
ø .Çí–1

1. !…4”

ø_Ç G ªJõAu (V,E) C (V (G), E(G)) , w2 V Ñø_Õ¯6

˚ÑuÇ G íõÕ¯ , E ⊆ (
V
2

)
ÑÇ G íiÕ¯ ; Ê E 2íjÖÑÇ G

íi �âì2x� p _õíÇ|Ö�
(

p
2

)
_i ; Ä¤ , x�|ÖiíÇ˚

ÑuêrÇ (Complete Graph) � x� põíêrÇJ Kp [ý � ¥¬V ,³

�ií p õÇJ Op [ý �

úkø_Ç˝§�Öýi , BbªJ‚àõDõ5È©QíÉ[V

zp �

ì2 1.1. I G = (V, E) ÑøÇ , w2 {u, v} ∈ E C�ŸÑ uv ∈ E , †B

b˚ u D v ó¹ (adjacent) C u Ñ v íø_¹õ (Neighbor) ; ¤v v 6u

u íø_¹õ �øO6à u ∼G v V[ý G 2ó¹ísõ u D v �

ì2 1.2. NG(v) = {u ∈ V (G)|u ∼G v}, NG[v] = {v} ∪NG(v) , NG(v) ˚Ñu

v í¹� �

ì2 1.3. Bbì2 G 2ø_õ v í� (Degree) Ñ degG(v) = |NG(v)| �

ìÜ 1.4.
∑

v∈V (G)

degG(v) = 2|E(G)| �

R� 1.5. Êø_Ç2, x�Jb�íõbÑXb �

BbzJb�íõ˚ÑuJõ , 7Xb�íõ¹ÑXõ �

ì2 1.6. F�õ·uJõíÇÑJÇ (Odd Graph) , ·uXõíÇ˚Ñ

uXÇ �

Quiz : �JbõíJÇý ?

( Å ) Euler Ê 180�Fê[í�ø¹Ç��dÿu«nXÇíÔ4 �

R� 1.5uø_'ñq7jí–1 , ºx�'ÖÔ�í@à , J-B

b„p Sperner’s ùÜ �
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ìÜ 1.7. (Sperner’s Lemma)

I T Ñø_¥£íúi$ , Ê T 2‚à‹pø<õ7$A×úi

$�}A'Öíüúi$ (Subdivision) , à-Ç� I T íúÝõ}�™ý

1,2,3 ; 1,2 i,õ™ý 1C 2 ; 1,3 i,õ™ý 1C 3 ; 2,3 i,õ™ý 2C 3

, q¶õ™ý 1C 2C 3 �„pÊ T íq¶.æÊJb_úi$…íú_

Ýõ}� 1,2,3 �

1


2
 3


1


1


1

1


2


2


2


2


3

3


„p. Ê©ø_�}|Víúi$2®²øõçH[ ,1/Êúi$Õ²

øõ$Aø_ÇíõÕ¯ V �ÛÊ , z V 2H[ó¹úi$ísõ u D

v , Êuàiís«õx�.°™ýíbåv , ©QAi , ku)ƒø_

Ç G �âkúi$ T i,íõ�dìí™ýj� , BbªJR)Ê G 2

,H[ T Õ¶íµøõuJõ ( ? ) ,Ä¤ ,Êq¶H[üúi$íõ2�

Jb_Jõ �âkJõí�.}u ”1” ,7/|×Ñ 3 ,FJ ,r¶·u�

bÑ 3íõ �ÛÊ ,�bÑ 3íõFH[íúi$ÿuBbFÛbíúi

$ �

‚à,HìÜ , BbªJ„p¡Hbç2|½bíø_ìÜ � ¥

ìÜ 1.8. (Brouwer’s Fixed-point Theorem)

I f Ñâ D ú@ƒ D íø_©/ƒb , w2 D Ñø_¥£í n &

ÀPŸb ( n− disc ) � †Ê D 2æÊøõ x U) f(x) = x �

(Å)Ê n = 2v , n− disc D D¥£íúi$ T °G (Homomorphic) ,FJ

, f : D → D ªJ;A f : T → T �

„pí–b.(�Þ)
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(1) I T íúÝõ (è™)Ñ x1, x2, x3 ,† ∀x ∈ T , x = a1x1 + a2x2 + a3x3 ,

ai ≥ 0 , i = 1, 2, 3 , / a1 + a2 + a3 = 1 � I x = (a1, a2, a3) �

(2) I f(a1, a2, a3) = (a′1, a
′
2, a

′
3) ,

3∑
i=1

ai =
3∑

i=1

a′i = 1 �

(3) I Si = {(a1, a2, a3)|a′i ≤ ai}, i = 1, 2, 3 � (™ý iíõÊ Si2 , i = 1, 2, 3�)

