
þ .×àbçí!�–1

1.  ¯ ( Combination )

ílBb#ø_Wä � Ç 1.1(a)uø_Çš ,â ” Combination ”¥_

åF`¨|V ,Bb;ø−â,%-° ,øu�Öý_.°íj�°|¥

_å � &àÇ 1.1(b) 2íÄ~(ÿuw2íø� �

C

O


M

B


I

N


A

T


I

O


N


M

B


I

N


A

T


I

O


N

A

T


I


N

A


M

B


I

N


I

B


I

N


T

A


O


(a) (b)

Ç 1.1

,Þí½æªJ�²A : â|Ý,íirƒ|-Þíir�Öý�

.°í˜� (Ç 1.1(b) ) �çÍ ,à‹Çš.× ,BbªJà ”K‰� ”í

j¶ , l5?âøõ ( ir ) ƒÇÕøõí˜��Öý� � Ç 1.3 éý|

Víbåuâ|Ý«íõBvõí.°˜�b � QOBb5?Ç 1.2 2 ,

x, y ¸ z íÉ[ � '0ËBbêÛ x + y = z , kuâ,%-ªJYå°|

�� �
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x
 y

z


0


1
1


1


1


1


1


6


21


56


126


252


3


4


5


15


35


70


10


20


2
 1


3


6


5


4


1


1


1


S


10


21


56


126


15


35


T

6


Ç 1.2 Ç 1.3

¥<bå6ÿuF‚íùá�[b ( Binomial coefficients ) , à‹Bb

J®�(*£2È~’ ,F)ƒí,š¶ÿuF‚íÑgµúi$ ( Pas-

cal’s triangle ) íø¶M � Ñgµ…A˚…Ñ�Xúi$ ( Arithmetical tri-

angle ) �

BbyàÇÕj�Võ¥½æ � àÇ 1.3Fý ,Bbı�°)â S ƒ

T 5.°˜�íbñ � â�òj²Võ , T Ê S í¬-j , FJâ S %

-• ,øì}¦¬ªœÖí ”¬- ”i ,7/¬-íi (r)ª˝-íi (l)

Ö|	ìíb � &àÇ 1.3 2 , r − l = 2 ; °v r + l = 6 , FJøì�û_

i%¬- ; Ä¤ , JuBbJ

(
n

r

)
V[ýâø_� n _jÖíÕ¯2²

|� r _jÖí²¶ , †â S B T í.°˜��

(
6

4

)
, çÍâ S ƒ T í

.°˜�6�kÊ 6 _2² 2 _˝-íi , Ä¤

(
6

4

)
=

(
6

2

)
, ¥6ªJ

zp�� (1) �(
n

r

)
=

(
n

n− r

)
, n, r ∈ Z+ (1)

,Þ

(
n

r

)
èA ” n ¦ r ” ( n choose r) �

QOBb5?*s_Õ¯2V²¦jÖ �

(i) cq A ∩ B = φ , |A| = m, |B| = n , †* A C B ²¦ø_jÖíí

j¶� m + n � �
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(ii) J A = { a1, a2, · · · , am } , B = { b1, b2, · · · , bn } ,†�ŸåË²s_jÖ

a ∈ A Í( b ∈ B íj¶� m · n � � ( BbªJà (a, b) [ýŸå �

à‹ A ∩B = φ †ŸåªJ..5? � )

(iii) úk (ii) 2í²¦ , Ê	ì² a (y²ø_ b ∈ B j¶u n � �

§� ( Permutation )uzø_Õ¯íjÖOŸå§|V �&à 132Ñ

Õ¯ { 1, 2, 3 } 2 , ú_jÖíø_§� �BbªJz…;Aâú_°š

íÕ¯FdíOå²¦ , ÉuÖ7ø_‘K − à¬íjÖ.ªyà � F
J n_jÖí§�j¶ Pn � n · (n− 1) · (n− 2) · · · 2 · 1� ,J n! ( n¼
 (

Factorial ) ) [ý �¥ªJà¦Ñ¶„p �

ÛÊBby�åõ

(
n

k

)
, ²�ø_jÖíj¶� n � , �ù_jÖ

íj¶� n− 1� , · · · , ²� k _jÖíj¶� n− k + 1� ; à¤ÿ²7

n(n− 1) · · · (n− k + 1) _� k _jÖíäÕ , Í7©_äÕø½º|Û k!

Ÿ ( ? ) , FJBb)ƒ(
n

k

)
=

n(n− 1) · · · (n− k + 1)

1 · 2 · · · k =
nk

k!
=

n!

(n− k)!k!
(2)

,�2 nÑ n¦ k í,™ , k Ñ-™ , nk = n(n− 1) · · · (n− k + 1)Ñ n

í k -±4 ( Falling power ) �QOBbø

(
n

k

)
í, � -™d_çíR��

(i) ,™ n ªJuL<õb ( ÝBµb ) �

(ii) -™ k ªJuL<cb � ( k ?ªyR� , <2.× � )

kuBb)ƒ-Þíì2 �

ì2 1.1.

(
x

k

)
=





xk

k!
, if k ≥ 0 ;

0 , if k < 0 .

(
x

k

)
ªJõAu x í k ŸÖá� � -Þs_WäªJÓªBbú¤

ì2í7j �

W 1 .

(−1

3

)
=

(−1)(−2)(−3)

3!
= −1,

(−1

k

)
= (−1)k.

W 2 .

(
x

k

)
=

{
1, if n ≥ 0 ;

0, if n < 0.

Q-VBbVõø_0�� �
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(
r

k

)
=

(
r − 1

k

)
+

(
r − 1

k − 1

)
, r ∈ R ; k ∈ Z (3)

(3) �2ç r ÑAÍb n v , …í„pªJàÂ²lbíj�V‹J

„p �˝�Ñ n¦ k ,7¬�ªJ;AÊ¦)í k _jÖ2u´¨Ö�/

ø_	ìíjÖ aVl� ;Ö aí²¦¶�

(
n− 1

k − 1

)
� ,.Ö aí†Ö�

(
n− 1

k

)
� , ku)„ � Bk (3) �í„pBbÛbø_^ŒìÜ �

ìÜ 1.2. à‹ x0, x1, · · · , xkÑóæõb ,úkL<í k+1_b y0, y1, · · · , yk

·æÊñøíÖá� f , Ÿb|ÖÑ k , U) f(xi) = yi , i = 0, 1, 2, · · · , k �

¤ÑÖá�!…ìÜ , „pôI �

(3) �í„p.

I f(x) =

(
x

k

)
−

(
x− 1

k

)
−

(
x− 1

k − 1

)
, † f(x) Ñ k ŸÖá�CÉÖá

� � â,Þ„p , Bbø− f(n) = 0, n = 1, 2, · · · � Ä¤ f(x) .ÑÉÖá

�, ´† f(x) BÖ� k _Éõ � ¥

·æ 1.3. úkF�í£cb n , „p
n∑

i=0

(
n

i

)
= 2n

„p. (j¶ 1 )âk {1, 2, · · · , n}¥_Õ¯í¶MÕ¯øu� 2n _ ,7©

_¶MÕ¯ç…íjÖ_bÑ k v , u�

(
n

k

)
_ , FJ)„ �

( j¶ 2 ) 5? (1 + x)n �Ç� , (1 + x)n =
n∑

i=0

(
n

i

)
xi , ø x à ” 1 ” H

p¹)ƒb„pí�� � ¥

·æ 1.4. ∀n ∈ Z+ , „p
n∑

i=0

(
n

i

)2

=

(
2n

n

)

„p. ( j¶ 1 )
n∑

i=0

(
n

i

)2

=
n∑

i=0

(
n

i

)(
n

n− i

)
� ÛÊ5?� 2n _)Uí7 ,

n _�H , n _�H , *³“| n _íj¶�Öý� ; çÍu

(
2n

n

)
� Í

7, Ê“| n _v.Õ˛u�í² i _ , i = 0, 1, 2, · · · , n , �Hí² n − i

_, Ä¤)„ �
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( j¶ 2 ) ÄÑ
n∑

i=0

(
n

i

)2

Ñ (1 + x)n(1 + x−1)n �Ç�2í�bá , 7
(

2n

n

)
u x−n(1 + x)2n �Ç�2í�bá � ÛÊ , (1 + x)n(1 + x−1)n ¢�k

x−n(1 + x)2n , FJ·æ)„ � ¥

·æ 1.4ªJØ�AªœøOí$� ,øO˚5Ñ Vandermonde’s Con-

volution.

·æ 1.5. úkF�ÝŠícb n,m, k , n ≥ m ≥ k ,

(
n + m

k

)
=

k∑
i=0

(
n

i

)(
m

k − i

)
�

„p. ‚à·æ 3 j¶ 1 í–1¹ª„p �

Î7,Hø<��5Õ ,þ�.ýw…0�� ,BbøÊÞAƒb�

Üê5(yTXÖ<�� �

ª½º ¯

à‹Bb°<jÖí²¦ªJ½µ , 6ÿuz©_ªJ²íjÖ·

x�Ì¤Ö_ ,WàÌ¤Ö_ 1 ,Ì¤Ö_ 2 , · · · ,�� �ÛÊ ,b* n_

.°jÖ2“| r _íj¶bÿ.°k

(
n

r

)
, ¥_j¶bøOJ Hn

r [

ý �

·æ 1.6. Hn
r =

(
n + r − 1

r

)

„p. I ī H[� i _jÖD� i + 1 _bíÈ½ , i = 1, 2, · · · , n − 1 �

I²|VíjÖ� r _ ( J ”-” [ý ) , …bD { i | i = 1, 2, · · · , n − 1}
( øu n + r − 1 _ ) $Aøb� , ku , ¥_b�ú@ƒñøí²¦j

¶ � Wà (1̄, 2̄,−,−, 3̄, 4̄, 5̄,−,−,−, 6̄,−,−)H[ H7
7 2íø�²Ï 3366677 �

âkH[È½í ī ³�Ÿåídì , H[jÖí ”-” 6øš , FJ Hn
r =

(n + r − 1)!

(n− 1)!r!
=

(
n + r − 1

r

)
� ¥

·æ 1.7. I A = { 1, 2, · · · , n }ÑAÍbíÕ¯ �t„Ê A2¦| r _j

ÖU)¥<jÖ·³�©/AÍbêÞíj¶bÑ

(
n + r − 1

r

)
�

„p. I A ÑF�ª?í²Ï7 S = { s1, s2, · · · , sr } Ñ²|Víø_Õ
¯ , °v 1 ≤ s1 < s2 < · · · < sr ≤ n � âk S 2³�©/AÍb , FJ
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f(S) = { s1, s2 − 1, s3 − 2, · · · , sr − (r − 1) } Ñø_x� r _óæjÖí

Õ¯ ; ÄÑ , ç sj − (j − 1) = si − (i − 1), j > i, sj − si = j − i , ¥[ý

si+1 = si + 1, si+2 = si+1 + 1, · · · , sj = sj−1 + 1 , pe �FJ f Ñø_â A ø

B B íƒb , w2 B =

(
x

r

)
, x = {1, 2, · · · , n− r + 1} �

QOBb„p f u 1 − 1 7/øA � âk.°í {s1, s2, · · · , sr} éÍ
{s1, s2 − 1, · · · , sr − (r − 1)} éÍ.° , FJ f u 1 − 1 � ÛÊcq T =

{t1, t2, · · · , tr} ∈ B, t1 < t2 < · · · < tr , ku t1 < t2 + 1 < t3 + 2 < · · · <

tr +(r−1) ≤ n ,7/³�©/b|ÛÊÕ¯ {t1, t2+1, t3+2, · · · , tr +(r−1)},
FJ f ÑøAƒb , ·æ)„ � ¥

 ¯í–1TX#lb ( Counting ) '×í6Œ , Q-Ví�_ı�

ø}.iËTƒ… ; J-Bb�Üªœ.�õƒíµá�ìÜ �

µá�[b ( Multinomial coefficient )

ø n_jÖ}ºƒ k _NìíäÕ¯ ,w2�ø_äÕ� n1 _jÖ,

· · · , � k _Õ¯� nk _jÖíj¶bÑ

(
n

n1, n2, · · · , nk

)
� †-��äA


 �

(i)

(
n

k

)
=

(
n

k, n− k

)
�

(ii)

(
n

n1, n2, · · · , nk

)

=

(
n

n1

)
·
(

n− n1

n2

)
·
(

n− n1 − n2

n3

)
· · · · ·

(
n− n1 − n2 − · · · − nk−1

nk

)

=
n!

n1!n2! · · ·nk!
�

(iii) Pn =

(
n

1, 1, · · · , 1

)
�

Bb�2íùá�[b

(
n

k

)
VA�Ç (x+y)n , (x+y)n =

n∑
k=0

(
n

k

)
xkyn−k,

7µá�[b†VA�Ç (x1 + x2 + · · ·+ xk)
n , wøO�Ñ

(x1 + x2 + · · ·+ xk)
n =

∑
ni≥0,

∑k
i=1 ni=n

(
n

n1, n2, · · · , nk

)
xn1

1 xn2
2 · · · xnk

k
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T“ ( Ë¡5j� )

1. t„p x1 + x2 + · · ·+ xn = r øu� Hn
r _.°íÝŠcbj �

2. „p
n−1∑
i=0

(
2 + i

2

)
=

(
2 + ni

3

)
�

3. t°-� ¯í¸

(a)
n∑

k=0

2k

(
n

k

)
�

(b)

(
n

0

)
+

(
n

2

)
+

(
n

4

)
+ · · ·+

(
n

n

)
, w2 n ÑXb �

4. I ~x D ~y }�Ñ n &²¾ , w2 ~x D ~y í}¾.u 0 ÿu 1 � ì2

dH(~x, ~y)Ñ ~x+~y (}¾ mod 2 )2.Ñ 0í}¾b ,Bb˚ dH(~x, ~y)Ñ

~xD ~yíÇp�× ( Hamming Distance ) �„pÊF� n& (0, 1)−²¾
2 ,v||Ö_˛¤Çp�×·.ük 2r+1í²¾b A(n, 2r+1) ≤

2n

r∑
i=0

(
n
i

) , °v A(n, 2r + 1) ≥ 2n

2r∑
i=0

(
n
i

) �

5. I r Ñ£cb � „pL< r _©/£cbí
	.ìu r! íIb �

(*) Õí–1œß ?

