
1. Hb!Z

ø_ì2k A íùj«� ”◦” (Binary Operation) Ñø_â A × A ú

@ƒ A íƒb , ¥³ A× A = {(x, y)| x, y ∈ A} �
Wà-[ÿuø_ùj«� :

A = {1, 2, 3}

◦ 1 2 3

1 1 3 2

2 3 2 1

3 2 1 3

ku ◦((1, 2)) = 3 , øOJ 1 ◦ 2 = 3 [ý �

F‚íHb!ZuNø_Õ¯J£ì2k¥_Õ¯íùj«�F$

Aí ¯ �

ì2 1.1. ˇ� (Groupoid)

Ju ◦ Ñì2k S íø_ùj«� , † < S, ◦ > ˚Ñuø_ˇ� �

J-uø< < S, ◦ > ª?�í4” �

(1) !¯
 (Associative Law)

∀a, b, c ∈ S , a ◦ (b ◦ c) = (a ◦ b) ◦ c �

(2) ÀPjÖ (Identity)

Ju e ∈ S /Å—úkLøjÖ a ∈ S , a ◦ e = e ◦ a , † e Ñ < S, ◦ >

íÀPjÖ �

(3) ¥jÖ (Inverse)

Ju e Ñ < S, ◦ > íÀPjÖ , †Å— b ◦ a = a ◦ b = e í b ˚Ñu a

í¥jÖ �

(4) >²
 (Commutative Law)

∀a, b ∈ S , a ◦ b = b ◦ a �

(5) rú˚ (Total Symmetry)

∀a, b ∈ S , a ◦ (a ◦ b) = b and (a ◦ b) ◦ b = a �

(6) �‚ (Idempotent)

∀a ∈ S , a2 = a ◦ a = a �
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(7) šú˚ (Semi-symmetric)

∀a, b ∈ S , a ◦ (b ◦ a) = b �

(8) 4� (Unipotent)

∃c ∈ S , s.t. ∀a ∈ S , a2 = c �

(9) …�4” (Latin Property)

∀a, b ∈ S , a ◦ x = b and y ◦ a = b }�Ê S 2�ñøj �

ì2 1.2. šˇ (Semigroup)

x�!¯
íˇ�˚Ñšˇ �

ì2 1.3. üˇ (Monoid)

x�ÀPjÖíšˇuüˇ �

ì2 1.4. ˇ (Group)

à‹ < G, ◦ > uø_üˇ , 7/ G 2í©_jÖ·�¥jÖ , †

< G, ◦ > Ñøˇ �

ì2 1.5. >²ˇ (abelian group)

x�>²
íˇ˚Ñu>²ˇ �

ì2 1.6. ÒNˇ (Quasigroup)

x�…�4”íˇ�uÒNˇ �

·æ 1.7. x�!¯
íÒNˇÑøˇ �

·æ 1.8. x�…�4”íšˇÑøˇ �

·æ 1.9. rú˚íÒNˇ.Ñª>²íÒNˇ �

·æ 1.10. rú˚íÒNˇ.Ñšú˚íÒNˇ �

·æ 1.11. �4ª>²íÒNˇ < Q, ◦ >æÊíkb‘KÑ |Q|uJb �

·æ 1.12. �4rú˚ÒNˇ < Q, ◦ > æÊíkb‘KÑ |Q| = 1 C

3(mod 6) �
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J-Bbàø_ÇV[ý,Hø<!ZíÉ[ �

ì2 1.13. äˇ (Subgroup)

I H ⊆ G ,7/ < H, ◦ >D < G, ◦ >·uˇ ,† H ˚Ñu Gíäˇ,

øOJ H ≤ G [ý �

J-íìÜ|�àV‡i H u´Ñ G íäˇ �

ìÜ 1.14. I G Ñøˇ/ H ⊆ G , † H ≤ G J/ñJ H 6= φ , 7/úk

H 2íLs_jÖ x, y , x ◦ y−1 ∈ H �

à‹³�Ô�í.b4 ,J-Bbø ”◦” ¥ ,à xy−1V[ý x◦y−1�

FJ , 'ñqªJ„p < a >= {ai| a ∈ G, i ∈ Z} ≤ G � < a > øO˚Ñu

â aÞA (Generated)íäˇ �ç G =< a >v , Gÿuø_�=ˇ (Cyclic

Group) �

(Å) ÒNäˇíì2DäˇóéN , OuìÜ 1.14ÿà.,7 �

ì2 1.15. ìÕ (Coset)

I H ≤ G J£ a ∈ G , † aH = {ah|h ∈ H} Ñ H íø_˝ìÕ , 7

Ha = {ha|h ∈ H} †Ñ H íø_¬ìÕ �

(Å) ìÕì2Êˇ�,¹ª �

·æ 1.16. I H ≤ G , †úkL<í a, b ∈ G , |aH| = |bH| 7/ |Ha| =

|Hb|�
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·æ 1.17. I H ≤ G , †úkL<í a, b ∈ G , .u aH = bH ÿu

aH ∩ bH = φ �

·æ 1.18. I H ≤ G , † G ªJŸA�½˝ìÕ (H) ( C¬ìÕ (H)) í

:Õ �

ìÜ 1.19. (Lagrange’s Theorem)

I H ≤ G / |G| < +∞ , † |H|| |G| �

ìÜ 1.20. £däˇ (Normal Subgroup)

I H ≤ G /úkL< a ∈ G , aH = Ha , † H Ñ G í£däˇ , J

H < G [ý �

,Hí‘K aH = HaªJÁÿA a−1Ha ⊆ H ¹ª �7úk>²ˇ G,

…íL<äˇîÑ£däˇ �

�7çÕí‘K , BbÿªJ‚àìÕçjÖ7$A}äˇ (Factor

Group) �

ì2 1.21. (Factor Group C Quotinet Group)

I H < G , G/H = {aH| a ∈ G} , / (aH) ∗ (bH) = abH , † < G/H, ∗ >

$Aøˇ �

(Å) °Ü , ªJu G/H = {Ha| a ∈ G} �
|t�7/|½bíWäuF�cbFAíÕ¯ Z ; úk‹¶ ”+” ,

< Z, + > Ñø>²ˇ , …íäˇøìu nZ í$� , n ÑL<cb , k

u}äˇ Z/nZ ªJì2|V , …ÿu Zn = {0,1,2, · · · ,n− 1} , w2 i =

i + nZn = {i + nk| k ∈ Z} u nZ íø_ìÕ , 7Ê){Ü�2|ÏÆíˇ

u Zp , w2 p u”b �

ì2 1.22. °Gƒb (Homomorphism)

I < G1,× > D < G2, ◦ > Ñs_ˇ �ø_ƒb ϕ : G1 −→ G2 à‹Å

— ∀ x, y ∈ G1 , ϕ(x× y) = ϕ(x) ◦ ϕ(y) ,† ϕ˚Ñuâ G1 øB G2 íø_°

Gƒb �
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(Å)

(1.) ϕ 1-1 ”+” Homomorphism ≈ Monomorphism �

(2.) ϕ onto ”+” Homomorphism ≈ Epimorphism �

(3.) ϕ 1-1 £ onto ”+” Homomorphism ≈ Isomorphism ( °Zƒb ) �

ì2 1.23. °G (Homomorphic)

JuæÊø_â G1 øB G2 í°Gƒb , † G1 D G2 °G (Homo-

morphic to) � (G2 .øìD G1 °G �)

(Å) ,Hƒbà‹u°Zƒb , † G1 D G2 °Z , J G1
∼= G2 [ý5 �

ì2 1.24. A°Zƒb (Automorphism)

I < G, ◦ > Ñø_ˇ , †â G ú@ƒAÐí°Zƒb , 6˚Ñu G

íA°Zƒb �

âkA°Zƒbu 1-1/øA ,FJ…uø_ GíÔy§� ,Wà	

ì©_jÖí§�ÿuø_péíA°Zƒb �

·æ 1.25. A°Zˇ (Automorphism Group)

úkLø_ˇ < G, ◦ > , F�íA°Zƒb$Aø_ˇ , …íùj«

�uƒbí¯A (Composition) �

Q-VBbõx�s_«�íHb!Z �

ì2 1.26. = (Ring)

< R, +, · > ˚Ñuø_= , à‹-�‘KÅ— :

(1) < R , + > Ñø>²ˇ �

(2) < R , · > Ñøšˇ �
(3) ∀ a, b, c ∈ R , a · (b + c) = a · b + a · c ( }º
 ) �

ì2 1.27. >²= (Commutative Ring)

x�
¶>²
í=Ñ>²= �

ì2 1.28. ÀP (Unit)

Êø_=2 , 
¶ÀPjÖøOJ ”1” [ý , 6˚Ñu=íÀj �

5



(Å) =íì2}As» , ø_‹pÀj , ø_†³�Àj � Ñ7jZn

�, BbSà³�Àjíì2j� �

Î7 < Z , + , · > ¥_|±í>²= , R[x] , F�õ[bÖá�F$

AíÕ¯ ,6uÝ�ßíWä ;Ê¥³Öá�í‹¶D
¶uøOí«�

j� �

ì2 1.29. ä= (SubRing)

à‹ < R , + , · > uø_= , R′ ⊆ R , 7/ < R′ , + , · > 6uø_

=, † R′ ˚Ñu R íä= �

·æ 1.30. I R Ñø_x�Àjí>²= , †úkL<ø_ a ∈ R , <

a >= {an|n ∈ R} $A R íø_ä= �

ì2 1.31. Ü; (Ideal)

I R Ñø= , I Ñ R íø_ä= � à‹úk R 2íLø_jÖ n ·

Å— nI ⊆ I ,† I ˚Ñu R í˝Ü; (left Ideal) ,Å— In ⊆ I íä=†Ñ

R í¬Ü; � °vu˝Ü;6u¬Ü;í I ˚Ñu R íø_Ü; �

(Å) Ê>²=2 , ˝Ü;6u¬Ü; �

·æ 1.32. Êø_x�Àjí>²= R 2 , ∀ a ∈ R , < a > Ñ R íø_

Ü; �

(Å),H$�íÜ;6˚Ñu3Ü; (Principal Ideal) ,…uÝ�½bíø

�Ü; �

ÛÊÔø_WäVzp R = R[x] ,¹õ[bÖá�FAíÕ¯ ,FJ

R uø_x�Àjí>²= � 5? n = x2 + 1 , < x2 + 1 > u R[x] íø_

Ü; �

ì2 1.33. =íÔ�M (Characteristic)

I R Ñø= � à‹æÊø_£cb n U) ∀ a ∈ R , na = 0 , † n ˚

Ñu R íÔ�M , J ch(R) = n [ý � à‹ n .æÊ , †I ch(R) = 0 �

W. ch(Zm) = m , ch(Z) = 0 �

ì2 1.34. Î¶= (Division Ring)

I R Ñx�Àjí= � à‹ R 2.Ñ 0 íjÖ·�
¶¥jÖ , †

R ˚ÑuÎ¶= �
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ì2 1.35. ñ (Field)

ø_ªJ>²íÎ¶=˚Ññ �

ì2 1.36. �Ìñ (Finite Field)

x��ÌÖ_jÖíñ˚Ñ�Ìñ �

ìÜ 1.37. �ÌñÔ4

I < F , + , · > Ñø_�Ìñ , † |F | Ñ”bŸjb �

|�cí�Ìñ@vu Zp ,w2 pÑ”b � à‹b�Zø_�Ìñ ,

…x� p2 _jÖ , CuyøOí$� pk _jÖ , k > 1 , †J-íìÜu

Ý�½b � ÊÅHìÜ5‡l�Üø_ì2 �

ì2 1.38. .ª}j (Irreducible)

ø_0kñ F íÖá� , à‹Î7…™£�bá5Õ³�w…0k

F íÄ� , †¤Öá�Ñ.ª}jíÖá� �

(Å) F í²ÏDª.ª}j�'×íÉ:4 , Wà , ç F = R v , x2 + 1

u.ª}jíÖá� , Ouç F = C C Z2 v , x2 + 1 ÿªJ}j �

ìÜ 1.39. F [x]/< f (x) >Ñøñíkb‘Ku f(x).ª}j (0k F ) �

ku , ÉbI F = Zp , 1/vƒø_0k Zp í.ª}j5 k ŸÖá

� , FZ|Víñÿ/ß� pk _jÖ �

Ñ7�1 Galois Êû˝ñjÞí½×õ. , x� q _jÖí�Ìñ

øOÿà GF (q)V[ý ,yøŸBbý ”q Ñ”bíŸjb” � J-Bbª

ø¥û˝�Ìñíø<Ô4 �

ì2 1.40. (Primitive Element)

à‹ø_ñ2íF�ÝÉjÖ·ªJŸAø_jÖ α íŸj , † α

˚Ñu F í primitive jÖ �

ìÜ 1.41. I F Ñø�Ìñ , † < F ∗, · > Ñø�=ˇ � (F ∗ = F\ {0})

¥_ìÜ!…,u„p F 2.æÊ� primitive jÖ �

ÖÍ , Bb˛�Z|�Ÿj_jÖí�Ìñ ; Ou , bzpw…í_

b.ª? , EÛø<›‰ �
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ì2 1.42. ²¾˛È (Vector Space)

I F uø_ñ � ø_0k F í²¾˛È (F−vector Space) uNø_

>²ˇ < V, + > , …°vx�J-í 5 _4” :

(1) ∀a ∈ F , α ∈ V , aα ∈ V � ( ¾	 , Scalar Multiplication)

(2) ∀a, b ∈ F , α ∈ V , a(bα) = (ab)α �

(3) ∀a, b ∈ F , α ∈ V , (a + b)α = aα + bα �

(4) ∀a ∈ F , α, β ∈ V , a(α + β) = aα + aβ �

(5) 1α = α � (1 Ñ F í
¶ÀPjÖ )

Ê,Híì22 , V íjÖ˚Ñu²¾ , 7 F íjÖ†˚ÑÓ¾ �

ì2 1.43. (4 ¯ (Linear Combination)

I V Ñø_0k F í²¾˛È , S = {αi| i ∈ I} Ñ V 2íø ²¾

FAíÕ¯ � à‹ α =
∑
i∈I

aiαi , w2 ai ∈ F , † α Ñ S 2²¾í(4 

¯ � à‹

{∑
i∈I

aiαi

∣∣∣∣ ai ∈ F

}
= V , † S 2í²¾ªJ�A (Span) V , J

< S >= V [ý �

W. Rn Ñø0k R í²¾˛È , Rn ªJâ e1, e2, · · · , en �A , w2 ei =

(0, 0, · · · , 0, 1, 0, · · · , 0)(1 Ê� i _P0 ) , i = 1, 2, · · · , n ; Rn 6ªJâ S =

{(1, 0, 0, · · · , 0), (1, 1, 0, 0, · · · , 0), · · · , (1, 1, · · · , 1)} F�A �

ì2 1.44. (4Ö
 (Linear Independence)

ø V 2í²¾ {αi| i ∈ I}u(4Ö
 ( 0k F )íÕ¯J/ñJç

ai ∈ F /
∑
i∈I

aiαi = 0 v , úkF�í i ∈ I , ai = 0 �

ì2 1.45. (4óY (Linear Dependence)

.(4Ö
 ( 0k F ) íø ²¾ÿu(4óY (Dependent) �

ì2 1.46. !� (Basis)

I V Ñ0k F í²¾˛È � à‹ B = {βi| i ∈ I} Ñø (4Ö
 (

0k F )í²¾ ,7 B 2í²¾ªJ�A V ,† B ˚Ñu²¾˛È V (0

k F ) íø !� �
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ì2 1.47. �Ì&˛È (Finite Dimensional Vector Space)

ø_0k F í²¾˛È V à‹?\�Ì_²¾F�A , †¤²¾˛

ÈÑ�Ì&í²¾˛È �

ìÜ 1.48. I V Ñ0k F í�Ì&˛È ,†Ls_!�x�ó°_bí

²¾ �

âk,HìÜÊ�Ì&˛È2 , !�í²¾bÿ\ì2Ñv²¾˛

Èí&b (Dimension) , J dimV [ý , FJ dimRn = n �

ìÜ 1.49. ©ø_�ÌñíjÖ_b.Ñ”bŸjb �

„p.

I F Ñø_�Ìñ � âk 1 ∈ F and ch(F ) < +∞ , ∴ ch(F ) = p , p

Ñ”b � Ä¤ F .¨Öø_äñ GF (p) � I α Ñø_ primitive jÖ , m

Ñ|üí£cbÅ— αm =
m−1∑
i=0

aiα
i , w2 ai ∈ GF (p) � ku , úkL<í

n > m , αn 6ªJŸA 1, α, α2, · · · , αm−1 í(4 ¯ ;6ÿuz F ∗ 2íj

ÖÌªJà 1, α, α2, · · · , αm−1 í(4 ¯[ý|V �âk¥<jÖ$Aø

_(4Ö
 (0k GF (p))íÕ¯ ,FJ {1, α, α2, · · · , αm−1}ªJõAu²
¾˛È F ( 0k GF (p)) íø !� , ku |F | = pm � ¥

�Ìñ´�ø_Ý�½bíÔ4 �

ì2 1.50. °Zñ (Isomorphic Fields)

I F £ F ′ Ñs_ñ , à‹J F í‘KA
 , † F D F ′ °Z , J

F ∼= F ′ [ý �

(Å)æÊø_â F øƒ F ′ í 1-1øAƒb ϕ ,U) ∀α, β ∈ F , ϕ(α + β) =

ϕ(α) + ϕ(β) , ϕ(α · β) = ϕ(α) · ϕ(β) �

(Å) < F ∗, · > u�=ˇ , w2 F ∗ = F\ {0} �
}p. F ∗ u�Ìñí>²ˇ , FJ F ∗ ∼= Zd1 × Zd2 × · · · × Zdr , w2

di ÌÑ”bj � I m = l.c.m.{d1, d2, · · · , dr} , † m ≤ d1d2 · · · dr � yI

(a1, a2, · · · , ar) Ñ F ∗ 2íø_jÖ , †….Å— adi
i = 1 , i = 1, 2, · · · , r �

ku (a1, a2, · · · , ar)
m = (1, 1, · · · , 1) Ñ F ∗ íÀPjÖ ( 
¶ ) , ∴ ∀α ∈ F ∗ ,

αm = 1 , α Ñ xm − 1 íÉP ; α � d1d2 · · · dr _ , FJ , m ≥ d1d2 · · · dr , †

m = d1d2 · · · dr , Ä¤ , (di, dj) = 1 , ¥[ý (a1, a2, · · · , ar) Ñ generator � ¥
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ìÜ 1.51. Ls_x�ó°jÖí�ÌñÌ°Z �

„p. ( I )

â,HìÜªJR)�Ìñíñø4 , BkúkL<í pm ·ªJ�

Zø_�Ìñ|Vÿâbl„p :

ìÜ 1.52. úkL<í£cb m·æÊø_ (0k Zp).ª}jí mŸ

Öá� �

Ì�„p~¡5 E.R.Berlekamp FOí Algebraic Coding Theory �

10



2. !…–1

){Ü�íßÞAÍuVAm7íf] � àS0§7/£üËøø

_m7 (Message) %¬ø_�− (Channel) fBújum7f]í3b	

T �Ñ7b0 ,Êwñqe	ìí8”5- ,H[ø_m7íå�çÍu

�s�ß ; Í7 , Êª?ßÞ˜Ïí8”5- , �sím7ÿ�ñq\Ï

j �

&à , Bb}�à 00,01,10,11 VH[B , ı , ˙ , �û_å ; Êf]

vYŸf| 1 C 0 � éÍ , Ê".ßÞ˜Ïí8”- , ø~ß‚ ; .¬ ,

âkf]vª?}§ƒß× (Noise) , à;ß , ×−µ , ÊÚ , Æm� , 7

¨A˜Ï , Wà 01 fA 11 , †ıÿ\ÏJÑu� , 7¨AÃ½˜Ï � Û

Ê , Zà 000,011,101,110 VH[B , ı , ˙ , �û_å , µó8”ª?}

ß� , ç 011 \fA 010 v , âkû_å2³�ø_uà 010 H[ , FJ

Bbø− : øìf˜7 ! Í7 , ˜ÊBóËjá ? ¥¢uøKåUí9

7, àSn?ø−�˜ , 7/ªJZ�V£üím7 , uBb¥Æ{3b

û˝íqñ �

6rBb};d,Hí	Tu.ª?êAíL� (Mission Impossible);

J-uø_Wä : I 000000,010101,101010,111111 }�H[B , ı , ˙ , �

û_å , kuç˜Ï ( ø_ ) ßÞv , à 110101 uYƒíå , ¥_v` ,

BbAÍ}‡i£ü��@vu 010101 � ÑS.u 111111 Cw…á ? ¥

çÍ6ÛbÜâVXM… ,Bý ,Bbó]z˜Ïv|Vuª?í9 �B

kbàSqln}ªœ�^0 , ÿ) ˝®Pí�N7 �

Ñ7jZj„ , 6uÄÑõà , Q-VBbFf]íå‚ (Digit, bit)

Éà 0D 1�IK = GF (2),FJKn = {(x1, x2, · · · , xn)|xi ∈ K, i = 1, 2, · · · , n}�
Ñ7jZ–c , Kn 2í²¾ (x1, x2, · · · , xn) ªJòQŸA x1x2 · · · xn �

ì2 2.1. b{ (Code)

ø_ Kn íäÕ¯ÿ˚ÑuÅ�Ñ n íb{ (Code) �

W1. C = {1101000, 0110100, 0011010, 0001101, 1000110, 0100011, 1010001} u
ø_Å�Ñ 7 íb{ �

ì2 2.2. {å (Codeword)

ø_b{2í²¾˚Ñu{å �
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(Å) Lø_ Kn 2í²¾6˚ÑuÅ� n íå (word) �

ì2 2.3. �× (Distance)

I x = x1x2x3 · · · xn D y = y1y2y3 · · · yn Ñ Kn 2ís_å ,† xD y í

�× (Hamming Distance) ì2A d (x,y) = |{i|xi 6= yi, i = 1, 2, · · · , n}| � ø
_b{ C í�× d(C) †ì2Ñ d(C) = min {d (x,y)|x,y ∈ C and x 6= y} �

·æ 2.4. �×Ñø�¾ (Metric) , ?¹Å—-�ú‘K :

(1) d(x,y) = 0 J/ñJ x = y �

(2) d(x,y) = d(y,x) ∀ x,y ∈ Kn � ( ú˚4 )

(3) d(x,y) ≤ d(x, z) + d(z,y) ∀ x,y, z ∈ Kn � ( úi.�� )

ì2 2.5. ùj{ (Binary Code)

ç K = GF (2) v Kn íäÕÑùj{ �

ì2 2.6. (4{ (Linear Code)

çb{ C Ñ Kn í²¾ä˛Èv , C ˚Ñu(4{ �

ì2 2.7. ‹� (Weight)

x ∈ Kn , x í‹�Ñ wt (x) = d
(
x, 0

)
= |{i|xi 6= 0, i = 1, 2, · · · , n}| �

·æ 2.8. d(x,y) = wt(x + y) �

·æ 2.9. ç wt(x) = wt(y) , d(x,y) ÑøXb �

·æ 2.10. wt(x) + wt(y) ≥ wt(x + y) �

·æ 2.11. ç C Ñ(4{v , d (C) = min {wt (x)|x ∈ C and x 6= 0} �

„p. ÄÑ 0 ∈ C , FJ d (C) ≤ min {wt (x)|x ∈ C and x 6= 0} � ÇÕ , ç

x 6= y v , d(x,y) = wt(x + y) ≥ min {wt (x)|x ∈ C and x 6= 0} , x + y ∈ C ,

])„ � ¥

·æ 2.12. à‹ C Ñ k &í(4{ , † C 2� 2k _{å �
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·æ 2.13. à‹ C Ñ k &í(4{ , † C � 1
k!

k−1∏
i=0

(
2k − 2i

)
_.°í!

