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Abstract

In DNA sequencing, the partial digest problem (PDP) plays an important role on
reconstructing the locations of restriction sites in DNA. From combinatorial point of
view, we can model PDP as follows. Let X = {xy, %, ..., 2, } be the set of restriction
1<i<
7 < n} be the multi-set of distances between every two distinct restriction sites. Then,
the PDP is to find the solutions X by knowing AX. Though the model looks simple,
so far, the hardness of PDP is still unknown. In this paper, motivated by the approach
of end-labeled partial digest, labeled partial digest and the idea of probed partial digest,
we propose an idea called mid-labeled partial digest. As a consequence, if k mid-labels

sites with 0 = @1 < 22 < ... < &, be positive integers, and AX = {z; — z;

arc added, then we obtain an algorithm with running time O(n22%1 lgn) in the worst
casc.

1 Introduction and Preliminaries

In computational molecular biology, our goal is to find the nucleic acid sequence
on the DNA. But the DNA sequence is too long for us to read, the technique now can
only rely on determining short DNA fragments. So, to cut DNA into pieces is required.
The tool to cut DNA is “restriction enzyme” , which has a strong specificity, always cut
the same pattern on DNA. Different restriction enzymes cut different patterns. For
example, EcoRI only recognizes GAATTC, and cuts this into two pieces G | AATTC.
There may have such patterns in many places of DNA, we call these locations as
restriction sites. Since restriction enzyme needs time to cut DNA, by controlling
the reaction environment, we can have all the DNA fragments between every two
restriction sites. Then, using a technique called gel electrophoresis to measure the
lengths of them.

Suppose there are n restriction sites on the target DNA, a part of DNA that we
arc interested, then the partial digest problem (PDP) is to find the locations of these
n restriction sites, by knowing the (g) lengths between every two restriction sites. We
give an example of the partial digest problem:
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Let X = {0,1,6,7,9,11} be the set of restriction sites. It is easy to find AX =
{1,1,2,2,3,4,5,5,6,6,7,8,9,10, 11}, the sct of distances between every two restric-
tion sites. Then, partial digest problem is to find X, by knowing AX. Notice that
the solution may not be unique, for the given AX above, there are two solutions with
different structures (up to symmetry).

X, ={0,1,6,7,9,11} X, ={0,1,2,6,8,11}.
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Skiena ct al. [16] showed that the number of possible solutions is between $n0-8107144
and n'23827 He also gave a back-tracking algorithm for finding the solutions, but
the worst running time is exponential. Precisely, it is O(n2™lgn), based on the re-
striction sites n. So far, the complexity of PDP is still unknown. For the error case of
PDP, Ciclicbak et al. proved it is NP-hard for measurement errors [3] and noisy data
[4]. Skiena and Sundaram [15] analyzed back-tracking algorithm, by assuming that
the location of sites are chosen under binomial distribution. Then the running time
of the algorithm can be O(n3) with high probability. Furthermore, it can tolerate a
relative error O(-5) in the fragment lengths.

Partial digest problem has many variants: End-lobeled partial digest problem is to
add a label at one end of target DNA, it is not hard to find the solution, but to label
just only one end of target DNA has some experimental difficulty. Simplified partial
digest problem (SPDP) is a variant of PDP. Blazewicz and Kasprzak [2] had proved
that SPDP is an NP-hard problem even if there are no errors, and Blazewicz et al.
[1] gave an O(n2") algorithm for SPDP by using dynamic programming. Labeled
partial digest problem (LPDP) looks like “end-labeled PDP” | but it labels both ends.
Pandurangan and Ramesh [12] gave an algorithm for error-free case LPDP, which
runs in O(n?lgn). They also handled the error case for LPDP in the same paper,
gave an O(n?) algorithm that can tolerate an absolute error O(%), where A is the
minimum inter-site distance. Probed partial digest problem (PPDP) is to add a probe
(label) somewhere inside target DNA. Karp and Newberg [9] gave an O(iN?) algo-
rithm, where N = |M]|, and the iteration number 4 can be up to 3¥~2 theoretically.
For the number of solutions, Newberg and Naor [11] gave a lower bound on PPDP.