�øÁü% ,cÙJMOAÐí®ÑhO˛ä� � ×%õc7 ,.Š

ßJí½pŸÄ � ü%z : � Ø−5³�=z , Bb%oí��uÊ®Ñ

, , B÷O˛ä� , ÿuÑ7JM�� , Ø−5.ı�J°��ý ? � ×

%z : � BÉø− , ÉbBU‰²‡• , ��ÿ}''í�ÊB(Þ � �
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¡5j�.

1. t„p x1 + x2 + · · ·+ xn = r øu� Hn
r _.°íÝŠcbj �

„p. ÄBbbvíuÝŠcbj , † 0 ≤ xi ≤ r for i = 1, 2, · · · , n F

J©ø_j·ªJõAu r _ ”-” £ n − 1 _–½ xj d§� � ( for

j = 1, 2, · · · , n− 1 ) � ¥<–½ø r _ ”-” }½A n _–¨ � Ê xj £

xj+12� kj _ ”-”ÿ[ý xj = kj ( Ex: - - - xj - - - - xj+1 - - - ⇒ xj = 4),

7 x1 5‡í ”-” _b¹u x1 , 7 xn−1 5(í ”-” _b¹u xn−1 , F

Jbvíj_bÿ�ku r _ ”-”£ n− 1_–½ xj íF�§�b �

FJjí,bÑ

(
r + (n− 1)

n− 1

)
=

(
n + r − 1

n− 1

)
= Hn

r ¥

2. „p
n−1∑
i=0

(
2 + i

2

)
=

(
2 + ni

3

)
�

„p. ˛ø

(
n

r

)
=

(
n− 1

r − 1

)
+

(
n− 1

1

)

âbç¦Ñ¶ ,

1◦ ç n = 1 v ,
n−1∑
i=0

(
2 + i

2

)
=

(
2 + 0

2

)
=

(
2

2

)
= 1 ,

(
2 + n

3

)
=

(
2 + 1

3

)
=

(
3

3

)
= 1 A
 �

2◦ cq n− 1 vA
 � i.e.
(n−1)−1∑

i=0

(
2 + i

2

)
=

(
2 + (n− 1)

3

)
=

(
1 + n

3

)

† nv ,
n−1∑
i=0

(
2 + i

2

)
=

[
(n−1)−1∑

i=0

(
2 + i

2

)]
+

(
2 + (n− 1)

2

)
=

(
1 + n

3

)
+

(
1 + n

2

)
=

(
(1 + n) + 1

3

)
=

(
2 + n

3

)
)„ � ¥
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3. t°-� ¯í¸

(a)
n∑

k=0

2k

(
n

k

)
�

5?.

(1 + 2)n =

(
n

0

)
· 20 +

(
n

1

)
· 21 +

(
n

2

)
· 22 + · · ·+

(
n

n

)
· 2n

=
n∑

k=0

2k

(
n

k

)

∴
n∑

k=0

2k

(
n

k

)
= (1 + 2)n = 3n

(b)

(
n

0

)
+

(
n

2

)
+

(
n

4

)
+ · · ·+

(
n

n

)
, w2 n ÑXb �

5?.

(1 + 1)n

=

(
n

0

)
· 10 +

(
n

1

)
· 11 +

(
n

2

)
· 12 + · · ·+

(
n

n− 1

)
· 1n−1 +

(
n

n

)
· 1n

=

(
n

0

)
+

(
n

1

)
+

(
n

2

)
+ · · ·+

(
n

n− 1

)
+

(
n

n

)
· · · (1)

(1 + (−1))n

=

(
n

0

)
· (−1)0 +

(
n

1

)
· (−1)1 +

(
n

2

)
· (−1)2 + · · ·+

(
n

n− 1

)
· (−1)n−1 +

(
n

n

)
· (−1)n =

(
n

0

)
+

(
n

1

)
−

(
n

2

)
+ · · · −

(
n

n− 1

)
+

(
n

n

)
· · · (2)

(1)+(2)

⇒ (1 + 1)n + (1 + (−1))n

= 2

[(
n

0

)
+

(
n

2

)
+

(
n

40

)
+ · · ·+

(
n

n− 2

)
+

(
n

n

)]

⇒ 2n + 0n

= 2

[(
n

0

)
+

(
n

2

)
+

(
n

40

)
+ · · ·+

(
n

n− 2

)
+

(
n

n

)]

∴
(

n

0

)
+

(
n

2

)
+

(
n

40

)
+ · · ·+

(
n

n− 2

)
+

(
n

n

)
= 2n−1
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4. I ~x D ~y }�Ñ n &²¾ , w2 ~x D ~y í}¾.u 0 ÿu 1 � ì2

dH(~x, ~y)Ñ ~x+~y (}¾ mod 2 )2.Ñ 0í}¾b ,Bb˚ dH(~x, ~y)Ñ

~xD ~yíÇp�× ( Hamming Distance ) �„pÊF� n& (0, 1)−²¾
2 ,v||Ö_˛¤Çp�×·.ük 2r+1í²¾b A(n, 2r+1) ≤

2n

r∑
i=0

(
n

i

) , °v A(n, 2r + 1) ≥ 2n

2r∑
i=0

(
n

i

) �

„p. úLø A(n, 2r + 1) 2í²¾ ~x Vz , F�¸ ~x íÇp�×.

×k r í²¾í_b�
r∑

i=0

(
n

i

)
_ , ¢F� n & (0, 1) ²¾,u� 2n

_ , FJ A(n, 2r + 1) ·
r∑

i=0

(
n

i

)
≤ 2n , ] A(n, 2r + 1) ≤ 2n

r∑
i=0

(
n

i

)� °v,


¹ªø A(n, 2r + 1) ≥ 2n

2r∑
i=0

(
n

i

) � ¥
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2. ñ½ŸÜ ( Principle of Inclusion and Exclusion )

I A ÑÖ� N Ó¹ ( Object ) íÕ¯ , α1, α2, · · · , αr ÑÓ¹ª?x

�í4” , N(αi) u A 2x�4” αi íÓ¹b , N(αiαj) Ñ°vx�4

” αi £ αj íÓ¹b , N(α′i) †Ñ A 2.x�4” αi íÓ¹b � FJ ,

N = N(αi) + N(α′i) ( ø�4” ) , N(α′1α
′
2) = N −N(α1)−N(α2) + N(α1α2)

( s�4” ) �

N


N


N
(


(


)


)
i


i


N

N


N
(


(


)


)
1


1
 2


2


N
(
 )
1
 N
(
 )
2


s�4”í��ªJR�BøOx� r �4”íÉ[ �

ìÜ 2.1. ( PIE , ñ½ŸÜ )

N (α′1α
′
2 · · ·α′r) = N −

r∑
i=1

N (αi) +
∑
i6=j

N (αiαj)−
∑

i,j,k(different)

N (αiαjαk) +

· · ·+ (−1)rN(α1α2 · · ·αr)

„p. Bb3bu„pÊ¬�2.x�LS4”íÓ¹/ß�7øŸ ,7

/x�/<4”íÓ¹·.\�ƒ � �øK9â¬�'ñqõ| , Ä¤

Bb„p�ùK9 � cq�øÓ¹x� p(> 0) �4” , †¤Ó¹Ê N 2

�7øŸ , Ê
∑

N(αi) 2�7

(
p

1

)
Ÿ , Ê

∑
i 6=j

N(αiαj) 2�7

(
p

2

)
Ÿ , · · ·

�� �FJ¤Ó¹øu\�7 1−
(

p

1

)
+

(
p

2

)
−

(
p

3

)
+ · · ·+ (−1)r

(
p

r

)
Ÿ �

âk

(
p

k

)
Ê k > p vÑ 0 , FJ,�ªJZŸA

(
p

0

)
−

(
p

1

)
+

(
p

2

)
−

(
p

3

)
+ · · ·+ (−1)p

(
p

p

)
= (1 + (−1))p = 0

FJ¤Ó¹³�\�ƒ � ¤ìÜ)„ � ¥
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½æ1. BbÄeà 1, 2, · · · , n V/-Þ 2× n í�ä , U)°� � °WF

|Ûíbå·.ó° � ½øu�Öý�j¶ ?

· · ·

W. n = 3 ,
1 2 3

2 3 1
Ñw2íø�/¶ , ��Ñ 12 � �

ílBbêÛ , /ß�ø�íj¶Ñ n! � , 7/�ù�íj¶�	

ìíÛï , ¹°šíb.ª|Ûk°øW ; FJcq�ø�/íb/Ñ

1, 2, 3, · · · , n−1, n ,�ù�/ a1, a2, a3, · · · , an−1, an � Ä¤Bb�kuÊ° n

_jÖ 1, 2, · · · , n í§� , U)� i _P0.Ñ i í§�b � I αi Ñ ” �

i _P0/ i ” í4” , kuF°í��Ñ n! ·N(α′1α
′
2 · · ·α′n) � âìÜ 2.1 ,

Bb°)

N (α′1α
′
2 · · ·α′r)

= n! −
(

n

1

)
(n− 1)! +

(
n

2

)
(n− 2)! −

(
n

3

)
(n− 3)! + · · ·+ (−1)n

(
n

n

)
(n− n)!

= n!

[
1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n 1

n!

]

FJ½æ 1í��Ñ (n!)2

[
1− 1

1!
+

1

2!
− 1

3!
+ · · ·+ (−1)n 1

n!

]
≈ (n!)2 ·

1

e
�

(Å)

(i) ø_§� (a1a2 · · · an) , Ju ai 6= i, i = 1, 2, · · · , n , †˚¤§�Ñø_

�§ ( Derangement ) �

(ii) ” �§ ” ×¶}·uJØä½æ ( Hatcheck Problem ) í$�\�Ü

|V ; ¹�øˇk ( °� ) ØäíA , Ê¡ã�‚vøØä%,X ,

Í(©_AQƒí·.uAÐíØä , ½¥šíœ0�Ö× ?

½æ2. ük 10, 000 í”b ( Prime ) �Öý_ ?

I p1, p2, · · · , pl Ñük 100 í”b , αi Ñ4” ” vbu pi íIb ” �

ku N (αi) =

⌊
n

pi

⌋
, N (αiαj) =

⌊
n

pipj

⌋
, · · · · · · (n = 10, 000)QO‚àìÜ 2.1

( C�˚ PIE ) , ×k 100 ük 10, 000 í”b_bÑ
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N (α′1α
′
2 · · ·α′i)− 1

= n−1−
l∑

i=1

⌊
n

pi

⌋
+

∑
i6=j

⌊
n

pipj

⌋
− ∑

i,j,k(different)

⌊
n

pipjpk

⌋
+· · ·+(−1)l

⌊
n

p1p2 · · · pl

⌋
�

Ä¤ük 10, 000 í”bí_bÑ N(α′1α
′
2 · · ·α′i) + l − 1 �

(Å)

(i) 1 .Ñ”b �

(ii) â�Àb� , b‡i n u´�”Äb , BbÉÛbv ≤ √
n í”b

Vt¹ª �

½æ3. I |A| = m , |B| = n , †â A ú@ƒ B íøAƒbøu�
n∑

i=0

(−1)i

(
n

i

)
(n− i)m �

„p. âk B 2íjÖ·b\ A 2íjÖú@ƒ , BbªJ‚à N(αi)B

2� i_jÖ³�ú@ƒí_b , αiÑ4” ,Ä¤��Ñ N(α′1α
′
2 · · ·α′n)…

ÿ�k nm −
(

n

1

)
(n− 1)m +

(
n

2

)
(n− 2)m + · · ·+

(
n

n− 1

)
(n− (n− 1))m � Ä

Ñ 0m = 0 , FJ N(α′1α
′
2 · · ·α′n) =

n∑
i=0

(−1)i

(
n

i

)
(n− i)m ¥

‚àøAƒbí–1 , BbªJj²lbÜ�2��àƒí}’Õ

¯b �

½æ4. I A Ñø_x� m _jÖíÕ¯ , †z A }’A n _Ý˛äÕ

¯íj¶bøu�
1

n!

n∑
i=0

(−1)i

(
n

i

)
(n− i)m �

„p. I B Ñø n jÕ¯ , âkø_Lø_â A ú@ƒ B íøAƒ

bªJH[ø_}’ A Õ¯AÑ n _Ý˛äÕ¯íj¶ ( n _äÕ¯Ñ

f−1(b1), f
−1(b2), · · · , f−1(bn) , w2 B = { b1, b2, · · · , bn } ) � FJzƒb2í

b1, b2, · · · , bn Ÿå.5?ÿªJ°|}’íj¶b � ¥

(Å) ,Hí}’ªJà

{
m

n

}
( m snbset n ) [ý , …ÿuF‚í�ù�

Í,Ib ( Stirlimg Number of the second kind ) �

(Å) BbÊ(Þ}y���Ü

{
m

n

}
�
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½æ5. I x1 ≤ 5 , x2 ≤ 6 £ x3 ≤ 7 , t° x1 + x2 + x3 = 13 cbjí8$

��� �

BbçÍªJàK‰�íj¶MøHp°).°íj , Í7ç‰b

‹Ö7/¸‹×v , ÿ'‘‰ , J-u‚à PIE íj¶ �

I α1, α2, α3 }�H[4” x1 ≥ 6 , x2 ≥ 7 £ x3 ≥ 8 � FJ ,

N =

(
13 + 3− 1

13

)
=

(
15

2

)
, N (α1) =

(
9

2

)
, N (α2) =

(
8

2

)
, N (α3) =

(
7

2

)
, N(α1α2) = 1 , N(α1α3) = 0 , N(α2α3) = 0 , N(α1α2α3) = 0 , FJ

N(α′1α
′
2α

′
3) =

(
15

2

)
−

(
9

2

)
−

(
8

2

)
−

(
7

2

)
+ 1 = 105− 36− 28− 21 + 1 = 21 �

¥

½æ6. ( Ú`�¶½æ ) ( The Probléme des Ménages )

� n úÚ`Êø_ö}2b)§pèkø_ 2n _P0íÆA , Ju

dìãÞbóÈ7/Ú`.ª�Êó¹íP0 ,†�Öý�é§íj¶ ?

bj²¥_½æ5‡ , Bbl�Üø_båé§½æ �

½æ7. z m(≥ 3) _AÍb 1, 2, · · · ,m YŸé§Êø_Æ˛íû¶ ( à-

Ç ) � I α(k)H[Êé§5( ,³�ó¹jÖí k jäÕ5_b �t„p

α (k) =
m

k

(
m− k − 1

k − 1

)
�

1


4


.