��

„p. Mø²¦�óÖ
í k _²¾ � ¥

ì2 2.14. úX{ (Dual Code)

I C ÑøÅ� n í(4{ , † C⊥ = {u ∈ Kn|u · v = 0 , ∀ v ∈ C} ˚
Ñu C íúX{ �

úX{Ê){Ü�íû˝,Db{…™x�°�í½b4 ,à‹ C⊥ =

C , † C ˚ÑuAúX{ (Self-dual) �

·æ 2.15. C⊥ÑøÅ� n(4{ ,7/ç dim(C) = kv , dim(C⊥) = n−k�

½æ. C í�×D C⊥ í�×É:4àS ?

ìÜ 2.16. (Hamming Bound)

I C ÑøÅ� n , �× d íb{ , † |C| ·
[

δ∑
i=0

(
n

i

)]
≤ 2n , w2

δ =
⌊

n−1
2

⌋
�

ì2 2.17. ê1{ (Perfect Code)

Ju d ÑJb , U),HìÜ.��AÑ��í C , ˚Ñuê1{ �

W. n = 7 , d = 3 ( ê1{íWä )

C = {1101000, 0110100, 0011010, 0001101, 1000110, 0100011, 1010001,

0010111, 1001011, 1100101, 1110010, 0111001, 1011100, 0101110,

0000000, 1111111} �
|C| = 16 , 16×

[(
7

0

)
+

(
7

1

)]
= 27 �

Î7,Hà ¯íj��Z|V (7, 4, 3)−ê1{ ,6ªJ‚à:
j

˙�í–1°) �

I C =





v ∈ K7|vH = 0 , H t =




0011101

0100111

1001011







�

† C Ñø_ê1{ (?) � wõ , ¥_ C D,ÞWä2íb{u°Z

íb{ , …íÜâ1.ØÜj (?) �

13



ÇÕ , ç n = 23 , d = 7 v6ªJ�Zê1{ , ¥_b{øÊ-ø�

�Ü � Î7,Hs_ùjê1{5Õ , à‹¦ K = GF (3) , n = 11 , d = 5,

6ªJßÞê1{ �

ì2 2.18. Å� n ,&b k J£�×Ñ dí(4{J (n, k, d)−{[ý ,à

‹ d .5? , †˚Ñ (n, k)−{ �

ì2 2.19. ÞAä³ (Generator Matrix)

J C Ñø_ (n, k)−{ , †J C í!�Ñ�²¾FŸAí k × n ä³

˚Ñu C íÞAä³ �

W. C = {0000, 1110, 0111, 1001} Ñ (4, 2)−{ , G =

[
1110

0111

]
ÑøÞAä³ �

G′ =

[
1001

0111

]
6u �

·æ 2.20. à‹ C Ñø_ (n, k)−{ , †.æÊø_ÞAä³ , …í$�

Ñ [Ik|A]k×n , w2 Ik Ñ k ¼ÀPä³ �

(Å) ,Hí$�¢˚Ñu™Ä�íÞAä³ (Standard) �

�7ÞAä³ , ){í	TÿªJß‚ªW � ÄÑø_ (n, k)−{�
2k _{å , 6ÿH[Obf]ím7ªJ� 2k _ , çÍªJý , Ou.

?Ö � ÛÊ , à&�Ñ k íåVH[m7 , ¹I v ∈ Kk , ku , vG H

[ä³2�²¾í(4 ¯ ,çÍÿuø_{å7 ,¥_	TÿÊd){

(Encode) , I u = vG � à‹ G Ñ™ÄíÞAä³ , † u í‡Þ k _P0

/ß$A²¾ v �

W. (1, 1)

[
1001

0111

]
= 1110

â,Þí·HªJêÛ , Å�Ñ n , &bu k í(4{ , ÖÍf£m

7íÅ�îÑ n , Ouö£H[m7íÉ� k _bå7˛ , Ä¤ , Bbÿ

ì2 k/n Ñvb{ím70 (Information Rate) �

Î7àÞAä³Võø_ (n, k)−{5Õ , Bb6ªJàúX{íÞ

Aä³Võ¥_{í{å �

14



·æ 2.21. I H t Ñ C⊥ íÞAä³ , G Ñ C íÞAä³ , † GH = [0] �

„p. ÄÑ H t í©ø�D G í©ø�·�ò , ])„ � ¥

ì2 2.22. �úä³ (Parity Check Matrix)

ç H t Ñ C⊥ íÞAä³v , H ˚Ñu C í�úä³ �

(Å) à‹ H Ñ C í�úä³ , †úk C 2íLø{å v , vH = 0 � ¥¬

V ,Bb6ªJl#ø_ n× (n− k)íä³ H , H íW²¾$Aø (4

Ö
íÕ¯ , † C ′ =
{
v|vH = 0

}
Ñø (n, k)−{ �

·æ 2.23. I H Ñ C í�úä³ , 7/ H 2L< t − 1 �Ì(4Ö
 ,

† d(C) ≥ t �

„p. C 2.Ñ 0 í{å‹�BýÑ t � ¥

ìÜ 2.24. ø_ (n, k, d)−{.âÅ— d ≤ n− k + 1 �

„p. I H Ñ (n, k, d)−{ C í�úä³ , † H Ñ n× (n− k) íä³ � F

J�óÖ
í�bBÖÑ n− k � Í7 , d(C) = d , FJ H 2í d− 1 �.

Í$Aø_(4Ö
íÕ¯ , ku n− k ≥ d− 1 , ¹ d ≤ n− k + 1 � ¥

ì2 2.25. |×�×}½{ (Maximum Distance Separable Code, MDS Code)

Å— d = n− k + 1 í (n, k, d)−{˚Ñu|×�×}½{ �

ìÜ 2.26. I C Ñø (n, k, d)−{ , †-�ÅH�g �

(1) d = n− k + 1 �

(2) Ê C í�úä³2 , L< n− k �Ì$A(4Ö
íÕ¯ �

(3) Ê C íÞAä³2 , L< k WÌ$A(4Ö
íÕ¯ �

‡Þ�ÜíÞAä³Ê){,rÆ½bíiH , 7�úä³†Êæ

{,TX…íTà , |�ÀíÛïuçYƒíå w , Éb…¨A wH 6= 0,

ÿø−˜Ï˛%ßÞ7 � Q-V , Bbn�y£üí–1 �

ì2 2.27. ùj�− (Binary Symmetric Channel , BSC)

f] 0 C 1 x�ó°£ü4í�−Êdú˚�− �

15



ì2 2.28. ªÔ� (Reliability of BSC)

f]ø_å‚}£üËf®íœ0ÊdªÔ� �

0
 0


1
1


p


p


1-p


FJ ,f˜íœ0Ñ 1−p ,Ê¤ì2¥_œ0.}ÓOFfíu 0C

u 1 7�F.° ; °v , BbªJI 1 > p > 1
2
� Bkç p = 1

2
v , Õ6Ì

¶Êf£,dLS^£ �

Ê³�n�àSj{5‡ ,lõõßÞ˜Ïí	à‰�Ö× !cqª

Ô�u 1− 10−8 , °vf�í§�Ñ©” 107 _å‚ , ÛÊbfÅ�Ñ 11

íF�å , 7f˜íœ0Ñ

11p10(1− p) +

(
11

2

)
p9(1− p)2 + · · ·+

(
11

11

)
(1− p)11 ≈ 11p10(1− p) ≈ 11× 10−8

FJ×�© 10”}f˜ø_å7Ì¶W¿|V ,ku©Ùÿ}� 8640_

åf˜ , éÍ8”.ÝÜ; !

ÛÊ ,zbf�í K11 2íå ,©_åÊ|(‹,ø_å‚ ,U)©

_å·�Xb_ 1 , ?¹‹�ÑXb , à¤øV , ßÞø_å‚˜Ïvÿ

ªJ\êÛ (?) , 7.Bk¨A˜Ï , Ä¤ , f˜åíœ0.}×k
(

12

2

)
p10(1−p)2+

(
12

4

)
p8(1−p)4+· · ·+

(
12

12

)
(1−p)12 ≈

(
12

2

)
p10(1−p)2 ≈ 66×10−16

ku , Î,Híl�j¶ , ×� 2000 ”n}|Ûf˜ø_åíÛï , ¥

uÝ�×íZ¾ ;çÍfø_m7FIí‰−uÓ‹7øõ ,â 11ƒ 12,

^‹ºu˚A �Í7�<Õ”- ,WàØ˛Îó ,mÉu¿|�˜Ï1³

�Ø×í6Œ , ÄÑ³�ª?½£øŸ ; �?‰y£nu½b � Ä¤ , …

ÌO½í , H[ø_m7í{å¢bÓÅ7 !

*‡Þí·H , Bb.Ø)ƒø_–1 , âkf˜ø_å‚íœ0 ,

6ÿuªÔ�¦��}Q¡ 1 , FJÊf�ø_Å�Ñ níåv , ˜�Ö

_íœ0�ü � FJ , à‹I φp(v,w) H[f£ v 7Yƒ w íœ0 , J

-í4”A
 �
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·æ 2.29. φp(v1,w) ≤ φp(v2,w) iff d(v1,w) ≥ d(v2,w) �

„p. I d1 = d(v1,w) , d2 = d(v2,w) , † φp(v1,w) = pn−d1(1 − p)d1 ,

φp(v2,w) = pn−d2(1− p)d2 �ªœs�¹ª)„ � ¥

‚àœ0í–1 , j{í–16ÿ$A7 �

(1) êr|×ª?4 (Complete Maximum Likelihood Decoding , CMLD)

à‹QYƒíåÑ w , 7 v ∈ C Ññø|Q¡ w íå{ , ¥v`ÿ

² v Ñf£íå ; à‹D w |Q¡í{å.uñø , †L<²ø_

çf£íå �

(2) .êr|×ª?4 (Incomplete Maximum Likelihood Decoding , IMLD)

.°k (1)í¶}uÊ�b_ (s_J, )|Q¡í{åv ,b°½

£ �

FJ ,ÊªJb°½£í8”- ,˜ÏßÞíœ}6}ü'Ö ;Í7,

ÊÛõíÕ”- , �˛·uÊÌ¶b°½£í‡T5-ªW , ¥_v` ,

ßÞ˜Ïv·?vƒñø|Q¡í{åÿu?‹Jy£í\„ �

yV , Bbn� MLD íªÔ4 �

ì2 2.30. θp(C,v) = Ê C 2 , f£ v /£üËYƒ v íœ0 �

FJ θp (C,v) =
∑

w∈L(v)

φp (v,w) ,

¥³í L (v) = {z ∈ Kn| d (z,v) < d (z,y) , y ∈ C\ {v}} �
6ÿuz ,Ê L(v)2íLø_å·}\y£Ñ v ,7/ ,¥_²Ïu

£üí �

W1. C1 = {000, 111} , p = 0.9 , L(000) = {000, 001, 010, 100}
θp(C1, 000) = φP (000, 000) + φP (000, 001) + φP (000, 010) + φP (000, 100)

= p3 + 3p2(1− p) = 0.972

W2. C2 = {0000, 1010, 0111}
θp(C2, 0000) = 0.8019 , θp(C2, 0111) = 0.9558

(L(0000) = {0000, 0100, 0001} , L(0111) = {0110, 0101, 0011, 1101, 0111, 1111})
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â,ÞíWä , BbªJêÛ , à‹b{íql.ß , ª?}¨A�

<{åíf££ü4œò ,7¥<{åf£í£ü4œQ ;C6cñ7k

£ü4-± ,Wàø C1 ZA C3 = {000, 011} ,ku , L(000) = {000, 100}7
L(011) = {011, 111} � Ä¤ , £ü4-± , 6[ýªœ.ªÔ �

ì2 2.31. f˜0 (Word Error Rate)

Perr(v) = 1− θp(C,v) �

(Å)‡ÞF�Zíê1{ , n = 7 , d = 3 ,f˜0Ñ 1− (1− p)7− 7(1− p)6p

(?) �

â‡Þín� ,úkàS j{˛��¥í–1 ,J-uªœÌ�í

zp �

ì2 2.32. ˜Ï$� (Error Pattern)

à‹f£í v ÊYƒvu w , † e = v + w ˚Ñuf£˜Ï$� �

ì2 2.33. t−˜W¿{ (t-error Detecting Code)

?DW¿|‹�ük tíF�˜Ï$�5b{ ,˚Ñu t−˜W¿{ �

ì2 2.34. t−˜y£{ (t-error Correcting Code)

ªJy£‹�ük t íF�˜Ï$�5b{ , ˚Ñu t−˜y£{ �

ìÜ 2.35. à‹b{ C í�×Ñ d , † C Ñ (d − 1)−˜W¿{ , 6u⌊
d−1
2

⌋−˜y£{ �

„p. òh � ¥

Ê¥ø�í|(y�Ü(4{j{í–1 �

‡ÞTƒ ,à‹ C u(4{ ,†.æÊø_�úä³ H ,U)úkL

<í v ∈ C , vH = 0 ,FJ ,ç wÑYƒíåv ,ílbdí	Tuõ wH

}.}u 0 , wH ku\˚Ñu�q (Syndrome) � wH uø_ (n − k)−&
í²¾ , çÍÿ� 2n−k �ª? , ¥_Ûï/ßD Kn

/C � 2n−k ìÕóã

@ � Wà , F�Ê C 2í{å v , vH = 0 , 7F�Ê w + C 2íå z ,

zH = wH �

ìÜ 2.36. I C Ñø(4{ , H Ñ C í�úä³ , à‹f£ v ∈ C F¨

Aí˜Ï$�Ñ e , †Yƒí w = v + e , 7/ wH = eH , ?¹ w D e �

ó°í�q �
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Ä¤ , ç w ÑYƒíåv , ÉbÊ w + C ¥_ìÕ2vø_‹�|

üí²¾ (Coset Leader) ¹Ñ˜Ï$� ( ª? ) � ç˜Ï$�ªJñø²

ìv , £üí{åÿªJß‚vƒ � FJ , bß‚j{ , ©ø_ Kn
/C í

ìÕ·b�ñøí|/²¾ (C.L.) �

¥�j{j�íø_ÿõublæF�íìÕóç¨‘˛È ; �«

íuBbÊ(4{2.Ûæ¥óÖ}’ßíìÕ , ÊYƒ w 5(y õ

w + C ¹ª ; JuàS\„�ñøí C.L. bIøõ‰− �
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3. ø<ßíb{

*‡Þín� ,Bbø−à‹ C uÅ�Ñ níb{ ,†¥_{?Df

]m7íªW×�u log2 |C|/n , 6ÿuzÊf] n _å‚2 , � log2 |C|
˝¬íå‚H[m7 ; kuç C Ñ(4{7/ C í&bu k ív` , k

n

ÿub{ C ím70 �

éÍ , m70òíb{ªœ�ô , Í7ç k D n Q¡v , ¥_b{

í�×ÿ.ñq× , 6ÿuz}ßÞ˜Ïíœ0 Perr =
n∑

i=1

Ai (1− p)i pn−i,

(Ai u‹�Ñ i í{åb ) 6}ªœ× � bU) k
n
D× , 7 Perr ªJ

L<ü, uû˝){Ü�í!…�ÿ , 7¥K9A
nU)©vßíb{

(Good Codes) �ø(�m �

ìÜ 3.1. I p Ñf]£üíœ0 , q = 1− p Ñf˜å‚íœ0 � †úk

L<í ε > 0 , à‹ R < C(q) = 1 + qlog2q + plog2p J£ n —D×ÿøì}

æÊø_ùj(4{ , …ím70 k
n
≥ R 7/ Perr < ε �

„p. I �

,Hí C(q) ˚Ñu BSC íñ¾ (Capacity) �

M)øTíu , Shannon }pßíb{íüæÊ , 7/u(4{ ; ª

u , Fàíuœ0�„p , 7.uö£ �Zø_b{ , Å—F#ìí‘

K ,¥6nG-øÒÙ˛#(0í){Ü�ùð û˝ ,ÛÊ×ÇìÜí

„p˛%�¬š0� , Bb˝§d7Öý9á ? Ê¥ø�2 , Bblõ

sé|±íb{ �

ì2 3.2. Çp{ (Hamming Codes)

I H í�âF�.Ñ 0 í r− &²¾F A , ¹ H Ñ (2r − 1)× r í

ä³ � †J H Ñ�úä³íb{˚ÑuÅ� 2r − 1 íÇp{ , J Hr [

ý�

·æ 3.3. Hr Ñ (2r − 1, 2r − 1− r, 3)−{ �

„p. n D k 'ñqõ , 7 d †â�D�5ÈíóYÉ[ªJõ| � ¥
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·æ 3.4. úkF�í r ≥ 2 , Hr Ñê1{ �

„p.
22r−1

(
2r − 1

0

)
+

(
2r − 1

1

) = 22r−1−r � ¥

,�FÔíWäÑ r = 3 í8” � ç H =




1110100

0111010

0011101




t

v , C ÿuâ

 ¯qlF�Z|Víµø_ �

ì2 3.5. �g{ (Equivalent Codes)

à‹s_{Ê%¬{åíå‚å>²5( , †¥s_b{�g �

W.

C1 :

0000

0011

1100

1111

and C2 :

0000

0101

1010

1111

�

ìÜ 3.6. F�í(4 (2r − 1, 2r − 1− r, 3)−{îD Hr �g �

„p. %¬�í½§5( , ªJé…bx�ó°í�úä³ � ¥

ìÜ 3.7. j{ (Decoding)

cqYƒíåu y ,7/ø−|ÖÉ�ø_å{˜ ,†Ê yH 6= 0v ,

H 2.æÊ�ø� Hl (� l � )U) yH = Hl , ¤vªJR)� l _P0

u˜ÏíËj �

„p. ÄÑ (y − el)H = yH + Hl = 0 , FJ y − el ∈ C �

FJ Hr ªJy£ø_˜Ï � °v , Hr ªJW¿|s_˜Ï � ¥

ì2 3.8. Ø�{ (Extended Code)

I C Ñø (n, k, d)−{ , w2 d ÑJb � ÛÊø C 2í{å®‹Åø

_å‚U)©_åí‹�ÑXb , †F)ƒíb{Ñ (n + 1, k, d + 1) , ¤

Ñ C íØ�{ , J C [ý �
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FJ Hr Ñ (2r, 2r − 1− r, 4)−{ , …ªJÖW¿|ø_˜Ï �

W. H3 uø_ (8, 4, 4)−{ , …í�úä³Ñ Ĥ =




11111111

00011110

01100110

10101010




t

�

ìÜ 3.9. H3 ÑøAúX{ (Self-Dual) �

„p. Ĥ 2íû_W²¾·u H3 í{å � ¥

Q-Vn�àSâ˛øíb{%â�Àí‰“7×)Çø_híb

{ �

(1) ‹pø_�úå‚U)©_åí‹�·uXb �

¥_�TÊŸb{í�×uJbvªœ�c �

(2)  ¥ø_å‚JÁsŸV{åíÅ� �

 ¥íP0u	ìí �

(3)  ¥ø<{å (Expurgating Codewords) �

(4) ‹pø<{å (Augmenting Codewords) �

(5) ‹p 1 = 1111 · · · 1 J£‹p�úå‚ �
(6)  ¥/ø<{åx�ó°å‚íµø_P0 �

�7,HíZ‰j� , ø_Çp{ÿªJ\^ZAÖ_.°7/Ô

�íb{ , à-ÇFý � Ê¥5‡ , l�Üø�Ôy{ �

ì2 3.10. ��{ (Simplex Codes)

ø_Çp{ Hr íúX{ Sr ˚Ñu��{ �

(Å) ¥_b{íÔ4uLs_{åí�×·uø_	ìb �

W.

S2 = {000, 011, 101, 110} , d(S2) = 2 , 7/L<s_{åí�×6u 2 �

S3 = {0000000, 0110011, 1010101, 1100110, 0001111, 0111100, 1011010,

1101001} , d(S3) = 4 , 7/L<s_{åí�×6u 4 �
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à‹I Sr =
{
v|v + 1 ∈ Hr

}
,†,ÞFTƒí4”.Ø‚à¦Ñ¶‹

J„p �

Sr+1 :

Sr

0
...

0

Sr

Sr

1
...

1

Sr + 1

S3 :

0 0 0 0 0 0 0

0 1 1 0 0 1 1

1 0 1 0 1 0 1

1 1 0 0 1 1 0

0 0 0 1 1 1 1

0 1 1 1 1 0 0

1 0 1 1 0 1 0

1 1 0 1 0 0 1

(1)

(2)


(6)


(5)


(4)

(3)


(1)


(2)


(6)

(5)


(4)
 (3)
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Î7,Hâø_b{%¬��.°íTÜj¶7)ƒ.°íb{ ,B

b6ªJ‚àòQzs_b{[Êø–í–17`¨|híb{ � J-

Bbà |u|v| V[ýø u ∈ C1 £ v ∈ C2 s_{åQÊø– , hí{åÅ

�Ñ C1 íÅ�‹ C2 íÅ� �

ì2 3.11. b{í¸ (Direct Sum)

I C1D C2}�ÑÅ�mD nís_b{ ,† C = {|u|v||u ∈ C1 , v ∈ C2}
Ñ C1 D C2 í¸ , J C = C1

⊕
C2 [ý �

·æ 3.12. C1

⊕
C2 Ñ (m + n, |C1| · |C2|,min{d(C1), d(C2)})−{ �

(Å) ÄÑ C1

⊕
C2 .øìu(4{ , FJà C í{åbH�(4{2í

k � ¥_[ý¶�v}¨A˚× , Ä¤u´Ñ(4{bÔ�™ý|V �

Çø_éNí�Z¶òQJ |u|u + v|[ý ,¤v , uD víÅ�bó

°nªJ �

·æ 3.13. I C1D C2}�ÑÝ(4í (n,M1, d1)−{£ (n,M2, d2)−{ ,†

C3 = {|u|u + v||u ∈ C1 , v ∈ C2} ÑÝ(4í (2n,M1M2,min{2d1, d2})−{ �

„p. Î7�×5Õ , w…í4”·'pé �ÛÊBbVl� d(C3) �

I a = |u|u + v| , b = |u′|u′ + v′| Ñ C3 2óæís_{å � à‹

v = v′ ,† d(a,b) = 2d(u,u′) ≥ 2d1 � ÊÇøjÞ ,à‹ v 6= v′ ,† d(a,b) =

wt(u + u′) + wt(u + u′ + v + v′) ≥ wt(v + v′) ≥ d2 � ¥

‚à,Hí–1Bbøú_b{QÊø– � I H∗
3 =

{v = x1x2x3 · · ·x7|x7x6x5 · · · x1 ∈ H3} , 6ÿuz{åP0Ÿå¥�¬VF

)ƒíb{ � âk H∗
3 D H3 �g , FJ…b·u (7, 4, 3)−(4{ , ku

…bíØ�{ H∗
3 D H3 }�Ñ (8, 4, 4)−(4{ � ÛÊz…bQÊø–ÿ

ªJ)ƒø_Ý�Ô�íb{ �

ì2 3.14. Ø�íëÊ{ (Extended Binary Golay Code G24)

G24 =
{ |a + x|b + x|a + b + x|| a,b ∈ H3 , x ∈ H∗

3

}
�
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·æ 3.15. G⊥
24 = G24 �

„p. I a,b}�Ñ H32ø !�í²¾ , x†Ñ H∗
3 íø !�í²¾,

†.Øð„ {|a|0|a|, |0|b|b|, |x|x|x|} 2u 12 _ G24 í{å , …$A G24 í

ø !� ;ÄÑ©_{åí‹�ÌÑXb ,7/¤Ñ�ò!� (Orthogonal

Basis) , Ä¤ G⊥
24 = G24 (?) � ¥

·æ 3.16. d(G24) = 8 �

„p. ÄÑ!�2í{å…bí‹�ÌÑ 4 íIb , FJ 4|d(G24) � cq

d(G24) = 4 , †.æÊø_.u 0 í{å , w = |a + x|b + x|a + b + x| , …

í‹�Ñ 4 � âk w í©øü¶} ( ú¶} ) í‹�ÌÑXb , FJ , .

