
ü . ¯ql��

ÊvÍ, ¯bçúkû˝àSqlõðU)A^yß , �'×í

õ. � û˝õðql2F¿ƒíbç (Combinatorics in Experimental De-

signs) øO˚5Ñ ¯ql ; 7û˝ ¯qlÿ.).l�Ü|x�	à

‰í…�j³ �

1. …�j³ ( Latin Square )

W1. càBbbqlø_õðVû˝ 5 �“Ó , α, β, γ, δ, ε , úAñí	

à , ( ©ÙªJÏø� ) , Bb@vàSé§nªJfnF)ƒí!�¬

kRÏ � éÍ , Bbvø_AVdõð , }ÄÑF_Añ”íÉ[ , 7¨

A�RÏí!� ; à‹vØÖA , ¢}¨AØÖí½µ ; Ä¤ , �ø�q

lj�uvƒ 5 _AVõð , 7/Ê 5 ÙqêA � [ 1(a) íé§ , õ–

V�}ñq , 7/N˛®ƒõð^‹ � Í7 , �<“ª?}ú½n , CJ

(í™ñÕ”�'×í	à‰ ,7ñq¨AÊ�àv�b5( ,w…í“

^‹.˚ , &à_Ó“ �ku�àíl(Ÿå6b5¾ , à¤øV , RÏ

AÍÁý � Ä¤ , [ 1(b) íé§éÍÿªœß , øjÞ©Ù·ªJõƒ

5�“úAñíª?	à ,°v©_A©ÙF�àí“6·.ó° �¥š

íql¢˚Ñu…�j³qlC�˚Ñ…�j³ (Latin Square) �

A M Tu W Th F

B α β γ δ ε

ı α β γ δ ε

˙ α β γ δ ε

� α β γ δ ε

z α β γ δ ε

[ 1(a)
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A M Tu W Th F

B ε δ γ β α

ı δ γ β α ε

˙ γ β α ε δ

� β α ε δ γ

z α ε δ γ β

[ 1(b)

ì2 1.1. à 1, 2, · · · , nÑjÖFé§í n¼j$³� A = [aij]n×n ,à‹

Ê©øW£©ø�2 , ©_jÖ·/ß|ÛøŸ , † A ˚Ñuø_ n ¼

…�j³ � à‹úF�í 1 ≤ i, j ≤ n , aij = aji , †¤…�j³Ñú˚í

…�j³ ; Juúk©ø_ 1 ≤ i ≤ n , aii = i , †Ñ�4 (Idempotent) …

�j³ �

Ê[ 1(b) 2 , à‹à 1,2,3,4,5 }�H[ ε, γ, α, δ, β , †F)ƒí³�

(Array) Ñøú˚/�4í 5 ¼…�j³ � Ñ7Zkj„ , J(…�j³

2íjÖ , Bb·à {1, 2, · · · , n} 2íjÖV[ý � ( Ju%âHbj¶

`¨ , †à Zn = {0, 1, · · · , n− 1} � )

( 4” 1) ®¼í…�j³·æÊ �

( 4” 2) ®¼íú˚…�j³·æÊ �

( 4” 3) ®¼í�4…�j³·æÊ �

( 4” 4) É�Jb¼í�4ú˚…�j³æÊ �

BbªJ‚à n ¼…�j³ A = [aij] Vì2ø_«� ∗ , i ∗ j = aij

† ∗ Ñøùj«� , 7/Å— : úkLS a, b ∈ {1, 2, · · · , n} , a ∗ x = b ¸

y ∗a = bÊ {1, 2, · · · , n}2·�ñøj � cà ∗Ñøùj«� ,°vj˙�

a ∗ x = b £ y ∗ a = b Ê S 2·�ñøj , †Bbz¥ø_Hb!Z (S, ∗)
˚ÑuÒNˇ (Quasigroup) �

( 4” 5) x�!¯
íÒNˇÑøˇ (Group) �

( 4” 6) ø_ÒNˇ.øìª!¯ �
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W2.

∗ 1 2 3 4

1 1 2 3 4

2 3 1 4 2

3 4 3 2 1

4 2 4 1 3

2 ∗ (1 ∗ 2) = 2 ∗ 2 = 1

(2 ∗ 1) ∗ 2 = 3 ∗ 2 = 3

Q-VBbõø_½æ �

½æ1. cq� 16P›ëb¡‹ÅS©ví}�� ,FbH[O 4_v�

í 4 _ë¼ , 6ÿuzâ¥v � uv � ¦mv � 	v , ®»|øPý§ �

2§ � ,§ � ý�¡‹ � }��øJû� �ûWíj$§�‡ª � à‹B

bb°©ø� ( ©øW ) ·b�û_v�íH[7/uû_.°íë¼ ,

½bàSé§ ?

Ê��¥_½æ5‡ , BblVõø_ì2 �

ì2 1.2. Bb˚ L = [lij]¸ M = [mij]Ñs_�ó�òí…�j³ ,à‹

-�ís_‘KÅ— :

(i) L ¸ M Ñ°¼ (n ¼ ) í…�j³ ;

(ii) {(lij, mij)| 1 ≤ i, j ≤ n} = In × In , In = {1, 2, · · · , n} �

W3. -Þíú_…�j³ , ˛¤�ó�ò �

1 4 3 2

4 1 2 3

3 2 1 4

2 3 4 1

4 1 2 3

3 2 1 4

1 4 3 2

2 3 4 1

3 2 1 4

1 4 3 2

4 1 2 3

2 3 4 1

â (�ó )�ò…�j³íì2 ,BbªJêÛ½æ 1uÊ½ : u´

æÊs_�ó�òí 4¼…�j³ ,��éÍu'ìí � .¬°ší½æ

úk 6 ¼…�j³ÿ.°7 � Ê 1900 �˝¬ Terry ˛%àK‰�íj¶
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êÛ ; ;….æÊ�¥šís_ 6 ¼…�j³ , Ü�,í„p†�7 80

Ö�nêA � úk�ò…�j³íû˝ ,øòu ¯qlí½b{æ ,B

bÊ� 3 �y��n� �

Jòhíj�Võ…�j³ , BbªJzø_ n ¼…�j³ L = [lij]

í n�õAu n_§� ,w$�à- : � i�

(
1 2 3 · · · j · · · n

ai1 ai2 ai3 · · · aij · · · ain

)
,

i = 1, 2, · · · , n � Ä¤ , ø_…�j³ªJâ�ø�l²ß5(y�ù� ,

�ú� , · · · , Éb&M©ø_P0 , &à� j _ , |ÛíjÖ·.øš¹

ª �

W4. .°í 4 ¼…�j³� 576 _ �

�. �ø�í²Ï� 24 � , �ù�í²Ï� D4 = 9 � � àSv|r¶í

4 ¼…�j³ , Î7‚àÚ7Õ , 6ªJà}éíj�°|V �

Bbªœı�ø−íu : ø�ø�%-v , øìªJvƒ n _V$

Aø_…�j³ý ? }.}ƒ7¨_P0 , &à n− k �5( , ÿÌ¶.