2


3


.


.
m


m-1


W. k = 4 , {1, 4, 6, 8} ubíWä , 7 {1, 5, 8, 10} †.u � ¤v α (4) =
10

4

(
5

3

)
= 25 �

1


4


6


2


3


5


7
10


8
9
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½æ 7 í„p. ( .Ûbñ½ŸÜ )

I αiÑFbíÕ¯2¨ÖjÖ ií_b �ku
m∑

i=1

αi = k α(k) ,ÄÑ©

_Å—í kjäÕ·�7 kŸ �ÛÊ ,5? α1 : õÒ, α1 = α2 = · · · = αm,

FJÉb�° α1 ¹ª � ÄÑ 1 ˛%ÊÕ¯2 , 2 £ m AÍ.?² , ”

-íÉbÊ {3, 4, , , · · · ,m − 1} 2²| k − 1 _.ó¹íb¹ª , ²¶�(
(m− 3)− (k − 1) + 1

k − 1

)
=

(
m− k − 1

k − 1

)
, ku)„ � ¥

½æ 6 í„p. ( IH )

lé§Ú` (Wi, Hi) 2í`ä Wi à-ÇFý , yIJ-í 2n _4

”:

P1 : H1 �Ê W1 í¬i �

P2 : H1 �Ê W1 í˝i �

P3 : H2 �Ê W2 í¬i �

P4 : H2 �Ê W2 í˝i �
...

P2n−1 : Hn �Ê Wn í¬i �

P2n : Hn �Ê Wn í˝i �

Q-Vl� N(P ′
1P

′
2 · · ·P ′

2n) ,��Ñ
n∑

k=0

(−1)k 2n

2n− k

(
2n− k

k

)
(n− k)! �

¥

Q-V�Üís_ƒbÊb�2rÆÝ�½bíiH , çÍÊlb

jÞyu.ªCÿ �

ϕ(n) ¸ µ(n)

s_£cb a, bí|×tÄbÑ 1v ,Bb˚ a, b�” ,�pÑ (a, b) =

1 � úkL<í£cb n , Bb·ªJ�|.×k n 7/¸ n �”í£c

b5_b ,«…ì2¥_¾Ñ ϕ(n) ,FJ ϕÊ¤¢˚Ñ«…ƒb �Bbz

F�.×k n/¸ n�”5£cbFAíÕ¯pÑ Φn �ílBbVl�

ϕ(n) ; âHbí!…4” , n ªJŸA”Äbí
	 , ¹ n = pe1
1 pe2

2 · · · pes
s ,

pi Ñ”b , ei ≥ 1, i = 1, 2, · · · , s , / pi 6= pj(i 6= j) � y‚à PIE , ªJ°|

ϕ(n) = n−
s∑

i=1

n

pi

+
∑
i6=j

n

pipj

− ∑
i,j,k(different)

n

pipjpk

+ · · ·+ (−1)s n

p1p2 · · · ps
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= n(1− 1

p1

)(1− 1

p2

) · · · (1− 1

ps

) = n
s∏

i=1

(1− 1

pi

)

¥³ αi H[x� pi ÑÄbí4” �

à‹ n…™Ñ”b p ,† ϕ (p) = p(1−1

p
) = p−1 ,¤v Φp = {1, 2, · · · , p−

1} ,¥uø_Ý��àíÕ¯ ,~¡5Hb{… � J-uø_Ý�½bí

!‹ �

ìÜ 2.2. n =
∑
d|n

ϕ (d)

„p. ( b�j¶ )

I S = {1, 2, · · · , n} , úk©ø_ n íÄb , ì2 A(d) = {k : (k, n) =

d, 1 ≤ k ≤ n} , 6ÿuz A(d) Ñ¸ n í|×tÄbu d íjÖFAíÕ

¯�âkç d1 6= d2 v A(d1)∩a(d2) = ∅ ,7/ S =
⋃
d|n

A(d) ,FJ A(d)$A S

íø_}’ ,ku n =
∑
d|n
|A(d)| ;ÇÕ |A(d)| = ϕ(

n

d
) (?) ,FJ n =

∑
d|n

ϕ(
n

d
),

Ou ,
∑
d|n

ϕ(
n

d
) =

∑
d|n

ϕ(d) , FJìÜ)„ �

( Hbj¶ ) ( X¡5 )

5? (Z, +) ¥_‹¶ˇ , †©_jÖ g ÌªÞA Zn íø_äˇ ; ç

(g, n) = d v , < g > 2�
n

d
_jÖ , ¥ší g � ϕ(

n

d
) _ ; âk©_jÖ

ÌªJÞA/ø$�äˇ , FJìÜ)„ � ¥

úk n = pe1
1 pe2

2 · · · pes
s ,BbVõÇø_ƒb , ( M0̈bius )lªgƒb �

µ (n) =





1, if n = 1

0, if ei > 1,

(−1)s , ∀ ei = 1.

W. µ(100) = µ(22 · 52) = 0 , µ(30) = µ(21 · 31 · 51) = (−1)3 = −1 �

â PIE , Bb?ª°|ç n > 1 v ,
∑
d|n

µ(d) = 0 � ( T“ )

J-Bbø„pø_Ê ¯ç2Ý�½bíìÜ , …í!‹6uO

±ílªg‰²t� ( M0̈bius Inversion Formula ) �

ìÜ 2.3. cq f ¸ g Ñs_ƒb°vÅ—úkF�í£cb n , f(n) =∑
d|n

g(d) � }p g(n) =
∑
d|n

f(
n

d
)µ(d) �
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„p.
∑
d|n

f(
n

d
)µ(d) =

∑
d|n

f (d) µ(
n

d
) =

∑
d|n

µ(
n

d
)
∑
d′|d

g (d′)

=
∑
d′|n

g (d′)
∑

m|
n

d′

µ (m) =
∑
d′|n

g (d′) · (d′ = n) = g(n) ¥

‚àìÜ 2.2 £ 3.3 , ªJ°)-Þít� �

ϕ (n) =
∑

d|n
µ (d)

n

d

¥

t� (1) U)l� ϕ(n) yñq �

(Å) lªgƒb�Ý�Öí@à , w2�ø_Ê}&,Ý�|±ít�

M)Ê¤T|Vzp � -� Zeta ƒb ς(s) =def

∞∑
n=1

n−s Ñì2Êµb�Þ

,õ¶×k 1 í¶M , BbªJ„p
1

ς(s)
=

∞∑
n=1

µ(n)n−s � ( öíý ? )

^kzp. ìÜ 2.1ít�u°.x�Lø_4” α1, α2, · · · , αrí_b ,B

b6ªJ°Ê r _4”2 ,/ßx� m_4”íÓ¹b �ílúk t ≥ 1,

I st =
∑

N(αi1αi2 · · ·αit) , †Bb)ƒ-ÞíìÜ �

ìÜ 2.4. (*) cq em Ñ/ßx� m _4”íÓ¹b , m ≤ r , †

em = sm −
(

m + 1

1

)
sm+1 +

(
m + 2

2

)
sm+2 −

(
m + 3

3

)
sm+3 + · · ·

+(−1)k

(
m + k

k

)
sm+k + · · ·+ (−1)r−m

(
m + r −m

r −m

)
sr � (2)

(*) ç m = 0 v (2) �¹Ñ PIE ít� � ìÜ„p¸ìÜ 2.1 éN , Ê¤

ôI �
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T“ ( Ë¡5j� )

1. „pç n > 1 v ,
∑
d|n

µ (d) = 0 �

2. I k, n, rÑ£cb ,„p x1+x2+· · · xn = r�
n∑

i=0

(−1)i

(
n

i

)(
r − ki− 1

n− 1

)

_cbjÅ— 1 ≤ xi ≤ k, i = 1, 2, · · · , n �

3. úkF�AÍb n , „p ϕ(n) ÑXb �

4. t°Õ m Ÿ�$ ( �j ) , /ß|Û n ŸAå ( n ≤ m ) í8$�Ö

ý� �

5. Ì�„p½æ 6 �
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¡5j�.

1. „pç n > 1 v ,
∑
d|n

µ (d) = 0 �

„p. I n = pe1
1 pe2

2 · · · pes
s , pi u”b , for i = 1, 2, · · · , s

µ(n) =





1 if n = 1

0 if ∃ ei > 1

(−1)s if ∀ei = 1

if d|n ⇒ d = pk1
1 pk2

2 · · · pks
s , 0 ≤ ki ≤ ei

µ(d) =





1 if ∀ki = 0

0 if ∃ ki > 1

(−1)s if ∀ki = 1

∴ 5? D ÑF� d′ = p
k′1
1 p

k′2
2 · · · pk′s

s , ki = 0or1 FA5Õ¯ , I Dj Ñ

u� j _ k′i Ñ 1 5 d′ FA5Õ¯ , Dj Ñ D 5äÕ¯ �

⇒ ∑
d|n

µ(d) =
∑

d′∈D

µ(d′) =
s∑

j=1

∑
d′∈Dj

µ(d′) =
s∑

j=1

(−1)j

(
s

j

)

=

(
s

0

)
+ (−1)1

(
s

1

)
+ (−1)2

(
s

2

)
+ (−1)3

(
s

3

)
+ · · ·+ (−1)s

(
s

s

)

= (1 + (−1))s = 0 ¥

2. I k, n, rÑ£cb ,„p x1+x2+· · · xn = r�
n∑

i=0

(−1)i

(
n

i

)(
r − ki− 1

n− 1

)

_cbjÅ— 1 ≤ xi ≤ k, i = 1, 2, · · · , n �

„p. ˛ø x1+x2+· · ·+xn = r, 0 ≤ xi5£cbjí_bÑ

(
n + r − 1

n− 1

)

¢ç xi ≥ 1 v , x1 + x2 + · · ·+ xn = r 5£cbjí_bÑ(
n + (r − n)− 1

n− 1

)
=

(
r − 1

n− 1

)
( i.e. l} 1 #©ø_ xi )

¢I αi Ñ xi > k í4”

∴ N(α′iα
′
2α

′
3 · · ·α′n) =

(
r − 1

n− 1

)
−

(
n

1

)(
r − k − 1

n− 1

)
+

(
n

2

)(
r − 2k − 1

n− 1

)
+

· · ·+ (−1)n

(
n

n

)(
r − nk − 1

n− 1

)
=

n∑
i=0

(
n

i

)(
r − ik − 1

n− 1

)
¥
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3. úkF�AÍb n , „p ϕ(n) ÑXb �

„p. I n = pe1
1 pe2

2 · · · pes
s , pi u”b , for i = 1, 2, · · · , s

«…ƒbϕ(n) = n
s∏

i=1

(1− 1

pi

) , ÑF�ük n /¸ n �”í£cb_

b

ϕ(n) = n
s∏

i=1

(1− 1

pi

)

= (pe1
1 pe2

2 · · · pes
s ) · (1− 1

p1

)(1− 1

p2

)(1− 1

p3

) · · · (1− 1

ps

)

= (pe1
1 pe2

2 · · · pes
s ) · (p1 − 1

p1

)(
p2 − 1

p2

)(
p3 − 1

p3

) · · · (ps − 1

ps

)

= (pe1−1
1 pe2−1

2 · · · pes−1
s ) · (p1 − 1)(p2 − 1)(p3 − 1) · · · (ps − 1)

1◦ If n = 2 ⇒ ϕ(2) = 1

2◦ If n ≥ 3 ∃pi ≥ 3 and pi is odd or pi = 2 and ei ≥ 2

∴ Pi−1 is even or (pe1−1
1 pe2−1

2 · · · pes−1
s )iseven is even ( ∵ pe1−1

i = 2ei−1)

Hence ϕ(n) is even ∀n ≥ 3 � ¥

4. t°Õ m Ÿ�$ ( �j ) , /ß|Û n ŸAå ( n ≤ m ) í8$�Ö

ý� �

j�. â n Ÿ!‹2¦| m ŸÑAå , wì†Ñå , Ä¤u�

(
m

n

)

� � ¥

5. Ì�„p½æ 6 �

„p.

W


W


W


W


W


W


W
 1


2


3


4


5


6


7
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lé§Ú` (Wi, Hi) 2í`ä Wi à,ÇFý , yIJ-í 2n _4

” :

P1 : H1 �Ê W1 í¬i �

P2 : H1 �Ê W1 í˝i �

P3 : H2 �Ê W2 í¬i �

P4 : H2 �Ê W2 í˝i �
...