ì�ø¶}u 0 , ¥[ý x = 0 or 1 (?) � cq x = 0 ( 1 ín�óN ) � k

u , |a|b|a + b| í‹�Ñ 4 , ¥u.ª?í , FJ)„ � ¥

·æ 3.17. I G23 Ñ G24 íòs{ ( ¥ø_å‚ ) ,† G23 Ñøê1{�

„p.
223

(
23

0

)
+

(
23

1

)
+

(
23

2

)
+

(
23

3

) = 212 � (d(G23) = 7) ¥

(Å)z G24 2‹�Ñ 8í{å�²AÕ¯ ,¥_Õ¯í� 759Õ¯ ,…b

$Aø_ 5− (24, 8, 1) ql (5-design) (?) �

Î7,H�Z G24 íj¶ , ÇÕªJàùŸ°ì (Quadratic Residue)

íj�V�Z � I B′ Ñ 11× 11 íj³ , à- :

B′ =




1 1 0 1 1 1 0 0 0 1 0

1 0 1 1 1 0 0 0 1 0 1

0 1 1 1 0 0 0 1 0 1 1

1 1 1 0 0 0 1 0 1 1 0

1 1 0 0 0 1 0 1 1 0 1

1 0 0 0 1 0 1 1 0 1 1

0 0 0 1 0 1 1 0 1 1 1

0 0 1 0 1 1 0 1 1 1 0

0 1 0 1 1 0 1 1 1 0 0

1 0 1 1 0 1 1 1 0 0 0

0 1 1 0 1 1 1 0 0 0 1



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(Å)�ø�.Ñ 0íP0u 1, 2, 4, 5, 6, 10 ,¥ 6_bÊ Z11 2u x2 ª?¸

…°ìíb �

yI B =




1

1

B′ 1
...

1

1 1 1 1 1 1 1 1 1 1 1 0




, £ G = [B|I12] �

ku , ‚à G ÑÞAä³ , BbªJ�Z|ø_ (24, 12, 8)−{ G24 ,

¥³í�×u 8Ûbø<›‰ ,è6~ttõ �M)øTíu ,yâ ¥

|(ø_P0°šªJ×) (23, 12, 7)−{ ; Ou , …D‡Þ�Zí G23 �

gý ? …í��u'ì , ~¡5 McWillians £ Sloane µ…z ; !…, ,

S.L.SnoverÊ 1973�„pL<í (23, 212, 7)−{ (.øìu(4{ )·}D

G23 �g �

úkØ�íëÊ{ G24 ínj , ªJâ‚à‹��äV«n �

ì2 3.18. ‹��ä (Weight Enumerator)

I C ÑøÅ�Ñ n í(4{ , Ai ÑÊ C 2‹�Ñ i í{åb , †

A (z) =
n∑

i=0

Aiz
i \ì2Ñ C í‹��ä , 7 {Ai}n

i=0 †˚Ñu C í‹�}

0 (Weight Distribution) �

âk d(C) = 8 , FJ Ai = 0 , i = 0, 1, 2, · · · , 7 � Bk A8 J,ÿ)Iø

�ŠÚ � Ñ7jZl� , Bb²Ï G24 íø_ÞAä³Ñ

G =




1 0

1 0

1 I11 0 B′
...

...

1 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1




FJ©ø_ G24 í{åªJ[ýA | L | R | �
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·æ 3.19. cà | L | R | ∈ G24 , L = l1l2 · · · l12 , J£ R = r1r2 · · · r12 , †

| L′ | R′ | ∈ G24 , w2 L′ = r1r2r12r11 · · · r3 , R′ = l1l2l12l11 · · · l3 �

„p. I ϕ = (l1r1)(l2r2)(l12r3)(l11r4) · · · (l3r12) , † G í�ø�

|110000000000|011011100010| ú@A |0101000111011|110000000000| � ¥_å
/ßuJ- 7 � 1, 3, 7, 8, 9, 11, 12 í¸ ; °ÜªR)� 2 �B� 11 �îª

Jú@Aw…b�5¸ ,FJu{å ,7|(ø�†ú@Ñ | 1 | 0 | ,…u

|(ø�‹ 1 , âk 1 ∈ G24 , FJ…6u{å � ¥

âk G242í{å…í‹�ÌÑ 4íIb ,FJÉ�ª?Ê i = 0, 4, 8,

12, 16, 20, 24 v Ai 6= 0i ; â·æ 3.19 , à‹ | L | R | ∈ G24 , wt(L) = i,

wt(R) = j , † G24 2.ì�ø_{å | L′ | R′ | , …Å— wt(L′) = j ,

wt(R′) = i � ku , Bb.ØR)-Þí!� �

·æ 3.20. G24 2³�‹�Ñ 4 D 20 í{å �

„p.( I ) �

FJ®�‹�í{åªJß‚íl�|V : –1ulâ‡Þ 11 �V

v|{å , J�Ûby‹,|(ø� , FJ | L | R |+ | 0 | 1 | = | L | R | �

A16 = A8 = 2((2, 6)−�) + 2((6, 2)−�) +

(
11

3

)
+

(
11

4

)

= 4

[(
11

1

)
+

(
11

2

)]
+

(
11

3

)
+

(
11

4

)
= 759 �

A12 = 212 − 2− 2× 759 = 2576 , kuúk C = G24 ,

A(z) = 1 + 759z8 + 2576z12 + 759z16 + z24 �

ÛÊyVõç C = Hr ví‹��ä � Ñ7jZ–c , I 2r − 1 = n �

âÇp{íÔ4 , à‹Bb² H 2í i− 1 �V°¸ , †I�J-ú�ª

? : (1) ¸ÑÇø� , (2) ¸Ñ i− 1 �2íø� , J£ (3) ¸Ñ 0 , FJY

¥ú�ª?°)
(

n

i− 1

)
= iAi + (n− i + 2)Ai−2 + Ai−1 �

si°
 zi−1 , 1/â i = 0, 1, · · · zr¶‹–V �

27



∞∑
i=0

(
n

i− 1

)
zi−1 =

∞∑
i=0

[iAiz
i−1 + (n− i + 2)Ai−2z

i−1 + Ai−1z
i−1]

(1 + z)n = (A1 + 2A2z + 3A3z
2 + · · ·+ nAnzn−1)

+n(A0z + A1z
2 + A2z

3 + · · ·+ An−1z
n + Anzn+1)

−(A1z
2 + 2A2z

3 + 3A3z
4 + · · ·+ An−1z

n + Anzn+1)

+(A0 + A1z + · · ·+ Anzn)

(1 + z)n = A′(z) + nzA(z)− z2A′(z) + A(z) ,

FJ A(z) · (1 + nz) = −(1− z2)A′(z) + (1 + z)n ,

j�}j˙ , A0 = 1 �

Ä¤ , A (z) = 1
n+1

(1 + z)n + n
n+1

(1 + z)
n−1

2 (1− z)
n+1

2 � (?)

J n = 7 ÑW ,

A(z) = 1
8
(1 + z)7 + 7

8
(1 + z)3(1− z)4

= 1
8
(1 + 7z + 21z2 + 35z3 + 35z4 + 21z5 + 7z6 + z7)

+7
8
(1− 3z2 + 3z4 − z6 − z + 3z3 − 3z5 + z7)

= 1
8
(8 + 56z3 + 56z4 + 8z7)

= 1 + 7z3 + 7z4 + z7

¥_�äµsBbÊ H3 2 , É�‹�Ñ 0, 3, 4, 7 í{å , 7…b}

�u 1, 7, 7, 1 _ �

7¥ø�|(Bb�ÜëÊ{àSj{ �

I H =

[
I12

B

]
, £ v , Yƒ w , ˜Ï�Ñ e , 1/I ei ÑÅ� 12 í

å , Î7� i _P0Ñ 1 , w…P0·u 0 ; 7 bi †u B í� i � �

j{íÆ�¶ (Decoding Algorithm , IMLD)

1. l� s = wH �

2. cà wt(s) ≤ 3 , † e = | s | 0 | �
3. càúk/_ i , i ∈ {1, 2, · · · , 12} , wt(s+bi) ≤ 2 ,† e = | s+bi | ei |�
4. l� sB �
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5. cà wt(sB) ≤ 3 , † e = | 0 | sB | �
6. càúk/_ i , i ∈ {1, 2, · · · , 12} , wt(sB + bi) ≤ 2 , † e = | ei | sB +

bi |�
7. à‹Ì¶²ì , †b°½£ �

I e = | e′ | e′′ | , ‚à�úä³ H =

[
I

B

]
, °) s = wH = eH =

e′ + e′′B �

à‹ wt(e) ≤ 3 , † e′ D e′′ 2.�ø_…í‹�.×k 1 �

(i) wt(e′′) = 0 , † s = e′ , Ä¤ | s | 0 | Ñ˜Ï� , ¥�8”Ê wt(s) ≤ 3

vßÞ �

(ii) wt(e′′) = 1 , † s = e′ + bi , Ä¤úk/_ i , i ∈ {1, 2, · · · , 12} ,

wt(s + bi) ≤ 2 , ¤v˜Ï�Ñ | s + bi | e′′ | �
(iii) à‹.u (i) D (ii) , † wt(e′) ≤ 1 , ¤vb‚à sB �

sB = (e′ + e′′B)B = e′B + e′′(B2 = I) , ¥_$�D‡Þí s ú@ �

(iv) à‹ wt(e′) = 0 , †˜Ï� e = | 0 | sB | � (wt(sB) ≤ 3)

(v) à‹ wt(e′) = 1 , †æÊø_ i , U) wt(sB + bi) ≤ 2 , ˜Ï�Ñ

| ei | sB + bi | �
(vi) JuÌ¶²ì , ÿÉßb°½£ �

W. f v Yƒ w = |001001001101|101000101000| �
s = 110001001001

wt(s) = 5 , �¬� 2 ¥ , vø_ bi U) wt(s + bi) ≤ 2 , i = 5 ,

s + bi = 000000010010 , FJ˜ÏÑ |000000010010|000010000000|
v = |001001011111|101010101000| �

Problem. Decode |000111000111|011011010000| �
j: v = |000011000111|011010000000| �
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4. �={ (Cyclic Codes)

âkÊi{í¬˙2ªJUàF‚í��éÐ (Shift Register) , FJ

�={AÑ|ÏÆíb{ ;�˛F�ßíb{·u�={ ,¨�‡Þ�Ü

íÇp{£ëÊ{ �

íl�Ü��éÐÂ ; …âs¶} ¯7A :

læjÖ

ùj‹¶Â

W.

t0 : Time ”0” a0 a1 a2 a3

t1 : Time ”1” a1 a2 a3 a0 + a2 + a3

t2 : Time ”2” a2 a3 a0 + a2 + a3 a1 + a0 + a2

FJ , à‹øÇá (a0, a1, a2, a3) = (1, 1, 0, 1)

t0 : 1 1 0 1

t1 : 1 1 0 1 0

t2 : 1 1 0 1 0 0

t3 : 1 1 0 1 0 0 0

t4 : 1 1 0 1 0 0 0 1
...

t10 : 1 1 0 1 0 0 0 1 1 0 1 0 0 0
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à¤øV ,ÿªJ.iËÞA©/ 7_båí{å ,�={í–1ÿ

$A7 �

ì2 4.1. �=�� (Cyclic Shift)

I v = (a0, a1, a2, · · · , an−1) ,† ví�=�� π(v) = (an−1, a0, a1, · · · , an−2)�

Ä¤ πn(v) = v �

ì2 4.2. �={ (Cyclic Codes)

à‹Êb{ C 2 , ç v ∈ C † π(v) ∈ C , † C ˚Ñu�={ � ç C

Ñ(4{v , C 6˚Ñu(4�={ (Linear Cyclic Code) �

û˝�={|ßíj¶uzø_²¾ v = (a0, a1, a2, · · · , an−1) àÖá

�V[ý , ?¹ a0 + a1x + a2x
2 + · · · + an−1x

n−1 � âk π(v) = x(a0 + a1x +

a2x
2+· · ·+an−1x

n−1)mod(xn−1) = an−1+a0x+a1x
2+· · ·+an−2x

n−1 ,yà²¾

Võÿu (an−1, a0, a1, · · · , an−2) ,…6u π(v) � Ä¤ ,�=��ªJõAu

Öá�í
¶ ,²k5 πk(v)ú@k xk(a0+a1x+ · · ·+an−1x
n−1)mod(xn−1)�

J- xn − 1 ªJ²A xn + 1 , ¥uÄÑb ai ∈ GF (2) íÉ[ �

ìÜ 4.3. I Rn = F [x]/< xn + 1 > , † C ⊆ Rn Ñø(4�={íkb‘

KÑ C u Rn íø_Ü; �

„p.

(⇐) ÄÑ C uø_Ü; , Ä¤úkç f(x) ∈ C v x · f(x) ∈ C , Ä¤

C Ñ�={ �

(⇒)I f(x) ∈ C , g(x) ∈ Rn J£ g(x) = b0 + b1x + b2x
2 + · · ·+ bn−1x

n−1 ,

† f(x)g(x) = b0f(x) + b1xf(x) + · · ·+ bn−1x
n−1f(x) uø< f(x) í�=��

F ¯7A , Ä¤ f(x)g(x) ∈ C � ‹, C Ñ(4{ , C u Rn íø_Ü;�

¥

ìÜ 4.4. I C ÑøÅ�Ñ ní(4�={ , g(x) 6= 0Ñ C 2Ÿb|Qí

Öá� , † C =< g (x) > , °vÊ C 2³�w…D g(x) ó°ŸbíÖá

� �

„p. ‚àÅÎ¶¹ª}pL<Ê C 2íÖá�îÑ g(x) íI� � ¥
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ìÜ 4.5. cà C u(4�={7/ C =< g (x) > , † g (x)|xn + 1 �

„p. ‚àÅÎ¶ � ¥

ìÜ 4.6. cà g(x) íŸbÑ n− k , † C =< g (x) > Ñ (n, k)−{ � °v ,

à‹ g(x) = g0 + g1x + g2x
2 + · · · + gn−kx

n−k , †J-í G Ñ C íø_ÞA

ä³ �

G =




g0 g1 g2 · · · gn−k 0 0 0 · · · 0

0 g0 g1 g2 · · · gn−k 0 0 · · · 0

0 0 g0 g1 g2 · · · gn−k 0 · · · 0
...

...
...

...
...

...
...

0 0 0 · · · 0 g0 g1 g2 · · · gn−k




„p.
{
g (x) , xg (x) , · · · , xk−1g (x)

}
Ñ C íø !� �

âìÜ 4.5 , Bbb�Z�={Ébø xn + 1 }jÄ�¹ª ; LSø

_Ä�·ªJàVÞAø_�={ � ¥

W. x7 + 1 = (1 + x)(1 + x + x3)(1 + x2 + x3)

à‹à 1 + x + x3 VÞAb{ , †ÞAä³Ñ




1 1 0 1 0 0 0

0 1 1 0 1 0 0

0 0 1 1 0 1 0

0 0 0 1 1 0 1




Í7 ,b}j xn + 11.uøKñqí9 ,J-�ÜÇø$�íÞA

Öá� �

ì2 4.7. I I Ñ Rn 2íø_Ü; , C Ñú@k I í�={ � Bb˚ C

íø_Öá� e(x) Ñ�‚ÞA� (Idempotent generator) J/ñJ c = e(x)

/ [e(x)]2 = e2(x) = e(x) �

·æ 4.8. I C =< e (x) > / e(x) Ñ�‚ÞA� , † e(x) Ñ C í
¶À

PjÖ �

„p. I a(x) ∈ C , † a(x) = b(x)e(x) , b(x) ∈ Rn � âk e2(x) = e(x) , FJ

a(x)e(x) = b(x)e(x) = a(x) � ¥
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˝§bàSn?vƒF‚í�4ÞA�á ? ~õJ-íWä �ç n =

7 v , I e(x) = α0 + α1x + α2x
2 + · · · + α6x

6 , âk e2(x) = e(x) , FJ

e(x) = α2
0 + α2

1x
2 + α2

2x
4 + α2

4x + α2
5x

3 + α2
6x

5 + α2
3x

6 � ku , BbêÛ , ç

e(x) 2í xi x�ÝÉí[bv , x2i í[b6.uÉ , ¥³u 2i(mod 7) �

I S ÑF�ÝÉ[bíŸjb , † i ∈ S ⇔ 2i(mod 7) ∈ S � ¥[ý , ç

e(x)íøŸá[bÑ 1v , † e(x)íùŸá , ûŸáí[bÌÑ 1 ; °Ü,

Ê e(x) 2ç x3 í[bÑ 1 v , x6 � x5 í[b6u 1 �¥_ÛïU)Bb

Êv xn + 1 íÄäv�'ßí¡5’m �

ì2 4.9. �=ìÕ (Cyclotomic Coset)

S1, S2, · · · , Sk ˚Ñu Zn í�=ìÕJ/ñJ

(i)
k⋃

i=1

Si = Zn £

(ii) ∀ i ∈ {1, 2, · · · , k} , j ∈ Si ⇔ 2j(mod n) ∈ Si �

W. {0} , {1, 2, 4} , {3, 5, 6} Ñ Z7 í�=ìÕ �

W. {0} , {1, 2, 4, 8} , {3, 6, 9, 12} {5, 10} , {7, 14, 13, 11} Ñ Z15 í�=ìÕ �

(Å) �=ìÕí_bH[}j xn + 1 FßÞíÄäb , 7ìÕí×üH

[vÄäíŸb �

W. x15 + 1 = (x + 1)(x2 + x + 1)(x4 + x + 1)(x4 + x3 + 1)(x4 + x3 + x2 + x + 1) �

ìÜ 4.10. ( .ŒìÜ ) I f(x) ∈ Rn , † f(x) u�‚Öá�íkb‘K

Ñ f(x) 2 , ÝÉ[bíŸbÕªJŸA�=ìÕí:Õ �

„p. �À ( I ) �

FJbŸ| n = 7 ví�4ÞA�'�À , …bu 0 , 1 , x + x2 + x4 ,

x3 + x5 + x6 , 1 + x + x2 + x4 , 1 + x3 + x5 + x6 , x + x2 + x3 + x4 + x5 + x6 , J

£ 1 + x + x2 + · · ·+ x6 �

9õ, , Lø�={Î7ªJvƒÞAÖá� (generator) uÙ%Ë

2Õ , vƒ�4ÞA�6³�LS˚Ø �
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ìÜ 4.11. L<Å�ÑJbí(4�={·ªJvƒø_�4ÞAÖá

� �

„p. I C =< g (x) > Ñø�={ � âìÜ 4.5 , g (x)|xn + 1 , FJ xn +

1 = g(x)h(x) , ÄÑ n uJb , FJ xn + 1 í”Ä�·.ó° (?) � Ä¤

(g(x), h(x)) = 1 � â6�óÎ¶ , øìæÊs_Öá� a(x) £ b(x) , U)

a(x)g(x) + b(x)h(x) = 1 (1)

I e(x) = a(x)g(x) , Ä¤ e(x) ∈ C �

â (1) e(x) = a2(x)g2(x) + a(x)b(x)g(x)h(x) = a2(x)g2(x) = e2(x) ∈ Rn �

ÇÕ , q c(x) ∈ C ÑL<í{å , † c(x) = d(x)g(x) , y‚à (1) ,

c(x) = d(x)g(x)a(x)g(x) + d(x)g(x)b(x)h(x) = [d(x)g(x)][a(x)g(x)] = c(x)e(x) ,

FJ < e (x) >= C , 7/ e(x) Ñ C íÀPjÖ � ¥

(Å)âk < e (x) >= C , Bb6ªJ‚à e(x)V�ZÞAä³ , j¶àì

Ü 4.6 Fý �

*,Þín� ,Bb.Øõ|ø_�={ C ,…ªJ�.°íÞAÖ

á� , ø_ÞAÖá� , ø_�4ÞAÖá� ; J 7 ÑWä , …bú@í

8$à- :

ÞAÖá� �4ÞAÖá�

g1(x) = (1 + x + x3)(1 + x2 + x3) e1(x) = g1(x)

g2(x) = (1 + x)(1 + x + x3) e2(x) = x3g2(x)

g3(x) = (1 + x)(1 + x2 + x3) e3(x) = g3(x)

g4(x) = (1 + x) e4(x) = (x + x3 + x5)g4(x) = e2(x) + e3(x)

g5(x) = (1 + x + x3) e5(x) = xg5(x) = e1(x) + e2(x)

g6(x) = (1 + x2 + x3) e6(x) = x3g6(x) = e1(x) + e3(x)

g7(x) = 1 e7(x) = 1

hô : x7 + 1 }jA 1 + x � 1 + x + x3 � 1 + x2 + x3 í
	 , FJÞAÖá

�Ñ¥<Öá�í ¯ ; 7�‚ÞAÖá�†â e1(x) � e2(x) £ e3(x) F

 ¯ , 7/ (?) e1(x) + e2(x) + e3(x) = 1 , ei(x)ej(x) = 0 , 1 ≤ i 6= j ≤ 3 �

ì2 4.12. b{¸ (Code Sum)

C1D C2s_b{¸ì2Ñ C1+C2 = {c1 (x) + c2 (x)| ci (x) ∈ Ci , i = 1, 2}�
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ìÜ 4.13. I C1 D C2 Ñ�={ , …bíÞAÖá�D�4ÞAÖá�

}�Ñ g1(x) � g2(x) ; e1(x) � e2(x) ; † C1 + C2 íÞAÖá�D�4ÞAÖ

á�}�Ñ gcd(g1(x), g2(x)) D e1(x) + e2(x)− e1(x)e2(x) �

„p. BbÉ„p�ù¶} : e(x) = e1(x) + e2(x)− e1(x)e2(x) Ñ C1 + C2 í

�4ÞAÖá� ; l„p e(x) ÑÀPjÖ � I c(x) ∈ C1 + C2 ¹ c(x) =

c1(x) + c2(x) �

c(x)e(x) = (c1(x) + c2(x))(e1(x) + e2(x)− e1(x)e2(x))

= c1(x)e1(x) + c1(x)e2(x)− c1(x)e1(x)e2(x)

+c2(x)e1(x) + c2(x)e2(x)− c2(x)e1(x)e2(x)

= c1(x) + c1(x)e2(x)− c1(x)e2(x) + c2(x)e1(x) + c2(x)− c2(x)e1(x)

= c1(x) + c2(x)

FJ e(x) AÍ}ÞA C1 + C2 , ?¹ C1 + C2 =< e (x) > � ¥

�7,Hb{¸í–1 ,BbÿªJvƒüí�={ ,yâ¥<üí

V�Z×í�={ �

ì2 4.14. ”üÜ; (Minimal Ideal)

ø_ R 2íÜ; M , à‹Î7 0 5Õ³�LSw…Ü;}u…íö

äÜ; (Proper Sub-ideal) , † M Ñ R íø_”üÜ; �

ìÜ 4.15. à‹ f(x) = (x + 1)f1(x)f2(x) · · · fk(x) w2 fi(x) Ñ.ª}jí

Öá� ( 0k GF(2)) , †ø_�={Ñ”üÜ;íkb‘KÑ…íÞA

Öá�u f(x)
(x+1)

C f(x)
fi(x)

, i = 1, 2, · · · , k �

„p. AW„p �

Ñ7jZ[ý , f(x)
fi(x)
[A fi(x) �

ìÜ 4.16. I xn +1 = (x+1)f1(x)f2(x) · · · fk(x) ,w2 fi(x)Ì.ªy}j�

†.æÊ k + 1”üÜ;}�H[ k + 1_�={ C1, C2, · · · , Ck+1 ,°v…

bí�4ÞAÖá�}�Ñ e1(x), e2(x), · · · , ek+1(x) /Å— :

(i) ei(x)ej(x) = 0 , 1 ≤ i 6= j ≤ k + 1 �

(ii)
k+1∑
i=1

ei (x) = 1 �
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.Oà¤ , L<í�={ C ·ªJŸAø< Ci í¸ , °v…í�4