In this paper, we propose a different approach to study the PDP, namely mid-
label partial digest problem. As a consequence, we obtain an algorithm which runs
O('rzg2k2_-f7~t1 lgn), where n is the number of restriction sites, k is the number of isolated
labels in the target DNA.



2 Mid-labeled Partial Digest

Let X = {z1,29,...,x,} be the set of restriction sites, with 0 = 21 < 2o < ... < Ty;
L = {ly,l,..., 1}, the k different isolated labels inside DNA, with I; < Iy < ... < li;
AXy = {z; — x| if {, & (@i, x;), V1 < v < k } is the distances contain no labels; and
AXy 0 = {zj—zi| (zi,25) 3 1, Vs <u<tand (@,z;) Fly, if v<sorv>t} where
1 < s <t <k, the distances of DNA fragments that contain exactly Iy, L1, ..., 1
labels. Then, mid-labeled partial digest problem is to find the solution X, by knowing
AXg, and all the labeled classes AX), 4,
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We give an example for mid-labeled partial digest. Let X = {0,2,6,9, 10}, and
there are 3 labels L = {l,ls,13}. {3 is in (2,6), Iy in (6,9), and I3 in (9,10).
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Then, we have AX, = {2}, AX,,, = {4,6}, AX,, = {3}, AX,,, = {1},
AXZ],ZQ == {77 9}, AXlg,l?) = {4}, AXI}JS = {8, 10}-

Here we think of a partial digest with labeling & labels somewhere in the middle
of target DNA, but do not know the actual locations. The labels can be radioisotope
or a unique sequence in target DNA. In our algorithm, we assume that cach label
in L only labeled once in target DNA, and all the labels are in different base DNA
fragments. Notice that if there are more than one labels in the same base fragment,
we can combine them into one label, by ordering the labeled classes AX 4 with |A]
labels. For convenience, these labels are called isolated labels. Morcover, these labels
and labeled classes are sorted for use. The main idea of our algorithm is to locate
the restriction sites between (I, —1, b, ) and (l,—1, I, ) first, and then the rest sites.
The following notations are essential to our algorithm.

(a) For cach z € X, z provides two information (place, right_l). z.place represents
the location of restriction site, and x.right_l is the index of label nearest to its right.

(b) Each label | € L contains two components (leftx,right_x). lleft.z is the
location of restriction site nearest to its left, and lL.right_x is the location of restriction
site nearest to its right.

(@ AX =( U {AX,.))U{AX,).

1<s<t<k



(d) D ={dy,ds, ..., drs1}, d; is the number of restriction sites between ;_; and ;.
(e) We define A(X,y) C AX, if Vz € X, the distance produced by z and y exists
in the corresponding labeled class AX,,,.

For clearness, they are depicted in the following figure.
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2.1 An Algorithm for Mid-labeled Partial Digest

Our algorithm contains four steps as follows, the flow chart is in Appendix I, and
the pseudo code is in Appendix II.
(1) Initialization.

First, we use the number of DNA fragments in labeled classes |[AX, ;| to deter-
mine every d; in D. By deleting the maximum length in AX), 4, , i.e. the length of
original DNA| we obtain the restriction sites of two end points.

(2) Find nearest sites of each label.

Since the minimum length in AXj, ), is the base fragment that only contains [;,
the maximum length in AX;, ;,_, or AX;,, . will connect the end point to this base
fragment. Choose the maximum length in AXj instead when k£ = 1. Then we have
found the nearest restriction sites of labels.