P2n−1 : Hn �Ê Wn í¬i �

P2n : Hn �Ê Wn í˝i �

â,)ø , Pi ¸ Pi+1 .}°vêÞ , FJúF� i = 1, 2, · · · , 2n ,

N(Pi, Pi+1) = 0 , ¤Tì2 P2n+1 = P1 �

cJBbYåø¥ 2n _4”§�Aø_˛ , ç {Pi1 , Pi2 , · · · , Pik} ¨
Ö�ù_Ê¤˛,ó¹í4”v , † N(Pi1 , Pi2 , · · · , Pik) = 0 �

ku , ªR) :

(a) ç n < k ≤ 2n , N(Pi1 , Pi2 , · · · , Pik) = 0 ;

(b) ç 1 ≤ k ≤ n ,

N(k) =
∑

1≤i1<i2<···<ik≤2n

N(Pi1 , Pi2 , · · · , Pik)

=
2n

k

(
2n− k − 1

k − 1

)
· (n− k)!

N(P ′
i1
, P ′

i2
, · · · , P ′

ik
) =

2n∑
k=0

(−1)kN(k) ( ‚à GPIE )

=
2n∑

k=0

(−1)k 2n

k

(
2n− k − 1

k − 1

)
· (n− k)!

=
2n∑

k=0

(−1)k 2n

2n− k

(
2n− k

k

)
· (n− k)! ¥
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3. ÞAƒb ( Generating functions )

Ê ¯bç2Bb��}Xƒl�ø�¾ , …}ÓO k íZ‰7�

F.° ; ¥�¾BbªJz…;Au k íƒb , J f(k) [ý , C�ÀJ

ak [ý � J-uø_½æ , …øªJ\R�A,Hí$� �

½æ1. ñ‡«ÞíêWøu�øj � üj � �j � ü�jû��$ , Û

ÊJzø"ìjˆ�²Ar¶u�$ , øu�Öý�.°íj¶ ?

(Å) à‹Bbz½æ;A : à�$VEA k jíj¶bÑ ak , †Bbu

Ê° ak , -�Ñø<�ÀíbW � a0 = 1, a1 = 1, a2 = 1, a3 = 1, a4 = 1, a5 =

2, a6 = 2, · · ·

0 1 1 1 1 1 1 1 1 1 1 · · ·
0 5 5 5 5 5 5 5 5 5 5 · · ·
0 10 10 10 10 10 10 10 10 10 10 · · ·
0 50 50 50 50 50 50 50 50 50 50 · · ·

Ç 1

Ê,ÞÇ 1 2 , BbøÊ©ø�®²ø# ( •�( ) , JJø_ x H

[øj , †ªJ�²A-� :

(1+x+x2+· · · )(1+x5+x10+· · · )(1+x10+x20+· · · )(1+x50+x100+· · · ) (1)

à‹z (1) �“A
∞∑

k=0

akx
k í$� , † ak ÑF° �

Ê¥³
∞∑

k=0

akx
k Ñø4�b ( Power series ) , �É4�bíY¹Õ”

£®�«� , Bbcq®P°ç·˛7j ( �� ) � .¬Ñ7ZkÞAƒ

bíû˝ , -Þcqu.bí �

(cq)
∞∑

k=0

akx
k Ê x õY¹ �

ì2 3.1. b� (ak) íÞAƒbÑ G(x) =
∞∑

k=0

akx
k �

Bb.ØêÛ (1) �ªJŸA
1

1− x
· 1

1− x5
· 1

1− x10
· 1

1− x50
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Ñ7°½æ (1) íj , Bbcq

1

1− x
=

∞∑
n=0

Anxn

1

(1− x)(1− x5)
=

∞∑
n=0

Bnxn

1

(1− x)(1− x5)(1− x10)
=

∞∑
n=0

Cnxn

1

(1− x)(1− x5)(1− x10)(1− x50)
=

∞∑
n=0

Dnxn

An = Bn = Cn = Dn = 0,∀n < 0

âk

∞∑
n=0

Anxn = (1− x5)
∞∑

n=0

Bnx
n =

∞∑
n=0

Bnx
n −

∞∑
n=0

Bnxn+5

Ä¤

An = Bn −Bn−5 (2)

²k5

Bn = An + Bn−5 (3)

Cn = Bn + Cn−10 (4)

Dn = Cn + Dn−50 (5)

â (3) , (4) , (5) £ An = 1,∀n ≥ 0, B0 = C0 = D0 = 1 , BbªJ°)

D100 ¹Ñ½æ 1 í�� �

ª½µ²Ïí ¯ ( ÞAƒbí–1 ).

½æ2. I Hn
r ÑÊ n �Ó¹2 , ª½µ²Ï ( ©šÓ¹ ) r _Ó¹í.°

j¶b , ° H10
6 �
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‚àóNí–1BbªJ°) (Hn
r ) íÞAƒbÑ (1 + x + x2 + · · · )n

= (
1

1− x
)n � ÄÑ (1 + x)n =

∞∑
k=0

(
n

k

)
xk 2í n ªJR�Bõb , Ä¤

(1 + x)α =
∑
k

(
α

k

)
xk , α ∈ R, |x| < 1 (6)

ku‚à (6) , (1 + (−x))−n =
∑
k

(−n

k

)
(−x)k , Bb°)

(Hn
r ) =

(−n

r

)
(−1)r =

(−n)(−n− 1) · · · (−n− r + 1)

1 · · · · · · r (−1)r

=
(n + r − 1)(n + r − 2) · · · (n + 1)n

r!
=

(
n + r − 1

r

)

FJ (H10
6 ) =

(
15

6

)

½æ3. _ø_£cbŸA£cb¸íj¶�Öý� ?

I n Ñ#ìí£cb , p(n) H[}’íj¶b � ÛÊ5? f(x) =

(1 + x + x2 + · · · )(1 + x2 + x4 + · · · )(1 + x3 + x6 + · · · ) · · · (1 + xn + x2n + · · · ),
éÍ p(n)H[ f(x)2 xn 2í[b ;FJ f(x)AÍAÑ p(n)íÞAƒb�

f(x) 6ªJŸA
n∏

i=1

(1− xi)−1 � (7)

‚à,H[ý¶úkj² p(n) l�í½æéÍ.xØ×í<2 , Í

7 ,çBbz nTªœÔyí}’v , (7)ÿªJ6,ø<� � Wà ,z n

}’Ar¶·uóæ£cbíj¶bÿ}�kz n }’Ar¶uJbí

j¶b : ÄÑ‡6 pd(n) íÞAƒbÑ

(1 + x)(1 + x2)(1 + x3) · · · (1 + xn) · · · (8)

7(6 p0(d) íÞAƒbÑ
1

1− x
· 1

1− x3
· · · · · 1

1− x2k+1
· · · · (9)

âk (8) �D (9) �ó� , FJ pd(n) = p0(n) �

ÇÕø_Wäu}’A m¶Míj¶bD}’A n¶M|×bu m

íj¶bó� � ( T“ )

½æ4. „p

1

1− x
= (1+x+x2+· · ·+x9)(1+x10+x20+· · ·+x90)(1+x100+· · ·+x900) · · ·

à‹bòQ„p¥_��1.ñq ,Ou‚à ¯í–1ÿ'ñq �
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˝�2Lø_ xk í[bÑ 1 , 7¬�2ªJõ|b°| xk í[bÛ

bõ k ¥_bí�ªP[ý¶ ,�ø_�UH[_Pb ,Í(�Pb , ì

Pb�� ,éÍ ¯íj�É�ø_ ,FJ xk í[b6u 1 ,¥ÿ„p7

˝¬s�0� �

½æ5. °b� (1, 2, 3, · · · ) íÞAƒb
>õ5-Bb³�Bóßj¶ , Éø− f(x) = 1 + 2x + 3x2 + · · · , Í

7çBbõ
1

(1− x)n
v ,ÿ}ø− (1−x)−n =

∞∑
k=0

(
k + n− 1

k

)
xk ,¤v ,ç

n = 2 v , ak =

(
k + 1

k

)
= k + 1 , FJ f(x) =

1

(1− x)2
� ¥

( Å ) �2íÞAƒb

F (x) =
∞∑

k=0

akµk(x) Ñb� (ak) íøOÞAƒb , ¥³í µk(x) ¢˚

Ñ™ýƒb ( Indicator functions ) � µk(x) í²Ïb¯¯-�‘K : ¹ç

(ak) 6= (bk) v ,
∞∑

k=0

akµk(x) 6=
∞∑

k=0

bkµk(x) � Wà : BbªJI µk(x) = cos kx�

( why? ) Ou|�àíuI µk(x) = xk �

NbÞAƒb ( Exponential Generating Functions ) .

ì2 3.2. F (x) =
∞∑

k=0

ak

k!
µk(x) Ñb� (ak) íNbÞAƒb , w2 µk(x) Ñ

™ýƒb �

Ñ7jZn� , BbI µk(x) = xk , Ä¤ (ak) íNbÞAƒbÑ

F (x) =
∞∑

k=0

ak

k!
xk �

W. ak = 1, k = 0, 1, 2, · · · , (ak) íNbÞAƒbÑ ex �

W. I P (n, k) Ñø_ n− Õ2¦| k _jÖFdAí§�b , †

P (n, k) = C(n, k) · k! =

(
n

k

)
· k!

ÄÑ

(1 + x)n =
n∑

k=0

(
n

k

)
xk =

n∑
k=0

(
n

k

)
· k!

k!
xk =

n∑
k=0

P (n, k)

k!
xk
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FJ (P (n.k))íNbÞAƒbÑ (1 + x)n ,¥¸ C(n, k)íÞAƒbó

° , yøŸzp7 P (n, k) ¸ C(n, k) 5ÈÉÏ7 k! �

½æ6. à a, b, c V Aø_Å�.×k 5 íå , Ê|Öªàø_ b , ø_

c £ú_ a í8”- , ½j¶�Öý� ?

à‹BbÉõ ¯ , †à-�ªJõ|.°í ¯j� �

(1 + ax + a2x2 + a3x3)(1 + bx)(1 + cx)

OuBbb°í��u§� , Ä¤Bb‚àNbÞAƒb , ¹

(1 +
a

1!
x +

a2

2!
x2 +

a3

3!
x3)(1 +

b

1!
x)(1 +

c

1!
x)

= 1 + (
a

1!
+

b

1!
+

c

1!
)x + (

bc

1!1!
+

a2

2!
+

ab

1!1!
+

ac

1!1!
)x2

+(
a3

3!
+

abc

1!1!1!
+

a2b

2!1!
+

a2c

2!1!
)x3 + (

a2bc

2!1!1!
+

a3b

3!1!
+

a3c

3!1!
)x4 +

a3bc

3!1!1!
x5

ÛÊBbªJ°|.°íj¶b , WàÅ�Ñ 3 íj¶� 3!(
1

3!
+

1

1!1!1!
+

1

2!1!
+

1

2!1!
) = 1 + 6 + 3 + 3 = 13 � � ( I a = b = c = 1 ) ½æ

6 6ÿªJ°|�� �

½æ7.

{
n

k

}
í°¶ �

I T (n, k) Ñz n _jÖ}Ê k _�Ÿå§ìíÝ˛Õ¯5j¶b ,

† T (n, k) =

{
n

k

}
· k! � Ñ7°

{
n

k

}
, Bblv| (T (n, k)) íNbÞA

ƒb � I C(i) H[jÖ i \}ƒíÕ¯ , † T (n, k) ªJ;Auà k �Ó

¹V$Aíø_ n _P0í§� C(1)C(2) · · ·C(n) , FJ (T (n, k)) íÞA

ƒb H(x) = (
x

1!
+

x2

2!
+ · · · )k = (ex − 1)k � ( ÄÑÕ¯Ý˛ , FJ³� 1 )

‚àùá��Ç�

H(x) = ((−1) + ex)k

=
k∑

i=0

(
k

i

)
(−1)i(ex)k−i

=
k∑

i=0

(
k

i

)
(−1)i

∞∑
n=0

1

n!
(k − i)nxn

=
∞∑

n=0

xn

n!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n
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FJ T (n, k) =
k∑

i=0

(−1)i

(
k

i

)
(k − i)n ,

¹

{
n

k

}
=

1

k!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n

T“ ( Ë¡5j� )

1. ‚à G.F. °j˙� x1 + x2 + x3 = 12 2�Öý ÝŠcbj , w2

j xi(i = 1, 2, 3) ·.×k 6 �

2. Ê½æ 1 2° D100 �

3. Ê RNA í@à,Bbøbà|Ö 3 _ A , 3 _ G , 2 _ C £ 1 _ U

V AÅ�Ñ k íš ( b5?Ÿå ) , ° k = 2, 3, 4 j¶b®Öý �

à‹ A , G , U ªJÌÌËUà , 7 C É?|ÛXb_ , ° k = 5 í

j¶b �

4. t°à.ó>5úi(zø_o n i$}Ar¶·uúi$íj¶

b dn � ( d3 = 1 , d4 = 2 , d5 = 5 , d6 = 14 , · · · )

( Hint : I d2 = 1 , ÞAƒbÑ g(x) =
n∑

k=2

dkx
k , lv| dn = d2dn−1 +

d3dn−2+· · ·+dkdn+1−k+· · ·+dnd3+dn−1d2 ,Í(°| [g(x)]2 = −x3+xg(x),

g(x) =
1

2
x[1− (1− 4x)]

1

2 , · · · � )

5. „pzø_£cb}’A m¶Míj¶b/�k}’A n¶M|×

bu m íj¶b �
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¡5j�.

1. ‚à G.F. °j˙� x1 + x2 + x3 = 12 2�Öý ÝŠcbj , w2

j xi(i = 1, 2, 3) ·.×k 6 �

j�.