/v7á ? Ê��¥_½æ5‡ , Bbl�Üø_ì2 � ( Å ) ÊÇí@

à2 , Bb˛%T£… , Ê¤Têczp �

ì2 1.3. cq {S1, S2, · · · , Sn} Ñ n _£cbÕíäÕ¯í ; à‹ xi 6=
xj, 1 ≤ i 6= j ≤ n , / xi ∈ Si , i = 1, 2, · · · , n , †Bb˚ (x1, x2, · · · , xn)

Ñ {S1, S2, · · · , Sn} íø_óæH[Í (System of Distinct Representatives,

SDR) �

W5. S1 = {1, 2, 3} , S2 = {2, 3} , S3 = {1, 4, 5} , (3, 2, 1) Ñ {S1, S2, S3}
íø_ SDR �

W6. S1 = {2, 3} , S2 = {2} , S3 = {2, 3} , S4 = {1, 2, 3, 4} ; †.æÊ�L

Sí SDR �

éÍ ,Ju S1, S2, · · · , Sn�øóæH[Í ,†L¦ k_ S ′ijs ,

∣∣∣∣∣
k⋃

j=1

Sij

∣∣∣∣∣ ≥

k �¤.b‘KõÒ,6u SDRæÊík}‘K ,çÍúkÕ¯_b£Õ

¯í!bÛbIdd¸ � -ÞíìÜu P. Hall FêÛ , 6�˚Ñ P. Hall

ìÜ � ( Å )  ¯bçÍ,�sPuJ Hall Ñâíbçð , øPu Mar-

shall, ÇøPÑ Philip , …ìÜuÊ 1935 , Philip F„pí!‹ , Bb6}

�œ}Tƒ M. Hall �
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ìÜ 1.4. ( P. Hall, 1935 )

Õ¯í F = {S1, S2, · · · , Sn} � SDR íkb‘KÑL< k _ F 2í

jÖ5:ÕBýÖ� k _jÖ , k = 1, 2, · · · , n �

„p. (⇒) 'ñq �

(⇐)à¦Ñ¶ (n�Õ¯í_b ) � n = 1véÍA
 ,cq n = 1, 2, · · · ,m

vA
 � I {S1, S2, · · · , Sm+1} ÑøÕ¯í , 7/Ê¤Õ¯í2íL< k

_Õ¯í:ÕBýÖ� k _jÖ , k = 1, 2, · · · ,m + 1 � úkL<²ìí

k , càL< k _Õ¯í:Õ·Ö�Bý k + 1 _jÖ , I xm+1 ∈ Sm+1�

†{S1\ {xm+1} , S2\ {xm+1} , · · · , Sm+1\ {xm+1}} � SDR (x1, x2, · · · , xm) (

â¦Ñcq ) , Ä¤�ø SDR , (x1, x2, · · · , xm, xm+1) � ÊÇøjÞ , à

‹æÊ�ø k , £ k _Õ¯ , …bí:Õ/Ö k _Õ¯ , .ÜøO4 ,

I

∣∣∣∣∣
k⋃

j=1

Si

∣∣∣∣∣ = k / S =
k⋃

j=1

Si � âcq Sk+1\S, · · · , Sm+1\S Ì.Ñ φ ,

/ {Sk+1\S, Sk+2\S, · · · , Sm+1\S} �ø SDR (xk+1, xk+2, · · · , xm+1) ( ? ),

7â¦Ñcq {S1, S2, · · · , Sk} 6�ø SDR (x1, x2, · · · , xk) ; ¯95(

{S1, S2, · · · , Sm+1} �ø SDR , FJ)„ � ¥

ÊìÜ 1.4 2í‘K ”L< k _Õ¯í:ÕBýÖ� k _jÖ” ¢�

˚Ñ Hall í‘K (Hall’s condition) � kuÅ— Hall í‘K5Õ¯íÿæÊ

�ø_óæH[Í (SDR) ,¥šíÔ4Ê@à,�'Ö ,BbªJà…V

„p , J§�#	íj�øìªJêAø_…�j³ �

ì2 1.5. Êø_ r× s³�2à‹©_jÖîVA S = {1, 2, · · · , n} ,7

/©ø_jÖÊ©øW©ø�2|ÖÉ|ÛøŸ , †¤Åj$³�¢˚

Ñuø_!k S í r × s …�Åj$ (Latin rectangle) �

ìÜ 1.6. ( M. Hall, 1945 ) Lø_!k S = {1, 2, · · · , n} í r × n …�Å

j$·ªJz…./.�Aø_ n ¼í…�j³ �

„p. I r × n …�Åj$ÑM = [mij]r×n , Sj = S\ {m1j, m2j, · · · , mij} ,

j = 1, 2, · · · , n‚àìÜ 1.4 {S1, S2, · · · Sn}�ø_ SDR (?) ,FJ� r+1

�¹ª/ß ; ./°šíj¶ª„p…ìÜ � ¥

à‹Bbı�Hø_!k S = {1, 2, · · · , n}í r× s…�Åj$ A²

¬/²-.�AÑø_ n ¼í…�j³ ( Ç 1.1) , !‹ÿbªìÜ 1.6 µ

ÆrÖ � W 7 2í A ÿÌ¶.�A 7 ¼í…�j³ �
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A
r


s


Ç 1.1

W7.

A =

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

éÍËµuÄÑ[Ê A 2íjÖ³�ãldì‘KF¨Aí , -Þ

íìÜªJzp¥K9 �

ìÜ 1.7. ( H.J. Ryser, 1951)

I R Ñ!k S = {1, 2, · · · , n} í r × s …�Åj$ , R(i) H[ i Ê R

2|ÛíŸb ; † R ªJ.�Aø_ n ¼…�j³íkb‘KÑúkF

�í i = 1, 2, · · · , n ; R (i) ≥ r + s− n �

„p. k}‘Kí„pÊ¤ôI �

(.b‘K )àÇ 1.2Fý ,Lø_jÖ iÊ C∪D2.ì|Û n−rŸ ,7Ê

B2BÖ|Û n−sŸ ,FJÊ R2 , iBý|Û n−[(n−r)+(n−s)] = r+s−n

Ÿ , FJ R (i) ≥ r + s− n � ¥

B
R


C
 D


r


s

n


Ç 1.2
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âìÜ 1.7, Bbyñqõ|W 7í A ÑS.?.�A 7¼…�j³�

(R(5) = 0 < 4 + 4− 7 �) Í7 , W 7 í A ºªJ.�A 8 ¼ , 9 ¼ , · · · , í

…�j³ �

ì2 1.8. à‹BbªJø M .�7)ƒ L , †Bb˚ø_…�j³ M

ªJ%pkø_…�j³ L �

W8. W 7 2í A ªJ%pk
A
 A+4


A+4
 A

, A + 4 = [aij + 4] , A = [aij] �

R� 1.9. Lø_ m¼…�j³îª%pkø_ n(≥ 2m)¼…�j³2 �

„p. âìÜ 1.7 ª)„ �

JHbíi�VõR� 1.9 ,%pí…�j³õÒ,uø_äÒNˇ�

FJBbêÛø_Ûï , ¹äÒNˇDÒNˇíÉ[¸äˇDˇíÉ[

.`ó° �

R� 1.10. Ju (Q1, ∗) Ñ (Q, ∗) íäÒNˇ , † 2 |Q1| ≤ |Q| �

„p. âìÜ 1.7 ª)„ �

( Å ) |Q1| .øìu |Q| íÄb , ¥D Lagrange ìÜ ( �ÌˇDäˇíÉ

[ ) .° �
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2. – ql (Block Design)

ÊW 12 ,\õðíúï α, β, γ, δ, εFAíÕ¯¢˚ÑTÜjÕ (Treat-

ments) , 7…íLø_äÕ¯î˚Ñuø_– , 7zø_TÜjÕ2í

jÖàVé§A ”jÖ_bøš”írÖ_– (ª?É�ø_ ) ,˚Ñu

ø_– ql (Block Design) � ç©_– õÒ,uc_TÜjÕv , ¤

ql¢˚Ñuø_êr– ql (Complete Block Design) , Ju– íj

ÖýkTÜjÕ_b , †¤qlÑ.êr– ql (Incomplete Block De-

sign)�BbªJz…�j³õAuø_êr– ql , JWCJ�Ñ– 

îª �Ñ7jZ[ý ,Bb¦�J (V, B)H[ø_– ql , V ÑTÜj

Õ ,7 BÑ– í (collection of blocks) � -ÞíWäÿuø_.êr– 

ql �

W9. V = {1, 2, 3, 4, 5, 6, 7} , ß = {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {5, 6, 1},
{6, 7, 2}, {7, 1, 3}} �
( Å ) Ê�Ì�Síû˝2 , V ÑõÕ¯ , B Ñ(Õ¯ �

à‹Bb��hôW 9 , ´ªJêÛ-�íÛï :

(1) V 2íLs_jÖ , �ßu°|ÛÊø_Õ¯ � ( J�Shõ7k ,

¹ÑLsõ²ìø( �)