(3) Locate the sites in two intervals.
Find the minimum d,,, , d,,, from D, then locate the restriction sites in (-1, ln, )
and (ly,—1,ln,). This step is a recursive function. In each round, let the new end

points be ly,, ~1.right_z and I, .left_z, find the maximum length in AX,, | and

Lmz—l
decide their locations. And the algorithm ends when we tried all the possible solu-

tions on (b, 1, lmy ) and (Ln,—1, by )-

(4) Locate the rest sites.
Since the sites in (I, -1, by, ) are all done, always find mazA X,
and minAX;

for ¢ < my,

my -1

; for j > m; to decide the location of rest sites. Output the solution

T

if the sites are all located. Move back to the previous step.



2.2 Running Time

Clearly, it will take O(k) in initialization to find all the d,;’s in D. Notice that to
find the nearest sites of labels, we need to check the criterion “A(X,y) € AX”. Since
we leave an information right_l, it uses O(1) to find the correspond labeled class and
O(lgn)-time to find the length by binary search, it takes at most O(nlgn)-time to
check the criterion. Therefore, if there are k labels, then finding the nearest sites of
labels takes O(knlgn).

Now, for locating sites inside (i, -1, b,y ) and (L, -1, L, ), We also need to check
the criterion and thus it takes the same amount of time, i.e. O(nlgn)-time to cach
site. Because we use dy,,, dpp, as the minimum sites, there are (d"”éz‘li”?) combinations
in total. This implics that the time we need in locating sites inside two intervals and
the rest sites can be thought as running a DFS algorithm on the binary trec with
width (d"‘ltf”") height n, and every vertex on the tree costs O(nlgn).
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Mid-labeled tree with k& > 1. Mid-labeled tree with k = 1.

So, the conclusion follows by counting the number of vertices in the tree.
When k£ > 1, the tree contains at most n(d’”}l_%”?)
11
costs O(nlgn), the total cost is at most O(n (d”’1+d’”2) lgn). Notice that we choose
2n
= Rl 7
when k& = 2. The worst running time is at most O(n? ( ™) lgn), where m =

vertices. Since each vertex

Since (2) attends its maximum

the minimum d,,,, d,,, from D, dy, + dpp, <
T
T+

When k = 1, for given integers [ and r, we define the tree 7}, which has height
[ 4+ r, and it contains all the paths start from the root vertex that each path has

exactly [ left children and r right children. We give an example for T o, which has 9
vertices.
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The number of vertices in 7, is E < . ), each element (Hj?’ ) represents the

0<i<l
0Zi<r

number of paths start from the root vertex that contain exactly ¢ left children and j
right children. And the number of these paths is equal to the number of vertices. By

. . n—1 p—1 ) . . .
using the equation: (7)) + ("7') = (1), the number of vertices in T, is:

- 3 (1) ()

0<i<l
0<j<r
The binary trees for & = 1, because there are two possibilities Ty, 4, and Ty, 4,,
which has at most [Ty, o] + | Tupa,| = 2(‘11;‘%? 2) — 2 vertices. Similarly, for k£ = 1, the
total running time is at most O(n (2;”) lgn), where m = %2,

By applying Stirling’s approximation: n! ~ (%)"\/ 2mn, we can rewrite the total
worst running time as:

O(y/n2™lgn)  if k=1, and
O(n%Q% lgn) ifk>1.

3 Conclusion

In this paper, we have provided an idea of adding mid-labels to tackle the par-
tial digest problem. This is a possible way to do it in DNA sequencing due to the
development of biological technology. Our algorithm may not be as efficient as a
polynomial-time algorithm, but for n is not too large, a small number of k labels will
reduce the running time to a reasonable range.