If(x) = (1 + x + x2 + x3 + · · ·+ x6)3

= (
1− x7

1− x
)3

= (
1

1− x
− x7

1− x
)3

= (
1

1− x
)3 − 3x7 · ( 1

1− x
)
3

+ 3(x7)2(
1

1− x
)3 − (x7)3 · ( 1

1− x
)3

I g(x) = (
1

1− x
)3 , bk Ñ xk í[b

⇒ f(x) = g(x)− 3x7g(x) + 3x14g(x)− x21g(x)

† f(x) í x12 á[b a12 = b12 − 3b5 = H3
12 − 3H3

5 = 28

2. Ê½æ 1 2° D100 �

j�. z 100 j²A 1 j , 5 j , 10 j , 50 jÉÂíj¶bÑ f(x) =
∞∑

k=0

akx
k í x100 á[b a100

f(x) = (1 + x + x2 + x3 + · · · )(1 + x5 + x10 + · · · )(1 + x10 + x20 + · · · )(1 +

x50 + x100 + · · · ) = (
1

1− x
)(

1

1− x5
)(

1

1− x10
)(

1

1− x50
)

I

(
1

1− x
) =

∞∑
n=0

Anx
n

(
1

1− x
)(

1

1− x5
) =

∞∑
n=0

Bnxn

(
1

1− x
)(

1

1− x5
)(

1

1− x10
) =

∞∑
n=0

Cnx
n

(
1

1− x
)(

1

1− x5
)(

1

1− x10
)(

1

1− x50
) =

∞∑
n=0

Dnx
n
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⇒ An = Bn −Bn−5

Bn = Cn − Cn−10

Cn = Dn −Dn−50

D100 = C100 + C50 + D0

= B100 + B90 + B80 + B70 + B60 + 2C50 + D0

= (B100 + · · ·+ B60) + 2(B50 + · · ·+ B10) + 2C0 + D0

= A100 + A95 + 2A90 + 2A85 + 3A80 + 3A75 + 4(A70 + A65)

+ 5(A60 + A55) + 7(A50 + A45) + 9(A40 + A35) + 11(A30 + A25)

+ 13(A20 + A15) + 15(A10 + A5) + 15B0 + 2C0 + D0

= 1 + 1 + 2 + 2 + 3 + 3 + 4 + 4 + · · · = 158

3. Ê RNA í@à,Bbøbà|Ö 3 _ A , 3 _ G , 2 _ C £ 1 _ U

V AÅ�Ñ k íš ( b5?Ÿå ) , ° k = 2, 3, 4 j¶b®Öý �

à‹ A , G , U ªJÌÌËUà , 7 C É?|ÛXb_ , ° k = 5 í

j¶b �

j�.

(1 +
x

1!
+

x2

2!
+

x3

3!
)2 · (1 +

x

1!
+

x2

2!
) · (1 +

x

1!
) · · · (1)

k = 2 v ,

(1) �ªJà (ex)2 · (ex)(1 + x) H�

⇒ IÞAƒb f(x) = (ex)2 · (ex)(1 + x) = e3x(1 + x)

⇒ x2 áí[b a2 = 2! · (3
2

2!
+

31

1!
) = 15 ( ∵ ex =

x

1!
+

x2

2!
+

x3

3!
+ · · · +

xk

k!
+ · · · )
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k = 3 v ,

(1) �ªà (ex)2 · (1 + x +
x2

2
)(1 + x) H�

⇒ IÞAƒb f(x) = (ex)2 · (1 + x +
x2

2
)(1 + x)

= e2x(1 + x +
x2

2
+ x + x2 +

x3

2
)

= e2x(1 + 2x +
3

2
x2 +

1

2
x3)

⇒ x3 áí[b a3 = 3! · (2
3

3!
+ 2× 22

2!
+

3

2
× 21

1!
+

1

2
) = 53

k = 4 v ,

(1) �ªà (ex − x4

4!
)2 · (1 + x +

x2

2
)(1 + x) H�

⇒ IÞAƒb f(x) = (ex − x4

4!
)2 · (1 + x +

x2

2
)(1 + x)

= (e2x − 2 · x4

4!
· ex +

x8

(4!)2
)(1 + 2x +

3

2
x2 +

1

2
x3)

⇒ x4 áí[b a4 = 4! · (2
4

4!
+ 2× 23

3!
+

3

2
× 22

2!
+

1

2
× 21

1!
− 2

4!
) = 172

ÄÑ A,G,U ªJÌÌUà C , Ou C É?UàXb_

⇒ IÞAƒb f(x) = (ex)3 · (e
x + e−x

2
) =

1

2
e4x +

1

2
ex

⇒ x5 áí[b a5 = 5! · (1
2
× 45

5!
+

1

2
× 25

5!
) = 528

ex + e−x

2

=
1

2
[(

x

1!
+

x2

2!
+

x3

3!
+ · · ·+ xk

k!
+ · · ·) + (− x

1!
+

x2

2!
− x3

3!
+ · · ·+ (−1)k xk

k!
+ · · ·)]

=
x2

2!
+

x4

4!
+

x6

6!
+ · · ·+ x2k

2k!
+ · · ·
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4. t°à.ó>5úi(zø_o n i$}Ar¶·uúi$íj¶

b dn � ( d3 = 1 , d4 = 2 , d5 = 5 , d6 = 14 , · · · )

( Hint : I d2 = 1 , ÞAƒbÑ g(x) =
n∑

k=2

dkx
k , lv| dn = d2dn−1 +

d3dn−2+· · ·+dkdn+1−k+· · ·+dnd3+dn−1d2 ,Í(°| [g(x)]2 = −x3+xg(x),

g(x) =
1

2
x[1− (1− 4x)]

1

2 , · · · � )

hô. I dn Ñzo n i$}Ñr¶·uúi$íj¶b

I a1, a2, a3, · · · , an Ño n i$í n _Ýõ

	ì a1a2 Ñøúi$í�i , †Ýõ•O a3, a4, a5, · · · , an ‰�

øŸVío n i$}Ño k i$£o n + 1− k i$

†¤víj¶bÿÑ dk · dn+1−k

Ä¤øF�í}¶‹–V¹Ñ dn

i.e. dn = d2dn−1 + d3dn−2 + · · ·+ dkdn+1−k + · · ·+ dn−2d3 + dn−1d2

Ex:

a
4


a
3
 a
3
 a
3
 a
3


a
4
 a
4
 a
4
a
5
 a
5
 a
5
 a
5


a
6
a
6
a
6
a
6


a
1
a
2
a
1
a
2
a
1
a
2
a
1
a
2


Check :

1◦ ( .½µ )

Ls Ju�ó°í}¶ , cquÝõÑ ai D aj , ai 6= aj

⇒4a1a2ai D 4a1a2aj Ê°ø�}¶2|Û

⇒ .ì}|Û�úi(ó>í8$ ( .¯ ) ∴ ai = aj

i.e. Ls Èí}¶.}ó°
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2◦ ( .³Õ )

Lø�}¶.ìæÊ�ø_úi$¨Ö a1a2 ¥_i

7¨Ö a1a2 iíúi$·¨ÖÊ¥ n− 2  2

I d2 = 1 , ÞAƒbÑg(x) =
∞∑

k=2

dkx
k

[g(x)]2 = (
∞∑

k=2

dkx
k) · (

∞∑
k=2

dkx
k)

= d2d2x
4 + (d2d3 + d3d2)x

5 + (d2d4 + d3d3 + d4d2)x
6

+ · · ·+
k∑

k=2

d2dk−1x
k+1 + · · ·

= d3x
4 + d4x

5 + d5x
6 + · · ·+ dkx

k+1 + · · ·
= x(d2x

2 + d3x
3 + d4x

4 + d5x
5 + · · ·+ dkx

k + · · · )− d2x
3

= xg(x)− x3

⇒ [g(x)]2 − xg(x) + x3 = 0

⇒ g(x) =
x±√x2 − 4x3

2
=

1

2
x · (1±√1− 4x)

ªœ xøŸáí[b ,ø 0Hp
g(x)

x
⇒ 1

2
· (1±√1− 4x) = 0 ,Ê

x = 0 ív`

∴ g(x) =
1

2
x · (1−√1− 4x)

=
x

2
+ (−1

2
(1− 4x)

1

2 ) · x
∴ xn Ÿáí[b

dn = −1

2

( 1

2
n− 1

)
· (−4)n−1

= (−1)n−2 · 22n−3 ·
1

2
× (−1

2
)× (−3

2
)× (−5

2
)× · · · × (−2n− 5

2
)

(n− 1)!

= (−1)n−2 · 22n−3 · (−1)n−2 · (1
2
)n−1 · 1× 1× 3× 5× · · · × (2n− 5)

(n− 1)!

= 2n−2 · (2n− 5)!

(n− 1)! · (2× 4× 6× · · · × (2n− 6))

= 2n−2 · (1
2
)n−3 · 1

(n− 1)
· (2n− 5)!

(n− 2)! · (n− 3)!

=
2

(n− 1)
·
(

2n− 5

n− 2

)
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5. „pzø_£cb}’A m¶Míj¶b/�k}’A n¶M|×

bu m íj¶b �

„p. ílBbì2S‚ Ferrers diagram : J P Ñ£cb nø�}’

¶ n = n1 + n2 + · · ·+ nk(n1 ≥ n2 ≥ · · · ≥ nk) , † Ferrers diagram (F(P))

ÑøârU Aí³� , ©ø�rUîÔ˝ú5 , /� i �Ö� ni

_rU � 1ì2 F t(P ) Ñ F (P ) í�0ä³ � ÔWzpà- :

P : 15 = 6 + 3 + 3 + 2 + 1

F (P ) =





∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗
∗

F t (P ) =





∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗
∗
∗
∗

I P Ñz£cb n}’A m¶MíF�j¶íøí ; QÑ}’A n

¶M/|×bu m íøí �

ì2 : f : P → Q Ñ : ú©ø p ∈ P , f(p) Ñ}’£cb n íø_j

¶, /w Ferrers diagram Ñ F t(P ) � Ä F t(P ) ¸ F (P ) Ñu	É[ , /

'ñqõ| f Ñø_øúø/øAíƒb , YW Bijection Principle ,

Bb)ø |P | = |Q| , ]ìÜ)„ � ¥
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4. ]cÉ[ ( Recurrence Relations )

Ö�J‡ , øP��ÅÙ Shirham , ÄÑFí�ó Sissa Ben Dahir ê

p7a¸L , FJFà�@¥P�6íø_¯Üb°dÑÝ� � ¥Pl

ÞT|7-�í~° : Fı�ÅÙ#Fø<� , ªJYŸ[Êa¸Lí

�ä2 , �ø�[øÅ� , �ù�Ñ�ø�5sI , �ú�Ñ�ù�ís

I , J-éR , øòƒ|(ø�[ßÿªJ7 �

íl , BbVõ˝§Ê� k �[7ÖýÅ� � I� k �[7 tk Å�,

†BbÖÍÌ¶
…° tk , Ouç k ≥ 2 v , tk = 2tk−1 � ¥ší��éý

| , Éb°| tk−1 , tk ÿCr7j � à¥�j�F[ý|Ví�ä , Bb

˚5Ñ]cÉ[ , ¹‚à‡Þ�� ( ª?þ„°| ) V°(Þí�� �

Ñ7j²,Þí ( ]cÉ[ ) ½æ , BbªJ‚à¥µUà ( Itera-

tion) íŸÜ : tk = 2tk−1 = 2 · 2 · tk−2 = · · · = 2k−1 · t1 , Í(Hp t1 = 1

¥_–áM ( Initial value(s) ) , ÿ°| tk = 2k−1 � QOy‚àóNí]

cÉ[Võõ¥P�6øu)ƒÖýÅ� � Iƒ� k �Ñ¢,u)ƒ sk

Å� , Ä¤ sk+1 = sk + tk+1 = sk + 2k , ku.Ø°| s64 = 264 − 1 =

18, 446, 744, 073, 709, 551, 615 � _ ! ßÖ� !

½æ1. ( ô.ä½æ )

cqBbô7øúæ4.ä ( ¯±ºO ) , 7/©_~·}Þ|øú

æ4.ä , Þ|Víü.ä·}Ês_~(ÅA7/ÇáÞ|øúæ4

ü. , à‹BbcqF�í.ä·øòºO , 7/É�Þ|Víøún

}Ês_~(Þ|Çøú , ½ø�(u�Öýú.ä �

íl , IÊ� k _~í�øÙv , .äøu� Fk ú � ¹ F1 = 1, F2 =

2, F3 = 3, F4 = 5, F5 = 8, F6 = 13, F7 = 21, · · · � *,HíMBb.Øõ|]
cÉ[

Fk = Fk−1 + Fk−2 (1)

¥6ªJâ½æícq°|V � Ê-ø�BbyV° Fn , .¬à‹

bà (1)V„p Fn =
(
1 +

√
5

2
)n+1 − (

1−√5

2
)n+1

√
5

1.Ø � (òQHpl�)
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à]cÉ[õ�§ ( Derangement )

·æ 4.1. t„ Dn+1 = n(Dn−1 + Dn) �

„p. I α =

(
1 2 3 · · · n n + 1

a1 a2 a3 · · · an an+1

)
ÑL<íø_�§ , / a1 =

k, k = 2, · · · , n + 1 �ÛÊõ ak ,ç ak = 1v ,§�íj�u� Dn−1 � � Ê

ak 6= 1v ,ªJz k çA 1 ,§�j�ø}� Dn � (àÇ 4.1 ) ,Ä¤Bb

„p7·æ 1 �

α =

(
1 2 3 · · · k − 1 1 k + 1 · · · n n + 1

a1 a2 a3 · · · ak−1 ak ak+1 · · · an an+1

)

Ç 4.1

½æ2. (.ª!¯í«� )cq ◦ÑÕ¯2íø_ùj«� ,âk!¯


.øìA
 , FJ x1 ◦ x2 ◦ x3 ◦ · · · ◦ xn, n ≥ 3, xi ∈ S, i = 1, 2, · · · , n , 1³�

<2 ; FJBbÛb_çË‹p�U � I µn [ý‹p�Uíj� (.°)

5,b � ° µn �

Bb.Ø°| µ2 = 1, µ3 = 2, µ4 = 5 ( a(b(cd)), a((bc)d), (ab)(cd), ((ab)c)d,

(a(bc))d ) � °v6ªvƒ]cÉ[ ( T“ )

µn =
n−1∑
m=1

µmµn−m ( n ≥ 2 ) � (2)

j : I

f(x) =
∞∑

n=1

µnx
n (µ1 = 1)

= µ1x + µ2x
2 + . . .