(2) B 2íLs_– , /ß�øu°íjÖ � ( s(>køõ � )

éÍ , 1ÝF�í– ql·}x�,Hís�4” ; Å— (i) £

(ii)í.êr– qlíüuÝ�Ô� ,…uø�ú˚ql (Symmetric De-

sign)� Å— (i) íÛïuû˝– qlíç6|�E�íø�ql �

ì2 2.1. Êø_.êr– ql2 , à‹L<sõFu°|Ûí– b

Ñø	ìb ”λ” , †¤ql˚Ñu�©.êr– ql (Balanced Incom-

plete Block Design) , �˚ BIBD �

W 9 ¹Ñø BIBD , w2 λ = 1 � à‹BbcqÊø_ BIBD 2 ,

|V | = v, |B| = b , úk B 2íLø_– î� K(> 0) _jÖ , 7/ V 2

í©_jÖ·|ÛÊ r(> 0) _– 2 , °vL<sõFu°|Ûí– 

� λ(> 0) _ , †¤ BIBD ¢˚Ñu (v, b, r, k, λ)−ql , 7/Å—-�s_

‘K �
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(i) λ(v − 1)/(k − 1) Ñ£cb ;

(ii) λ(v − 1)v/(k − 1)k Ñ£cb �

}p (i) , (ii)1.Ø ,õÒ, r = λ(v−1)/(k−1) , b = λv(v−1)/k(k−1)�

Î,Hs_4” , Bb6ªJ„p-�ìÜ �

ìÜ 2.2. Êø_ (v, b, r, k, λ)−ql2 , bk = vr / λ(v−1)
k−1

£ λv(v−1)
k(k−1)

îÑ£

cb �

„p. âsj²lb , (Two-way Counting) ¹ª„p � bk = vr ( zr¶í

– §|V , yl�jÖ|Ûí,b � ) Çs¶}çAT“ � ¥

ç k = 3 v , ,Hql¢˚ÑuújÖÍ$ (Triple System) � ¸új

ÖÍ$�ÉíO±½æ ,uÊ 1847�â5s�FT|íé§ 15_Þç©

§˜Ñ,çí½æ �

½æ2.(Kirkman’s schoolgirl problem)

�ø_4� ,FÚ,� 15PÞçÞ ,Fı�z¥ 15PÞçÞ§Aú

Aø�í˜Ñ,ç ; Ê 7 Ù2 , ©Ù©PÞçÞ·¸°�ísP°çó

…;½àSé§n?UZbÊþÙ( ,©PÞçÞ·?w…r¶wFí 14

P°ç , ?¹©Ù¸.°ísP°çø� �

�. ¥ªø_újÖÍ$íb°yÖ ; .¬ , Býbuø_újÖÍ$ �

( 5?vƒ��ý ? )

à‹z½æ 2ZA�_çÞ ,†…í��ª}A 4 � -Þÿuw2

íø�é§ �

W10.

123 159 168 147

456 267 249 258

789 348 357 369

ÛÊyJ�SíhõVõ,Þí!Z ,†�W(æÊ (>ÕÑ˛Õ¯

ís( ) � °v¬ò(Õøõ.ìæÊñøíø(¨Ö¤õ/D#ìíò

(�W , ¥6ÿu�Wtqô ! Bbø}�JI	�Þ (Projective Plane),

"¦�Þ (Affine Plane) V˚ãW 9 , W 10 s�x�Ôy4”í BIBD �

J-Bb}Aú¶}V}��Ü�ó�òí…�j³ , I	�Þ£

"¦�Þ �
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3. ˛¤�ó�òí…�j³ MOLS(Mutually Orthogonal

Latin Squares)

âkBbÛbàƒ�Ìñ (Finite Field)íh1 ,Ä¤l�Ü¥_Hb

!Z �

ì2 3.1. ø_Õ¯ F £s_«� +, · , ZAø_Hb!Z (F, +, ·) Ñø
ñ (Field) cà-�í‘KA
 :

(i) (F, +) Ñø>²ˇ ,

(ii) (F, ·) Ñø>²ˇ , w2 F ∗ Ñ F pÎ‹¶ÀPjÖ 0 , £

(iii) }º
A
 , a · (b + c) = a · b + a · c , a, b, c ∈ F �

à‹ F Ñø�ÌÕ¯ , †¤ñ˚Ñø�Ìñ �

ìÜ 3.2. ø_�Ìñ (F, +, ·)æÊík}.b‘KÑ |F | = pk , pÑ”b,

k Ñ£cb �

}p. ~¡5Hb{… �

úk,HìÜí„p ,Ê¤IHåb � Ê.b‘KjÞ , F ªJõA

u0k Zp íø_²¾˛È , à‹u k & , † |F | = pk � Çøj² , Bb

Ûb„pæÊ�ø_Ê Zp ,.ª}j (Irreducible) í k ŸÖá� , Wà

x2 + x + 1 Ê Z2 ,.ª}j , Ä¤æÊø_�Ìñ…íjÖ_bÑ 22 �

�7ìÜ 3.2 , ÿªJ)ƒ�ò…�j³íû˝,|½bíìÜ �

ìÜ 3.3. úkF�í”b p ££cb k , ·æÊ� pk − 1 _˛¤�ó�

òí pk ¼…�j³ �

„p. âìÜ 3.2 ,Bbø−úkL<í”bj pk ,·æÊ�ø_ñ (F, +, ·),
w2 |F | = pk � Ä¤ |F ∗| = pk − 1 � úk F ∗ 2íL<ø_jÖ h , ì2ø

_ pk × pk í³� L(h) =
[
l
(h)
ij

]
U) l

(h)
ij = i · h + j , i, j ∈ F � íl , Bb�

ú L(h) Ñø…�j³ (?) Í(y‡iL# h, h′ ∈ F ∗ D L(h′) u´�ò � c

q l
(h)
ij = l

(h)
i′j′ , / l

(h′)
ij = l

(h′)
i′j′ † i · h + j = i′ · h + j′ , / i · h′ + j = i′ · h′ + j′ ,

FJ (i− i′) h = (j′ − j) , / (i− i′) h′ = (j′ − j) ÄÑ h 6= h′ , FJ i = i′ , k

u j = j′ � Ä¤Bb„p7 L(h) D L(h′) �ò � ¥
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¥_ìÜ6zpæÊ�ú_�ó�òí 4 ¼…�j³ ( W 3) , Í7

úk.u”bj¼í8” ,u´æÊ��ó�òí…�j³ ,ÿ³�¥ó

ñq7 � &à 6, 10, 12, · · · � íl , BbªJ�� 12 ¼í8” �

ì2 3.4. I A = [aij]£ B = [bij]}�Ñ l¼£ m¼5…�j³ ,† A×B

˚Ñu A D B íµ�\	 (Cartesian Product) , ªJì2A [(A, bij)]m×m ,

w2 (A, bij) Ñø l ¼…�j³ , …í (i′, j′) P05jÖÑ (ai′j′ , bij) �

Ä¤ A × B Ñø l ·m ¼…�j³ , -ÞWäuâ 3 ¼…�j³D 4

¼…�j³í
	F)ƒí 12 ¼…�j³ �

W11.