ÞAÖá�6ªJà Ci í�4ÞAÖá�í¸[ý|V �

„p. Bbl„p (i) ¸ (ii) � âk Ci ∩ Cj = 0 , FJ ei(x)ej(x) = 0(i 6= j) ,

ÇÕÄÑ C1 + C2 í�4ÞAÖá�Ñ e1(x) + e2(x) + · · · + ek+1(x) � Í7

C1 + C2 + · · ·+ Ck+1 =< 1 > , FJ (ii) )„ �

Q-Vyõ�ù¶} �âkH[ C1 + C2 + · · ·+ Ck+1 í”üÜ;}�

Ñ < x + 1 >=< f0 (x) > , < f1 (x) > , · · · , < fk (x) > , Ä¤L<í�={

C =< g (x) > , C =
∑
j∈I

Cj , w2 I ⊆ {0, 1, · · · , k} £ (fi(x), g(x)) = 1 � Bk

e(x) †Ñ
∑
j∈I′

ej (x) , w2 I ′ ⊆ {0, 1, · · · , k} £ Cj ⊆ C � (C =
∑

Cj⊆C

Cj ) ¥

â‡Þí·H , Bb.ØêÛJ-í4” :

ìÜ 4.17. à‹ e(x)Ñ�={ C í�4ÞAÖá� ,† C íÞAÖá�

g(x) = g.c.d(e(x), xn + 1) �

„p. âìÜ 4.11 í„pBbø− a(x)g(x) + b(x)h(x) = 1 2í a(x)g(x) =

e(x) , 7/ (a(x), h(x)) = 1 , FJ (e(x), g(x)h(x)) = (a(x)g(x), h(x)g(x)) =

g(x)� ¥

â C í�4ÞAÖá� e(x) , 6ªJ°| C⊥ í�4ÞAÖá� �

ìÜ 4.18. Ju xn + 1 = g(x)h(x) , C =< g (x) > , C ′ =< h (x) > , e(x) Ñ

C í�4ÞAÖá� , † C ′ í�4ÞAÖá�Ñ 1− e(x) , 7 C⊥ í�4

ÞAÖá�Ñ 1− e(x−1) �

„p.∀ c (x) ∈< h (x) > ,

c(x)(1− e(x)) = c(x)− c(x)e(x)

= c(x)− c(x)a(x)g(x) ( ìÜ 4.10)

= c(x) (h (x)| c (x) )

FJ 1 − e(x) ÑÀPjÖ (unit) , AÍu�4ÞAÖá� � Çø!‹

uÄÑ C⊥ =< xkh (x−1) > , FJ , ∀ c(x) ∈ C⊥ , c(x) = d(x)xkh(x−1) ,

c(x)(1− e(x−1)) = c(x)− c(x)e(x−1)

= c(x)−d(x)xkh(x−1)e(x−1) = c(x)−d(x)xka(x−1)x−n(1+xn) = c(x) � ¥

Ê¥ı|( , BbVõõ�={íj{½æ �
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ì2 4.19. �`Öá� (Syndrome Polynomial)

I C =< g (x) > , †YƒíÖá� ( {å ) w(x) í�`Öá�ì2Ñ

s(x) ≡ w(x)(mod g(x)) , ?¹à w(x) ÎJ g(x) F)ƒíì� �

âk deg(g(x)) = n− k , FJ s(x) íŸb.ük n− k , 6ÿuz s(x)

øú@ø_Å�Ñ n − k íå ( ²¾ ) , s � ÛÊ , cq˜Ï�Ñ e(x) , †

w(x) = c(x) + e(x) , s(x) ≡ e(x)(mod g(x)) , FJ e(x) = a(x)g(x) + s(x) , 7

Ê deg(e(x)) < n− k v , e(x) = s(x) , ¥_–1Êj{vÝ�½b �

Ñ7Zkl� , ì2ø__çí�úä³uÝ�.bí	T � I H

Ñø n× (n− k)íä³ ,w2 H í� i� ,/Ñ hi(x) ≡ xi(mod g(x))Fú

@í n− k &²¾ , i = 1, 2, · · · , n �

W. I C =< g (x) > , g(x) = 1 + x + x3 , n = 7 J£ n− k = 3 �

h0(x) ≡ 1(mod g(x)) h4(x) ≡ x4 ≡ x + x2(mod g(x))

h1(x) ≡ x(mod g(x)) h5(x) ≡ x5 ≡ 1 + x + x2(mod g(x))

h2(x) ≡ x2(mod g(x)) h6(x) ≡ x6 ≡ 1 + x2(mod g(x))

h3(x) ≡ x3(mod g(x))

FJ H =




1 0 0

0 1 0

0 0 1

1 1 0

0 1 1

1 1 1

1 0 1




ÛÊ , ç w(x) = 1 + x5 + x6 Yƒ5( , w(x) ≡ 1 + x(mod g(x)) ; Jä

³Võ , †Ñ (1, 0, 0, 0, 0, 1, 1)H = (1, 0, 0) + (1, 1, 1) + (1, 0, 1) = (1, 1, 0) , …

6uú@ 1 + x �

·æ 4.20. càYƒíåÑ w(x) ,†�`ÖátFú@í²¾Ñ wH , w

Ñ w(x) Fú@í²¾ �

„p. òQ
 � ¥
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Q-VõõàSj{ � â�ùıí�Ü , bj{ÿÛbø−©_ì

Õ2‹�|üí²¾ Coset Leader , ç wH |ÛÊvìÕ2 , ²|üí‹

�²¾Ñ˜Ï� (Error Pattern) ¹ªy£ , çÍ¥_²¾b�ñø4 , ´

†Ì¶£üËj{ �Í7 , u´©_ìÕ2·x�ñøí Coset Leader u

ªJâ�× dV‡i ,Ê¥³Bbÿcq ”ªJy£ ” ,?¹ñøí Coset

Leader .A½æ �

ku , cq e(x) Ñ˜Ï� , 7/ú@kø_vìÕ2‹�|üí²

¾ � à¤øV xie(x)(mod 1 + xn) 6uø_ Coset Leader , ÉuF˘íìÕ

.°7˛ (?) �âkBbb‡iíuµø_ e(x)u˜Ï� ,7…D s(x)�

É , Ä¤ , J-íÆ�¶ªJ»,àÒ �

�={j{Æ�¶ (Decoding Algorithm for Linear Cyclic Codes)

1. ç w(x) Yƒv , l� s(x) ≡ w(x)(mod g(x)) �

2. ∀ i = 0, 1, 2, · · · , n− 1 , l� s′i(x) ≡ xis(x)(mod g(x)) �

3. I sj Ñú@k s′j(x) í n− k &²¾ �

4. ç wt (sj) ≤
⌊

d−1
2

⌋
v , e(x) ≡ xn−js′j(x)(mod 1 + xn) ÑF°í˜Ï� �

5. Otherwise , d.|V �

„p. ÄÑ s(x) ≡ e(x)(mod g(x)) , FJ xis(x) ≡ s′i(x) ≡ xie(x)(mod g(x)) �

¥[ýç xie(x) Fú@í²¾à‹‹�.×k
⌊

d−1
2

⌋
v , .Ñø_ Coset

Leader ; y���  , ÿªJ°) e(x) ≡ xn−is′i(x)(mod 1 + xn) � Ñ7bU

),H),HA
 , wt (si) ≤
⌊

d−1
2

⌋
� ¥

W. n = 15 , g(x) = 1 + x4 + x6 + x7 + x8 , ”d = 5” �

Yƒ w = 110011100111000 �
w(x) = 1 + x + x4 + x5 + x6 + x9 + x10 + x11 �

s(x) = 1 + x + x3 + x4 + x5 + x6 + x7 �

s′1(x)
...

s′5(x) = x5s(x) ≡ 1 + x(mod g(x)) �

FJ s′5 í‹�Ñ 2 ≤ ⌊
5−1
2

⌋
�

e(x) ≡ x15−5s′5(x)(mod 1 + x15) = x10 + x11 �

c(x) = e(x) + w(x) = 1 + x + x4 + x5 + x6 + x9 ←→ 110011100100000 �
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(Å)¥_Æ�¶�…íÿõ : ÄÑ…í˜Ï�u‚à xie(x)Ñ Coset Leader

í–1‹,� i U) deg(xie(x)) ≤ n − k ¥_‘KÿªJêA � Í7 , ú

k.˘k¥��í e(x) ÿÌ?Ñ‰7 �

½æ. Decode 001000000110000 �
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5. BCH {

BCH H[ú_A Bose, Chaudhuri £ Hocquengham , FbF�Z|V

íb{x�'Ô�í!Z � !…, , ‚à|!…í(4Hblv|�ú

ä³ , BCH {ÿÄ@ËßÞ|V �

I β Ñ�Ìñ F = GF (2r) 2íø_ primitive jÖ , 6ÿuz β Ñ


¶ˇ < F ∗, · > íÞAjÖ (Generator) � ( < F ∗, · > Ñ�=ˇ � ) FJ ,

F ∗ = {1, β, β2, · · · , β2r−2} �âk GF (2r)íjÖªJàŸbük r íÖá�

[ý , 6ÿªJà r &²¾V[ý , FJ βi …™ªJõAu²¾ �

·æ 5.1. I β Ñ F = GF (2r) 2íø_ primitive jÖ , H à-Fý , †

C = {v|vH = 0} Ñ Hr �

H =




1

β

β2

...

β2r−2




„p. 1, β, β2, · · · , β2r−2 Ñ.�k 0 íF� r &²¾ � ¥

ì2 5.2. (2-error Correcting BCH Code)

I H Ñ-Fýíä³ , w2 βi ∈ GF (2r) , †J H Ñ�úä³íb{

ÑªJy£s_˜Ïí BCH { �

H =




1 1

β β3

β2 β6

...
...

β2r−2 β3(2r−2)



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·æ 5.3. ªy£s_˜Ïí BCH { C uJ g(x) = m1(x)m3(x) ÑÞAÖ

á�í�={ , ¥³ mi(x) ÑJ βi ÑÉPí|üÖá� (minimal polyno-

mial) �

„p. I n = 2r − 1 , v = v0v1 · · · vn−1 ∈ C , †
2r−2∑
i=0

vi (β
iβ3i) = 0 � JÖ

á�[ý , † h (x) =
2r−2∑
i=0

vix
i = 0 í;� β £ β3 , h(x) ↔ v � Ä¤ ,

m1(x)|h(x) £ m3(x)|h(x) , Ou (m1(x),m3(x)) = 1 , FJ m1(x) ·m3(x)|h(x),

Ä¤ C ⊆< g(x) > , ¢ÄÑ g(x) ∈ C , FJ C =< g(x) > � ¥

·æ 5.4. Ê,Híb{2 , n = 2r − 1 , k = 2r − 1− 2r �

„p. Bb„p degm1(x) = degm3(x) � cq degm1(x) = r , FJ s1 =∣∣∣
{

β2i
∣∣∣ 0 ≤ i ≤ r − 1

}∣∣∣ = r ; ÛÊ5? s3 =
∣∣∣
{

(β3)
2i
∣∣∣ 0 ≤ i ≤ r − 1

}∣∣∣ � éÍ
s3 ≤ r � Ou , ç (β3)2i

= (β3)2j
v , 3 · 2i ≡ 3 · 2j(mod 2r − 1) , 3 ≡

3 · 2j−i(mod 2r − 1) , ?¹ j = i n�ª? , FJ s3 = r � ¥

Ên��×5‡ , Bb�[ø-ä³íW�� �

ùÜ 5.5. I α1, α2, · · · , αt Ñ GF (2r) 2ÝÉíjÖ , †-�ä³ A íW

��MÑ
∏

1≤j<i≤t

(αj + αi) �

„p. ÄÑç αi = αj v (i 6= j) , detA = 0 , FJ
∏

1≤j<i≤t

(αj + αi)

∣∣∣∣∣ det A , y

‚àsiíŸbó°¹ª)„ � ¥

ìÜ 5.6. I C =< g(x) >7/ (x + βm+1) (x + βm+2) · · · (x + βm+δ−1
)∣∣ g (x)

w2 β Ñ GF (2r) í primitive jÖ , † d(C) ≥ δ �

„p.

I H ′ =




1 1 · · · 1

βm+1 βm+2 · · · βm+δ−1

(βm+1)
2

(βm+2)
2 · · · (

βm+δ−1
)2

...
...

. . .
...

(βm+1)
n−1

(βm+2)
n−1 · · · (

βm+δ−1
)n−1



�
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âk C 2íL<jÖD H ′ í©øWÌ�ò (?) , 7L² H ′ í δ − 1

� , …b·.}uóYí²¾ ( âùÜ 5.5 ) , ku C 2.Ñ 0 í{å…

í‹�BýÑ δ , ¹ d(C) ≥ δ � ¥

âk‡Þì2í BCH { C =< m1(x)m3(x) > , FJ

(x + β) (x + β2) (x + β3) (x + β4)|m1 (x) m3 (x) , Ä¤ d(C) ≥ 5 , 6ÿAÍª

Jy£s_˜Ï � Ñ7jZ–c , J-˚ã δ Ñqì�× (Designed Dis-

tance) �

Q-VBb«n,H BCH {íj{j¶ �

I w ÑYƒíå , w ↔ w(x) � † s = wH = [w(β), w(β3)] = [s1, s3] , ¥

³í s1 D s3 }�u r−&²¾ � à‹³�LS˜ÏßÞ , s = 0 ,¥'ñq

‡i ; ÿu�ø_˜ÏßÞ , Wà e(x) = xi , † wH = eH = [e(β), e(β3)] =

[βi, β3i] , ku s3 = s3
1 ( Öá� ) , 6'ñqõ|V ; |˚Øí¶}u�s

_˜Ï �

¥_v` , à‹ e(x) = xi + xj , † wH = [s1, s3] = [βi + βj, β3i + β3j] ,

Ä¤

βi + βj = s1(x) and β3i + β3j = s3(x) (1)

‚à β3i + β3j = s1(x)(s2
1(x) + βi+j) , R)

s3(x)
s1(x)

+ s2
1(x) = βi+j (2)

ÇÕ , βi , βj Ñ x2 + (βi + βj)x + βi+j = 0 ís; �

FJâ (1) D (2) , βi , βj Ñ y2 + s1(x)y +
[

s3(x)
s1(x)

+ s2
1(x)

]
= 0 ís; �

,�˝i6˚Ñu˜ÏP0Öá� (Error-Locator Polynomial) �

âk s1(x)D s3(x)·u r−&²¾ ,FJà GF (2r)2íjÖV[ýÿ

ªœñql� �

W. n = 15 , r = 4 , s1(x) ↔ 0111 ↔ β11 ,

s3(x) ↔ 1010 ↔ β8 , s3
s1

+ s2
1 = β8β−11 + β22 = β12 + β7 = β2 ,

FJ , ˜ÏP0Öá�Ñ y2 + β11y + β2 , kus;Ñ β4 D β13 , ¥6µs

Bb e(x) = x4 + x13 ↔ 000010000000010 �
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Decoding 2 Error-Correcting BCH Code (IMLD)

Algorithm (Generator Polynomial m1(x)m3(x) )

1. Yƒ w ↔ w(x) , ° s1 = w(β) , s3 = w(β3) �

2. cà s1 = s3 = 0 , † c = w � ( ³�˜Ï )

3. cà s1 = 0 , s3 6= 0 †b°½£ � (Retransmission)

4. cà s3
1 = s3 / s1 = βi , † e(x) = xi �

5. càj˙� y2+s1y+ s3
s1

+s2
1 = 0�óæs; βiD βj ,† e(x) = xi+xj�

6. à‹,Hj˙�Ê GF (2r)2Ì¶vƒáæs; ,†ª?˜ÏÖks

_ , b°½£ �

„p. ‡ÞJzp � ¥

½æ. I n = 15 , C =< 1 + x4 + x6 + x7 + x8 > �

Decode (1) 110111011101100 , (2) 110011100100000 �

Ë“.

GF (24) = Z2[x]/< 1 + x + x4 >

1 1000

β 0100

β2 0010

β3 0001

β4 1100

β5 0110

β6 0011

β7 1101

β8 1010

β9 0101

β10 1110

β11 0111

β12 1111

β13 1011

β14 1001
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6. Reed-Solomon Codes

Reed-Solomon{Ñ˛øíb{2@à|�íø_ ;ñ‡1ÅØ˛,�

(NASA) £r¹Ø˛,� (European Space Agency) ·Êà… , 7|½bí

@à´��ZÊm±2íb{6u˘k¥ø_ˇííb{ �

RS-{õ–V'd BCH-{ , .°íËjuÊ{å2…íå‚.yÌ

ìk GF (2) 2íjÖ , …ªJu GF (2r) 2íjÖ , 6ÿuz…í{åF

ú@íÖá�uÊ GF (2r)[x]³Þ ,çÍ ,à‹{åíÅ�Ñ n ,†FH[

íÖá�Ÿbÿ}ük n �

ì2 6.1. (RS(2r, δ) {)

ø_ RS(2r, δ){uø_0k GF (2r)í�={ ,…J g(x) = (x + βm+1)

(x + βm+2) · · · (x + βm+δ−1
)
ÑÞAÖá� , w2 β Ñ GF (2r) íø_ primi-

tive jÖ �

ìÜ 6.2. I C Ñ RS(2r, δ) { , †J-íÅHÑö �

(1) n = 2r − 1 �

(2) k = 2r − δ �

(3) d(C) = δ �

(4) |C| = 2rk �

„p. Î7 (3) 5Õwì'ñq„p � âìÜ 5.6 , d(C) ≥ δ � y‚àìÜ

2.24 d(C) ≤ n− k + 1 = (2r − 1)− (2r − δ) + 1 = δ , FJ)„ � ¥

FJâì2 2.25 ,Bbø− RS(2r, δ){uø_|×�×}½{ (MDS-

Code) , ªJzu'ßíb{ � ÇÕ , ø_ RS(2r, δ) {6ªJ�‰Aø_

n = (2r − 1)× r íùj{ ; ¥uÄÑ RS(2r, δ) {2 , å‚}�VA GF (2r)

2 ,FJ ,ø¥<å‚à r &ùj²¾[ý|V ,ÿªJß‚¨|ùj{,

7¥�ùj{6x�Ý�ßí4” �

ì2 6.3. ˇ�Å� (Burst Length)

I v = (v0, v1, · · · , vn−1) Ñøùj²¾ , w2 vi D vj }�Ñ.�k 0

í�ø_£|(ø_}¾ , †ˇ�Å� bl(v) ì2Ñ j − i + 1 �

W. v = 1000100 , bl(v) = 5 �
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ì2 6.4. �=ˇ�Å� (Cyclic Burst Length)

�=ˇ�Å� cbl(v) = min
{

bl(πk(v))
∣∣ k = 1, 2, · · ·} , ¥³í πk(v) u v

í k Ÿ�=�� �

W. v = 1000100 , cbl(v) = 4 �

à‹JÖá�íj�Võ cbl(v) ,†u x3(1 + x4)mod (1 + x7) = 1 + x3�

ì2 6.5. ªy£ l _ˇ�˜Ïíb{ C ( l burse error-correcting code)

IHn×(n−k)Ñ Cí�úä³ � à‹úkF�ˇ�Å�.×k lí n−k

&²¾·}˘k.°íìÕ ( â H ²ì ) , † C ªJy£ l _ˇ�˜Ï ,

6˚…u ” ªy£ l _ˇ�˜Ï ” íb{ �

(Å)à‹,Hì22íˇ�˜ÏZA�=ˇ�˜Ï ,†ˇ�Å�.×k l

bZA cbl ≤ l � (l−cyclic burse error-correcting code)

·æ 6.6. I C Ñ l−cyclic ˇ�˜Ïy£{ , †Êf]vF¨Aí˜Ï�

e(x) = xke′(x)(mod 1 + xn) , 0 ≤ k ≤ n− 1 , e′(x) ÑŸbük l íÖá� �

W. I g(x) = 1 + x + x2 + x3 + x6 , n = 15 , C =< g(x) > , † C Ì¶y£ 3

_˜Ï , OuªJy£Å�Ñ 3 íˇ�˜Ï �

„p. x� 3_˜ÏJqí˜Ï�øu�

(
15

3

)
+

(
15

2

)
+

(
15

1

)
+

(
15

0

)
= 576

_ ,7ìÕ_bu� 64_ ;Ä¤ ,by£u.ª? ,Í7 ,©/í��5

˜Ï�� 61 _ , œ}œ× � ( Çø¶}�ÑT“ � ) ¥

�7,Hí–1 , bj{!…,u'ñq ; çBbYƒ w(x) v , l

l� s(x) ≡ w(x)(mod g(x)) , Í(Êl� sj(x) ≡ xjs(x)(mod g(x)) , òƒ�

/ø_ j , U) deg(sj(x)) ≤ l − 1 , † e(x) ≡ xn−jsj(x)(mod xn + 1) ÑF°

í˜Ï� (Error Pattern) �

W. °,W , cqYƒí w = 111100100001010 , †‚à,Hí–1 , l°

) s4(x) ≡ 1+x2(mod g(x))ku e(x) ≡ x15−4(1+x2)(mod x15 +1) = x11 +x13,

FJ£üí v Ñ 111100100000000 �

W. I n = 15 , C =< 1 + x2 + x4 + x5 > �
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j{í–1 (RS { )

ÄÑ RS {íå‚.øìÉ� 0 D 1 , 7u GF (2r) 2íjÖ , F

Jç˜ÏßÞív` , .Obv|˜ÏíP0 (Location) , 7/bø−

˜í¾�Ö× (Magnitude) � Ñ7jZ–c , ˜ÏíP0à˜Ïb (Error

Location Number) V[ý : J βj−1 [ý� j _P0 , kuP0YŸÑ

1, β, β2, · · · , βj−1 (n = 2r − 1) , Bk˜ÏbAÍu GF (2r) 2íjÖ �

W.ÊRS(8, 3)2 ,f v = β3β410000 ,Yƒw = β3β4β50000 ,† e = 00β40000,

ÄÑ β4 + β5 = β4(1 + β) = β7 = 1 ; ¥³í˜ÏP0Ñ β2 , ˜ÏbÑ β4 �

Q-V«nàSàø_Æ�¶Vj{ �

íl ,I C = RS(2r, δ){íÞAÖáuÑ g(x) = (x + βm+1) (x + βm+2)

· · · (x + βm+δ−1
)

, w2 β Ñ GF (2r) íø_…j (primitive jÖ ) ; âk

d(C) ≥ δ , I t =
⌊

δ−1
2

⌋
, a1, a2, · · · , ae D b1, b2, · · · , be }�Ñ˜ÏP0¸˜

Ïb , e ≤ t � Ñ7jZzp , I ai = 0 , e + 1 ≤ i ≤ t � ¥³ícq3bV

A˜ÏP0í_b , 1ÝøÇáÿø− , mÍBbªJy£ t _˜Ï , B

bòQcq˜ÏíP0Ñ a1, a2, · · · , at ; à‹³�µóÖ , Ê¬˙26}

\êÛ , à¤n�ußíÆ�¶ �

ÛÊ ,l� δ−1_�q (Syndromes) sj(x) = w(βj) , m+1 ≤ j ≤ m+δ−1�

âk w(x) = c(x) + e(x) , e(x) =
n−1∑
i=0

eix
i ,

sj = w(βj) = e(βj) =
n−1∑
i=0

ei(β
j)i =

n−1∑
i=0

ei(β
i)j =

t∑
i=1

bia
j
i �

¥³ , Bbu� δ − 1 _j˙� , …bø\àVj|Ö 2t _„øb

a1, a2, · · · , at , b1, b2, · · · , bt � .¬ , ¥³íj˙�·.u(4j˙� , FJ

ªœµÆ< �

I σr(x) = (a1 + x)(a2 + x) · · · (at + x)

= σ0 + σ1x + · · ·+ σt−1x
t−1 + xt (*)

Ñ7j a1, a2, · · · , at ; lb°| σ0, σ1, · · · , σt−1 � ( (Å) øO�7 (*) ,

ÿªJYŸHp GF (2r) 2íjÖV‡iµ<jÖu a1, a2, · · · , at � ) ÛÊ

z (*) 2í x J ai Hp , 1/si°

t∑

i=1

bia
j
i , ku
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0 =

(
t∑

i=1

bia
j
i

)
σ0 +

(
t∑

i=1

bia
j
i

)
σ1ai + · · ·+

(
t∑

i=1

bia
j
i

)
σt−1a

t−1
i +

(
t∑

i=1

bia
j
i

)
at

i

= sjσ0 + sj+1σ1 + · · ·+ sj+t−1σt−1 + sj+t

FJ sj+t = sjσ0 + sj+1σ1 + · · ·+ sj+t−1σt−1 �

ÛÊ‚à˛øí sm+1, sm+2, · · · , sm+2t , ªJ°)




sm+1 sm+2 · · · sm+t

sm+2 sm+3 · · · sm+t+1

...
...