(4) „p S1 ∩ S2 ∩ S3 6= φ � („p S1, S2, S3 îÑ closed set �)

(5) à‹ (a1, a2, a3) ∈ S1∩S2∩S3 ,† f(a1, a2, a3) = (a′1, a
′
2, a

′
3) = (a1, a2, a3)�

T“1. êcŸ|,Hí„p �

T“2. ‚àÇí–1 , „púkF�¸Ñ n í£cb n1, n2, . . . , nt ,
(

n
2

) ≥
t∑

i=1

(
ni

2

)
�

T“3∗. à-ÇFý , A,B â½‰ò�ó°ísË|ê ,„p A,B ªJÊ

øò&Mó°ò�í‘K-|(Ê/TóX �

A
 B


^kzp. àSøø_½æ�²AÇí$�y‹Jj²ÿuF‚íÇ_�

(Graph Modeling) �
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2. äÇ (Subgraph)

!…, , G íäÇH[O G íø¶} ; Ä¤ , à‹ H = (V ′, E ′) Ñ

G = (V,E) íäÇv , H[ V ′ ⊆ V , 7/ E ′ ⊆ E , ¥ÅH6uäÇ

íì2 � WàÇ 2-2¹ÑÇ 2-1íø_äÇ � ¥¬V˚ G Ñ H íØkÇ

(Supergraph) �

1


2


10


8
 9


7


6


3


4
 5


Ç 2-1 : Petersen Graph(P)

1


2


10


8


7
3


4


Ç 2-1 : P íø_äÇ

éÍ , ”äÇ”íÉ[¸”äÕ”íÉ[·x�¶Må (Partial Order) í

4” , 7/Lø_ G íäÇ·ªJ%â ¥õC ¥i7×) , .¬ ,

”É‚à ¥õíj�ÿ.øì7” ( ? ) �
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ì2 2.1. I e ÑÇ G = (V,E) 2íø_i , ?¹ e ∈ E , † G − e =

(V,E\{e}) �

ì2 2.2. I v ÑÇ G = (V, E) 2íø_õ , ?¹ v ∈ V , † G − v =

(V \{v}, E ′) w2 E ′ = {e|e ∈ E / v /∈ e} �

ì2 2.3. Bb˚ H Ñ G íø_û|äÇ (Induced Subgraph) à‹ H ª

Jâ G%â ¥õíj�×) ;à‹ G = (V, E) , 7 ¥íõFAíÕ¯

Ñ S ′ , † H ªJà < V \S ′ >G [ý , Cu < S >G , w2 S = V \S ′ �

*¥_ì26ªJõ| , H !…,u‚à S 2íõF�Z|VíÇ ,

7…Fàíi6ÿu G íi , FJ6ªJz H uâ S FÞA (Generate)

íÇ �M)·<íu , äÇ.øìbà,Híj�ßÞ , WàÇ 2-2ÿ.

uÇ 2-1íû|äÇ �

,HíÇuâõÕ¯F$A , Bb6ªJàiÕ¯VÞAø_Ç �

ì2 2.4. I G = (V, E) ÑøÇ , E ′ ⊆ E � † H ˚Ñu G íiû|äÇ

(Edge-induced Subgraph)J/ñJ H = (V ′, E ′) ,w2 V ′ = {v ∈ V |v u e′ 2

/øiíõ} � H 6ªJ[A < E ′ >G �

äÇí!ZúkŸÇí7j�'×í6Œ5Õ , _çË‚à…6ª

Jj²½bí½æ �

J-uø_Ç�2��í½æ , Ou�Ü¥_½æ5‡BbÛbø

<ãeø… :J-BbzAÐ©ƒAÐíi˚ÑuC˛ (Loop) ,sõ©'

ÖŸFßÞíb_i˚Ñu½i (Multi-Edge) �

½æ. Bbª´z-Þíû_£ýÞñLAûµ ,U).�â¨øÞõ¬

 ·x�û�.°íæH ?