For future study, to determine the hardness of the original partial digest problem
is still the most important one to pursuit. From the experience of the study, we do
believe that PDP is an NP-hard problem.
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Appendix II

Algorithm 1 Mid-Labeled Partial Digest

Input: AX
Output: X

1:

11:
12:
13:
14:
15:
16:
17:
18:

20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33
34:
35:
36:
37:
38:
39:
40:
41:
42:

L xS T

if £ =1 then
nt/n2+H4lAX n-y/m2—4|AX; 1

dy = DTN ] g, L noy B
else

di = AX, 1 HAX 4]

1= [AX1, 150

fors=2tok+1do

dg = X1, gl

ds-1
end for
end if
T =mazAXy, ., X ={01),(Tk+1)}
Delete T' from AX,,
dy =dy — 1, dpyy = dppg — 1
lp = (0,0)
lopr = (1,7)
if £ =1 then
M =mazdXys, m=minAXy,
L=(T-M-mT-M)
else
M = mazAX,, ;. m=minAX,
L=T-M-mT-M)
for s=2to k do
M =maxAX) ,, ,,
ly = (M, M+m)
end for
end if
for s=1to k do
y = (ls.leftx,s)
if y g X and (ADD.SITE(X,y,AX,L, D) ) then
return
end if
y = (lg.rightx, s+ 1)
if y¢ X and {ADD _SITE(X,y,AX,L,D) ) then
return
end if
end for

m = minAX,, ,,

Choose the minimum dy,, , dp, from D, where m; < ma.

if k=1 then
PLACE(X,AX,my,ma, L, D)
SWAP(d;,ds)
PLACE(X,AX,my,ms, L, D)
else
PLACE(X,AX,m;,mg, L, D)
end if

# Initialization.

# Find nearest sites of labels.

# Find solutions X.




Algorithm 2 PLACE(X,AX,my, may, L, D)

1: if AXZ"HJ"LQ"I = ¢ then

2 PLACE.REST(X,AX,my,mg, L, D)

3 return

4: else

5: M = TIZG,:CAXZ,HJ"LQ_l

6 Ty = lpy—1.1ight_z, 29 =y, leftx

7 y = (lny—1.right_z + M, mg)

8 if (x1 < y.place < xy) and (ADD.SITE(X,y,AX,L,D) ) then

9:

PLACE(X,AX,my,ma, L, D)

10: DELETE SITE(X,y,AX,L,D)

11:  end if

12: Ty = by —1.mightz, 29 =1y, lefta

13: y = (lmy lefta — M, m;y)

14: if (2 < y.place < z2) and (ADD_SITE(X,y,AX,L,D) ) then
15: PLACE(X,AX,my,ma, L, D)

16: DELETE SITE(X,y,AX,L,D)

17: end if

18: end if

19: return

Algorithm 3 PLACE_REST(X,AX,my,mg, L, D)

cfors=1tomy—1 do

while AXlsvlm,l—l 76 (f) do
M = mazAX; 4,
) = lg—1.mightx, a9 =l;leftx
y = (lm, lefte — M, s)
if Yo < y.place < x) or (ADD_SITE(X,y,AX,L,D)) then
RECOVER(X,AX,my,mg, L, D)
return
end if
end while

: end for
:fors=m;+1tok+1do

while AX&,,,I,LS-I # ¢ do
m=minAXy, 1.,
1 = lgq.1ightx, 29 =l lefta
y = (I, left.e + m,s)
if Yz1 < y.place < xa) or (ADD.SITE(X,y,AX,L,D) ) then
RECOVER(X,AX,my,mq, L, D)
return
end if
end while

: end for
: Output X
: RECOVER(X,AX,my,mz, L, D)

: return
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Algorithm 4 ADD_SITE(X,y,AX, L, D)

1 if dy > 0 and A(X,y) € AX then
2 Delete A(X,y) from AX, and add y to X
3 de =ds — 1

4: return TRUE
5. end if

6: return FALSE

Algorithm 5 DELETE_SITE(X,y,AX, L, D)

1: Delete y from X, and add A(X,y) to AX
2 dy =ds+1

Algorithm 6 RECOVER(X,AX,my,ms, L, D)

1: for z € X and (z.right.l # my or ms) do
2. DELETE.SITE(X,z,AX,L,D)
3: end for
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