A =

1 2 3

2 3 1

3 1 2

B =

1 4 3 2

4 1 2 3

3 2 1 4

2 3 4 1

(A,4)
 (A,1)
 (A,2)
 (A,3)


(A,3)
 (A,2)
 (A,1)
 (A,4)


(A,2)
 (A,3)
 (A,4)
 (A,1)


(1,1)  (2,1)  (3,1)


(2,1)  (3,1)  (1,1)


(3,1)  (1,1)  (2,1)


(1,4)  (2,4)  (3,4)


(2,4)  (3,4)  (1,4)


(3,4)  (1,4)  (2,4)


(1,3)  (2,3)  (3,3)


(2,3)  (3,3)  (1,3)


(3,3)  (1,3)  (2,3)


(1,2)  (2,2)  (3,2)


(2,2)  (3,2)  (1,2)


(3,2)  (1,2)  (2,2)
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Bb.Øz,Þí…�j³�‰AJ 1, 2, · · · , 12 F/|Ví…�j

³ (?) �

ìÜ 3.5. Ju A1 D A2 Ñ�ó�òí l ¼…�j³ , B1 D B2 Ñ�ó�

òí m ¼…�j³ , † A1 × B1 D A2 × B2 Ñ�ó�òí l ·m ¼…�j
³�

}p. â
	íì2ªJòQ�ú �

R� 3.6. ç n = pk1
1 · pk2

2 · · · · · pks
s v ,æÊ�

s

min
i=1

{
pki

i − 1
}
_�ó�òí n

¼…�j³ �

}p. âìÜ 3.2 £ 3.5 ª)„ �

( Å ) æÊ�Öý_1.H[øuÿÉ�¥óÖ , &àR� 3.6 , æÊ�

s_�ó�òí 12 ¼…�j³ ; Ouñ‡˛%ªJvƒ 3 _ �

âR� 3.6 , Bb.Øõ|ö£�½æíuµ<u 2 íIb , Ou…

.u 4 íIb , ¹F�í n ≡ 2 (mod 4) � �ø_Þúíb 2 , 'ñqõ|

³�s_�ó�òí…�j³ ;µó 6á ? ku«…Êõƒ¥_Ûï ,Ê

›‰©v 6 ¼�ó�òí…�j³ÜÝ5( , F“¿ ( '˝J‡ ) ; úk

F� n ≡ 2 (mod 4) , î.æÊ�LS�ó�òí n ¼…�j³ �

ƒ7 1900 � , Terry F„õ7«…í�ø_“¿bå n = 6 uúí �

Wz , FuzF�í 6 ¼j³· ”_ç” Ë�|5( , ssªœ7)ƒ„

pí �Í7 ,«…6É�“ú¥_b7˛ ,Ê 1960ís¹�d2 ,úPT

6„p7-�!‹ � ( }pôI ) �

ìÜ 3.7. (Parker, Bose, Shrikhande, 1960)

úkF�í£cb n 6= 2, 6 ,·æÊ�s_�ó�òí n¼…�j³�

ªu MOLSíû˝1„Ä¤7×ŠµA ,úk.u”bjíb ,˝§

�Öý_ MOLS’s ñ‡EÍu_! � M)øTíu MOLS 6uÝ��à

í	x , Bbø}yTƒ… �
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4. I	�Þ (Projective Plane)

õðqlªJ@àí�S,uø_Ý���7/½bíê� � I	

�Þÿuw2íø_½bWä � y�ù�íW 9 , Bb{T£ , Êø_q

l2 (.øìu– ql ) ,ªJz V íjÖçTõ , B2í– çT(

,à¤øV�7õ(£õ(É[ ,ÿ��SíæÊ � W 9�-�s_Ô4:

(P1) Lsõ²ìñøí( �

(P2) Ls(>kñøíõ �

ì2 4.1. Å— (P1)£ (P2)íql (V, B)˚ÑI	�Þ �Ju |V | < +∞ ,

†˚Ñu�ÌI	�Þ (Finite Projective Plane) � à‹ V 2æÊ� 4 _õ

/L 3 õî.Ê°ø(, (P3) , † (V, B) ÑÝ¢“ (Nondegenerate) I	

�Þ , ¥5†Ñ¢“I	�Þ �

Ê…�n�í·uÝ¢“í�ÌI	�Þ ,6ÿuÅ— (P1) , (P2)£

(P3) � W 9 , ªJà-ÇV[ý|V �

0


1
 2


3

4


5


6


Ç 4.1 : The Fano Plane.

M)Ê¤zpíu (P2) !…,¸r�¼,í�Wtquó°*í ,

ÄÑ ,¬(Õøõv.ƒ.¸¤(ó>í( � Ä¤BbªJì2|øP.

°í�S ,¹I	�S �I	�Síê�ªJJNƒaj�û0� Pappas

íû˝ , Í(nûB��0� Boole, Cayley £ Sylvester .‰¾HbÜ�

íßÞ , Q-V� Tensor Calculus ( "¾�	} ) íA‹ , |(n}�=

Äg�íN�ù‰ (Gravitation) Ü� �

Q-VBb«nø-I	�Þí!…4” �
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ìÜ 4.2. ÊI	�Þ2 , æÊ�û‘( , w2Lú‘î.I�u°í>

õ (P4) �

}p. â (P3) ,æy�û_õ x, y, z, wLúõî.Ê°ø(, �I l1, l2, l3, l4,

}�Ñâ x D y , y D z , z D w £ w D x F²ìí( �âkLúõî.

Ê°ø(, , FJ¤û‘(î.ó° � .ÜøO4 , cq l1, l2 D l3 �ø

u°>õ u , ÄÑ y .Ê l3 , , u 6= y , à¤øV l1 D l2 >k y £ u .°

ísõ , ¤D (P2) pe , ])„ � ¥

��hôìÜ 4.2 2í (P4) £ (P3) 5ÈíÉ[ , £ (P1) D (P2) íÉ

[ , Bb.ØêÛ , …bÉuõ � (íiH�²7˛ � ¥�õ � (�²

íÔ4 ,6˚Ñuúº4 (Duality) �âk„pI	�ÞíÔ4v·bàƒ

(P1) , (P2)£ (P3) ,FJ‹ (P4) ,úºí!‹6·}A
 ,FJ-ÞíìÜ

AÍA
 �

ìÜ 4.3. ( úº4Ÿ† )

I	�ÞíLSÅHà‹uø_ìÜ , †…íúºÅH6uø_ì

Ü �

Q-VuI	�Þíø<Ô4 �

ìÜ 4.4. ÊI	�Þ2 , ©øõ·}rÊøšÖí(, , ©ø(6}�

øšÖíõ �

}p. BbÉb„p©ø(·Ö�øšÖíõ¹ª � ( úº4Ÿ† ) � I

L,L′ ÑL<s( ; †æÊ�øõ x , x.Ê L£ L′ , � (?) kuúk L,

íLøõ a , ¦ a, x í(.> L′ køõ a′ , Bb a′ Ñ a %¬ x Ê L′ ,í

I	 , FJ L ,íõD L′ ,íõ� 1− 1 íú@ , ])„ � ¥

ìÜ 4.5. ÊI	�Þ2 , ¦¬øõí(b�k©ø(,íõb �

}p. L²ø( L £.Ê L ,íøõ x , úk L ,íLøõ y ì2 L(y)

Ñ¦¬ y, z í( , ku y D L(y)� 1− 1 íú@])„ � ¥

R� 4.6. Êø_I	�Þ2 , à‹©‘(,� m + 1 _õ , †¤�Þu

à m2 + m + 1 _õ£ m2 + m + 1 ‘( �
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}p. I x ÑLøõ , âúº4 , ¦¬ x í(� m + 1 ‘ , Ä¤,õbÑ

(m + 1) ·m + 1 , ])„ � ¥

è7¥óÖI	�ÞíÔ4 , ˝§�I	�ÞæÊý ? W 9 ÿuø

_ 2 ¼íI	�Þ (Order 2) , ©ø(� m + 1 _õíI	�Þu m ¼I

	�Þ � -Þu 3 ¼íWä �

2
1

3


4

5
 6


7
 8
 9

8



8



8



8



1


2
3
4


Ç 4.2

ìÜ 4.7. úk m ≥ 2 , ø_ m ¼I	�ÞæÊíkb‘KÑø_ (m2 +

m + 1, m2 + m + 1,m + 1,m + 1, 1)− qlæÊ �

b„p¥_ìÜ , BbÛbø−ú˚qlíø<Ô4 �

ì2 4.8. ø_ (b, v, r, k, λ)− qlÊ b = v í8”-˚Ñuú˚ql , �

pÑ (v, k, λ)− ql �

ú˚ql�'ÖÔ4 , w2|½bíø_4”u-ÞíìÜFÅH

íÔ4 �

ìÜ 4.9. Êø_ (v, k, λ)− ql2 , L<s_– í>Õ/Ö� λ _j

Ö�

}p. ôI �
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ÛÊ ,ìÜ 4.76ÿ.Ø„p (T“ ) �Í7 , ìÜ 4.7ºG-7ø_