= x +
∞∑

n=2

µnxn

= x +
∞∑

n=2

(
n−1∑
m=1

µmµn−m)xn

= x +
∞∑

n=2

(µ1µn−1 + µ2µn−2 + . . . + µn−1µ1)x
n

= x + [f(x)]2
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[f(x)]2 − f(x) + x = 0

∴ f(x) =
1±√1− 4x

2

(1− 4x)
1
2 =

∞∑
n=0

(
1
2

n

)
(−4x)n

=
∞∑

n=0

(−4)n

(
1
2

n

)
xn

=
∞∑

n=0

(−4)n
1
2
(1

2
− 1)(1

2
− 2) · · · (1

2
− n + 1)

n!
xn

= 1−
∞∑

n=1

4n ·
1
2
(1− 1

2
)(2− 1

2
) · · · (n− 1− 1

2
)

n!
xn

= 1−
∞∑

n=1

2n · 1 · 1 · 3 · 5 · . . . · (2n− 5)(2n− 3)

n!
xn

= 1−
∞∑

n=1

2n

n
· 1 · 3 · 5 · . . . · (2n− 3)

(n− 1)!
xn

= 1−
∞∑

n=1

2

n
· 2n−1 · (n− 1)! · 1 · 3 · 5 · . . . · (2n− 3)

(n− 1)!(n− 1)!
xn

= 1−
∞∑

n=1

2

n
· (2n− 2)!

(n− 1)!(n− 1)!
xn

= 1−
∞∑

n=1

2

n

(
2n− 2

n− 1

)
xn

¦ f(x) =
1−√1− 4x

2
, † f(x) =

1

2

∞∑
n=1

2

n

(
2n− 2

n− 1

)
xn ,

FJ µn =
1

n

(
2n− 2

n− 1

)
�

½æ 2 íjéÍuàÞAƒbíj¶°|Ví , BbÛÊ�ÜÇø

�j¶ �

Ô�;íj¶ ( The Method of Characteristic Roots ) .

ílBbVõs_Wä �
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W1. an = 2an−1 + 3an−2, n ≥ 2, a0 = 0, a1 = 1 �

akx
k = 2ak−1x

k + 3ak−2x
k, k ≥ 2

∞∑
i=2

aix
i = 2

∞∑
i=2

ai−1x
i + 3

∞∑
i=2

ai−2x
i

= 2x
∞∑
i=2

ai−1x
i−1 + 3x2

∞∑
i=2

ai−2x
i−2 (3)

I G(x) =
∞∑
i=0

aix
i , † (3) �ªJ“A

G(x)− a0 − a1x = 2x(G(x)− a0) + 3x2 ·G(x) ,

G(x) =
+a0 + a1x− 2xa0

1− 2x− 3x2

Hp a0, a1 £‚à¶M}�ª°)

G(x) =
1
4

1− 3x
+

−1
4

1 + x

Ä¤ G(x) =
1

4

∞∑
i=0

3ixi − 1

4

∞∑
i=0

(−1)ixi

an =
1

4
3n − 1

4
(−1)n �

[ hô ]

1. 3n, (−1)n îÑ an = 2an−1 + 3an−2 íj � ( .cq a0 = 0 £ a1 = 1 )

2. 3 D −1 Ñ α2 − 2α− 3 = 0 5sóæ; �

3. 2 . ªJâcq an = αn °) �

W2. an = 6an−1 − 9an−2, a0 = 1, a1 = 2, n ≥ 2 �

‚à¸W 1 ó°íj¶ªJ°)

G(x) =
C1

1− 3x
+

C2

(1− 3x)2

= C1

∞∑
i=0

3ixi + C2

∞∑
i=0

(
i + 1

i

)
3ixi �
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Ä¤

an = C13
n + C2(n + 1)3n

= (C1 + C2)3
n + C2n · 3n

‚à a0 = 1, a1 = 2 , ª°| C1 =
4

3
, C2 = −1

3
, Ä¤jÑ

an = 3n − 1

3
· n · 3n = 3n − n · 3n−1 �

[ hô ]

1. 3n £ n · 3n îÑj � ( .cq a0 = 1 £ a1 = 2 )

2. 3 Ñj˙� α2 − 6α + 9 = 0 5sóæ; �

3.
α

(1− βx)t
= α

∞∑
k=0

(
t + k − 1

k

)
βkxk, t ≥ 1 �

â,Þs_Wä ,BbªJêÛ ,°|_çj˙�5jÿªJ)ƒs

_Wäí�� �

==== ( J-Ü�¶MTX°ç¡5 )

ì2 4.2. ø_]cÉ[Jw$�Ñ an = c1an−1+c2an−2+· · ·+cpan−p, n ≥
p / c1, c2, · · · , cp 6= 0 Ñ�b , †¤]cÉ[Ñ�[b(45Ÿ]cÉ[ �

Ñ7°]cÉ[ an =
p∑

i=1

cian−i, n ≥ p, cp 6= 0 v an í ( ñø ) j , B

bÛb a0, a1, · · · , ap−1 � p _M , ¥<M¢˚Ñ–áM ( initial values ) 6

˚Ñu¤]cÉ[í–á‘K � â,Þs_Wä , BbêÛ an ªJŸA

αn
1 , αn

2 , · · · , αn
p í(4 ¯Cu αn

1 , nαn
1 , · · · , ntαn

1 , αn
2 , nαn

2 , · · · í(4 ¯ ,

¥²ìkj˙�

αp − c1α
p−1 − c2α

p−2 − · · · − cp = 0 (4)

u´�½; � j˙� (4) ˚ÑÔ�j˙� ( Characteristic equation ) ( ¥j

˙�uâcq an = αn )V � ) …í;˚ÑÔ�; ( Characteristic roots ) �

ìÜ 4.3. I α1, α2, · · · , αpÑ�[b(45Ÿ]cÉ[ an =
p∑

i=1

cian−i, n ≥ p,

í p Ô�; , † an = λ1α
n
1 + λ2α

n
2 + · · · + λpα

n
p Ñ¤]cÉ[íj , w2

λ1, λ2, · · · , λp Ñ�b � °v , à‹¤ p _;î.ó� , †]cÉ[íj.

Ñ,H$� , 7/j6ªJâ a0, a1, · · · , ap−1 íMVñø²ì �
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„p. ‡š¶Mí„pªJòQHp�� , Ê¤ôI � Bbõ� 2 ¶M �

âk an = λ1α
n
1 + λ2α

n
2 + · · ·+ λpα

n
p Ñøj , FJ




λ1 + λ2 + · · ·+ λp = a0

λ1α1 + λ2α2 + · · ·+ λpαp = a1

...

λ1α
p−1
1 + λ2α

p−2
2 + · · ·+ λpα

p−1
p = ap−1

(5)

:
j˙ 5 ªJàä³í$�[ýA A~x = ~b ,

A =




1 1 · · · 1

α1 α2 · · · αp

α2
1 α2

2 · · · α2
p

...

αp−1
1 αp−2

2 · · · αp−1
p




, ~x =




λ1

λ2

λ3

...

λp




, ~b =




a0

a1

a2

...

ap−1




â(4Hbí!…4” ,Bbø−à‹ det A (W�� ).�k 0 ,† ~x�ñ

øj ,ku�ù¶M)„ �7 det A/Ñ�±í`)PËW�� ( Vander-

monde Determinant ) , …íM�k
∏

1≤i<j≤p

(αj − αi) � Ä¤ , Ê α1, α2, · · · , αp

î.ó�í8”-AÍ.�k 0 �

ÛÊn��½;í8$ : cqÔ�j˙� (4)� q_.°; , α1, α2, · · · ,

αq , / αi � µi ½; , µi ≥ 1, i = 1, 2, · · · , q � Bb˚-�MÑ (4) í!…j

(basic solutions) :

αn
1 , nαn

1 , · · · , nµ1−1αn
1 , αn

2 , nαn
2 , · · · , nµ2−1αn

2 , · · · , αn
q , nαn

q , · · · , nµq−1αn
q � Ñ

7Zk[ý , Bbà β1, β2, · · · , βp [ý , ku)ƒJ-íìÜ �

ìÜ 4.4. à‹]cÉ[ an =
p∑

i=1

cian−i, n ≥ p , x�!…; β1, β2, · · · , βp ,

†øOjí$�Ñ an = λ1β1 +λ2β2 + · · ·+λpβp ,w2 λ1, λ2, · · · , λp Ñ�b�

„p. ôI �

ÛÊBb�åVj½æ 1 , íl , â-[ªJõ|]cÉ[� (1) u

£üí � ( ý_~ )
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� k _~� A. ø_~×í.ä |Þí.ä ,b Fk

1 1( ú ) 0 0 1

2 1 0 1 2

3 1 1 1 3

4 2 1 2 5

5 3 2 3 8

6 5 3 5 13

Ä¤ , Fk = Fk−1 + Fk−2, F0 = F1 = 1 ,

‚àÔ�j˙� α2 − α− 1 = 0 , °) α =
1±√5

2
�

âìÜ 4.3 , °)]cÉ[íÑøj

Fk =
1√
5

(
1 +

√
5

2

)
·
(

1 +
√

5

2

)k

+
(−1)√

5

(
1−√5

2

)
·
(

1−√5

2

)k

�

M)øTíu‘+Ñab Fk ( Fibonacci Number ) x�'ÖAÍÛï

!¯íÔ4 , J-ÿÔøWzp �

W. I Gk =
Fk

Fk−1

, † Gk H[AÅ0 ( Growth Rate ) , BbªJ„p

lim
k→∞

Gk =
1 +

√
5

2
� ¥_M6ÿuôÀ}’ªM ( Golden Ratio ) �

àÞAƒbj]cÉ[

,H ,Bb˛%×_�Ü7àS‚àÞAƒbVj]cÉ[ �J-B

bªø¥Võ:
í]cÉ[ �

½æ3. BbàÕ¯ {0, 1, 2, 3} íjÖVŸAø_Å�Ñ k ( k _jÖ ) í

å{ ( Codeword )U)å{2 0¸ 3·|ÛXbŸ ,½øu�Öý_¥�

å{ ?

j. I ak ÑF°íå{b , bk Ñ|ÛXb_ 0£Jb_ 3íå{b , ck Ñ

|ÛJb_ 0 £Xb_ 3 íå{b£ dk Ñ|ÛJb_ 0 £ 3 íå{b �

†BbªJ°)-Þí:
]cÉ[ , / a1 = 2, b1 = 1, c1 = 1 �



ak+1 = 2ak + bk + ck

bk+1 = bk − ck + 4k

ck+1 = ck − bk + 4k

(6)
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5? g.f. A(x) =
∞∑

k=0

akx
k, B(x) =

∞∑
k=0

bkx
k / C(x) =

∞∑
k=0

ckx
k � (6) ªJZŸ

A 



1
x
[A(x)− a0] = 2A(x) + B(x) + C(x)

1
x
[B(x)− b0] = B(x)− C(x) +

1

1− 4x
1
x
[C(x)− c0] = C(x)−B(x) +

1

1− 4x
,

(7)

°v a0, b0, c0 Å—





2 = 2a0 + b0 + c0

1 = b0 − c0 + 1

1 = c0 − b0 + 1

(8)

â (8) °) a0 = 1, b0 = c0 = 0 , (7) 2í A(x), B(x) £ C(x) ?ª°|à- :

A(x) =
1

1− 2x
[xB(x) + xC(x) + 1]

B(x) =
1

1− x
[−xC(x) +

x

1− 4x
]

C(x) =
1

1− x
[−xB(x) +

x

1− 4x
]

FJ B(x) = C(x) =
x

1− 4x
,

A(x) =
2x2 − 4x + 1

(1− 2x)(1− 4x)
= 1 +

x

1− 4x
+

x

1− 2x

Ä¤ , ak = 4k−1 + 2k−1, k > 0, / a0 = 1 ,

bk = ck = 4k−1, k > 0, / b0 = c0 = 0 �

(Å1) ¥�j¶úk.u5Ÿí(4]cÉ[6ªJ°j �

(Å2) ªœ˚Øí¶M†uÊ“A4�bí¶M �

Â™ý]cÉ[ ( Recurrence relations with two indices )( ¡5à )

Ê ¯ín�2 , Bb)ƒø_É[�

(
n

k

)
=

(
n− 1

k

)
+

(
n− 1

k − 1

)
,

¥_�äÿux�s_™ýí]cÉ[ , ¤vÛbíø<‘KÑ

(
n

0

)
=
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1,

(
0

k

)
= 0, n ≥ 1 / k ≥ 1 � ‚à¥_�ä , BbAÍªJ]cËl�|

(
n

k

)
� J-Bb�Ü¥é�½æíTÜj¶ �

Â™ý]cÉ[íøO�ªJ[ýAà-í$� :

f(n,m) = C0,0an,m + c0,1an,m−1 + c0,2an,m−2 + · · ·
+c1,0an−1,m + c1,1an−1,m−1 + c1,2an−1,m−2

+ · · ·
+ · · ·+ ck,0an−k,m + ck,1an−k,m−1 + ck,2an−k,m−2 + · · · ,

w2 ci,j Ñ�b 0 ≤ i ≤ k, 1 ≤ j ≤ m �BbªJ‚à g.f. Vj¥é�í]

cÉ[ � íl , I Ai(x) =
∞∑

j=0

ai,jx
j, 0 ≤ i ≤ k yI A(y, x) =

∞∑
i=0

Ai(x)yi =

∞∑
i=0

(
∞∑

j=0

ai,jx
j

)
yi =

∑
i,j≥0

ai,jx
jyi � ku aij u xjyi áí[b �

W.Êø_â 0, 1F Aíå{2 ,Bb˚©/ís_ 1 (C 0 )Ñøúó

©í 1 ( C 0 ) � t°Å�Ñ n , /� m úó©í 1 /³�ó©í 0 íå

{b �

j. I an,m ÑF°íb , bn,m Ñ¥�å2�øPÑ 1 í_b , cn,m †H[

�øPÑ 0 í_b , FJ

an,m = bn,m + cn,m (9)

bn,m = bn−1,m−1 + cn−1,m (10)

cn,m = bn−1,m (11)

