For each eigenvalue A\, |\ < A(G).
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(2) A(G) is an eigenvalue of G if and only if G is regular. Moreover, if
A(G) is an eigenvalue of GG, then the multiplicity of A(G) is 1.

(3) If —A(G) i s an eigenvalue of GG, then G is regular and bipartite.

(4) If G is bipartite and \ is an eigenvalue then —\ is also an
eigenvalue, moreover, they have the same multiplicity.

(5) The maximal eigenvalue, Apax(G) satisfies
0(G) < Anax(G) < A(G).

(6) If H <@, then Apin(G) < Amin(H) < Anax(H) < Amax(G).

Proof.

(1) Let Z be an eigenvector with eigenvalue A, i.e., A% = A\Z. Let
T = (21,9, -, xp) and |z;| <1 (by re-scaling ). Suppose that
7| > |z;| for each i =1,2,-- p. For convenience, let z; = 1. (Jz;] &

R, Bl 27 «— 7/ +|z;|.) Then,

Al = Ay
= | X aji il
< Zf:laj,i'|xi‘

IN

5] - deg(v;)
A(G).

IN

(2) If A(G) = A is an eigenvalue, then as in (1), let |z;| = 1, and we
have A=A-z; =YY" a;; x;. Hence z; = x; = 1 and degg(v;) = A,
whenever v; = Ve Therefore, degq(x;) = A. Now, by the same

argument, if vy ~ v;, degg(vy) = A, then G is A-regular by the fact
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that GG is connected. This also implies that the eigenvector is
1=(1,1,---,1). The reverse statement is easy to see.

(3) If ~A(G) is an eigenvalue, then by (2) we have deg,(v;) = A and
x; = —x; = —1 whenever v; > Ve Since two vertices are adjacent if
they have distinct weights (z; and ;) 1 and -1, the vertex set of G
can be partitioned into two subset V; and V5 such that v; p v; iff
their corresponding weights are different (1 or -1). Hence, G is
bipartite.

(4) It follows by considering ker(A — AI,) and ker(A + AI,). Let
G = (V1, V) and b(by, by, -, by,) such that b; = 1 if v; € Vi and b; = -1
if v; € Vo. Now, if A7 = A\Z and v; € V}, then
A-(b®F)i = 8, aij-bj-aj = Toyer, aijaj (= 0(vi € V1)) = Ty e, i) =
= Yoo @i = Lojer, @iy = = Xy aigay = =z = ~A(b @ @);.

b® 7 =def (b121,b2a, -+, byxp)
This implies A and -\ occur the same number of times in solving
AZ = \Z, i.e., m(A) (multiplicity of A) = m(=X\).
(5) By (1), we have Apax(G) < A(G). Now, we claim the other
inequality. Let the numerical range of A be V(A), i.e.,
V(A) = {(AZ,7) = 7' A7 | |#| = 1}. Hence, let 1=(1,1,-,1) and we
have %(AT, i) e V(A).

1, - 1
Now, Amax = max.V(A) > ]—Q(Al, 1) = , b_ degg(vr) 2 0(G).

(6) Let H be an induced subgraph of order p— 1, i.e.,
H = ({v1,v2,,0p-1})a. Then, Apax(H) = (A'y, y) where
A= A(H) and (y,y) = 1. Now, consider Z = (y1,%2,*, Yp-1,0)
where § = (y1, Y2, -+, yp). Clearly, (A'Z,Z) = (A'Y,J) = Amax(H ) and
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(#,%) = 1. Since (AZ,7) € V(A), i.e., Amax(H) € V(H). This
implies that Apax(G) > Amax(H ). The other inequalities can be

shown similarly. ]

(o) A graph G has an H-decomposition of E(G) can be partitioned
into subsets Ei, Es, -+, B} such that for each 7 =1,2,--- k,
(Ei)aeH.

(o) If # = {H}, then an H-decomposition of G can be referred as an
H-decomposition of G.

(¢) A graph G has an H-packing if £(G) contains edge-disjoint
subsets such that each of them induces a graph in H. An
H-packing of G can be defined accordingly.

(¢) A graph G has an H-covering if F(G) is a subset of a edge-disjoint

union of graphs in H. An H-covering of G can be defined as well.

(ee) In packing, the edges not used induce a subgraph which is known
as the "leave” of the packing. Similarly in covering, the extra

edges used induce a padding of the covering.

(e) If the graph G is the complete graph K, then the
H-decomposition, H-packing and H-covering is also referred to as

that of order n.

Examples
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()
. — Py -decomposition
{<V17 V2, V4, V3), (V2, V3, V1, V4>}
Uy
U1

(%] (U
— C3 -packing: {(Vla Va, V5)v (V17 V2, V3)}
with leave a Ca , (V27 V3, V4, V5) .

Cs3 covering: {(v1,Va,Vs), (v1,V2,V3), (2, V4, va), (V2, Vs, Vs5) }

with a padding vy O oy

Theorem 96
n-1

For each odd integer n > 3, K, can be decomposed into
Hamilton cycles. For each even integer n, K, can be decomposed into

g Hamilton paths.

Proof.