°š˚Øj²í½æ ,¹ ”(m2 + m + 1,m + 1, 1)−qlSvæÊ ?” �¥j

Þíû˝ ,øòƒDÙ ,EÍu ¯bç|;ø−��íø_½æ �j�

øO7k , ³�püí�� , .¬Êø<Ôy8”˛%�7!‹ �

ìÜ 4.10. (Bose,1938)

Ê m ≥ 2 í8”- , m ¼I	�ÞæÊíkb‘KÑ m − 1 _ m ¼

˛¤�ó�òí…�j³æÊ �

}p. ôI �

Ä¤âìÜ 3.3 ,ç mÑ”bjí$� ,·æÊ�ø_ m¼íI	�

Þ � Çø_ìÜ†uzø<.ª�I	�Þí¼bv|V , }pôI �

ìÜ 4.11. (Bruck, Ryser 1949)

Ê m ≡ 1 or 2 (mod 4)v ,I dÑ mí|×�jÄb ,à‹ m
d
ªJ\

4k + 3 $�í”bcÎ , †.æÊ� m ¼íI	�Þ �

Wà m = 6 , m = 54 , m = 3t2, 6t2 �·uWä � -ÞíìÜ†uyp

üËzI	�ÞæÊí.b‘Kv|V �…í„p6Ê¤ôI �

ìÜ 4.12. (Bruck-Ryser-Chowlam, 1950)

(v, k, λ)− qlæÊí.b‘Ku :

(1) cà v uXb , † k − λ Ñø�jb �

(2) cà v uJb , † x2 = (k − λ) y2 + (−1)(v−1)/2 λz2 �.rÑ 0 ícb

j , x, y, z �

I	�ÞæÊí.b‘K , âìÜ 4.7 íi�Võ , ¹Ñ¤ìÜíÔ

�8” �

( Å ) n ¼I	�Þíû˝ , úk n ≤ 10 , ñ‡˛r¶j² , ¹ n = 6, 10

.æÊ , n = 1 ¢“ , w…¼b¼æÊ �
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5. "¦�Þ (Affine Plane)

ø_ BIBD (V, B) à‹…í b _– ªJ}jA t _¶} , U)Ê©

ø_¶}©ø_ V 2íjÖ·/ß|ÛøŸ ,¹¤qlÑª}jí BIBD

(Resovable BIBD) � ø_ª}jí BIBD ¢˚Ñu"¦ª}jí BIBD , à

‹VA.°¶}í– ·}>k	ì_bíjÖ � W 10 ÿuø_Wä ,

W 11 †uø_ª}jO.u"¦í BIBD �

W11.
1 2 3 1 4 5 1 6 7 1 8 9 1 10 11 1 12 13 1 14 15

4 8 12 2 8 10 2 9 11 2 12 15 2 13 14 2 4 6 2 5 7

5 10 14 3 13 15 3 12 14 3 5 6 3 4 7 3 9 10 3 8 11

6 11 13 6 9 14 4 10 15 4 11 14 5 9 12 5 11 15 4 9 13

7 9 15 7 11 12 5 8 13 7 10 13 6 8 15 7 8 14 6 10 12

W 11 °v6u½æ 2 íø �� �

ìÜ 5.1. L<í (k2, k2 + k, k + 1, k, 1)−qlîÑ"¦ª}jí BIBD �

}p. I B0Ñql (V, B)2íLø_– � ÄÑ λ = 1 ,FJ B0¸w…–

 í>Õ|ÖÉ�øjÖ �â r = k+1 ,FJúk B02íLø_jÖþ�

k_.°kB0í– ¨Ö¤jÖ ,Ä¤Ê (V, B)2� (k2+k)−k·k−1 = k−1

_– ¸ B0 í>ÕÑ˛Õ¯ ,ÛÊ5?¥<– 2Lø_jÖ ,…¸ B0

2íLø_jÖu°|Ûkø_– ,øu� k _ ,FJ ,´�ø_– 

B′ Ö�¤øjÖ , Ou B′ ∩B0 = φ ; ÄÑúk.Ê B0 í k2 − k _jÖ7

k ,©_jÖ·b|ÛÊø_.D B0 ó>í– 2 ,7/øuÉ� k− 1

¥ší– , FJ k2 − k _jÖ.ìu}ºÊ˛¤.ó>í k − 1 _– 

, ,ku¸ B0 $Aø_}jí (Resolution class) ,¹ V 2í©ø_jÖ·

/ß|ÛøŸ � âk B0 ÑúL<²Ïí– , FJ©ø– ·uÊ/ø

_}jí2 , ¥„p7 (V, B) uª}jí BIBD �â,Þí„p6.Øõ

|VA.°}jíís_– .ì}>køõ , FJ (V, B) u"¦ª}

jí BIBD , ])„ � ¥

BbªJ‚àìÜ 5.1íqlV�Zø_ú˚í (k2+k+1, k+1, 1)−q
l , 6ÿu k ¼íI	�Þ � …íj¶à- : I,Hqlí k + 1 _

}jí}�Ñ ε1, ε2, · · · , εk+1 , ÛÊI V ′ = V ∪ {∞1,∞2, · · · ,∞k} , B′ =

{B′|B′ = B ∪ {∞i} , B ∈ εi, i = 1, 2, · · · , k + 1} ∪ {∞1,∞2, · · · ,∞k+1} � ku
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(V ′, B) ÑF° � Ç 4.2 ÿu‚àW 10 í"¦ª}jqlF�Z|Ví 3

¼I	�Þ �

ì2 5.2. ø_ (k2, k2 +k, k+1, k, 1)−ql¢˚Ñu k¼í"¦�Þ (Affine

Plane) �

ÛÊBbªJz,Þ�Zíj�¥¬V , 6ÿu‚à k ¼íI	�

ÞV�Z k ¼í"¦�Þ (?) � kuÿ)-ÞíìÜ �

ìÜ 5.3. k ¼íI	�ÞæÊJ/ñJ k ¼í"¦�ÞæÊ �

ìÜ 5.4. ø_k ¼"¦�ÞæÊíkb‘KÑ k − 1 _˛¤�ó�òík

¼…�j³æÊ �

}p.

(⇐) I L3, L4, · · · , Lk+1 Ñ k − 1 _˛¤�ó�òík ¼…�j³ , °v R

Ñ� i�r¶/ ií k¼³� �ÛÊ5? k +1_³� L1(= R) , L2(= R∗) ,

L3, L4, · · · , Lk+1£ A = [aij]k×k , aij = (i−1)k+j �Bb‚à k+1_…�j³

Vì2 k + 1 _}jí : � i _}jíí� j _– Bij = {x|Li (i
′, j′) = j

/ ai′j′ = x} � â�ò…�j³íì2ªJ„p¥<– FAíÕ¯$A
ø_ k ¼í"¦�Þ � (?)

(⇒)¥¬V ,Bbb‚à k + 1 _}jíV�Z k − 1_˛¤�ó�òík

¼…�j³ � I Rl, Rc, R1, R2, · · · , Rk−1 Ñ"¦�Þí k + 1 _}jí ; í

l ,Bbø©_}jíí– #ìßå ,¹�ø_– B� k _– ; Í

(� t_…�j³ªJà-�j�/p : Ju Rl í� i_– D Rc í�

j _– í>Õ {ak + b} , 0 ≤ a ≤ k − 1 , 1 ≤ b ≤ k ; †Ê Lt í (a, b) P0

,/p y , w2 y VA Rl � i _– D Rt í� j _– 5>Õ {xk + y},
0 ≤ x ≤ k − 1 , 1 ≤ y ≤ k �¤�/¶ªJ)ƒ k − 1 _˛¤�ó�òík ¼

…�j³ � ])„ � ¥

âìÜ 5.3£ 5.4 ,BbªJ)øk ¼I	�Þ , k ¼"¦�Þ£ k− 1

_ MOLS(k) íæÊu�gíÉ[ �
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T“.