Ä¤ bn,m = bn−1,m−1 + bn−2,m � (12)

Bk–U‘K'ñqõ|¤�Ê n ≥ 3£ m ≥ 1n�<2,7/ bn,0 =

1 ,Ê i ≤ j v bi,j = 0£ b0,0 = 1 ,Q-V5? (bk,j)í g.f. Bk(x) =
∞∑

j=0

bk,jx
j,

â (12) Bb)ƒ

Bk(x) =
∞∑

m=1

bn,mxm =
∞∑

m=1

bn−1,m−1x
m +

∞∑
m=1

bn−2,mxm

FJ

Bn(x) = xBn−1(x) + Bn−2(x), n ≥ 3 �
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y‚à

B(y, x) =
∞∑

n=3

Bn(x)yn =
∞∑

n=3

xBn−1(x)yn +
∞∑

n=3

Bn−2(x)yn ,

°)

B(y, x) =
1 + (1− x)y

1− xy − y2
( àS“A4�b$� ? )

â (11) , C(y, x) = yB(y, x), c0,0 = 0 , Ä¤

A(y, x) = B(y, x) + C(y, x)

= (1 + y)B(y, x)

= 1 + 2y + (2 + x)y2 + (2 + 2x + x2)y3 + (2 + 3x + 2x2 + x3)y4

+(2 + 4x + 4x2 + 2x3 + x4)y5 + · · ·
an,m ¹Ñ A(y, x)2 xmyn áí[b � Wà a4,1 = 3 , ( 1101, 1011, 0110 )�

(Å) ¥_Wä2í an,m .?püË[ý|Vu12.—íËj �¥6z

p7¥é½æ˚ØíËj �

(Å)�<Wä}'ñq � Wà ,
∑
i,j

(
i

j

)
xjyi =

∑
i

(
∑
j

(
i

j

)
xj

)
yi ,I Fn(x) =

∑
j=0

(
n

j

)
xj = (1 + x)n �
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T“ ( Ë¡5j� )

1. ‚àÞAƒbíj¶j]cÉ[ Dn+1 = n(Dn + Dn−1) �

2. k½æ 2 2 , t„ (1− 4x)
1
2 = 1−

∞∑
n=1

2

n

(
2n− 2

n− 1

)
xn �

3. j-�í]cÉ[ :

(i) an = 9an−1 = 15an−2 + 7an−3, a0 = 0, a1 = 1, a2 = 2 �

(ii) an = 3an−2 − 2an−3, a0 = 1, a1 = 1, a2 = 3 �

4. cq (an) Å—]cÉ[ nan = 2(an−1 + an−2), n ≥ 2 / a0 = e, a1 = 2e�

I A(x) Ñ (an) í g.f. , t„

(i) A′(x) = 2(1 + x)A(x) �

(ii) ° A(x) �

5. cq an+1 = an · an−1, n ≥ 1, a0 = a1 = 2 , ° an �

6. cq

{
n

k

}
= k

{
n− 1

k

}
+

{
n− 1

k − 1

}
, n, k ∈ Z+ , 1/‚à¥_]

cÉ[°|

{
n

k

}
=

1

k!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n �

7. t°Êâ 0, 1 F Aíå{2 , x�Å� 6 , súó©í 1 £³�ó

©í 0 5å{b �
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¡5j�.

2. k½æ 2 2 , t„ (1− 4x)
1
2 = 1−

∞∑
n=1

2

n

(
2n− 2

n− 1

)
xn �

j�. àùá�ìÜ�Ç

(1− 4x)
1
2

=
∞∑

n=0

(
1
2

n

)
· (−4x)n

=

(
1
2

0

)
· (−4x)0 +

∞∑
n=1

(−4)n · (
1
2
× (−1

2
)× (−3

2
)× · · · × (2n−3

2
)

n!
) · (xn)

= 1 +
∞∑

n=1

(−4)n · (−1)n−1 · (1
2
)n · (1× 1× 3× · · · × (2n− 3)

n!
) · (xn)

= 1−
∞∑

n=1

2n · ( (2n− 2)!

n! · (2× 4× · · · × (2n− 2))
) · (xn)

= 1−
∞∑

n=1

2n · (1
2
)n−1 · ( (2n− 2)!

n!(n− 1)!
) · (xn)

= 1−
∞∑

n=1

2

n

(
2n− 2

n− 1

)
xn

3. j-�í]cÉ[ :

j�.

(i) an = 9an−1 = 15an−2 + 7an−3, a0 = 0, a1 = 1, a2 = 2 �

âæªq x3 = 9x2 − 15x + 7

⇒ x3 − 9x2 + 15x− 7 = 0

Ä�}j) (x− 7)(x− 1)2

⇒ x = 1 ( 2 ½; ) , 7

†I an = α · 7n + β · 1n + γ · n · 1n

ø a0, a1, a2 Hp ⇒





0 = α + β

1 = 7α + β + γ

2 = 49α + β + 2γ

j) α = 0, β = 0, γ = 1

∴ an = n
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(ii) an = 3an−2 − 2an−3, a0 = 1, a1 = 1, a2 = 3 �

âæªq x3 = 3x− 2

⇒ x3 − 3x + 2 = 0

Ä�}j) (x + 2)(x− 1)2

⇒ x = 1 ( 2 ½; ) , 7

†I an = α · (−2)n + β · 1n + γ · n · 1n

ø a0, a1, a2 Hp ⇒





1 = α + β

1 = −2α + β + γ

3 = 4α + β + 2γ

j) α =
2

9
, β =

7

9
, γ =

6

9

∴ an =
2

9
· (−2)n +

7

9
· 1n +

6

9
· n · 1n

=
1

9
(−(−2)n+1 + 6n + 7)

4. cq (an) Å—]cÉ[ nan = 2(an−1 + an−2), n ≥ 2 / a0 = e, a1 = 2e�

I A(x) Ñ (an) í g.f. , t„

j�.

(i) A′(x) = 2(1 + x)A(x) �

I A(x) =
∞∑

n=2

anx
n ⇒ A′(x) =

∞∑
n=2

nanx
n−1

â nan = 2(an−1 + an−2) = 2an−1 + 2an−2

⇒ nanx
n−1 = 2an−1x

n−1 + 2an−2x
n−1

⇒
∞∑

n=2

nanx
n−1 = 2

∞∑
n=2

an−1x
n−1 + 2

∞∑
n=2

an−2x
n−1

i.e. A′(x) = 2A(x) + 2xA(x)

∴ A′(x) = 2(1 + x)A(x)

(ii) ° A(x) �

∵ A′(x) = 2(1 + x)A(x) ¢ A(x) 6= 0

⇒ A′(x)

A(x)
= 2 + 2x

⇒ (ln A(x))′ = 2 + 2x

167



⇒ ln A(x) = 2x + x2 + c

∴ A(x) = ex2+2x+c = ec · e2x · ex2

= ec · (1 +
2x

1!
+

(2x)2

2!
+ · · · ) · (1 +

x2

1!
+

(x2)2

2!
+ · · · )

ÄÑ a0 = e, a1 = 2e ⇒ c = 1

∴ A(X) = e · (1 +
2x

1!
+

(2x)2

2!
+ · · · ) · (1 +

x2

1!
+

(x2)2

2!
+ · · · )

5. cq an+1 = an · an−1, n ≥ 1, a0 = a1 = 2 , ° an �

j�.

hô

an+1 = an · an−1

= (an−1 · an−2) · an−1 = a2
n−1 · an−2

= (an−2 · an−3)
2 · an−2 = a3

n−2 · a2
n−3

= (an−3 · an−4)
3 · a2

n−3 = a5
n−2 · a3

n−3

= · · ·
= 2Fn+Fn−1 = 2Fn+1 , Fn Ñ fibonacci sequence í� n á

∴ an = 2Fn = 2
( 1+

√
5

2 )n+1−( 1−√5
2 )n+!

√
5

6. cq

{
n

k

}
= k

{
n− 1

k

}
+

{
n− 1

k − 1

}
, n, k ∈ Z+ , 1/‚à¥_]

cÉ[°|

{
n

k

}
=

1

k!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n �

j�.

1◦
{

n

k

}
Ñz n _‰a}Ñ k _Ý˛äÕíj¶b , FJªJõ

Alzw2ø_“–V , IwÑ an

⇒ ¨Ö an íäÕ An

⇒ |An| =
{

1 if An = {an}
b, b > 1 otherwise
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∴
{

n

k

}
=

{
n− 1

k − 1

}
+ k ·

{
n− 1

k

}

w2

{
n− 1

k − 1

}
Ñlz”-í n− 1 }ê , y‹, {an}

Çøá†ulz”- n − 1 _}ê , yz an [pw2ø_äÕ

2 , u k �[¶ � ¥

2◦ ( Ýà]cÉ[íj¶ , cX¡5 )

I T (n, k)Ñz n_jÖ}Ê k_�Ÿå§ìíÝ˛Õ¯5j¶

b , † T (n, k) =

{
n

k

}
· k! , Bblv| (T (n, k)) íNbÞAƒ

b � I C(i) H[jÖ i F\}�íÕ¯ , † T (n, k) ªJ;Au

à k �Ó¹V$Aíø_ n _P0í§� C(1)C(2) · · ·C(n) , F

J T (n.k) íÞAƒb

H(x) = (
x

1!
+

x2

2!
+ · · · )k = (ex − 1)k (ÄÑÕ¯Ý˛ ,FJ³� 1 )

‚àùá��Ç�

H(x) = ((−1) + ex)k

=
k∑

i=0

(
k

i

)
(−1)i(ex)k−i

=
k∑

i=0

(
k

i

)
(−1)i

∞∑
n=0

1

n!
(k − i)nxn

=
∞∑

n=0

xn

n!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n

FJ T (n, k) =
k∑

i=0

(−1)i

(
k

i

)
(k − i)n

¹

{
n

k

}
=

1

k!

k∑
i=0

(−1)i

(
k

i

)
(k − i)n
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5. !ÁŸÜ ( Pigeon-Hole Principle, PP )

!ÁŸÜ!…,uø_�ÌM–1í@à , Ê ¯bç2�'Öæ

Ê4íìÜ·ªJ‚à…V‹J„p �

!ÁŸÜ.

� n + 1Á!äìp n_!Áv ,.ìæÊø_!Á…³Þ�sÁJ

,í!ä �

!ÁŸÜíR�.

� mn+1Á!äìp n_!Áv ,.ìæÊø_!Á…³Þ� m+1

ÁJ,í!ä �

„p. à‹©_Áä2|ÖÉ� m Á!ä , †,b.ük mn + 1 � ¥

(Å) Ê‚à!ÁŸÜív` , ²ìÁäªœÉœ �

·æ 5.1. L# n _cb a1, a2, ...an ; ì2 Sk,h =
h∑

i=k

ai , †.ì�ø_ Sk,h

…u n íIb , w2 1 ≤ k ≤ h ≤ n �

„p. I Sj =
j∑

i=1

ai , dj ≡ Sj(modn), 0 ≤ dj ≤ n− 1 �

à‹æÊø_ 1 ≤ j ≤ n U) dj = 0 , † n|Sj = S1,j , )„ �

.Ííu d1, d2, ...dn î.Ñ 0 , †.æÊ/s_ dh £ dk , 1 ≤ k ≤ h

≤ n , U) dh = dk ( !ÁŸÜ ) , Ä¤ n|Sk+1,h � ¥

(Å) ·æ 5.1 íÇø$�Ñ : I A = {a1, a2, · · · , an} Ñ n _cbFAíÕ

¯ , †.ìæÊø_ B ⊆ A U)
∑
x∈B

x Ñ n íIb �

·æ 5.2. L<Å�Ñ n2 +1íõb�.¨Ö�Å�Ñ n+1íÀ| (mono-

tonic) äb� �

„p. I (a1, a2, ..., an2+1) Ñ#ìíõb� , mi, 1 ≤ i ≤ n2 + 1 , Ñâ ai

Çá]Óäb�í|×Å� � à‹� mi ≥ n + 1 †·æ)„ � ÛÊc

qF�í mi, 1 ≤ mi ≤ n , âk,u� n2 + 1 á , Ä¤ , Bý� n + 1

_ mi , i ∈ {1, 2, · · ·n2 + 1} x�ó°íM ( !ÁŸÜíR� ) , I…bÑ
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mi1 ,mi2 , · · · ,min+1 �ÛÊ5? (ai1 , ai2 , · · · , ain+1) ,….ìuø_ (Ã� )]

Áíäb� , ´† aij ≥ aik , w2 j > k � ku mik ≥ mij + 1 , ¥D,Hp

e , Ä¤·æ)„ � ¥

·æ 5.3. I n ÑJb , A = {a1, a2, · · · , an} Ñ n _£cbFAíÕ¯ , α

Ñ Aø_§� ,?¹ αÑâ AøB Aí 1ú 1øAƒb � †
n∏

i=1

(ai − α(ai))

ÑXb �

„p. I n = 2t+1 ,† A2Bý� t+1_b°ÑJbCXb (!ÁŸÜ ) ,

I…bÑ a1, a2, · · · , at+1 �âk {a1, a2, · · · , at+1}∩{α(a1), α(a2), · · · , α(at+1)} 6=
φ , ai 6= α(aj) , 1 ≤ i, j ≤ t + 1 � ku aj − α(aj) = aj − ai ÑXb , Ä¤ , ·