. . .
...

sm+t sm+t+1 · · · sm+2t−1







σ0

σ1

...

σt−1




=




sm+t+1

sm+t+2

...

sm+2t




(**)

âk (**)2|˝iíä³M ªJŸAJ-í�� ,FJvä³ªL,

σ0, , σ1, · · · , σt−1 6ªJß‚j|V , çÍ¥uÊ� t _˜ÏvíÕ” , à

‹�< ai = 0 , †ªJâ…í¼b (Rank) õ| �




1 1 · · · 1

a1 a2 · · · at

...
...

. . .
...

at−1
1 at−1

2 · · · at−1
t







b1a
m+1
1 0 · · · 0

0 b2a
m+1
2 · · · 0

...
...

. . .
...

0 0 · · · bta
m+1
t







1 a1 · · · at−1
1

1 a2 · · · at−1
2

...
...

. . .
...

1 at · · · at−1
t




�7 σ0, , σ1, · · · , σt−1 ªJ°| a1, a2, · · · , at ; Ê‚à




am+1
1 am+1

2 · · · am+1
t

am+2
1 am+2

2 · · · am+2
t

...
...

. . .
...

am+t
1 am+t

2 · · · am+t
t







b1

b2

...

bt




=




sm+1

sm+2

...

sm+t




(***)

ÿªJ�| b1, b2, · · · , bt �

Æ�¶ :

1. l� sj(x) = w(βj) , m + 1 ≤ j ≤ m + 2t �
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2. ° M ′ =




M

| sm+t+1

| sm+t+2

| ...

| sm+2t



�

3. j (**) �

4. °| a1, a2, · · · , at ( àHp¶ , Cjj˙� � )

5. ° b1, b2, · · · , bt ( à (***)) �

W. RS(24, 7){ , g(x) = (1+x)(β +x)(β2 +x)(β3 +x)(β4 +x)(β5 +x) , m = −1,

t = 3 , GF (24) = Z2[x]/< 1 + x + x4 >

w(x) = 1 + β4x + βx3 + β9x5 + x6

s0 = w(β0) = β7

s1 = w(β1) = 1

s2 = w(β2) = β9

s3 = w(β3) = β12

s4 = w(β4) = β9

s5 = w(β5) = β7

M ′ =




β7 1 β9 | β12

1 β9 β12 | β9

β9 β12 β9 | β7


 ↔




β7 1 β9 | β12

0 β12 β7 | β6

0 0 0 | 0




FJ , wt(e) = 2 ,

[
β7 1

1 β9

][
σ0

σ1

]
=

[
β9

β12

]

°) σ0 = β6 , σ1 = β10

σA(x) = β6 + β10x + x2 , ku a1 = β2 , a2 = β4 �

y‚à

[
1 1

β2 β4

][
b1

b2

]
=

[
β7

1

]
°) b1 = β2 , b2 = β12 �

FJ c = w + e = 1β4β2ββ12β9100000000 �
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½æ. °,Wäíb{ , j{-�s_Yƒíå �

(1) 0β3ββ5β3β2β6β10β000000 �

(2) β0β70β12β3β310000000 �
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7. RS { ( / )

‡ÞFTƒ²¾DÖá�íÉ[u :

v = (v0, v1, v2, · · · , vn−1) ↔ f(x) =
n−1∑
i=0

vix
i ;

FJø_ n&²¾Fú@íÖá�ŸbÑ n− 1ŸCuüø< � J-Bb

àƒbí–1Võ²¾ ;I f : GF (2r) → {0, 1} ,† f ªJà 2r−&²¾[
ý|V , ?¹ vf = (f(0), f(1), f(β), · · · , f(βr−2)) �

W. GF (23) = Z2[x]/< 1 + x + x3 > , β Ñø primitivejÖ ,†ç vg = (β4, 0, 1,

β2, 1, β, 0, 0)v , g(x) = β4+β2x+β3x2+x3 ,¥³íƒb g : GF (23) → GF (23)�

ì2 7.1. I p(x) D q(x) Ñs_â S øB GF (2r) íƒb , w2 S ⊆
GF (2r)� † p(x) = q(x) íkb‘KÑúkF�í α ∈ S , p(α) = q(α) �

ÛÊ5?F�Ÿb.×k k−1íÖá� (0k GF (2r) )FAíÕ¯ ,

†¥_Õ¯íjÖªJõA²¾ ,úkøOí‹¶¸¾	 (Scalar Product),

'ñq�ú|…$Aø_²¾˛È , {1, x, x2, · · · , xk−1}ÿuø |péí
!� �

ìÜ 7.2. I Fk (S → GF (2r) í²¾$� ) ÑF�0k GF (2r) /Ÿb.

×k k− 1íÖá�FAíÕ¯ ,† Fk uø_ (n, k, n− k + 1) MDS{ ,w

2 n ≤ 2r �

„p. I S ⊆ GF (2r) / |S| = n �

â˛ø , ¤(4{ Fk í&bÑ k , ÛÊ„p d(C) = n − k + 1 � â

k Fk 2²¾ v , Î7 0 5Õw…²¾|ÖÉ� k − 1 _}¾u 0 , FJ

wt(v) = n−(k+1) ,Ä¤ d(Fk) ≥ n−k+1 ,OuâìÜ 2.24 , d(Fk) ≤ n−k+1,

FJ)„ � ¥

,HìÜF)ƒíb{˛%.˜ , Í7 , .øìu�={ , ¥Dı�

�Zí{E�øõ�× �

ì2 7.3. (nth roots of unity)

Õ¯ S = {α ∈ F = GF (2r)|αn = 1} Ñ 1 í n Ÿj; �
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ì2 7.4. âk α ∈ GF (2r)7/ αn = 1 ,FJ n| 2r−1 ,J-uø_ GF (24)

íWä , w2 GF (24) = Z2[x]/< 1 + x + x4 > , β Ñø_ primitive jÖ � k

u {1, β3, β6, β9, β12} 2í©ø_jÖÌÑ 1 í 5 Ÿj; ; 7 3 Ÿj;�

{1, β5, β10} �

ìÜ 7.5. I S = {α ∈ F = GF (2r)|αn = 1} 7/ p(x) D q(x) Ñ[ýâ

S øB GF (2r) ís_ƒb � † p(x) , q(x) H[°øƒbíkb‘KÑ

p(x) ≡ q(x)(mod (1 + xn)) �

„p.

(⇐) cq deg(p(x)) ≤ deg(q(x)) , ku q(x) = h(x)(1 + xn) + p(x) ,

deg(p(x)) < n � ∀ α ∈ S , q(α) = h(α)(1 + αn) + p(α) , FJ p(x) � q(x)

H[°øƒb �

(⇒) I α ∈ S , † p(α)− q(α) = 0 , FJ (1 + xn)| p(x)− q(x) � ¥

ìÜ 7.6. I S = {α ∈ F = GF (2r)|αn = 1} , † Fk uø_0k GF (2r) í

(n, k, n− k + 1) �={ �

„p. âìÜ 7.2 , BbÉÛb„p�=í4”¹ª �

I vp = (P (1), P (β), · · · , P (βn−1)) ∈ C , S = {1, β, β2, · · · , βn−1} � I
p′(x) = p(βx) ,éÍ deg(p′(x)) ≤ k−1 ,FJ vp′ ∈ C ;Ou vp′ = (P (β), P (β2),

· · · , P (βn−1), P (1)) , FJLSí�=��·}u{å , ìÜ)„ � ¥

W. p(x) = β4 + β2x + β3x2 + x3 ( Öá� 1 + x + x3 )

† vp = (0, 1, β2, 1, β, 0, 0) ,

vp′ = (1, β2, 1, β, 0, 0, 0) ↔ (β4 + x)(β5 + x)(β6 + x)β3 �

ì2 7.7. ‰² (Transform)

I V (x) = V0 +V1x+V2x
2 + · · ·+Vn−1x

n−1ÑøÖá� ,† v(x) =
n−1∑
i=0

vix
i

Ñ V (x) íø_‰²J/ñJ V (βj) =
n−1∑
i=0

Viβ
ij = vj , j = 0, 1, 2, · · · , n− 1 �

Jä³íj�Võ , I A = (aij) = (βij) , † (V0, V1, · · · , Vn−1)A =

(v0, v1, · · · , vn−1) FJ (V0, V1, · · · , Vn−1) = (v0, v1, · · · , vn−1)A
−1 �

(Å) âk β u 1 í primitive n Ÿj; , FJ A ªL , øO A 6˚Ñu�

Ìíó«‰² (Finite Fourier Transform) �

51



ìÜ 7.8. à‹ β u 1 í primitive n Ÿj; , v(x) =
n−1∑
i=0

vix
i Ñ V (x) =

n−1∑
i=0

Vix
i , íó«‰² , † Vj = v(β−j) �

„p.

v(β−j) =
n−1∑
i=0

viβ
−ij =

n−1∑
i=0

(
n−1∑
k=0

Vkβ
ki

)
β−ij

=
n−1∑
k=0

Vk

(
n−1∑
i=0

β(k−j)i

)
(2)

âkç k = j v ,
n−1∑
i=0

β(k−j)i = n(mod 2) , 7 n| 2r − 1 , FJuJb , ?

¹
n−1∑
i=0

β(k−j)i = 1 , ÇøjÞ , ç k − j 6= 0 v , βk−j Ñ xn + 1 = 0 í; ,

n−1∑
i=0

β(k−j)i Ñ n _;í¸ , FJ
n−1∑
i=0

β(k−j)i = 0 , ku (2) = Vj (k = j) � ¥

ìÜ 7.9. I S = {α ∈ F = GF (2r)|αn = 1} � †F�âŸbük n−δ+1ú

@|Víƒb (²¾$� )�gkø_ g(x) = (1+x)(β +x) · · · (βδ−1 +x)Ñ

ÞAÖá�í�={ MDS{ ,¥³í β u GF (2r)2íø_ 1í primitive

n Ÿj; �

„p. I C(x) Ñøƒb , 7…í²¾$�ú@íÖá�Ñ c(x) � âk

C(x) =
n−1∑
i=0

Cix
i =

n−1∑
i=0

c(β−i)xi =
n−1∑
i=0

c(βn−i)xi , ÛÊ , ç g(x)| c(x) v , ∀ i =

n− δ + 1, n− δ + 2, · · · , n− 1 , c(βn−i) = 0 FJ deg(C(x)) < n− δ + 1 � ¥

(*) ,Þ)ƒí!�TX7J Transform [ýíb{ , 6Ä¤ , ÞAä³

6}.øš �

W. I RS(23, 5) íÞAÖá�Ñ g(x) = (1 + x)(β2 + x)(β3 + x)

= β6 + β5x + β5x2 + β2x3 + x4 ↔ (β6, β5, β5, β2, 1, 0, 0) ,

g(x) í‰² G(x) =
6∑

i=0

g(β7−i)xi , β7 = β0 ,

G(x) = g(β7−1)x + g(β7−2)x2 + g(β7−3)x3

= β4x + βx2 + x3 = x(β4 + βx + x2) (3)

ku , ²¾$A (G(β0), G(β1), · · · , G(β6)) = (β6, β5, β5, β2, 1, 0, 0) , ku¥

_ RS(23, 5) {ªJõAuâÖá�ŸbøŸ , ùŸ£úŸFú@íƒb

F A � ( Cu xp(x)(mod (1 + x7)) , deg(p(x)) < 3) �
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âk {x, x2, x3} uø !� , 7/

x ↔ (1, β, β2, β3, β4, β5, β6)

x2 ↔ (1, β2, β4, β6, β, β3, β5)

x3 ↔ (1, β3, β6, β2, β5, β, β4)

FJç G(x) = β4x + βx2 + x3 , …í²¾$�ÿu

(β4, β, 1)




1 β β2 β3 β4 β5 β6

1 β2 β4 β6 β β3 β5

1 β3 β6 β2 β5 β β4




j{.

–1 : ƒb$�íŸbœQ , µÆ�œü �

f c , Yƒ w , ⇒ w(x) = c(x) + e(x)

(Error Polynomail)

%‰²5( W (x) = C(x) + E(x)

W (x) =
∑
i

w(βn−i)xi =
∑
i

[c(βn−i) + e(βn−i)]xi

ÄÑ g(βi) = 0 , i = m + 1,m + 2, · · · ,m + δ − 1

FJ c(βi) = 0 , ?¹ En−i = e(βi) = w(βi) = si for n − i = m + 1,m +

2, · · · ,m + δ − 1 �âk E(x) =
n+δ−1∑

i=0

Eix
i , FJ ,Î7‡Þí E0, E1, · · · , Em

þ/.øÕ , w…í˛%ªJâ Syndrome sn−i °) � Q-Vn�àS°

|¥<„øí[b �

íl , �[ø-{íj{ ; à‹ βk uø_˜ÏP0 , † σ(βk) = 0 �

((Å) βk uøP˜ÏP0J/ñJ ek 6= 0 �)

ÇÕ , ÄÑ E(βk) = ek , FJ σ(βk)E(βk) = 0 , k = 0, 1, · · · , n − 1 � ¥

[ý 1 + xn| σ(x)E(x) , ?¹ σ(x)E(x) ≡ 0(mod 1 + xn) ,

(
t∑

i=0

σix
i

)(∑
k

Ekx
k

)
≡ 0(mod 1 + xn) (4)

â (4) , σtEk + σt−1Ek+1 + · · ·+ σ0Ek+t = 0 ( xt+k í[b ) (5)
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âk©/í δ − 1 _ Ek Ñ˛ø , FJlà…bV°| σ0, σ1, · · · , σt ;

y.ií°|F�í Ek �

W. RS(23, 5) { , m = −1 , t = 2 , g(x) = (1 + x)(β + x)(β2 + x)(β3 + x) ,

w = (β6, β, β5, β2, 1, 0, β2) ,

E0 = w(β0) = 1 , E6 = w(β) = β3 , E5 = w(β2) = β3 , E4 = w(β3) = 1

˛ø E0, E6, E5, E4 , Bbb° E3, E2 £ E1

(1) l°| σ0, σ1 , ( σA(x) = x2 + σ1x + σ0 , ‚à,øıíÆ�¶ � )

σ0 = 1 , σ1 = β5

ku ,

(2) E3 = β5E4 + E5 = β5 + β3 = β2

E2 = β5E3 + E4 = β5 + β2 + 1 = 0

E1 = β5E2 + E3 = 0 + β2 = β2

(3) E(x) =
∑

Ekx
k , (E0, E1, · · · , E6) = (1, β2, 0, β2, 1, β3, β3) �

(4) e = (E(β0), E(β), · · · , E(β6)) = (0, β6, 0, 0, 0, 0, β2) �

(5) c = β6β5β5β2100 �

½æ. ‚à¥øıF�Üíj¶Vj{ , w à,øıí½æ �
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8. ˇ�˜Ïy£{ (Burst Error-Correcting Codes)

‡Þ˛%�Ü¬F‚íˇ�˜Ï (Burst Error)J£�=ˇ�˜Ï (Cyclic

Burst Error) , Ê¥øı2Bb�Ü¥�$�íb{ �

ìÜ 8.1. à‹ C uªJy£ l _ˇ�˜Ïí (n, k) { , † l ≤ n− k �

„p. I e = e1e2 · · · en Ñ˜Ï� , ÛÊ5? ei = 0 C 1 , 1 ≤ i ≤ l , ek = 0,

k > l íF�˜Ï� , øu_ 2l ; ÄÑ C ªJy£ l _ˇ�˜Ï , FJ

¥ 2l _˜Ï�Êj{v@vbrÊ 2l _.°íìÕ2 , ( ¥@| 2l _

Syndromes ) , Ä¤ C í&b k |ÖÉ� n− l , ?¹ l ≤ n− k � ¥

éÍ ,à‹ l?DQ¡ n−k ,¥šíy£?‰˛%óç.˜ �Q-V

õùj“ RS {íy£?‰ �

ìÜ 8.2. I C Ñø_ RS(2r, 2t + 1) { , 7 Ĉ †uâ C 2í{å�²|

Víùj{å , ( FJ Ĉ íÅ�Ñ r(2r − 1) ) � † Ĉ uªJy£ l _ˇ�

˜Ïíb{ , w2 l ≤ n(t− 1) + 1 �

„p. I ê Ñ Ĉ 2f] v̂ F¨Aíø_˜Ï� , ku ŵ = v̂ + ê uYƒí

å , ÛÊz ŵ ú@�  w , |ÖßÞ t _˜Ï (?) , ¥uªJy£í˜Ï

b , FJªJ°| C 2í v , yú@B v̂ ¹ÑF° � ¥

W. RS(23, 5) ªJy£ 4 _ˇ�˜Ï � ( r = 3 , t = 2 )

Ñ7`¨ªJy£œÖíˇ�˜Ï , Bb�Üø�z{å„ÇVf

]í–1 (Interleaving) :

I v1, v2, · · · , vs Ñ s _Å�Ñ n í{å ; vi = (vi,1, vi,2, · · · , vi,n) , i =

1, 2, · · · , s , f]å‚íßå²A

v1,1, v2,1, · · · vs,1 ; v1,2, v2,2, · · · vs,2 ; · · · ; v1,n, v2,n, · · · vs,n ;

†¥šífËju˚Ñu¿� s í3�� (Interleaving to depth s) f] �

¥_–1ªJ;dAø_{å[A s _{å[A s × n ä³í s � ,

f]v , YWíßå , lf�øW , yV�ùW , · · · �
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W. v1 = 100110

v2 = 010101

v3 = 111000

v4 = 010101

v5 = 100110

v6 = 111000

fA : 101011 | 011101 | 001001 | 110110 | 100010 | 010100

(depth 6)

ìÜ 8.3. cqø_{åíf£|ÖÉ}§ƒø_ˇ�˜Ï�F	à , U

àíb{ªJy£ l _ˇ�˜Ï , 7/Uà¿�Ñ s í3�f£ , †ªJ

y£íˇ�˜ÏbªJu sl �

„p. ¥_ªJâf£í$�õ|V ; sl _ˇ�˜Ïú@kŸVíb{ ,

úk©_{å7k ,|Ö¨ l_ˇ�˜Ï ,©_{åÄ¤ªJ£üíj{�

¥

øŸf s _{å�…íiõ , Ouÿõ6� : Ê³� ” Öß ” s _{

åír¶m75‡Ì¶f] � ÛÊ , Bb�Üø�.°íf]j¶ �

W.

v$
1 ∼ v$

6 °,W � (s = 3)

codewoeds

1,0,1,0,1,1

s
 0,1,1,1,0,1

0,0,1,0,0,1

1,1,0,1,1,0

1,0,0,0,1,0

0,1,0,1,0,0

øWøW3¼f£ , ˛ëí¶}^, ”*” C ”0” �

1*****0*****1*****00****11****· · ·
J,íf]j¶˚Ñu s-frame delay interleaved (SFDI) íf]¶ � Ê

¥ší$‘-F?y£íˇ�˜ÏÿyÖ7 �
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ìÜ 8.4. cq©ø_{å|ÖÉ§ƒø_ˇ�˜Ï�F	à ,†ç C u

ªJy£ l _ˇ�˜Ïíb{J£f]$�S SFDI ªW , †¥_b{ª

Jy£ l(sn + 1) _˜Ï �

„p. x l(sn + 1)_ˇ�˜Ïí$�úk©ø_{å|ÖßÞ l _ˇ�˜

Ï , Ä¤·ªJy£ � ¥

½æ. ��„pìÜ 8.4 (Assignment 5(1)) �

ÊõÒíUà, ,BbÊ){ (Encode)v ,��às_b{ C1£ C2�

ì2 8.5. >��){ (Cross-Interleaving)

I C1 £ C2 }�Ñ (n1, k1, d1) £ (n2, k2, d2) (4{ �

Message
Encode


1

C


Interleaved to depth k2 Å�Ñ k2 íå

f]
Interleaved to depth ”s”

( 6ªJà s−frame delay )

Encode


2

C


çA C2íMessage

ìÜ 8.6. ‚à,Hj¶ , à‹©_{åÉ§ƒø_ˇ�˜Ï�	à , †

ç s ≤ d1 − 1 v , ªy£ s(d2 − 1) _ˇ�˜Ï �

W. I C1 D C2 íÞAä³}�à- :

G1 =




1 0 0 0 1 1 1 0

0 1 0 0 1 1 0 1

0 0 1 0 1 0 1 1

0 0 0 1 0 1 1 1




G2 =




1 0 0 1 1 0

0 1 0 1 0 1

0 0 1 0 1 1




C1 : (8, 4, 4)−{ C2 : (6, 3, 3)−{
Messages : m1 : 1000 , m2 : 1100 , m3 : 1010
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Encoding : Cross interleaving C1 with C2 , depth 3.

c1 = m1G1 = 10001110

c2 = m2G1 = 11000011

c3 = m3G1 = 10100101

111 , 010 , 001 , 000 , 100 , 101 , 110 , 011

use G2 to encode

111000 , 010101 , 001011 , 000000 , 100110 , 101101 , 110011 , 011110

depth 3

111000 | 000000 | 110011

010101 | 100110 | 011110

001011 | 101101 -ø í�ø_{å

100110101010001011011000001011010001· · ·

;WìÜ 8.4 , 6 _ˇ�˜ÏªJ\y£ � ÛÊcq|‡Þí 6 _å

‚�˜ , Yƒíu :

011001101010001011· · ·
²�ŸV$�

001000 , 100101 , 111011

˜ÏíP0 ( ª? )

‚à C2 ªJêÛ�˜Ï �

Q-Vø¥<å‚r¶‹ÅpU (Flagged) , ?¹

******************· · ·
à‹¥ 18 _P0uc�í˜Ï , ÿªJø…b…� C1  õ , ku

c1 = ∗ ∗ ∗01110

c2 = ∗ ∗ ∗00011

c3 = ∗ ∗ ∗00101

y£í¶}ªJaà C1 í4” (?) �
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9. RS {í@à

íl�ÜÓ�¥ (Erasure) í–1 � âk RS {Cuw…Ýùj{Ê

ßÞ˜Ïv ,Î7øP05Õ´bø−˜Ïí¾�Öý ,n?£üËy£

… , Ou , ÿcñ7k , ?Dø−ø<˜ÏíP0 , º�Œkj{ �

ì2 9.1. (Erasure)

ø_ ”Erasure” uø_.ø−˜Ï¾ (Magnitude) í˜ÏP0 �

W 1. RS(22, 2) { C , ÞAä³Ñ

G =

[
β 1 0

0 β 1

]

Ê GF (22) 2 0, 1, β, β2 }�Ñ 00,10,01,11 �

0 0 0 0 0 0 0 0 0 0 β2 β 0 0 1 1 0 1

β 1 0 0 1 1 0 0 0 β β β 0 1 0 1 0 1

β2 β 0 1 1 0 1 0 0 β2 1 β 1 1 1 0 0 1

1 β2 0 1 0 1 1 0 0 1 0 β 1 0 0 0 0 1

0 β 1 0 0 0 1 1 0 0 1 β2 0 0 1 0 1 1

β β2 1 0 1 1 1 1 0 β 0 β2 0 1 0 0 1 1

β2 0 1 1 1 0 0 1 0 β2 β2 β2 1 1 1 1 1 1

1 1 1 1 0 1 0 1 0 1 β β2 1 0 0 1 1 1

C


C


0 0 0 0 0 0 0 0 0

0 1 1 1 0 1 0 0 0

1 1 0 0 1 1 0 0 0

1 0 1 1 1 0 0 0 0
...