41. BbJ GF (q) H[ø_x� q _jÖí�Ìñ � l�Zø_�Ìñ

GF (4) , y‚à…VßÞú_�ó�òí 4 ¼…�j³ �

42. I NmH[.°m¼…�j³í_b �˛ø N1 = 1 , N2 = 2 , N3 = 12,

° N4 �

43. }pìÜ 1.6 �

44. t„Êø_ (v, b, r, k, λ)−ql2 , λ(v− 1)/(k− 1)£ λv(v− 1)/k(k− 1)

îÑcb �

45. }pìÜ 3.5 �

46. t„Êø_ (v, b, r, k, λ)−ql2 , b ≥ v �

Tý :

(a) ì2ø_ql (V, B) íóQä³ A = [aij]v×b , w2 aij = 1 c

à xi ∈ Bj , 1 ≤ i ≤ v , 1 ≤ j ≤ b , V = {x1, x2, · · · , xv} /
B = {B1, B2, · · · , Bb} , ÇÕíP0 aij = 0 �

(b) }p det(AAT ) = [r + (v − 1)λ](r − λ)v−1 �

47. }pìÜ 4.7 �

48. }pìÜ 4.9 �Tý : I J Ñ v ¼r¶Ñ 1íj$ä³ ,† AJ = KJ ,

AAT = (k − λ)I + λJ , A−1J = K−1J , AT A = (k − λ)I + λk−1JA , /

JA = kJ �

49. ‚à m¼�ó�ò…�j³æÊíÜâ ,}pø_ l ¼í…�j³,

l ≤ m , øìªJ.�Aø_ (l+m) ¼í…�j³ �
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ý .lb ( Counting )

1. �gé ( Equivalence classes )

ÊÇ 1.12 (û_�äí£j$ )©_�äªJ²Ï+.Cu.+.,

j¶� 16� � à‹Bbz%¬ì�(}uøší��çA”ó°” , †.

ó°��É� 6 � C1;C2,C3,C4,C5;C6,C7,C8,C9;C10, C11;C12,C13,C14,C15;C16 �

yªø¥ , ‹,.ëªJ�²í‘K5( , .ó°í��ÿ”- 4 �7

˛, ÄÑ C1 ¸ C16 , C2 ¸ C12 �uó° � â¤BbªJêÛ , %¬.°í

dì , F)ƒí ”ó°” ��5_b6ÓOZ‰ � ¥<dì¹ÑF‚í�

gÉ[ (Equivalence Relation) �

1

C


3

C


2

C


4

C


5

C


6

C


7

C


8

C


9

C


10

C


11

C


12

C
 13


C

14


C
 15

C


16

C


Ç 1.1

cq S¸ T Ñs_Ý˛íÕ¯ ,à‹∼Ñ S×T íäÕ¯ ,Bb˚ ”∼”

ÑÕ¯ S ¸ T íø_ùjÉ[ �ÔWVz ,I S = {1, 2, 3} , T = {a, b, c, d},
† ∼= {(1, a) , (1, c) , (2, b) , (2, c) , (3, b) , (3, d)}ÑøùjÉ[ � Ê S = T í8

”- ,Bb˚ ∼Ñ S íø_ùjÉ[ �Ñ7jZ[ý ,à‹ (a, b) ∈∼ ,B

b�à a ∼ bV[ý �¥³b·< a ∼ b.øì?)ƒ b ∼ a � 6ÿu (a, b)

¸ (b, a) .øìb°vÊ ∼ 2 � -ÞBbì2ø�ÔyÉ[ �

ì2 1.1. Bb˚ ∼ Ñ S íø_�gÉ[ (Equivalence Relation) , à‹ ∼
Ñ S íø_ùjÉ[ , °vÅ—-�ú_‘K :
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(i) ¥™4 : úkF�íjÖ a ∈ S , a ∼ a �

(ii) ú˚4 : úkL<s_Ê S íjÖ a ¸ b , à‹ a ∼ b † b ∼ a �

(iii) ]�4 : úkL<ú_Ê S íjÖ a, b ¸ c , J a ∼ b / b ∼ c , †

a ∼ c �

à‹‚à�gÉ[zÕ¯ S 2íjÖ}é , ¹ç a ∼ b v , a, b Ê°

øé , †BbªJzÕ¯ S }A�½íäÕ¯ , ©_äÕ¯Ñø_�g

é (Equivalence class) �

ìÜ 1.2. cq ∼ÑÕ¯ S íø_�gÉ[ ,† S ªJ\}’A�gé �

„p. Ê S 2lL¦ø_jÖ a , ì2 Sa = {x| a ∼ x, x ∈ S} ; ÄÑç

y, z ∈ Sa v ,† a ∼ y , a ∼ z ;Ä¤ y ∼ a , a ∼ z ,FJ y ∼ z � à‹ Sa = S ,

† S 2É�ø_�gé ; .ÍI b ∈ S/Sa ,°Üì2 Sb, Sc, · · · �Q-VB
b„pL<s_.°í�gé.ì�½ � cq Sa∩Sb 6= φ†I d ∈ Sa∩Sb,

Ä¤ a ∼ d / b ∼ d , FJ a ∼ b , ¤Ñpe � Ä¤ìÜ)„ � ¥

ì2 1.3. S ,íø_ùj«� ”∗” , Ñâ S × S øB S íø_ƒb �

ì2 1.4. ( ˇ ,Group)

ø_Õ¯ S £Ê S ,íø_ùj«� ∗ ˚Ñuø_ˇ , à‹-�ú

_‘KÅ— :

(i) !¯
 , ¹úk S 2L<ú_jÖ a, b, c , a ∗ (b ∗ c) = (a ∗ b) ∗ c �

(ii) �ÀPjÖ ,¹æÊ�ø_jÖ e ,U)úk S 2L<jÖ a , a∗e =

e ∗ a = a �

(iii) �¥jÖ , ¹úk S 2L<jÖ a , ·ªJvƒø_jÖ a−1 ∈ S ,

U) a ∗ a−1 = a−1 ∗ a = e �

(Å) ì22íÀPjÖ£¥jÖ·uñøí �

ì2 1.5. ( §� ,Permutation)

ø_Õ¯ S í§�Ñø_â S øB S íøúø , øAƒb �

ì2 1.6. ( §�ˇ ,Permutation Group)

âø_Õ¯ S íø<§�£¯A«�F$Aíˇ , ˚Ñu S í§�

ˇ �
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W. I S = {1, 2, 3} , † G =

{(
123

123

)
,

(
123

231

)
,

(
123

312

)}
Ñø§�ˇ �

( à‹«�.}\ö˜ , ÿªJ..yTuBóší«� � )

I S = {1, 2, 3, 4} , G{e, (12), (34), (12)(34)} † G Ñø§�ˇ �

(Å) ¥³í (12)(34) H[

(
1234

2143

)
�

BbªJà§�ˇVû| S íø_ùjÉ[ (Induced Binary Rela-

tion)� cq G Ñ S ,íø_§�ˇ , I a ∼ b , J/ñJæÊø_ G 2í

§� π , U) π(a) = b ( Cu aπ = b) � BbªJ)ƒ-Þí!‹ �

ìÜ 1.7. â§�ˇFû|íùjÉ[Ñø_�gÉ[ �

„p. I GÑÕ¯ S ,íø_§�ˇ ,âk G2�ÀPjÖ e ,FJúk

S 2íLøjÖ a , e(a) = a , Ä¤ a ∼ a � Q-V , à‹ a ∼ b , ¹�ø G

2íjÖ π U) π(a) = b , ku π−1(π(a)) = π−1(b) , π−1(b) = a � ÄÑ π−1

Ê G 2 , FJ b ∼ a � |( , cq a ∼ b / b ∼ c , ku , æÊ� π1, π2 ∈ G ,

U) π1(a) = b , π2(b) = c � ‚à¯AÉ[ , π2(π1(a)) = c ,¹ (π2 ◦ π1)(a) = c,

Ä¤ a ∼ c , FJìÜ)„ � ¥

âk§�ˇªJû|�gÉ[ ,BbÿªJl��géí_b ,J-

u‡ÞFTƒíWä � ( Ç 1.1) càBbì2 4 _§�à- :