æ)„ � ¥

(Å) n ÑXbv , ·æ.øì}A
 �

·æ 5.4. Ê {1, 2, 3, · · · , 2n} 2L¦ n + 1 _jÖ a1, a2, · · · , an+1 , †.ì

æÊ ai, aj , 1 ≤ i 6= j ≤ n + 1 , U) ai|aj Cu aj|ai �

„p. I ai = 2bi · pi , w2 pi ÑJb � âk pi � n _ ( |Ö ) , FJ.ì

æÊs_ ai, aj , …bí pi = pj , Ä¤·æ)„ � ¥

·æ 5.5. I 4ABC ÑøiÅ 1 ÀPí£úi$ , †L<[p n2 + 1 _

õ, .ì�sõí�×.×k 1/n �

„p. ø 4ABC }’A n2 _iÅÑ 1/n ÀPí£úi$ � ¥

·æ 5.6. I 4ABC Ñø£úi$ , °vø ε = AB ∪ BC ∪ CA }’As

_Õ¯ ε1 D ε2 �„p , ε1 D ε2 2.�ø_Õ¯ªJà…íõV$Aø_

òiúi$ �

„p. cq·æ�Ï � íl , Ê 4ABC íúi,®vøõ X, Y £ Z U

) ZY ⊥ BC, Y X ⊥ AB, XZ ⊥ AC , à-ÇFý � † X,Y £ Z úõBý

�sõ}rÊ ε1 ( C ε2 ) � .ÜøO4 , I X,Y Ñ ε1 2ísõ � Ä¤ ,

AB\{X} ,íõ·.}Ê ε1 2 , 6ÿuz AB\{X}2íõr¶Ê ε2 2 ,

à¤øV C ¸ Z ·.}Ê ε2 2 , FJ C ∈ ε1, Z ∈ ε1 , y‹,˛ø Y ∈ ε1,

Ä¤ 4CZY Ñøòiúi$ , …íÝõîVA ε1 , ¤Dcqpe , ·æ

)„ �
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A


B
 C


X


Y


Z


¥

·æ 5.7. Ê 6 _A2.ì� 3 _A˛¤·ó…Cu˛¤·.ó… �

„p. L²øA , †D¤Aó…íà‹.ƒúA , †D¤A.ó…íÿø

ìBýúA ;ÛÊcq�úAD¤Aó… (.ó…í¶M ,n�j�óN)

� à‹¥úA2�sA˛¤ó… , †˛%�úA˛¤ó… ; ´†íu , ¤

úA˛¤î.ó… , ·æ)„ � ¥

¥_·æ6ªJàÇí_� ( Graph Model )í·H :lÊ�Þ,åý

_õ ,}�H[¥ý_A ;à‹sAó…ÿåø�i ,.ó…†åø�i;

kuÊåêF�í 15 _i5( , .Í}�ø_ ” °H ” úi$ , ?¹ú

iÌÑ�HCu�H � J¥�$�V[ý ,ªœñq«ny¿pí–1 �

�2í!ÁŸÜ.

I n, k1, k2, · · · , kn ÑAÍb ( £cb ) � cà� (
n∑

i=1

ki) − (n − 1) Á!

äìp n _Áä , †�ø_ÁäBý� k1 Á!ä , Cu�ù_ÁäBý

� k2 Á!ä , · · · · · · , Cu� n _Áä� kn Á!ä �

„p. à‹,H.ú , †!äí,b S ≤
n∑

i=1

(ki − 1) , ¤Dcqpe , Ä¤

·æ)„ � ¥

·æ 5.8. �Þ,í 17_õ ,sõ5ÈL<à� �ô ��ú_æH2íø

Hå( , †Bý}�ø_°Húi$ �

„p. L²øõ A , 5?D…ó©í 16 _õ , â�2í!ÁŸÜ , Bý

� 6 _i+°øæH ( cqu�H ) ; yõõ¥ 6 õ5ÈíÉ[ , à‹�
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LSøiu�H , †˛%vƒø_°H ( �H ) íúi$ ; .Ííu , ¥

6 õ5ÈÉ?àô � �ùHV© ; â·æ 7 , .ì}æÊø_°Húi$

(ôC� ) , Ä¤·æ)„ � ¥

à‹Bbz·æ 5.7 � 5.8 íõb®Áøõ , °Húi$ÿª?}.

|Û , à-Çu·æ 7 í8$ , ·æ 8 í8$ªœµÆ , Ê¤ôI � k

u, BbªJì2àsH©Q}ßÞ°Húi$í|ýõbÑ R(3, 3) , 7

ú�æHíMÿu R(3, 3, 3) �

,Þí R(3, 3) AÍªJR�ƒ R(p, q) , …H[àsH ( �Ÿå ) ©

( , |Û p _õ˛¤·à�H©C|Û q _õ˛¤·à�H©FÛbí

|ýõb � Wà R(3, 4) = 9 , 5}„pý ? çÍ , ÖHí8”-6ªJ

©v R(p1, p2, · · · , pt) � R(p, q) øO˚5Ñséí�ab ( Ramsey Number

with Two Classes ) , 7 R(p1, p2, · · · , pt) Ñ t éí�ab , û˝�abuÇ

�2½bíùæ , Ê¤.yT¿pí«n �
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T“ ( Ë¡5j� )

1. I A Ñ n + 1 _óæ£cbFAíÕ¯ � „pÊ A 2.æÊs_j

Ö a D b U) n|(a− b) �

2. I A Ñ {1, 2, 3, · · · , 2n} íø_äÕ¯ , 7/ |A| = n + 1 � „pÊ A

2.æÊs_�”íjÖ �

3. I n ÑJb � „pÊÕ¯ {21 − 1, 22 − 1, 23 − 1, · · · , 2n−1 − 1} 2.ì
�ø_jÖ…u n íIb �

4. úkL<í£cb p, q , „p R(p, q) ≤
(

p + q − 2

p− 1

)
�

5. ‚à 4. „púL<£cb m(≥ 4) , Ìªvƒø_ N(m) , U)�Þ

,Lúõ.u(í n_õ2.ìªJvƒø_â mõF$Aío m

i$ �

6. I A Ñ 13 _óæõbFAíÕ¯ � „pÊ A 2æÊs_jÖ x D

y U) 0 <
x− y

1 + xy
≤ 2−√3 �
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¡5j�.

1. I A Ñ n + 1 _óæ£cbFAíÕ¯ � „pÊ A 2.æÊs_j

Ö a D b U) n|(a− b) �

„p. I R = {0, 1, 2, · · · , n− 1} , |R| = n

˛ø |A| = n + 1 , † A 2F�íjÖÎJ n F)íìb.ìrÊ R

2�â!ÁŸÜªø , A2Bý�s_b a, bÎJ n°ì r ,I a > b ,

† a = nq1+r, = nq2+r, q1 > q2FJ a−b = nq1+r−(nq2+r) = n(q1+q2)

∴ n|a− b ¥

2. I A Ñ {1, 2, 3, · · · , 2n} íø_äÕ¯ , 7/ |A| = n + 1 � „pÊ A

2.æÊs_�”íjÖ �

„p. ø A 2)jÖ}Ñ n  , � i  íjÖÑ {2i− 1, 2i}
( i.e. A = {1, 2, 3, 4, 5, 6, · · · 2i− 1, 2i, · · · , 2n− 1, 2n} )

ÄÑ |A| = n+1 ,â!ÁŸÜªø , A.ì�s_jÖurÊ°ø ,

cqrÊ� k  , † 2k − 1, 2k ∈ A , gcd(2k − 1, 2k) = 1 � ¥

3. I n ÑJb � „pÊÕ¯ {21 − 1, 22 − 1, 23 − 1, · · · , 2n−1 − 1} 2.ì
�ø_jÖ…u n íIb �

„p. I R = {0, 1, 2, · · · , n− 1} , W = {21 − 1, 22 − 1, · · · , 2n−1 − 1}

1◦ ç n = 1 , † 21−1 − 1 = 0, 1|0
2◦ ç n > 3 , / n ÑJb

cq n .?cÎ W 2F�íjÖ � W 2F�íjÖÎJ n í

ª?ìbF$AíÕ¯Ñ R = {0, 1, 2, · · · , n−1} � Ouç 2i−1−1

ÎJ n ì n− 1 v ,

2i−1 − 1 = nq1 + (n− 1) ⇒ 2i = nq1 + n = n(q1 + 1)

∵ n ≥ 3 ∴ (q1 + 1) < 2i

∴ 2|n † n uXb ( pe )

∴ n− 1 /∈ R

† R = {0, 1, 2, · · · , n− 2} , |R| = n− 2
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â!ÁŸÜªø ,Ê W 2BýæÊs_b 2i−1− 1, 2j−1− 1ÎJ

n °ì r , ( I 2i − 1 > 2j−1 − 1 ⇒ i > j )

∴ n|2i−1 − 1− (2j−1 − 1) ⇒ n|2i − 2j ⇒ n|2j2i − 1

∵ n .?cÎ 2j / gcd(n, 2j) = 1

∴ n|2i−j − 1 , ¢ 2i−j − 1 /∈ W ( pe )

FJ W 2æA�ø_jÖ 2k−1 − 1 such that n|2k−1 − 1 � ¥

4. úkL<í£cb p, q , „p R(p, q) ≤
(

p + q − 2

p− 1

)
�

„p. ílBbk„p R(p, q) ≤ R(p− 1, q) + R(p, q − 1)

I n = R(p− 1, q) + R(p, q − 1)

Ñ7„) R(p, q) ≤ n , Bb.â„púkø_Ö� n _õ/˛¤�

ió©íÇ (˚¤ÇÑ G ) ,à��sHúÇ GíiªWOH ,†.

æÊ� p õ˛¤îà�(ó©CuæÊ� q õ˛¤îà�(ó© �

IÇ G2íøõÑ v ,†õ v ÊÇ G2¸ R(p− 1, q) + R(p, q− 1)− 1

_ióQ � ‚à�2!ÁŸÜ)ø , Ç G 2� R(p − 1, q) _i+,

�H , C6� R(p, q − 1) _i+,�H , Dcq‡6A
 �

IÕ¯ X ÑÇ G2F�ækõ v /óQk R(p− 1, q)_�iíF�

õ � ÄÑ |X| = R(p − 1, q) , FJâ¥ |X| _õ£©Q˛¤íiF$
AíÇ (˚¤ÇÑ Gx )2¨Ö� p− 1_õrà�(ó© ,Cu q õ

rà�(ó© � cà(6A
 , †)„ ; cà‡6A
 , †Ç Gx y

‹,õ v £ÊÇ G 2˛¤ó©íi , †æÊ� p õrà�(ó© �

]„) R(p, q) ≤ R(p− 1, q) + R(p, q − 1) �

QO ,Bb‚à¦Ñ¶k (p+q), ,Ñ„p R(p, q) ≤
(

p + q − 2

p− 1

)
�â

k R(1, q) = R(p, 1) = 1, R(2, q) = q, R(p, 2) = p , Bb)øç p + q ≤ 5

v , ìÜA
 � I m, n ∈ N , 1cqìÜÊ 5 ≤ p + q < m + n vA


� † R(m,n) ≤ R(m− 1, n) + R(m,n− 1)

≤
(

m + n− 3

m− 2

)
+

(
m + n− 3

m− 1

)
=

(
m + n− 2

m− 1

)

]úL< p, q , ¤ìÜîA
 � ¥
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5. ‚à 4. „púL<£cb m(≥ 4) , Ìªvƒø_ N(m) , U)�Þ

,Lúõ.u(í n_õ2.ìªJvƒø_â mõF$Aío m

i$ �

„p.

(1) ílBbk„.u( ( úõ ) íüõ2.�ûõ}$Aoûi

$ � ©Q¤üõ2ªAoi$íbõ , cà¤oi$Ñoüi

$Coûi$ ,†¤ìÜ)„ � cà¤oi$Ñúi$ ,†”ì

ísõ.Ê¤úi$q , àø(©Q¥sõ , Y!ÁŸÜ)ø ,

úi$,.�sõPÊ¤©(í°øi , ]¤úi$,ísõ

¸úi$qísõª$Aøoûi$ , ]ìÜ)„ �

(2) QOBb„pLûõî$Aoûi$í m _õ m(≥ 4) .ì}

$Ao mi$,cJìÜ.A
 ,†ªå|o t(< m)Öi$ ,/

wìíõîrÊ¤o t Öi$q , çBbz¤o t Öi$êr

}’Aúi$ , †.æÊ�øõrÊ/øúi$2 , Í7¤ú

i$¸rÊw2íõÌ¶$Aøoûi$ , DŸ·æpe , ]

ìÜ)„ �

(3) cq N(m) = R4(m, 5) � (ÛÊjÖÑ 4−äÕ ,¹©ø 4−äÕ+
,ø_æH � )ø nõ ( n ≥ N(m) )F� 4õÕ¯}Asé ,$

Aoûi$íøé S1 ,$Apûi$íøé S2 �ÛÊ n ≥ N(m),

FJ.uæÊ� m_õ…íF� 4−äÕÑoûi$,ÿuæÊ

� 5 _õ…í 4−äÕî$Apûi$ , Ou(6.ª? ( â

(1)) , FJæÊ m _õ…í 4−äÕîª$Aoûi$ , FJ¤

m õ$Aøo m i$ ( â (2) ) � ¥

P.S. Rl(p, q) ?æÊ � R(p, q) = R2(p, q) �
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6. I A Ñ 13 _óæõbFAíÕ¯ � „pÊ A 2æÊs_jÖ x D

y U) 0 <
x− y

1 + xy
≤ 2−√3 �

„p. ˛øF�õbªâ tan θ [ý , 0◦ ≤ θ ≤ 180◦ �

â!ÁŸÜ)ø , 13_óæõb2.æÊs_jÖ x = tan θx £ y =

tan θy , U) θx − θy ≤ tan 15◦, θx > θy �

FJ , 0 <
x− y

1 + xy
= tan(θx − θy) ≤ tan 15◦ = 2−√3

?¹ , 0 <
x− y

1 + xy
≤ 2−√3 ¥
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