1 0 1 0 1 1 1 1 0

Ĉ ′
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Yƒ 011 100 000

˜ÏP0 (RS(22, 2){ )Ñ β1 , β1 Ñ Erasure ,FJ α1 = β ; Ñ7jZ

–c , ªJIbj{í w = (β, 0, 0) �

ìÜ 9.2. I C Ñ RS(2r, δ){/ wÑf£Yƒíå �à‹yfË2êÞ ε

_\Ó�¥íP0£ e_˜Ï ,† wªJ\£üj{‘Ku 2e+ε ≤ δ−1�

„p. I B Ñ ε _ Erasures FAíÕ¯ , A ÑF�˜ÏP0FAíÕ¯ ,

† A−B Ñ.u Erasure í˜ÏP0 , FJ

σB(x) =
∏

βi∈B

(x + βi) = B0 + B1x + · · ·+ Bε−1x
ε−1 + xε ,

σA(x) = σB(x)σA−B(x) �

I σA−B(x) = A0 + A1x + · · ·+ Ae−1x
e−1 + xe ,

σA(x) =
ε+e∏
i=1

(x + ai) , J£

ε+e∏
i=1

(x + ai) = (B0 +B1x+ · · ·+Bε−1x
ε−1 +xε)(A0 +A1x+ · · ·+Ae−1x

e−1 +xe)(*)

(*) ísi°

ε+e∑
i=1

bia
j
i = sj , m + 1 ≤ j ≤ m + δ − 1 , 1/Hp ai , ª

J)ƒ

(B0sj + B1sj+1 + · · ·+ Bε−1sj+ε−1 + sj+ε)A0+

(B0sj+1 + B1sj+2 + · · ·+ Bε−1sj+ε + sj+ε+1)A1 + · · ·+
(B0sj+e + B1sj+e+1 + · · ·+ Bε−1sj+e+ε−1 + sj+e+ε) = 0 � (**)

ì2 s∗j = B0sj + B1sj+1 + · · ·+ Bε−1sj+ε−1 + sj+ε , m + 1 ≤ j ≤ m + δ− 1

ÄÑ B0, B1, · · · , Bε−1 , sm+1, sm+2, · · · , sm+δ−1 Ñ˛ø , FJ

s∗m+1, s
∗
m+2, · · · , s∗m+δ−1−ε ªJ°|V � (δ − 1− ε ≥ 2e)

â (**)

{
s∗m+e+1 = A0s

∗
m+1 + · · ·+ Ae−1s

∗
m+e

s∗m+2e = A0s
∗
m+e + · · ·+ Ae−1s

∗
m+2e−1
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j{j˙�°) A0, A1, · · · , Ae−1 ; ku˜ÏíP0r¶²ì|V ; |

(y‚à RS {íj{Æ�¶°|˜Ï¾¹ª � ¥

Q-VBb�Üòs{ (Shorten Code) � çø_b{�Zß5( , B

bª²Ïø<P0 ,Í(zÊµ<P0·u ”0”í{å²|V(y ¥¥

<P0 , à¤¹ª`¨|ø_òsíb{ , …Ê�×jÞ.}‰ü �

W 2. (Shorten RS-code)

ÔW 1 2í RS(22, 2) {í|(ø_P0 ¥ ”0” , ÿ)ƒ C(1) =

{00, β1, β2β, 1β2} � ¥³ C(1) 2í ”1” H[|(ø_P0 ; à‹u|(í

s _P0 , †J C(s) [ý �

W 3. I C Ñ RS(28, 5) { , n = 28 − 1 , k = 28 − 5 J£ d = 5 �

ÛÊ5? C(227) ,{åíÅ�Ñ 225-227=28 ,âk¥<{åE}$A

RS {íä{ , FJ d = 5 , k = 24 , °Ü C(223) Ñø_ (32, 28, 5) { �

CD íql (Design of Compact Disc)

){.

1. £ìÐ˜ (Spiral Track) �

2. ÇR¿��s�.°í¿� : ¿�‰“TÑ 1 ,w…u 0 ,©/í ”0”

|ý 2 _|Ö 10 _ �

3. ß¼øu� 216 _ , ?¹©_ß¼à 16 &íùj²¾[ý �

4. 16 &²¾ªJŸA (α$, βω) , α$ , βω Ñ GF (28) 2íjÖF[Aí 8

&²¾ �

5. 
ñß— (Stereo)øŸ�ps_ß ,ø˝ø¬ ,FJ©f]øŸ (Tick),

ÿ|Û 4 _©/í GF (28) 5jÖ m4t,m4t+1,m4t+2,m4t+3 �

6. 6 _ Ticks ¯Aøm7 , Å� 24 : m24t, m24t+1, · · · ,m24t+22, m24t+23 �

7. I C1 = C(227) : (28, 24, 5)−RS { �

øÅ�Ñ 24 ím7){AÅ�Ñ 28 í{å �

8. ø C1 í{åà 4-frame delay interleaved –V � ( ¡5 p.56 ) , ¤vÅ

�Ñ 28 �

9. I vt = (v1,t, v2,t+4, v3,t+8, · · · , v28,t+108) �
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10. f£í[�2� t W2 , �-�íjÖ :

ct = (v1,t, v2,t, v3,t, · · · , v28,t) �

11. z ct à (32, 28, 5) RS { C(223) ){A vt , Í(y‹pø_àV−„

Déýí ”byte” , )ƒø_Å�Ñ 33 í{å v �

12. (Eight to Fourteen Modulation)Ê v 2í©ø_å‚àÅ�Ñ 17íù

j²¾¦H , w2‡Þ 14 PbÅ—Ls_ 1 5ÈBý�s_ ”0” ,

|Ö� 10 _ ”0” ; 7‹pí 3 PuàVüìcñ, ( s_{åÈ6

b5? ) 6Å—,H©/|Û ”0” ídì � |( , Ñ7¸� , y‹

p 27 _ bits VH[ø_f|ím7 �

13. cñ7k , ø_H[ 6 _ Ticks F Aím7Ÿ�ùjå‚ 24× 8 =

192 P , \){A 33× 17 + 27 = 588 På‚ �

j{.

14. C1 ªJy£ 4 _ Erasures , C2 ªJy£ø_˜Ï£W¿|Ö_˜Ï

(flagged) �

15. âk 4-frame delay interleaving íí] , Ê C1 2F¨Aˇ�Å� 5

í˜Ï , Êcñ7kÖQ7 17 W , kuF�íˇ�Å�Ê.×k

15× 588 + 3× 17 = 8871 í8”-·ªJy£ � 6ÿuz	àím7

(Audio bits)Ñ 15× 192 + 3× 8 = 2904 ,Ê CD, ,*−Å�Ñ 0.25t

} � (n = 588)

16. 6_ Ticks (©/ ) L1, R1 ; L2, R2 ; · · · ;L6, R66ªJyTé§J®Aœ

ßíj{^‹ ,Wà , L1, L3, L5, R1, R3, R5, Q1, Q2, L2, L4, L6, R2, R4, R6,

w2 Q1, Q2 Ñ�ú¯U (Bytes) �
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10. Reed-Muller £ Preparata {

Ê�úı2Bb{%�Ü¬Ôyí Reed-Muller { , Ê¥³øàs�

$�V�Ü¥øí|±íb{ �

r ¼ Reed-Muller { ( ]c�Z ) : RM(r,m) , 0 ≤ r ≤ m �

1. RM(0,m) = {00 · · · 0, 11 · · · 1} , RM(m,m) = K2m
(n = 2m) �

2. RM(r,m) = {(x,x + y)|x ∈ RM(r,m− 1) , y ∈ RM(r − 1,m− 1)} , 0 <

r < m �

W. RM(0, 0) = {0, 1} , RM(0, 1) = {00, 11} , RM(0, 2) = {0000, 1111} ,

RM(1, 1) = K2 , RM(2, 2) = K4 , RM(1, 2) = {(x,x + y)|x ∈ K2 , y ∈ {00, 11}}�
I G(r,m) Ñ RM(r,m) íÞAä³ , †

G(r,m) =

[
G(r,m− 1) G(r,m− 1)

0 G(r − 1,m− 1)

]
, w2

G(0,m) = [11 · · · 1]1×2m

G(m,m) =

[
G(m− 1,m)

00 · · · 01

]

W.

G(1, 1) =

[
1 1

0 1

]
, G(1, 2) =




1 1 1 1

0 1 0 1

0 0 1 1


 , G(1, 3) =

[
G(1, 2) G(1, 2)

0 G(0, 2)

]
�

ìÜ 10.1. ( Reed-Muller {í4” )

I RM(r,m) Ñ (n, k, d) { C � †

(1) n = 2m �

(2) d = 2m−r �

(3) k =
r∑

i=0

(
m

i

)
�

(4) úk r > 0 , RM(r − 1, m) ⊆ RM(r,m) �

(5) C⊥ = RM(m− 1− r,m) , r < m � ( C⊥ Ñ C íúX{ � )
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„p. ( à¦Ñ¶ )

úküí m ªJòQð„ �

(4) G(r − 1,m) =

[
G(r − 1,m− 1) G(r − 1,m− 1)

0 G(r − 2,m− 1)

]
�

G(r,m) =

[
G(r,m− 1) G(r,m− 1)

0 G(r − 1,m− 1)

]
�

ÄÑ G(r − 1,m− 1) D G(r − 2,m− 1) }�Ñ G(r,m− 1) £ G(r − 1,

m− 1) íää³ ( ¦Ñcq ) , FJ G(r − 1,m) Ñ G(r,m) íää³,

])„ � ¥

(2) ÄÑ RM(r − 1,m − 1) ⊆ RM(r,m − 1) , FJç x ∈ RM(r,m − 1) £

y ∈ RM(r− 1,m− 1)v , x+y ∈ RM(r,m− 1) ,â¦Ñcq ,ç x 6= y

v , wt(x + y) ≥ 2m−1−r , ¢ wt(x) ≥ 2m−1−r , FJ wt(x,x + y) ≥ 2m−r�

ÇøjÞ , à‹ x = y , 7 y ∈ RM(r − 1,m − 1) , FJ wt(y) ≥
2(m−1)−(r−1) = 2m−r , wt(y, 0) ≥ 2m−r , ÇÕ , æÊ�ø_ y , …í‹�

Ñ 2m−r , FJ d = 2m−r � ¥

(3) * G(r,m) íì2 , dimRM(r,m) = dimRM(r,m − 1) + dimRM(r −
1, m− 1) � ku , â¦ÑcqR) dimRM(r,m) =

r∑
i=0

(
m

i

)
� ¥

(5) âk dimRM(r,m)+dimRM(m−r−1,m) = 2m ,FJÉb„pRM(r,m)

D RM(m−r−1,m)2í²¾�ó�ò¹ª �I (x′,x′+y′)D (x,x+y)

}�Ñ¥s_b{í²¾ , FJ

(x′,x′+y′) · (x,x+y) = x′ ·x+(x′+y′) · (x+y) = x′ ·y+y′ ·x+y′ ·y = 0

( ¦Ñcq ) , (5) )„ � ¥
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Çø$�í RM(r,m) {.

I K = GF (2) , † Km 2í²¾ªJàJ-íj�‹J§� ,øO˚

…Ñ™Ä§å (Standard Ordering) �

a = (a0, a1, a2, · · · , am−1) ∈ Km ⇒ o(a) =
m−1∑
i=0

ai2
i (*)

ku K2 í²¾âüƒ×Ñ (0, 0) , (1, 0) , (0, 1) , (1, 1) , 7 K3 í²

¾§åÑ 000, 100, 010, 110, 001, 101, 011, 111 � ku , L#ø_â Km ú@

ƒ K íƒb f ·ªJà�å 2m úV[ý , 6ÿuzà 2m−&²¾ v =

(f(00 · · · 00), f(10 · · · 00), · · · , f(11 · · · 11)) V[ý , C6u v = (f(u0), f(u1),

· · · , f(u2m−1)) , w2 o(ui) = i �

Ñ7�Z RM(r,m) { , Bbl�Üø�Ôyì2íƒb � I 1 ⊆

{0, 1, 2, · · · ,m− 1} = Zm ,ì2 fI(x0, x1, · · · , xm−1) =





∏
i∈I

(xi + 1) , I 6= φ ;

1 , I = φ .

fI í²¾[ý¶Ñ vI �

W. m = 3 , I = {1, 2} ; † vI = (1, 1, 0, 0, 0, 0, 0, 0) �

J I = {0} † vI = (1, 0, 1, 0, 1, 0, 1, 0) �

·æ 10.2. fI(x0, x1, · · · , xm−1) = 1 J/ñJúkF�í i ∈ I , xi = 0 �

·æ 10.3. I I , J Ñ Zm ís_äÕ¯ , † vI · vJ = wt(vI∪J)(mod 2) �

„p. íl , âì2 , úk Km 2íLø_²¾ u , fI(ui)fJ(ui) = fI∪J(ui)�

(?) Ä¤ , vI · vJ =
2m−1∑
i=0

fI(ui)fJ(ui) =
2m−1∑
i=0

fI∪J(ui) = wt(vI∪J)(mod 2) � Û

Ê, BbªJ‚à,Híh1Vì2ø_ RM(r,m) { � ¥

·æ 10.4. I C Ñø_ RM(r,m){ ,† C =<
{
vI | I ⊆ Zm / |I| ≤ r

}
>�

„p. l„p
{
vI | I ⊆ Zm / |I| ≤ r

}
uø_(4Ö
íÕ¯ ,† C Ñ&b

k =
r∑

i=0

(
m

i

)
í(4{ ( T“ ) � Ä¤ , ‚àJ-íŸåÿªJ°) Gr,m:

ç |I| < |J | CuÊ |I| = |J | í8”5- , æÊø_ j U) fI(uj) <

fJ(uj) /ç i > j v fI(ui) = fJ(ui) � ¥
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W. RM(3, 3)

G3,3 =




1 1 1 1 1 1 1 1

1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0

1 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

1 0 0 0 1 0 0 0

1 0 0 0 0 0 0 0




vφ

v{2}
v{1}
v{0}
v{1,2}
v{0,2}
v{0,1}
v{0,1,2}

(
3

0

)
+

(
3

1

)
+

(
3

2

)
+

(
3

3

)
= 8

W. RM(4, 4)

G4,4 =




1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0

1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0

1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




vφ

v{3}
v{2}
v{1}
v{0}

...

v{0,1,2,3}

v{0} = (f(0, 0, 0), f(1, 0, 0), f(0, 1, 0), f(1, 1, 0), f(0, 0, 1), f(1, 0, 1), f(0, 1, 1),

f(1, 1, 1)) = (1, 0, 1, 0, 1, 0, 1, 0)

v{0,1} = (1, 0, 0, 0, 1, 0, 0, 0)

(Å) ¥_ G3,3 ¸‡Þ�Üí G(3, 3) øšý ?
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Preparata Codes.

àéNí–1BbªJ�Z|ø�F‚í Distance Invariantíb{ �

¥_–1¸#£†Ç (Strongly Regular Graphs) �ø<óN �

ìÜ 10.5. Distance Invariant (D.I.)

ø_Å�Ñ n íb{ C , à‹ C 2íLs_{å v D u Å—úk

1 ≤ i ≤ n , |{w| d(w,v) = i}| = |{z| d(z,u) = i}| , † C Ñ D.I. { �

Ê�ZBbFbíb{5‡ ,Bbl�Üø_Ôyƒb x , x : GF (2r) →
K �

I U ⊆ GF (2r) , ì2 X(U) = (a0, a1, · · · , a2r−1) , w2





ai = 1 , à‹ βi ∈ U , 0 ≤ i ≤ 2r − 2 ;

a2r−1 = 1 , à‹ 0 ∈ U ; J£

0 , w… �

W.

X({β2, β5, β6})(r = 3) = (0, 0, 1, 0, 0, 1, 1, 0) �

X({0}) = (0, 0, 0, 0, 0, 0, 0, 1) �

X(φ) = (0, 0, 0, 0, 0, 0, 0, 0) �

ì2 10.6. (Preparata Codes) (Extended) P (r)

P (r) = { [X(U), X(V )]|U, V ∈ GF (2r) , |U | ¸ |V | ·uXb ,
∑
u∈U

u =
∑
v∈V

v

¸
∑
u∈U

u3 +

( ∑
u∈U

u

)3

=
∑
v∈V

v3 J£uJb} �

W. GF (23) = Z2[x]/< 1 + x + x3 >

U = {β, β2, β5, 0} , V = {β0, β, β2, β3, β6, 0}
∑
u∈U

u = β + β2 + β5 + 0 = 010 + 001 + 111 + 000 = 100 = β0 ,

∑
v∈V

v = β0 +β +β2 +β3 +β6 +0 = 100+010+001+110+101+000 = β0 ,

∑
u∈U

u3 = β3 + β6 + β + 0 = 110 + 101 + 010 + 000 = β2 ,
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∑
v∈V

v3 = β0 +β3 +β6 +β2 +β4 +0 = 100+110+101+001+011+000 = β6,

ÄÑ β2 + (β0)3 = β2 + 1 = β6

FJ [X(U), X(V )] = [01100101, 11110011] ∈ P (3) �

(Å)

(i) P (r) ÑÅ� 2r+1 íb{ �

(ii) ”0”u´Ñ U C V íjÖ ,3buàV¨A |U |D |V |îÑXb ,ú

kw…��íð„³�	à �

Ñ7„p P (r) Ñ D.I. { , BbÛbJ-íùÜ �

ùÜ 10.7. cq α ∈ ∑
u∈U

u , [X(U), X(V )] ∈ P (r) J£ [X(A), X(B)] ∈ P (r),

† [X(U∆A + α), X(V ∆B)] ∈ P (r) � ( X∆Y = (X \ Y ) ∪ (Y \ X) , X + α =

{x + α|x ∈ X} )

„p.

(1) |U∆A + α| D |V ∆B| ÑXb'ñqð„ �

(2)
∑

x∈U∆A+α

x =
∑

y∈U∆A

(y + α) =
∑

y∈U∆A

y + α |U∆A|

=
∑

y∈U∆A

y =
∑
y∈U

y +
∑
y∈A

y =
∑
y∈V

y +
∑
y∈B

y =
∑

y∈V ∆B

y �

(3)
∑

x∈U∆A+α

x3 +

( ∑
x∈U∆A+α

x

)3

=
∑

y∈U∆A

(y + α)3 +

(
∑

y∈V ∆B

y

)3

=
∑
y∈U

(y + α)3 +
∑
y∈A

(y + α)3 +

(
∑
y∈V

y +
∑
y∈B

y

)3

68



=
∑
y∈U

y3 + α
∑
y∈U

y2 + α2
∑
y∈U

y + α3 |U |+ ∑
y∈A

y3 + α
∑
y∈A

y2 + α2
∑
y∈A

y + α3 |A|

+

(
∑
y∈V

y

)3

+

(
∑
y∈V

y

)2 (
∑
y∈B

y

)
+

(
∑
y∈V

y

)(
∑
y∈B

y

)2

+

(
∑
y∈B

y

)3

=
∑
y∈V

y3 +
∑
y∈B

y3 =
∑

y∈V ∆B

y3 � ¥

ÖÍ Extended Preparata {.u(4{ (?) , Ou…�ø_¸(4{

óéNí4” :à‹Êb{2� 0¥_{å ,†¥_b{í�×Ñ.Ñ 0

{åí|ü‹� , 6ÿuzÉbõ{åD 0 í�×¹ª �

R� 10.8. 0 ∈ P (r) , n ≥ 3 �

„p. ÄÑ [X(U), X(V )] ∈ P (r) ªJR) [X(U∆U + α), X(V ∆V )] 6u

P (r) 2í{å , ])„ � ¥

R� 10.9. Ê P (r)2 ,à‹ d([X(U), X(V )], [X(A), X(B)]) = i ,† [X(U∆A+

α), X(V ∆B)] í‹�Ñ i �

„p. ÄÑ d([X(U), X(V )], [X(A), X(B)]) = i ,FJ d([X(U∆U+α), X(V ∆V )],

[X(U∆A + α), X(V ∆B)]) = i �

¢ÄÑ [X(U∆U + α), X(V ∆V )] = 0 , ])„ � ¥

âk�× i ø¥@ƒ‹� i í{åb , ¥uø_ìb , FJJ-í4

”ÿªJ)ƒ �

·æ 10.10. P (r) uø_ D.I. { �

ìÜ 10.11. d(P (r)) = 6 , r ≥ 3 �

„p. ( ¿b )

(i) P (r)2�ø_ÝÉí{å [X(U), X(V )] ,…í‹�Ñ d , d = wt(X(U))+

wt(X(V )) = |U |+ |V | uXb �
(ii) „p d 6= 2 , d 6= 4 � ( (Å) [X(U), X(V )] ∈ P (r) ⇒ [X(V ), X(U)] ∈ P (r))
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(iii) I U = {0, u} , V = {w, x, y, z} …Å—
w3 = x3 + y3 + z3 , u = w + x + y + z / u 6= 0 � † d = 6 � ¥

ìÜ 10.12. úkF�íJb r ≥ 3 , P (r) .u(4{ �

„p. I U = {0, u1} , V = {x1, y1, z1, w1} , A = {0, u2} , B = {x2, y2, z2, w2},
† [X(A∆U + u1), X(V ∆B)] D [X(A∆U), X(V ∆B)] í�×.×k 4 , ¤Ñ

.ª? , FJ [X(A∆U), X(V ∆B)] ∈ P (r) , Ou [X(A∆U), X(V ∆B)] =

[X(U), X(V )] + [X(A), X(B)] , ])„ � ¥

�É Extended Preparata {í){Dj{j�Ê¤ôI �
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11. b{D ¯ql (Codes and Designs)

*,øı�Z P (r) í¬˙2 , Bb.ØêÛ , ‚àÕ¯ªJ_çË

ì2|b{ , J-í�Zj�ª– P (r) Vz¢yAÍø< �

I S ⊆ Zn , † vs = (a0, a1, a2, · · · , an−1) , w2ç i ∈ S v , ai = 1 ,

0 ≤ i ≤ n− 1 ,´† ai = 0 �ku ,Lø_ 2Zn íäÕ¯îú@ø_ùj{,

…íÅ�Ñ n �

W. {{0, 1} , {0, 2} , {1, 2}} ⊆ 2Zn ,†ú@íb{ C = {(1, 1, 0), (1, 0, 1), (0, 1, 1)} =

{110, 101, 011} �

ì2 11.1. ql (Design)

ø_ì2k V = Zn íqlÑ 2Zn íø_äÕ¯ �

ì2 11.2. – ql (Block Design)

ø_ì2k V = Zn í– qlÑ

(
Zn

k

)
íø_äÕ¯ ,w2 1 ≤ k ≤

n �

ì2 11.3. .êr– ql (Incomplete Block Design)

k < n í– ql �

ì2 11.4. �©.êr– ql (Balanced Incomplete Block Design)

Êø_.êrql2 ,à‹Ls_jÖ|ÛÊøšÖí– 2 ,†˚

¤qlÑ�©.êr– ql ; |ÛíŸbøO˚Ñä0 , J λ [ý �

ø_�©.êr– ql (BIBD) ¦�J (v, k, λ)−ql[ý , w2

|V | = v �

ì2 11.5. ºú�©ql (Pairwise Balanced Design, PBD)

à‹Éb�©¹ª ,– 1.øìbx�øšÖíjÖ_b ,†˚…

Ñºú�©ql ,J (v, k, λ)−ql[ý , K ÑF�ª?– ×üFAíÕ

¯ �

W. B = {{0, 1} , {0, 2} , {0, 3} , {0, 4} , {1, 2, 3, 4}} Ñø (5, {2, 4}, 1)− ql �
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ì2 11.6. t−ql (t−design)