π1 = (C2C3C4C5) (C6C7C8C9) (C10C11) (C12C13C14C15) ( ßv‡� 90◦)

π2 = (C2C4) (C3C5) (C6C8) (C7C9) (C12C14) (C13C15) ( ßv‡� 180◦)

π3 : ßv‡� 270◦ , π4 .� �

†BbªJ°| 6 _�gé , !…,©øé2í£j$Çš¸w…

éíÇšuÌ¶àì�VU…bAÑó°íÇš � ¥ 6 _�gé}�Ñ

{C1} , {C2, C3, C4, C5} , {C6, C7, C8, C9} , {C10, C11} , {C12, C13, C14, C15} , {C16}�
ÛÊBbVhôÊ°ø_�gé2 , jÖ5ÈíÉ[ � &àÊ {C10, C11}
¥_Õ¯2 ,˝§�Öý_ G2í§�}z C10ú@ƒ C11á ? cq πxÑ

w2ø_ , †úkF�í πi ∈ G , πi(C10) = C10 , (πx ◦ πi) 6u¥ší§�,

FJÊ G 2?z C10 ú@ƒ C11 í§�b , BýÑz C10 	ìí§�b�

(?) u´´IyÖá ? cq πy ÑÇø_¥�§� , / πy(a) = b, a = C10,

b = C11,FJ (π−1
x ◦πy)(a) = a ,ku (π−1

x ◦πy)	ì a ,/ πx ◦ (π−1
x ◦πy) = πy,

Ä¤ πy .Ñ,Hí$� � 6ÿuz.}�yÖ7 � ÛÊ , Bbcq G Ñ
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S ,íø_§�ˇ ,úk S 2íL<jÖ , η(a)H[Ê GíjÖ2 ,ªJ

z a ú@ƒ a í§�b � †-ÞíìÜÿªJA
 �

ìÜ 1.8. I G Ñ S ,íø_§�ˇ , †à G Fû|í�gÉ[ªJz

S }A

∑
s∈S

η(s)

|G| _�gé �

„p. cq a, b Ñ°ø�gé Si 25jÖ , a ª?�k b , â,Þízp ,

Bb°) G 2?z a ú@ƒ b í§�/� η(a) _ , âk η(a) ¥_¾Ö


k b , FJ η(a) · |si| = |G| (?) ,

a


b


c


h
 .
 .

.


i

S


a −→ a

a −→ a

a −→ b

a −→ c
...

a −→ h

|Si| = h η(a) · |si| = |G|

¢ η(a) = η(b) , FJ
∑
s∈Si

η (s) = |G| � à¤øV ∑
s∈S

η (s) =
t∑

i=1

( ∑
s∈Si

η (s)

)
=

t · |G| , w2 t Ñ�géí_b � Ä¤)„ � ¥

‚àìÜ 1.8 , Bb.Ø�|,ÞWä2£j$�äí$��
1
4
( 4 + 1 + · · ·+ 1 + 2 + 2 + 1 + · · ·+ 1 + 4 ) = 6

↑ ↑ ↑ ↑
η(C1) η(C10) η(C11) η(C16)

Ou�<½æ , Õ¯ S Ø× , à¤øøl� η(a) Mªœ‘‰ , Ä¤Çø

$�ít�ªXl� �

ìÜ 1.9.
∑
s∈S

η (s) =
∑
π∈G

ψ (G) , ψ (G) = |{a ∈ S|π (a) = a}| �

„p. ¥ªJàsj²íl�V„p �˝�¸¬�·uÊl�.‰4 (π(x) =

x)í,b ,˝�YjÖøøÚ‹ ,7¬�†Y§�øøÚ‹ ,])„ � ¥

�7ìÜ 1.9 , �géí_bÿªJYÇø�äVl� , ¥6u9±

í�-.ŒìÜ (Burnside’s Lemma) �
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ìÜ 1.10. (Burnside)

I GÑ S ,íø_§�ˇ ,†à GFû|í�gÉ[ªJz S }A

t _�gé , t =

∑
π∈G

ψ(G)

|G| �

JJ£j$�äíOH (,W) , t = ψ(π1)+ψ(π2)+ψ(π3)+ψ(π4)
|G| = 2+4+2+16

4
=

6� âk G 2íjÖœý , l�N˛œñq � Q-Vyõø_½æ �

½æ1. àúå�H� ýå�H£ùF�–Víáš , u�Öý�.°�

� ? ( ��C�Þ(øš , ¹�uó°í�� � )

�. ílâ ¯Bb)ø |S| =
(

9

3

)
= 84 ,QOÄÑì�DŸ¦(í��

¸ŸVí��õAøš , FJ G 2íjÖÑ r1, r2, · · · , r9, δ1, δ2, · · · , δ9 � w

2 riÑßv‡ì� i·360◦
9

= (40i)◦ , δj =

(
· · · j − 2 j − 1 j j + 1 j + 2 · · ·
· · · j + 2 j + 1 j j − 1 j − 2 · · ·

)

( Ÿ¦ ) � ÛÊ , BbÛbl� ψ(ri) £ ψ(δj) , i, j = 1, 2, · · · , 9 � Í( ,

t =

9∑
i=1

ψ(ri)+
9∑

j=1
ψ(δj)

18

= (0 + 0 + 3 + 0 + 0 + 3 + 0 + 0 + 84 + 4 + 4 + 4 + · · ·+ 4) /18

↑ ↑
ψ (δ1) ψ (δ9)

= 126
18

= 7

( Å1. ) ψ(δ1) = 4 íÜâªJâ-Çõ| �

1

2
9


1


3
8


1


4
7


1


5
6


( Å2. ) Bku¨þ� , Bbz…çAT“ �
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2. �gƒb (Pólya’s Counting Theorem)

‡Þl��géí–1ªJT_çíR� , ÛÊzl�íúï�²

Aƒb , ?¹«n�gíƒb �

I F H[â D = {a, b, c, d} øB R = {0, 1} íF�ƒbFAíÕ¯ ,

F = RD ku |F | = |R||D| = 24 = 16 � yI G = {e, (abcd), (ac)(bd), (adcb)} Ñ
D íø_§�ˇ ; kuBbªJì2 F íø_�gÉ[ : f1 ∼ f2 J/ñ

JæÊø_ π ∈ G , U) f1 = f1 ◦ π � FJ , ,Hí 16 _ƒbÿªJ}A

b_�gé : à-ÇFý

ƒbM
f(a) f(b) f(c) f(d)

ƒb

f1 0 0 0 0

f2 1 0 0 0

f3 0 1 0 0

f4 0 0 1 0

f5 0 0 0 1

f6 1 1 0 0

f7 0 1 1 0

f8 0 0 1 1

f9 1 0 0 1

f10 1 0 1 0

f11 0 1 0 1

f12 1 1 1 0

f13 0 1 1 1

f14 1 0 1 1

f15 1 1 0 1

f16 1 1 1 1

a b

d c

yVBb�Üƒbí‹� (Weight of Function) � íl , úkâ D ú

@ƒ R íƒb f , ì2 R ílæ�ä (Store Enumerator) ϕ , D f ÌÉ ,

ϕ =
∑
r∈R

w (r) , w2 w(r) Ñ r í‹� �

(Å) ¥³ w(r) ªJub6ªJu¯U �
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W. D = {d1, d2, d3} , R = {r1, r2, r3} , w (r1) = u , w (r2) = v , w (r3) = u , †

læ�äÑ 2u + v �

�7læ�ä , yõƒbí‹� w (f) =
∏

d∈D

w (f (d)) , ku , .°í

ƒbª?�ó°í‹� ; Wà ,

r1 r2 r3

d1 ∨
d2 ∨
d3 ∨

,

r1 r2 r3

d1 ∨
d2 ∨
d3 ∨

FH[

ís_ƒb…bí‹�·u u2v �

*ƒbí‹� ,BbªJõ| D2jÖí}º8$ (f) ,Wà u2v ,H

[�s_ u−type ,ø_ v−type ,7çBb�'Ö_}º[Êø–ív` ,

¥<‹�í,¸ÿªJ¥@|cñjÖ}ºí8$ �BbÑ7jZ–c ,

z¥<ƒbí‹�5,¸J Is H[ , w2 S H[F�ø–n�íƒbF

AíÕ¯ � Is øO˚Ñ S ílæ¸ (Inventory) �

QO , BbVõ�gÉ[ú,H‹�–1í	à �

ìÜ 2.1. ( .ŒìÜ )

