Mid-Term Discrete Mathematics 2018, 4, 20

1. Use combinatorial argument to verify the following identities.
(@) > (—1F- (’:) (m—k)"=0, if m>n. (10 points)
= . (n m-+n-—1
b —~1)- . = i . i
(b) Z( ) (z) ( by ) 0, if m<k. (10 points)

2. Find the number of solutions (x1, zs, z3, T4, T5, T) such that all z;’s are pos-

itive integers and z; + z9 + T3 + x4 + 5 + 30z = 101. (10 points)

3. Find the number of different ways in selecting 13 cards from a regular 52

poker cards such that only two kinds of cards are selected. (10 points)

4. Let {z1, %2, 23, T4, T5, Ts; be a set of elements. Find the number of permu-

tations o such that a(z;) # =z; for i € {1,2,3,4,5,6}. (10 points)

5. Let a, = 9ap-1 — 15ap—o + Tap_3, a9 = 0, ap = 1 and ag = 2. Solve the

recurrence relation. (10 points)

6. Let < x1,29,%3,...,%Ta, > be a (—1,1)-sequence such that both —1 and 1
occur n times. The sequence is called acceptable if the sum of the first k
terms is non-negative for each k = 1,2,...,2n. Find the number of different

acceptable sequences when n = 100. (15 points) (Explain your answer.)

7. Each edge of the following graph is colored either blue or red. Prove the
followings:
(a) There exists a mono-chromatic triangle, that is a triangle with one color
on its edges. (10 points)

(b) There are two different mono-chromatic triangles. (10 points)




8. Find the determinant of the following matrix. (15 points) (Explain your

answer.)

SO O D D ke e
OO D D e
OO O = e
[ e R e B e
b -0 O O
[ oo O O
[ > SR o B cuv B a S e

9. Prove one of the following two statements for 10 points. (Bonus)
(a) Let ¢ be the Euler function, i.e., ¢(n) is the number of integers k with
1 < k < n such that g.c.d.(n, k) = 1. Then, for all n > 2, ¢(n) is an even

mteger.

(b) Let u be the Mobius function. Then, for all integers n > 2, Z p(d) = 0.
dn

Let m = pil . pSQ ..... pgs

Then, p(m) =< 0, if e >2 forsome i€{l,2,---,s} .

(_1)57 lf m:pl.p2.....pSa
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