L< t _jÖÌ|ÛÊ_ λ – 2íql , J t− (v, k, λ) ql[ý �

FJ BIBD Ñ t = 2 íql �

W. 3−ql ( 3− (8, 4, 1) ql )

{{1, 2, 3, 4}, {5, 6, 7, 8}, {1, 2, 5, 6}, {1, 2, 7, 8}, {3, 4, 5, 6}, {3, 4, 7, 8}, {1, 3, 6, 8},
{1, 3, 5, 7}, {2, 4, 6, 8}, {2, 4, 5, 7}, {1, 4, 5, 8}, {1, 4, 6, 7}, {2, 3, 5, 8}, {2, 3, 6, 7}}�

·æ 11.7. I B Ñø_ t − (v, k, 1) ql , † B ªJú@kø_Å�Ñ v

�×.ük 2(k − t + 1) íb{ �

„p. Ls_– |ÖÉ� t− 1 _u°íjÖ � ¥

zp : â– qlC t−qlF�Z|Víùj{©_{åí‹�·øš,

¥�b{¢˚Ñu ”Code with Constant Weight” � Ê©v A(n, d, w)v…b

rÆÝ�½bíiH �

ì2 11.8. A(n, d, w)

A(n, d, w) = max
{ |C||C íÅ�Ñ n , �× d , ©_{åí‹�ÌÑ w

}
�

W. A(n, d, w) = 7 ( ‚à – STS(7) ≈ (7, 3, 1) ql � )

M)øTíuql6ªJâßíb{�Z|V ( ¿RÊb{2 � )

ìÜ 11.9. I C Ñø_ê1í (n, k, d){ ,†Ê¤b{2‹�Ñ dí{å

Fú@íÕ¯$Aø_ (t + 1)− (n, d, 1) ql , w2 t = d−1
2
�

„p. â (t + 1)−qlíì2 ,BbÉb„pL< t + 1_jÖî|ÛÊñ

øí d−Õ¹ª �
íl , ÄÑ C uø_ê1{ , J{åÑ2- , �×Ñ t í7 (Ball) ª

JzF�í n−&²¾·ÖQÊq , 7/¥<7u�½íÕ¯ ; ku , L

< t + 1 _jÖFú@í²¾ w .Í}rÊ/ø ( ñø ) 7q , ¥_7í

2- ({å ) v…í‹�6.ìu d7/¥_{åFú@íÕ¯6}¨Ö

F#ìíµ t + 1 _jÖ � (?) FJ , ìÜ)„ � ¥

W. ëÊ{2x G23 �ø_ 4− (23, 7, 1) ql �

w…óÉí’e~¡5 V.Pless FOí Introduction to the Theory of

Error-Correcting Codes �

Î7– qlªJàV�Zb{Õ , Bb6ªJà�ò³�V�Z

ø_ q j{ ( q .øìu 2 ) �
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ì2 11.10. …�j³ (Latin Square)

ø_ n × n í³� L = [li,j] , li,j ∈ Zn , à‹Å— Zn 2í©_jÖÊ

©ø�·/ß|ÛøŸ , † L Ñ n ¼…�j³ �

ì2 11.11. �ò…�j³ (Orthogonal Latin Squares)

s_ n¼…�j³ L = [li,j] , M = [mi,j]�ó�ò (J L⊥M [ý )J

/ñJ {(li,j,mi,j)| 1 ≤ i, j ≤ n} = Z2
n �

ì2 11.12. �ó�òí…�j³ (Mutually Orthogonal Latin Squares,MOLS)

L1, L2, · · · , Lt ˚Ñu t _�ó�òí…�j³J/ñJ Li⊥Lj , 1 ≤
i 6= j ≤ n �

ìÜ 11.13. úkF�í”bŸjb q ,¼æÊ q−1_�ó�òí…�j

³ �

„p. IK = GF (q) , K∗ = GF (q)\{0} ,†ç s ∈ K∗ ,I L(s) = [l
(s)
i,j ] = [is+j],

L(1), L(2), · · · , L(q−1) ÑF° � ¥

‚à�ó�òí…�j³ªJ`¨ø_�ò³� (Orthogonal Array) �

W.

0 1 2

2 0 1

1 2 0

⊥
0 2 1

2 1 0

1 0 2

⇒

� 0 0 0 1 1 1 2 2 2

W 0 1 2 0 1 2 0 1 2

L(1) 0 1 2 2 0 1 1 2 0

L(2) 0 2 1 2 1 0 1 0 2

ì2 11.14. �ò³� (Orthogonal Array)

ø_¿� sí n&�ò³� , (s, n)−�ò³� ,uø_ s× n2 í³�,

…Å—Ls�F¨Aí n2 _�åb ( , , - ) ú·óæ �

ìÜ 11.15. ø_ (s, n)−�ò³�æÊíkb‘KÑ s− 2 _�ó�òí

n ¼…�j³æÊ �
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ìÜ 11.16. âø_ (s, n)−�ò³�æÊªJ�Zø_Å� s ,�× δ− 1

í n j{ �

W. ,WF¨AíW²¾Ñ 3 j{ , Å� 4 , �× 3 , øu� 9 _{å �

ì2 11.17. ¶}�ò³� (Partial Orthogonal Array)

Êì2 11.14 2 , n2 ZA m ≤ n2 ¹ª �

(Å)

(i) ¶}�ò³�6ªJ`¨b{ �

(ii) �ò³��<ç6�åA£>[ �
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12. ){Ü�NìT“

Assignment 1

1. úkL<í£cb mJ£”b p ,tv|ø_0k Zp 7/.ª}j

í m ŸÖá� �

2. I A(n, d) H[Å�u n, �×Ñ d íb{2|Öí{åb , t°

A(8, 3) , A(9, 3) £ A(10, 3) �

Assignment 2

1. Ê G24 2 , JuYƒ w = 0001 1100 0111 0110 1101 0000 , †£üí{

åuBó ?

2. j�}j˙� :

A(z) · (1 + nz) = −(1− z2) · A′(z) + (1 + z)n, A(0) = 1.

Assignment 3

1. ‚à Decoding Algorithm for Linear Cyclic Codes Vj{ �

(n = 15, g(x) = 1 + x4 + x6 + x7 + x8).

Decode 001 000 000 110 000.

2. ‚à BCH {íj{Æ�¶Vj{ �

(n = 15, g(x) = (1 + x + x4)(1 + x3 + x4)).

Decode (1) 110 111 011 101 100 and (2) 110 011 100 100 000.

Assignment 4

1. I CÑRS(24, 7){ , g(x) = (1+x)·(β+x)·(β2+x)·(β3+x)·(β4+x)·(β5+x),

7 GF (24) FàíÖá�Ñ 1 + x + x4 �

Decode (1) 0β3ββ5β3β2β6β10β000 000 and (2) β0β70β12β3β310 000 000.
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2. ‚à Transform í–1j{ , ½æ (1) D (2) °,æ �

Assignment 5

1. n� ”s-frame delay” ?y£íˇ�Å� �

2. I¬Ç2 100...0000100...00001
 ©/ 0 í_b t |ýÑ

k , |ÖÑ j , ç n > j > k v , ° max | {v| j ≥ t ≥ k} | (v ∈ Kn) �

Assignment 6

1. „p
{

vI | I ⊆ Zm / |I| ≤ r ≤ m
}
Ñø(4Ö
íÕ¯ �

2. ç r ≥ 3 v , „p d(P (r)) = 6 �
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Assignments (¡5j� )

Assignment 1 1-4 ŠÈ�

1.1 úkL<í£cb m J£”b p , tv|ø_0k Zp 7/.ª}j

í m ŸÖá� �

Sol.

Before we solve the problem, we need to give some definitions and lemmas.

Definition 1 :

An irreducible polynomial over a field having a primitive element as a root

is called a primitive polynomial.

Definition 2 :

Given an extension field E of F, and α ∈ E, where α is algebraic over F.

If an irreducible polynomial p(x) ∈ F(x) such that p(x) = 0 having 1 as the

coefficient of the highest power of x appears, p(x) is called a monic polynomial

of α.

Definition 3 :

m(x) is called the minimal polynomial of an element α ∈ GF (pr) if m(x)

is the monic polynomial of α of smallest degree with coefficients in GF (pr) that

has α as a root.

Definition 4 :

Given any s so that 0 ≤ s ≤ pm − 1 and let r be the smallest number with

pms ≡ s(mod (pm − 1)), where p is some prime and m ∈ N . The cyclotomic

coset containing s, denoted by Cs, consists of {s, ps, p2s, · · · , prs} where each pis

is reduced mod (pm − 1).

Lemma 1 :

In a field F of characteristic p, (x± y)p = xp± yp for any x and y (variables

or elements in F).
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Lemma 2 :

Let m(x) be the minimal polynomial of an element α in a finite field GF (pr).

Then the following facts hold.

(i) m(x) is irreducible.

(ii) If α is a root of a polynomial f(x) with coefficient in GF (pr), then m(x)

divides f(x).

(iii) m(x) divides xpr − x.

(iv) If m(x) is primitive, then its degree is r. In any case the degree of m(x) is

less than or equal to r.

Lemma 3 :

Every finite field has a primitive element.

Lemma 4 :

GF (ps) ⊆ GF (pr) if s divides r and an element α ∈ GF (pr) is in GF (ps)

αpr
= α.

Lemma 5 :

Let f(x) be a polynomial over GF (p) and let α be a root of f(x) of order n

in the multiplicative group of some field F. Let r be the smallest integer so that

pr+1 ≡ 1(mod n). Then α, αp, αp2
, · · · , αpr

are all distinct roots of f(x).

By Lemma 3, we have a primitive element α ∈ GF (pm). Let m(x) be

its minimal polynomial. Now we must prove that if u is the element of the

cyclotomic coset containing 1, then m(x) =
∏

i∈Cu

(x− αi) and m(x) is what we

want for problem 1.

Proof :

Since α is a primitive element in GF (pm).

Then its order is pm − 1.

Let m1(x) =
∏

i∈C1

(x− αi).

In Lemma 5, n is pm − 1 and r is m− 1.

78



⇒ α, αp, αp2
, · · · , αpr

are all distinct roots of m(x).

⇒ m1(x)|m(x).

Now,

m1(x) =
∏

i∈C1

(x− αi)

= xr+1 − (α, αp, αp2
, · · · , αpr

)xr + · · ·+ (−1)r+1(α1+p+p2+···+pr
)

By Lemma 1, for each coefficient β of m1(x), uβ = u.

By Lemma 4, all coefficient of m1(x) are in GF (p).

Therefore, m1(x) = m(x).

By Lemma 2(i), m(x) is irreducible.

Since m(x) has primitive element α as a root,

m(x) is a primitive polynomial.

By Lemma 2(iv), the degree of m(x) is m− 1.

Therefore, m(x) is what we want. ¥

For example :

For GF (24), i.e. p = 2, m = 4, C1 = {1, 2, 4, 8}.
The minimal polynomial of the primitive element α is∏
i∈C1

(x− αi) = (x− α)(x− α2)(x− α4)(x− α8) = x4 + x3 + 1. ¥
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1.2I A(n, d)H[Å�u n,�×Ñ díb{2|Öí{åb ,t° A(8, 3),

A(9, 3) £ A(10, 3) �

Sol. (1) A(8, 3) = 20

Before we resolve this problem, we need to give some definitions and lemmas

as follows:

Definition 1 :

An (n,M, d) code consists of M(≥ 1) binary vectors (called codewords) of

length n such that the distance of any two codewords is at least d.

Definition 2 :

Let C be an (n,M, d) code. The weight distribution of C with respect to a

vector u is the (n + 1)−tuple of integers (Wi(u), i = 0, 1, · · · , n, where Wi(u) is

the number of codewords v ∈ C such that d(u, v) = i. )

Definition 3 :

Let C be an (n,M, d) code. The distance distribution of C is the (n +

1)−tuple of rational numbers (A0, A1, · · · , An) defined by Ai = 1
M

∑
u∈C

Wi(u) ,

i = 0, 1, · · · , n.

Lemma 1 :

Let C be an (n,M, d) code with distance distribution (A0, A1, · · · , An).

Then the quantities (B0, B1, · · · , Bn) are nonnegative, where Bi = M−1
n∑

i=0

AiKk(i),

k = 0, 1, · · · , n. and Kk is a Krawtchouk polynomial, defined by

Kk(t) =
∑

(−1)j

(
n− t

k − j

)(
t

j

)
, k = 0, 1, · · · , n.

To apply Lemma 1, let C be an optimal code of length n and minimum

distance d. Then M = A(n, d) = 1 + Ad + Ad+1 + · · ·+ An.

Suppose L∗(n, d) is the optimal solution to the following linear programming

problem : choose real variables Ad, Ad+1, · · · , An so as to maximize

L = Ad + Ad+1 + · · ·+ An.

Subject to the constraints

Ai ≥ 0, i = d, · · · , n.
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Bk ≥ 0, k = 0, · · · , n.

where Bk = M−1

(
Kk(0) +

n∑
i=d

AiKk(i)

)
.

Then plainly A(n, d) ≤ 1 + L∗(n, d).

Lemma 2 :

Let C be an (n,M, d) code with M = A(n, d), and suppose that M is odd.

Then Bk ≥ M2

(
n

k

)
, k = 0, 1, · · · , n.

Lemma 3 :

If d is even, then A(n, d) = A(n− 1, d− 1).

Lemma 4 :

A(n, d) ≤ 2A(n− 1, d).

Now, we want to prove A(8, 3) = 20.

By Lemma 3, A(8, 3) = A(9, 4).

First, we want to prove A(9, 4) ≥ 20.
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Since Golay [1] found a (9, 20, 4)−code.

000 011 110

000 000 000

101 011 000

101 100 001

101 000 110

100 110 010

010 011 010

011 110 000

011 000 101

100 001 101

000 110 101

110 010 100

011 010 010

110 000 011

000 101 011

001 101 100

110 101 000

010 100 110

010 010 011

011 111 111

A(9, 4) ≥ 20.

Second, we want to prove A(9, 4) ≤ 20.

As usual let C− be an (8,M, 3) code with M = A(8, 3) = A(9, 4); and let C

be the (9,M, 4) extended even weighted code, which have distance distribution

(A0, A1, · · · , A9) with A0 = 1 and A1 = A2 = A3 = A5 = A7 = A9 = 0.

Using the linear programming we have decided previously, now we need to

maximize A4 + A6 + A8 subject to Ai ≥ 0, Bk ≥ 0, and A8 ≤ 1.

⇒ A4 + A6 + A8 ≤ 201
3

⇒ M ≤ 21

Suppose M = 21.
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Then, by Lemma 2, we can replace Bk ≥ 0 by Bk ≥ 1
441

(
9

k

)
.

Since M is odd, As ≤ 20
21

.

Hence in this case, in spite of the extra inequality, all constant terms occur-

ring in the inequalities are multiplied by 20
21

, so M ≤ 1 + 20
21

(201
3
) < 21.

Hence A(9, 4) = A(8, 3) = 20. ¥

Sol. (2) A(9, 3) = 40

It’s known that A(9, 4) = 20.

By Lemma 4, it follows that A(9, 3) = A(10, 4) ≤ 40.

Next, (10, 4)−code can be represented as the union of ten affine squares in

F 10
2 , which can be obtained from each other by cyclic shifts.

One of the squares consists of the following four words:

(1010000001),

(1100101100),

(0001010111),

(0111111010).

A cyclic shift over five places transforms a square one into a parallel one.

Hence, the code can also be described as the union of five affine code, which

can be obtained from each other by shifting cyclically.

It’s a matter of straightforward verification that this code has minimum

distance four.

Thus we have proved A(10, 4) = A(9, 3) = 40. ¥

Sol. (3) 72 ≤ A(10, 3) ≤ 79

Definition 4 :

An[n, d, w] code is an (n, d) code in which all words have weight w.

Definition 5 :

A[n, d, w] denotes the maximum number of codewords of an [n, d, w] code.
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Lemma 5 :

Let C be an (n, d) code with d even and with weight distribution Wi, i =

0, 1, · · · , n. Furthermore let P and Q be upper bounds for A[n, d, 1
2
d + 1] and

A[n− 1
2
d + 1, d, 1

2
d + 1] respectively. Then

Wn− 1
2
d−1 + (P −Q)Wn− 1

2
d+1 + P

n∑
i=n− 1

2
d+2

Wi ≤ P .

Lemma 6 :

Let C be an (n, d) code with weight distribution Wi, i = 0, 1, · · · , n. Then
n∑

i=0

(n− i)Wi ≤ n · A(n− 1, d).

It is known that A(10, 4) = 40.

By Lemma 4, it follows that A(10, 3) = A(11, 4) ≤ 80.

But we will prove that this bound cannot be achieved.

Let C be an (11, 4) code with 80 words and with distance distribution Ai,

i = 0, 1, · · · , n. It can be assumed that only even weights occur.

Then the constraints in the linear program we’ve described previously are

A0 = 1, A4 ≥ 0, A6 ≥ 0, A8 ≥ 0, A10 ≥ 0,

11A0 + 3A4 − A6 − 5A8 − 9A10 ≥ 0,

55A0 − A4 − 5A6 + 7A8 + 35A10 ≥ 0,

165A0 − 11A4 + 5A6 + 5A8 − 75A10 ≥ 0,

330A0 − 6A4 + 10A6 − 22A8 + 90A10 ≥ 0,

462A0 + 14A4 − 10A6 + 14A8 − 42A10 ≥ 0,

and

M = A0 + A4 − A6 + A8 + A10

should be maximized.

With the additional inequalities

A8 + 4A10 ≤ 17 (by Lemma 5), and

11A0 + 7A4 + 5A6 + 3A8 + A10 ≤ 440 (by Lemma 6),

the following unique optimal solution is found

A0 = 1, A4 = 34, A6 = 28, A8 = 17, A10 = 0, and M = 80.

The most important conclusion is that these are no words in C at distance

ten from each other.
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Now consider the code of length 12 consisting of all 80 words of C, each

with one extra bit which is always zero together with all 80 complements. It can

be checked easily that this is a (12, 4) code with 160 words.

But Best [2] has proved that such a code cannot exist. Hence A(11, 4) =

A(10, 3) ≤ 79.

Since Julin [3] found a (10, 72, 3)−code.

Thus A(10, 3) ≥ 72.

Hence we’ ve proved 72 ≤ A(10, 3) ≤ 79. ¥
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Assignment 2

2.1 Decode w = (0001 1100 0111 0110 1101 0000).

Sol. We use decoding algorithm, IMLD, to solve the problem.

a. Compute s = w ·H.

H =




1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 1

− − − − − − − − − − − −
1 1 0 1 1 1 0 0 0 1 0 1

1 0 1 1 1 0 0 0 1 0 1 1

0 1 1 1 0 0 0 1 0 1 1 1

1 1 1 0 0 0 1 0 1 1 0 1

1 1 0 0 0 1 0 1 1 0 1 1

1 0 0 0 1 0 1 1 0 1 1 1

0 0 0 1 0 1 1 0 1 1 1 1

0 0 1 0 1 1 0 1 1 1 0 1

0 1 0 1 1 0 1 1 1 0 0 1

1 0 1 1 0 1 1 1 0 0 0 1

0 1 1 0 1 1 1 0 0 0 1 1

1 1 1 1 1 1 1 1 1 1 1 0




=




I12

−
B




∴ s = w ·H = (101101101010).
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b. Check whether wt(s) ≤ 3.

wt(s) = 7 ≥ 3.

Thus we continue the next step.

c. Check whether there exists i ∈ {1, 2, · · · , 12} such that wt(s + bi) ≤ 2,

where bi is the i−th row of B.

wt(s + b1) = 8, wt(s + b2) = 4, wt(s + b3) = 8,

wt(s + b4) = 6, wt(s + b5) = 6, wt(s + b6) = 8,

wt(s + b7) = 4, wt(s + b8) = 8, wt(s + b9) = 8,

wt(s + b10) = 4, wt(s + b11) = 6, wt(s + b12) = 4.

Since wt(s+bi) > 2 for ∀ i ∈ {1, 2, · · · , 12} thus we continue the next step.

d. Compute s ·B
s ·B = (111001111101).

e. Check whether wt(s ·B) ≤ 3.

wt(s ·B) = 9 > 3.

Therefore we continue the next step.

f. Check whether exists i ∈ {1, 2, · · · , 12} such that wt(s ·B + bi) ≤ 2, where

bi is the i−th row of B. If yes, e = | ei | s ·B + bi |
wt(s ·B + b1) = 6, wt(s ·B + b2) = 8, wt(s ·B + b3) = 6,

wt(s ·B + b4) = 2, wt(s ·B + b5) = 4, wt(s ·B + b6) = 6,

wt(s ·B + b7) = 6, wt(s ·B + b8) = 4, wt(s ·B + b9) = 6,

wt(s ·B + b10) = 4, wt(s ·B + b11) = 6, wt(s ·B + b12) = 4.

∴ e = | e4 | s ·B + b4 | = 0001 0000 0000 0000 0101 0000

Thus the original message is w + e.

w + e = 0000 1100 0111 0110 1000 0000. ¥
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2.2 j�}j˙ :

A(z) · (1 + nz) = −(1− z2) · A′(z) + (1 + z)n, A(0) = 1.

Sol.

Lemma 1 :

If dx
dy

+ a(x)y = f(x), then y = [
∫

f(x)e
∫

a(x)dxdx + c]e−
∫

a(x)dx.

A(z) · (1 + nz) = −(1− z2) · A′(z) + (1 + z)n

⇒ dA(z)
dz

+ 1+nz
1−z2 A(z) = (1+z)n

1−z2 .

By Lemma 1,

A(z) =
[∫ (1+z)n

1−z2 · e
∫

1+nz
1−z2 dz

dz + c
]
· e−

∫
1+nz
1−z2 dz

=

[∫ (1+z)n

1−z2 · (1+z)
1−n

2

(1−z)
1+n

2
dz + c

]
· (1 + z)−

1−n
2 · (1− z)

1+n
2

=

[∫ (1+z)
n−1

2

(1−z)
n+3

2
dz + c

]
· (1 + z)−

1−n
2 · (1− z)

1+n
2

=

[
1

n+1
· (1+z)

n+1
2

(1−z)
n+1

2
+ c

]
· (1 + z)−

1−n
2 · (1− z)

1+n
2

Since A(0) = 1.

∴ c = n
n+1

.

Therefore A(z) = 1
n+1

(1 + z)n + n
n+1

(1 + z)
n−1

2 · (1− z)
n+1

2 . ¥
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Assignment 3

3.1 n = 15, g(x) = 1 + x4 + x6 + x7 + x8. Decode 001 000 000 110 000.

Sol.

d = 5, w = 001 000 000 110 000, w(x) = x2 + x9 + x10.

By ”Decoding Algorithm for Linear Cyclic Codes”,

a. s(x) ≡ w(x)(mod g(x)) = 1 + x4 + x7.

b. s′1(x) ≡ x · s(x)(mod g(x)) = 1 + x + x4 + x5 + x6 + x7.

s′2(x) ≡ x2 · s(x)(mod g(x)) = 1 + x + x2 + x4 + x5.

s′3(x) ≡ x3 · s(x)(mod g(x)) = x + x2 + x3 + x5 + x6.

s′4(x) ≡ x4 · s(x)(mod g(x)) = x2 + x3 + x4 + x6 + x7.

s′5(x) ≡ x5 · s(x)(mod g(x)) = 1 + x3 + x5 + x6.

s′6(x) ≡ x6 · s(x)(mod g(x)) = x + x4 + x6 + x7.

s′7(x) ≡ x7 · s(x)(mod g(x)) = 1 + x2 + x4 + x5 + x6.

s′8(x) ≡ x8 · s(x)(mod g(x)) = x + x3 + x5 + x6 + x7.

s′9(x) ≡ x9 · s(x)(mod g(x)) = 1 + x2.

c. s9(x) = (101000)

d. Since wt(s9) = 2 ≤ b(d− 1)/2c = 2.