�gƒbí‹�Mó� �

„p. â‡Þì2 f1 ∼ f2 , J/ñJæÊø_§� π ∈ G , Å— f1 (d) =

f2 (π (d)) , ∀d ∈ D �FJ ,
∏

d∈D

w [f1 (d)] =
∏

d∈D

w [f2 (π (d))] ,Ou
∏

d∈D

w [f2 (π (d))] =

∏
d∈D

w [f2 (d)] , FJ W (f1) = W (f2) � ¥

Ä¤ ,Ê°ø�géíƒb·x�ó�í‹� ,¥_‹�6˚Ñu¥

_�gé ( C�� , Pattern) í‹� � .¬ , M)øTíux�ó°‹�

íƒb , .øì}VA°ø�gé �

W.( ƒb‹�í–1 )

� 8 _A , w2 3 _VAø_ðê , Ç 2 _VAø_ðê ; FbÄe

 ŒÂ 3_Í
 ,7/°øðêíAbø–  ,t½.°íÂ½j¶�Ö

ý� ?

‚à,Hí–1 , I D = {a, b, c, d, e, f, g, h} , R = {c1, c2, c3} , w2

{a, b, c} , {d, e} }�ÑsðêíAº ; °v c1, c2, c3 í‹�}�Ñ α, β, γ,

†â (α3 + β3 + γ3) (α2 + β2 + γ2) (α + β + γ)3 (?) ªJ°|.°íÂ½j

�� ( 'dÞAƒbí–1 , .uý ? )
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b°|ƒbí�gÛbÖø<í	x �

Ê,ø� , Bb˛%êÛ§�ˇ , C§�äˇÊlb,FrÆíi

H; °v , àSzø_§�J_çíj�[ý|V6'½b � FJ , íl

�Ü˛}j (Cycle Factorization) í–1 �

W.

f =

(
1 2 3 4 5 6 7 8 9

4 9 1 7 3 6 5 8 2

)
= (14753) ◦ (29) ◦ (6) ◦ (8) �

(14753) H[ 1 → 4 , 4 → 7 , 7 → 5 , 5 → 3 , 3 → 1 �

ìÜ 2.2. Lø_§�î�ñøí˛}j �

(Å). ³�u°jÖí˛ªJ>² , ¥³í«� ”◦” Ñƒbí¯A �

ì2 2.3. I f ÑøÕ¯ X í§� , |X| = n � Bbà #(f) H[ f í˛}

j2˛í_b �7 t(f)†H[ø_ n−&²¾ (e1, e2, · · · , en) ,w2 ei H[

˛í×üÑ i í_b , i = 1, 2, · · · , n�

W. ,W2 , #(f) = 4 , t (f) = (2, 1, 0, 0, 1, 0, 0) �

Ñ7lbíjZ4 , I mon (f) = ze1
1 ze2

2 · · · zen
n , FJç G Ñø§�ˇ

v ,BbªJ)ƒ (;W t(f) )ø_ÞAƒb
∑
f∈G

mon (f) =
∑
f∈G

ze1
1 ze2

2 · · · zen
n �

ì2 2.4. ( ˛N™b , Cycle Index)

ø_ n jÕ¯ X í§�ˇ G í˛N™bÑ PG(z1, z2, · · · , zn) = 1
|G|∑

f∈G

ze1
1 ze2

2 · · · zen
n �

W.PD4 (z1, z2, z3, zn) = 1
8
(z4

1 + 2z4 + 3z2
2 + 2z2

1z2) �

(Å)D4 � 8 _jÖ , PD4 (z1, z2, z3, zn) zp7¥ 8 _jÖí˛}j$�}

��ø_ÀPjÖ ,s_ 4−˛ , ú_$Ñ (ab)(cd)í˛ , J£s_$�Ñ

(x)(y)(zw) í˛ �

ÛÊ , BbªJ„p P0́lya ìÜ �

ìÜ 2.5. I S H[F�â DøB RíƒbFAíÕ¯ ,† S 2�gé (

ú@k G)ílæ¸ (Inventory)�k PG (z1, z2, · · · , zn) ,w2 zi =
∑
r∈R

[w (r)]i,

i = 1, 2, · · · , n �

}p. ôI � (�E�í°çª¡5 C. L. Liu, Introduction to Combinatorial

Mathematics. )
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R� 2.6. âDøBRíƒb5�gé (ú@kG )�k PG (|R| , |R| , · · · , |R|)�

}p. I R 2©ø_jÖí‹�·u 1 � ¥

*,ÞíR�ªJø− : bl��géí_b , íl)°|§�ˇ

G,y‚à˛N™b PG (z1, z2, · · · , zn)J |R|Hp zi , i = 1, 2, · · · , n ,¹ª°

|Fbí�� � ÇÕ , à‹ R 2íjÖ�.°í‹� , ´u)‚àìÜ

2.5 �

½æ2. ‚às_æH x D y V+ø_£ûÞñíûÞ , t°.°íOH

$� ( �gé ) �

j. PG (z1, z2, z3, zn) = 1
3
(z4

1 + 2z1z3) (?) �

FJj¶bÑ PG (2, 2, 2, 2) = 1
3
(24 + 8) = 8 � OHj¶íF�$�†

Ñ 1
3

[
(x + y)4 + 2 (x + y) (x3 + y3)

]
�

(Å) z1 = x + y , z3 = x3 + y3 � ( ìÜ 2.5. w(x)=x , w(y)=y � )

T“.

50. tå|½æ 1 íþ_.°��5áš �

51. à‹áš��É5?ì�5(ó°n�°� , ½à� � ô � �ú�

æHøu 5 _£ù , F�Aíáš�Öý��� �

52. t°à n_æH Çø_£ýÞñíÿir , ,à.°íj

¶ ( %®�j²��(E.° ) �

°v„p n8 + 17n4 + 6n2 Ñ 24 íIb �

53. à‹Bbà 6 �æHV+£ýÞñí©øÞ , 7/©Þ®ø�.°

æH , ½j¶�Öý� ?
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j�.

50. tå|½æ 1 íþ_.°��5áš �

�.

51. à‹áš��É5?ì�5(ó°n�°� , ½à� � ô � �ú�

æHøu 5 _£ù , F�Aíáš�Öý��� �

�.

A


B
E


C
D


ì� 0◦ 35

72◦ 3

144◦ 3

216◦ 3

288◦ 3

u 5 � 255

FJ 255
5

= 51
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52. t°à n_æH Çø_£ýÞñíÿir , ,à.°íj

¶ ( %®�j²��(E.° ) �

°v„p n8 + 17n4 + 6n2 Ñ 24 íIb �

�.

0◦ n8

n8

90◦

180◦

270◦

n2

n4

n2

×3

9 3n4 + 6n2

120◦

240◦
n4

n4
×4

8 8n4

180◦ n4 ×6

6 6n4

Total 24 n8 + 17n4 + 6n2

FJ 24| (n8 + 17n4 + 6n2) �
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53. à‹Bbà 6 �æHV+£ýÞñí©øÞ , 7/©Þ®ø�.°

æH , ½j¶�Öý� ?

�.

Iý_æHÑ a, b, c, d, e, f , †

ì� 0◦
(a + b + c + d + e + f)6

( v abcdef áí[b)

ÄÑ©ÞæH·.° , FJJ-.Û5?

Total 24

ÄÑ©ÞæH.° , ]F�j¶bÑ 6!
24

= 30

( Çj : l	ìøÞ , † 1× 5× (
4!
4

)
= 30 )
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