The following construction is known as the Waleki’s method. Let

V(K,) = Z,, and the cycles are:
( n-1n+1

0717n_1a27n_27"'7 ’
2 2
(0 n-1n-3 n+1 n-5

2 727 27 2

)7 (07271737n_17"'7n+1 n+3)7

2 2
cem—2.n—1). n
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By deleting a vertex in K,,1 (n even), we obtain the decomposition of

K, into g Hamilton paths. |

(*) This theorem has been extended to cycles and paths with
prescribed length. We list the theorem and omit their proofs.

(The cycle case is very complicate.)

Theorem 96’ (Alspach et. al, 2001)

For each odd integer larger than 3 and an integer 3 < m < n, the
complete graph K,, (n is odd) and K,, — I (n is even) can be
decomposed into m-cycles provided m | (Z) (for odd n) and

n\ n :
m | )73 (for even n) respectively.

(o) The case m =3 was proved in 1847 by T. P. Kirkman, and the case

m =n mentioned above eas obtained long time ago.

(*) An important tool for decomposition.

Definition (Graceful labeling, S-labeling)

A graceful labeling of a graph G is a 1-1 mapping
f:V(G)—-{0,1,2,--, max{ |G|, |G| - 1}} such that the weights of
edges uv defined by |f(u) — f(v)| are all distinct.

If G is connected, this value takes |G|

Examples

(Shown easiler!)
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Theorem 97
Let G be a graph of size ¢ and G has a graceful labeling. Then,

K4+1 can be decomposed into 2¢g + 1 copies of G.

Proof.

Let V(Kag+1) = Zog+1- By arranging the vertices on a cycle, see
Figure below, we notices that any two vertices have a circular distance
at most q. More precisely, dist(i,j) =min.{j —i,(2¢+1) - (j -17)} (for
J>1).

Now, we can add the labels of G for each one of them (taking
modulo 2¢ + 1) and obtain the desired decomposition.

1 2+ 1

2 2q

3 circular distance

(o) If G has a graceful labeling f and the labeling has an extra
property such that Jc; € satisfying for each uv either
f(u) >cp> f(v) or f(v)>cy> f(u), then G has an a-labeling.

The idea of Theorem 97 is known as ”difference method” and GG

with labeling is a "base graph”.
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Example

The labeling of the following graph

is an a-labeling since we can choose ¢y = 3 or 4 or 3.5. The following
labeling is also an a-labeling, c; = 2.5.

0 4

2 Ko » Gys

v K 5 Gys

Theorem 98
If G has an a-labeling and |G| = ¢, then G | Kg;4+1 where t € N.

(G | Katg+1 denotes Kogq1 has a G-decomposition.)

Proof.

By Theorem 97, G | K441 can be obtained by a graceful labeling of
G. Now, if G has an a-labeling, we may change the labels to find ¢
base graphs for the decomposition of Ka;5.1. As mentioned above on
the case of Cy’s, for each label larger than cf, we add ¢,2¢q,--, (t - 1)q
respectively. This gives a collection of ¢ base graphs (with labels). By
difference method, we have the proof. (All differences from 1 to tq

have been used exactly once.) m
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(%) If G has an a-labeling, then G must be a bipartite graph. The two
partite sets of G are obtained by using the labels, larger than c;

and smaller than c; respectively.
(¢) A graph G may have -labeling but not a-labeling.

(%) One of the most beautiful conjectures on labelings is ” Graceful
Tree Conjecture”: Every tree has a graceful labeling. Of course,
you may also conjecture that every tree has an a-labeling (but

this is in general not true).

(¢) We have shown that for each graph G there exists a A(G)-regular
graph H such that G < H. In fact, we can say more about this

type of supergraph.

Theorem 99

Let G be a graph of size ¢ without isolated vertices. Then, there
exists a regular graph H such that G | H. More precisely, H is a
2q-regular graph.

Proof.
Let G = {v1,va,---,v,} and f is a labeling of G such that
f(v;) =271, Then, all edges will receive distinct weights |f(u) — f(v)].
We shall construct a 2g-regular graph of order A such that
b= 1+ 2max{lf (o) - £ (05)] | 0y € B(G)).
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Let V(H) =Zj, and G be the graph with its vertices the labels from
f, see figure for an example. Then, by difference method, the base
graph will generate a regular graph which use the weights in G exactly
once. Since |G| = ¢, the graph obtained H will be a 2¢g-regular graph

of order h. ]

(+) We can decrease the order of H by giving another labeling
satisfying all |f(u) — f(v)|’s are different for uv € E(G).

1 8

¢ MaX. here
G . =h=17

Another example

H: 10-regular graph of order 13.
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(e) ”Graph Decomposition” is one of the most important topic in
Graph Theory, many results are also related to the study of

Combinatorial Designs.

(%) Problem. For which graph G, K3 | G?
(%) Problem. For which graph G, C5 | G?

Theorem 100
3
There exists a graph G with §(G) < Z|G\ such that K3 4 G.

Proof.
For general n, the construction is similar to the following graph of

order 16.

Kya

X =< X
¢. MK >§< AG) =11 <12
X < X

Since their are four bipartite subgraphs K, , in G, the
K3-decomposition needs to use up all these edges by using one from
K,, and two from K, ,. (K, contains no odd cycles!) Hence, we need
at least %(4712) edges from four K,’s. But, 4K, has 2n(n - 1) edges

which are not enough! The K3-decomposition of GG is not possible. =
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Nash-Williams Conjecture
For any graph G of order p, G has a K3-decomposition provided
3
(G) > 1P and 3| |G|.

How about Cj-decomposition? Keep moving forward!