Thus e(x) ≡ x15−9 · s′9(x)(mod (x15 + 1)) = x6 + x8.

Therefore,

c(x) = e(x) + w(x) = x2 + x6 + x8 + x9 + x10 ↔ 001 000 101 110 000. ¥
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3.2 Let n = 15, C(x) =< 1 + x4 + x6 + x7 + x8 >.

Decode (1) 110 111 011 101 100 and (2) 110 011 100 100 000.

Sol. (1)

w = 110 111 011 101 100.

w(x) = 1 + x + x3 + x4 + x5 + x7 + x8 + x9 + x11 + x12.

g(x) = 1 + x4 + x6 + x7 + x8

= (1 + x + x4) · (1 + x + x2 + x3 + x4)

∴ C =< m1(x) ·m3(x) >

H =




1 1

β β3

β2 β6

β3 β9

β4 β12

β5 1

β6 β3

β7 β6

β8 β9

β9 β12

β10 1

β11 β3

β12 β6

β13 β9

β14 β12




=




1 0 0 0 1 0 0 0

0 1 0 0 0 0 0 1

0 0 1 0 0 0 1 1

0 0 0 1 0 1 0 1

1 1 0 0 1 1 1 1

0 1 1 0 1 0 0 0

0 0 1 1 0 0 0 1

1 1 0 1 0 0 1 1

1 0 1 0 0 1 0 1

0 1 0 1 1 1 1 1

1 1 1 0 1 0 0 0

0 1 1 1 0 0 0 1

1 1 1 1 0 0 1 1

1 0 1 1 0 1 0 1

1 0 0 1 1 1 1 1




By ”Algorithm Decoding 2 Error-Correcting BCH Code (IMID)”,

a. w(x) = 1 + x + x3 + x4 + x5 + x7 + x8 + x9 + x11 + x12.

s1(x) ≡ w(β) = 1101.

s3(x) ≡ w(β3) = 0000.

b. Check whether s1 = s3 = 0. → No, continue.

c. Check whether s1 = 0, s3 6= 0. → No, continue.

d. Check whether s3
1 = s3. → No, continue.
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e. Check whether y2 + s1y + (s3/s1) + s2
1 = 0 has two different roots.

y2 + β7y + (0/β7) + β14 = y2 + β7y + β14 = 0.

Let the above equation has two roots : βi, βj.

⇒
{

βi + βj = s1(x) = β7

βi+j = s3(x)/s1(x) + s2
1(x) = β14

⇒ The two roots are β2 and β12.

∴ e(x) = x2 + x12.

Thus c(x) = e(x) + w(x) = 1 + x + x2 + x3 + x4 + x5 + x7 + x8 + x9 + x11

↔ 111 111 011 101 000. ¥

Sol. (2)

By ”Algorithm Decoding 2 Error-Correcting BCH Code (IMID)”,

a. w = 110 011 100 100 000.

w(x) = 1 + x + x4 + x5 + x6 + x9.

s1(x) ≡ w(β) = 0000.

s3x) ≡ w(β3) = 0000.

b. Check whether s1 = s3 = 0. → Yes.

Thus c = w = 110 011 100 100 000. ¥
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Assignment 4

4.1 For RS(24, 7) code, g(x) = (1+x) ·(β+1) ·(β2+x) ·(β3+x) ·(β4+x) ·(β5+x),

m = −1, t = 3, GF (24) = Z2[x]/ < 1 + x + x4 >.

Decode (1) 0β3ββ5β3β2β6β10β000 000 and (2) β0β70β12β3β310 000 000.

Sol. (1)

w(x) = β3x + βx2 + β5x3 + β3x4 + β2x5 + β6x6 + β10x7 + βx8.

a. s0(x) ≡ w(β0) = β14.

s1(x) ≡ w(β1) = β12.

s2(x) ≡ w(β2) = β14.

s3(x) ≡ w(β3) = β2.

s4(x) ≡ w(β4) = β0.

s5(x) ≡ w(β5) = β2.

b. M ′ =




β14 β12 β14 | β2

β12 β14 β2 | β0

β14 β2 β0 | β2




∼




β14 β12 β14 | β2

0 β13 β9 | 0

0 β7 β3 | 0




∼




β14 β12 β14 | β2

0 β13 β9 | 0

0 0 0 | 0




c. Since rank(M ′) = 2

∴ e = 2.

[
β14 β12

β12 β14

][
σ0

σ1

]
=

[
β14

β2

]

⇒ σ0 = β7, σ1 = β11.
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d. σA = σ0 + σ1x + xe = (a1 + x)(a2 + x) = β7 + β11x + x2

⇒ a1 = β1, a2 = β6 · · · · · · (Error Location).

e. ∵
[

1 1

β β6

][
b1

b2

]
=

[
β14

β12

]

∴ b1 = β3, b2 = β0 · · · · · · (Error Location Number).

Thus c = e + w

= 0β3ββ5β3β2β6β10β000 000 + 0β30 000 β000 000 000

= 00ββ5β3β2β13β10β000 000. ¥

Sol. (2)

w(x) = β + β7x2 + β12x4 + β3x5 + β3x6 + x7.

a. s0(x) ≡ w(β0) = β10.

s1(x) ≡ w(β1) = β11.

s2(x) ≡ w(β2) = β12.

s3(x) ≡ w(β3) = β13.

s4(x) ≡ w(β4) = β14.

s5(x) ≡ w(β5) = β0.

b. M ′ =




β10 β11 β12 | β13

β11 β12 β13 | β14

β12 β13 β14 | β0




∼




β10 β11 β12 | β13

0 0 0 | 0

0 0 0 | 0




c. Since rank(M ′) = 1

∴ e = 1.

∴ β10σ0 = β11

⇒ σ0 = β.
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d. σA = σ0 + xe = (a1 + x) = β + x

⇒ a1 = β1 · · · · · · (Error Location).

e. Since 1 · b1 = β10,

∴ b1 = β10 · · · · · · (Error Location Number).

Thus c = e + w

= β0β70β12β3β310 000 000 + 0β100 000 000 000 000

= ββ10β70β12β3β310 000 000. ¥
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4.2 For RS(24, 7) code, g(x) = (1 + x) · (β + 1) · · · · · (β5 + x), m = −1, t = 3,

GF (24) = Z2[x]/ < 1 + x + x4 >.

Decode (1) 0β3ββ5β3β2β6β10β000 000 and (2) β0β70β12β3β310 000 000.

Sol. (1)

w(x) = β3x + βx2 + β5x3 + β3x4 + β2x5 + β6x6 + β10x7 + βx8.

E0(x) ≡ w(β0) = β14.

E14(x) ≡ w(β1) = β12.

E13(x) ≡ w(β2) = β14.

E12(x) ≡ w(β3) = β2.

E11(x) ≡ w(β4) = β0.

E10(x) ≡ w(β5) = β2.

a. By 1.(1), we have σ0 = β7, σ1 = β11.

b. E9 = β11E11 + β7E12 = β8.

E8 = β11E10 + β7E11 = β5.

E7 = β11E9 + β7E10 = β14.

E6 = β11E8 + β7E9 = β4.

E5 = β11E7 + β7E8 = β3.

E4 = β11E6 + β7E7 = β13.

E3 = β11E5 + β7E6 = β10.

E2 = β11E4 + β7E5 = β13.

E1 = β11E3 + β7E4 = β9.

c. E(x) =
14∑

k=0

Ekx
k

⇒ (E0, E1, E2, E3, E4, E5, E0, E6, E7, E8, E9, E10, E11, E12, E13, E14)

= (β14, β9, β13, β10, β13, β3, β4, β14, β5, β8, β2, β0, β2, β14, β12).

d. e = (E(β0), E(β1), · · · , E(β14))

= (0, β3, 0, 0, 0, 0, β0, 0, 0, 0, 0, 0, 0, 0, 0)

e. c = w + e

= (0, β3, β, β5, β3, β2, β6, β10, β, 0, 0, 0, 0, 0, 0)

+(0, β3, 0, 0, 0, 0, β0, 0, 0, 0, 0, 0, 0, 0, 0)

= (0, 0, β, β5, β3, β2, β13, β10, β, 0, 0, 0, 0, 0, 0). ¥
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Sol. (2)

w(x) = β + β7x2 + β12x4 + β3x5 + β3x6 + x7.

E0(x) ≡ w(β0) = β10.

E14(x) ≡ w(β1) = β11.

E13(x) ≡ w(β2) = β12.

E12(x) ≡ w(β3) = β13.

E11(x) ≡ w(β4) = β14.

E10(x) ≡ w(β5) = β0.

a. By 1.(2), we have σ0 = β.

b. E9 = βE11 = β14.

E8 = βE10 = β0.

E7 = βE9 = β1.

E6 = βE8 = β0.

E5 = βE7 = β1.

E4 = βE6 = β2.

E3 = βE5 = β1.

E2 = βE4 = β2.

E1 = βE3 = β3.

c. E(x) =
14∑

k=0

Ekx
k

⇒ (E0, E1, E2, E3, E4, E5, E0, E6, E7, E8, E9, E10, E11, E12, E13, E14)

= (β10, β3, β2, β1, β2, β1, β0, β1, β0, β14, β0, β14, β13, β12, β11).

d. e = (E(β0), E(β1), · · · , E(β14))

= (0, β10, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

e. c = w + e

= (β, 0, β7, 0, β12, β3, β3, 1, 0, 0, 0, 0, 0, 0, 0)

+(0, β10, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)

= (β, β10, β7, 0, β12, β3, β3, 1, 0, 0, 0, 0, 0, 0, 0. ¥
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Assignment 5 5 and 6.2 Šd®

5.1

ìÜ : cq©ø_{å|ÖÉ§ƒø_ˇ��˜ÏF	à , ç C uªJ

y£ l íˇ�˜Ïíb{J£S SFDI ��f] , †ªy£ l(sn + 1) íˇ

��˜Ï �

„p. Ê¤lJÇø$�·H SFDI

cqkf] n _Å�Ñ n í{å :

v0 = (v00, v01, · · · , v0(n−1))

v1 = (v10, v11, · · · , v1(n−1))
...

v(n−1) = (v(n−1)0, v(n−1)1, · · · , v(n−1)(n−1))

lø v00, v01, · · · , v0(n−1), v10, v11, · · · , v(n−1)(n−1) J-�j� ” [0 ” Ê

Z2 , : vij [Ê (i + sj, j)

f]m7vJ-�d†f]

1. f] (0, 0) ,íbå

f] (0, 1) ,íbå

...

f] (0, n− 1) ,íbå

f] (1, 0) ,íbå

...

f] (1, n− 1) ,íbå

...

f] ((n− 1) + s(n− 1), n− 1) ,íbå

2. Jõ,Ìbå†ªf ”*” C ”0” �
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â,Hªø {0 ≤ x < n + (n− 1)s, 0 ≤ y < n}2cbõ (x, y),bå\

f]íŸåÑ nx + y

⇒ vij \f]íŸåÑ n(i + sj) + j = ni + (ns + 1)j

;Wæñcq , SFDI |˜

⇒ ∃ i such that vi,x, vi,x+1, · · · , vi,x+l îf˜

⇒ � ni + (ns + 1)x ƒ� ni + (ns + 1)(x + l) _båîf˜

⇒ |Û×k�k (ns + 1)l + 1 íˇ��˜Ï

â¥²Rûªø , SFDI ªy£ (ns + 1)l íˇ��˜Ï � ¥
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5.2 Bb}s�8”V��¥_½æ �

(1) �ø–Èí 0_b¸|(ø–Èí 0_b„§Ì„ ;ÔWVz , 10100

1000 í�ø–È 0 _bÑ 0 , |(ø–Èí 0 _bÑ 3 �

J¤ì2VRû , ªø 00 · · · 0 ¸ 100 · · · 0 , 010 · · · 0 , 001 · · · 0 , · · · ,

000 · · · 1 ·¯¯æñíb°/u n + 1 _ , ”-íÿu° codeword 2

�s_J,í 1 í codeword b �

cq*�ø_ 1 ƒ|(ø_ 1 øu� m _ bits, †úk	ìí m 7

k , ªy}Aw2u� x _ 1 , for x = 2, 3, · · · ,m ; ku¥_½æª

J�“A° ” b _bå,¯Ñ a , O©_bå·.â�k c ƒ d 5È

” í ¯b , I¤ ¯bÑ B(a, b, c, d) , †;W§ñŸÜªŸ|wt

�à- :

B(a, b, c, d) =
b∑

i=0

(−1)i

(
b

i

)
H

a−bc−i(d−c+1)
b , w2 Hx

y = Cx+y−1
x

Hx
y : ” y _×k�k 0 íbå¸Ñ x ” í ¯b

Ha−bc
b : ” b _×k�k c íbå¸Ñ a ” í ¯b

H
a−bc−i(d−c+1)
b : ” b _×k�k c íbå¸Ñ a , /w2Bý� i _×

k�k d + 1 ” í ¯b

Ä¤æñF°íbñ@Ñ

1 + n +
n∑

m=2

(
(n−m− 1)

m∑
x=2

B(m− x, x− 1, k, j)

)

Ñ7üì¥_�äuúí , BŸ7ø_ü˙�Vð„ , ¥_ü˙�

ø¶Mul�,Ht�íM , Çø¶Mÿu‚à¤Ô¶v|F�¯

¯b°í codeword 1l�_b

combicount=0;

for (i = 0;i < n;i + +)combilist[i]=0;

void combination (int level, int n, int a, int b)

{
int i, prev, flag;
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if (level< n){
combilist[level]=0;

combination (level+1,n,a,b);

combilist[level]=1;

combination (level+1,n,a,b);

} else {
for (flag=1, prev=-1, i = 0; i < n; i + + ) {

if (combilist[i]== 1) {
if (prev>= 0) {

if (i−prev−1 < a||i−prev−1 > b) flag= 0;

}
prev= i;

}
if (flag) combicount ++;

}
}

ãÊ¤ƒbvUà combination(0, n, k, j) ¹ª �

(2) �ø–Èí 0 _b¸|(ø–Èí 0 _b6§Ì„ �

úk�s_J, 1 í codeword , âkBb˛� B ƒbªà , Ä¤É

bÉ-�ø–Èí a_ 0¸|(ø–Èí b_ 0_b¯¯‘K¹ª�

wbñÑ X≥2 =
∑

j≥a≥k
j≥b≥k
n−a−b≥0

n−a−b∑
x=2

B(n− a− b− x, x− 1, k, j) ÄÑ n > j ,

FJªüì 00 · · · 0 .Ê5?í¸ˇ5q , Ä¤Ébyl�É�ø_

1 í codeword b¹ª �

cq codeword2í n_ bitsíP0}�™pÑ 1, 2, · · · , n ,Jñøí

1 ÊP0 x , , †�ø–Èí 0 _bÑ x− 1 7|(ø–Èí 0 _b

Ñ n− x , ª°)J-É[

{
j ≤ x− 1 ≤ k

j ≤ n− x ≤ k
⇒

{
j + 1 ≤ x ≤ k + 1

n− k ≤ x ≤ n− j
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ÄÑ (n− k)− (j + 1) = (n− j)− (k + 1) , FJªøç n− k ≥ j + 1 É

â5? n− k ≤ x ≤ k + 1 ¹ª , ¥5†5? j + 1 ≤ x ≤ n− j ¹ª

X1 =





2k − n + 2 n− k ≥ j + 1 / 2k − n + 2 > 0

n− 2j n− k < j + 1 / n− 2j > 0

0 otherwise

Ñ7üì¥_�äuúí , B¢Ÿ7ø_ü˙�Vð„ , ¥_üA

uø¶Mul�,Ht�íM , Çø¶Mÿu‚à¤Ô¶v|F�

¯¯b°í codeword 1l�_b

combicount=0;

for (i = 0;i < n;i + +)combilist[i]=0;

void combination (int level, int n, int a, int b)

{
int i, prev, flag;

if (level< n){
combilist[level]=0;

combination (level+1,n,a,b);

combilist[level]=1;

combination (level+1,n,a,b);

} else {
for (flag=1, prev=-1, i = 0; i < n; i + + ) {

if (combilist[i]== 1) {
if (prev>= 0) {

if (i−prev−1 < a||i−prev−1 > b) flag= 0;

}
prev= i;

}
if (n−prev−1 < a||n−prev−1 > b) flag= 0

if (flag) combicount ++;
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}
}

ãÊ¤ƒbvUà combination(0, n, k, j) ¹ª �
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Assignment 6

6.1 „p
{

vI | I ⊆ Zm / |I| ≤ r ≤ m
}
Ñø(4Ö
íÕ¯ �

Proof.

Bb„pç r = m vA
 � ( Ju r < m , †F$AíÕ¯Ñø(4

Ö
Õ¯íäÕ , AÍ6}u(4Ö
íÕ¯ � )

íl , Bbhô²¾ vI 2�™|×í ”1”, I¤�™Ñ w(vI) , Wà ,

w(vφ) = 2m − 1 , 7 w(vZm) = 0 � I I ′ = Zm \ I = {a1, a2, · · · , at} , t ≤ m ,

ai ∈ Zm � Bb„p w(vI) =
t∑

i=1

2ai � ¥uÄÑbU) fI(uj) = 1 , uj 2�™

Ñ I 2jÖí}¾·b�k 0 , 7w…�™í}¾ªJL<² , FJ|×

�™|ÛÊ I ′ 2í�™}¾îÑ 1 , ku w(vI) =
t∑

i=1

2ai �

âk.°íÕ¯ I D J F)ƒí w(vI) 6= w(vJ) , FJÉbz vI YÎ

w(vI) Mí×üâ,%-§ , †)ƒíä³$�à- :




1 1 1 · · · · · · 1 1

1

A 1

. . .

1 0

1

1 0 0 0 · · · · · · 0




vφ

vZm

Ä¤T“)} � ¥
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6.2 ç r ≥ 3 v , „p d(P (r)) = 6 �

�.

ùÜ 1. cq [X(U), X(V )] u P (r) í codeword , †J-s_6u P (r) í

codeword :

(a) [X(V ), X(U)]

(b) [X(U + α), X(V + α)] , úL< α ∈ GF (2r) �

„p.

(a) (i) |V | ¸ |U | ·uXb �

(ii)
∑
v∈V

v =
∑
u∈U

u �

(iii)
∑
v∈V

v3 +

( ∑
v∈V

v

)3

( ÄÑ [X(V ), X(U)] ∈ P (r) )

=
∑
u∈U

u3 +

( ∑
u∈U

u

)3

+

( ∑
v∈V

v

)3

( ÄÑ
∑
v∈V

v =
∑
u∈U

u )

=
∑
u∈U

u3

⇒ [X(V ), X(U)] ∈ P (r) ¥

(b) (i) |V + α| ¸ |U + α| ·uXb �

(ii)
∑

u∈U+α

u

=
∑
u∈U

(u + α)

=
∑
u∈U

u + |U |α ( ÄÑ |U | uXb , FJ |V |α = 0 )

=
∑
u∈U

u =
∑
v∈V

v

=
∑

v∈V +α

v
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(iii)
∑

u∈U+α

u3 +

( ∑
u∈U+α

u

)3

=
∑
u∈U

(u + α)3 +

( ∑
u∈U

(u + α)

)3

=
∑
u∈U

(u + α)3 +

( ∑
u∈U

u

)3

=
∑
u∈U

u3 +

( ∑
u∈U

u

)3

+ α
∑
u∈U

u2 + α2
∑
u∈U

u + α3|U |

( ÄÑ
∑
u∈U

u2 =

( ∑
u∈U

u

)2

=
∑
v∈V

v2 )

=
∑
v∈V

v3 + α
∑
v∈V

v2 + α2
∑
v∈V

v + α3|V |

=
∑
v∈V

(v + α)3 =
∑

v∈V +α

v3

⇒ [X(V + α), X(U + α)] ∈ P (r) ¥

R� 2. cq r ÑJb , †ú©øÝÉjÖ x ∈ GF (2r) , æÊñøíÝÉ

jÖ y U) y3 = x �

„p. I β Ñ GF (2r) í primitive element , cqæÊ βa, βb, βc U) (βa)3 =

(βb)3 = βc / a 6= b†[ý 3a ≡ 3b(mod 2r− 1) ⇒ 3ªcÎ 2r− 1 � OuÄÑ

2r−1 = 4×2r−2−1 = (3+1)×2r−2−1 ,FJªRø 2r−1 ≡ 2r−2−1(mod 3) ⇒
2r − 1 ≡ 0(mod 3) for r ≥ 2 even , 2r − 1 ≡ 1(mod 3) for r ≥ 1 odd � ªø‡H

æÊ βa, βb, βc U) (βa)3 = (βb)3 = βc / a 6= b ¸æñcqpe ⇒ „)ñ
ø4 � ÛÊÉby„æÊ4¹ª �

I A =
{

y3| y ∈ GF (2r) / y 6= 0
}

,ÄÑ y 6= 0 ⇒ y3 6= 0/;W‡Hñ

ø4„p , ªø |A| = 2r − 1 �

⇒ ])„ � ¥

ìÜ. ç r ≥ 3 v , °v r u odd , „p d(P (r)) = 6 �

„p. âk P (r)u distance invariant ,FJÉb5?ÝÉ codewordí weight

¹ª �/ÄÑ˛ø P (r)2í codewordÌÑ even weight ,FJÉb„ weight

2 £ weight 4 í codeword .æÊ¹ª �
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cq [X(V ), X(U)] ∈ P (r) weightÑ 2 : ÄÑ |V |¸ |U |·uXb ,/;

WùÜ 1 (a) ,cq |U | = 2 , |V | = 0 � y;WùÜ 1 (b) ,cq U = {0, x}/
x 6= 0 ⇒ x + 0 6= 0 , )ƒpe �

cq [X(V ), X(U)] ∈ P (r) weight Ñ 4 : ÄÑ |V | ¸ |U | ·uXb ,

/;WùÜ 1 (a) , cq |U | = 4 , |V | = 0 ( |U | = 2 , |V | = 2 ñ(n

� ) � ;WùÜ 1 (b) , cq U = {0, x, y, z} , x, y, z ÝÉ/�.ó� � †

x3 + y3 + z3 + (x + y + z)3 = 0 ⇒ (x + y)(x + z)(y + z) = 0 , ÄÑ x, y, z �.

ó�])ƒpe �

cq |U | = 2 , |V | = 2 � ;WùÜ 1 (b) , cq U = {0, x} , V = {y, z} ,

y, z �.ó� � † x3 + x3 = y3 + z3 ⇒ 0 = y3 + z3 ⇒ y3 = z3 ⇒ y = z ( ;W

R� 2 ) )ƒpe �

⇒ ç r ≥ 3 v , „p d(P (r)) ≥ 6 � J-y„ d(P (r)) = 6 �

cq x, y ∈ GF (2r)/ x, y ÝÉ/�.ó� ,âR� 2ª)øæÊñø

íÝÉ z(x, y) U) z3 = x3 + y3 A
 � à‹úkF�¯¯cqí x, y ·)

.ƒ x + y + z(x, y) 6= 0 , †[ý x + y + z(x, y) = 0 ⇒ z(x, y) = x + y , ª)

(x + y)3 = x3 + y3 ⇒ x2y + xy2 = xy(x + y) = 0 ⇒ x + y = 0 ⇒ x = y , â¤p

eªø.æÊ x, y ÝÉ/.ó� , U) z3 = x3 + y3 £ x + y + z 6= 0 °v

A
 � ¤vJ z = x , †ªR) y3 = 0 )ƒpe , ]?ªø,HF)ƒí

x, y, z ÝÉ/�.ó� � jJ-:
j˙� for v, w

{
v + w = x + y + z

v3 + w3 = x3 + y3 + z3 + (x + y + z)3

ªø v ªâ (x + y + z)v2 + (x + y + z)2v + x3 + y3 + z3 = 0 j) , âk

z3 = x3 + y3 £ x + y + z 6= 0 , FJBb°) v = x + y + z 6= 0 , w = 0 Ñj

⇒ [X({0, x, y, z}), X({0, x + y + z})] ∈ P (r) , ])„ � ¥
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