R
 Y
 G
 B


R


R


R
 Y
 B
 G


R


Y


B
 B
 R
 Y


G


G


G
 Y
 R
 G


B


Y


(i)
 (ii)
 (iii)
 (iv)


(j)I R, Y, G,B }�H[ûõ , Í(ÿ (i), (ii), (iii), (iv)í$Õ}�z£

ýÞñ ”ú” ÞíæH©Q–V , kuû_Ç}�à- :
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B
Y


G
 R


B
Y


G
 R


B
Y


R


B
Y


G
G
R


(i)
 (ii)
 (iii)
 (iv)


yøû_Ç¯Aø_×Ç , ¥_Ç�s_äÇ}��ûi7/VA

.°í£ýÞñ : ‚à…b¹ªvƒ£üí§¶ � ( ? )

R


Y
 B


G
 R


Y
 B


G
 R


Y
 B


G


(Å) vƒís_äÇ³�uài , 7/©_õí�bîÑ 2 �

T“4. ªJŸƒíkb‘KÑS ?

T“5. à‹©_æHÌ_|ÛýŸ , u´øìªJŸƒ ?

ì2 2.5. ø_Ç2 , à‹©_õí�b·uøš , †¤Ç\˚Ñu£†

Ç (Regular Graph) ; ç©_õí�b·u r , †¤ÇÑ r-£†Ç �

½æ. L#ø_Ç G ,u´øìæÊø_ ∆(G)-£†Ç H ,U) GÑ H í

û|äÇ , ¥³í ∆(G) H[Ç G 2|Ûí|×�b �

W.

H
G


T“6. „p H øìªJvƒ , 7/ªJvƒø_ H …íõb.×k

2|V (G)| �
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3. Çí«� (Graph Operations)

‡ÞFTƒí ¥øi , C ¥øõ , !…,ÿuø�«� (Opera-

tion) ,J-Fb�Üíuøs_Ç[Êø– ,6ràùj«� (Binary Op-

eration) Vzpªœ/ç �

ì2 3.1. (:Õ)

G1 = (V1, E1) D G2 = (V2, E2) í:ÕJ G = (V, E) [ý , w2 V =

V1 ∪ V2 , E = E1 ∪ E2 �

ì2 3.2. (>Õ)

G1 = (V1, E1) D G2 = (V2, E2) í>ÕÑ (V1 ∩ V2, E1 ∩ E2) �

ì2 3.3. (µ�\	 , Cartesian Product)

I G D H Ñs_Ç , G D H íµ�\	Ñ G × H = (V, E) , w2

V = V (G)× V (H) , E = {{(u, x), (v, y)}|u ∼G v / x = y C u = v / x ∼H y}
�

øOzƒs_Çí
	Níÿu¥�
	 �

W1. n &j) (n-cube)

n=1

(K2) = Q1

n=2

(K2 ×K2) = Q2

n=3
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(Q2 ×K2) = Q3

n &j) (n-cube)

Qn = (Qn − 1×K2)

n &j)x�'ÖÔ�í4” , w2ø_u…íõÕ¯ªJà Zn
2 V

[ý , 7/sõó©íkb‘KÑsõíè™/�ø_P0.ó� �

W2.

000
 001


100
 101


110
 111


010
 011


W3. K3 ×K3

W4. P4 × P3
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4

P
 3


P


=


L3,4 = P4 × P3(�äõÇ)

ì2 3.4. s_.ó>íÇ GD H ó©5(F)ƒíÇÑ G∨H = (V,E)

, w2 V = V (G) ∪ V (H) , E = E(G) ∪ E(H) ∪ {(u, v)|u ∈ V (G), v ∈ V (H)} �

W5. P4 ∨K3

W6. O4 ∨K3(êr}±Ç , Complete Split Graph)

9



¥_ÇªJâÇø�«�×) , Ê(Þy‹Jzp �

ì2 3.5. (Çí¯A , Composition)

Ç G D H í¯A G[H] ÑÇ G = (V, E) , w2 V = V (G) × V (H) ,

E = {{u, x}, {v, y}|u ∼G v C u = v / x ∼H y} �
W7.

2

P


2

P


3

P


3

P
[
 ]


[
 ]


J-í«�ÌúÀø_ÇªW �

ì2 3.6. (^Çí , Complement)

Ç G í^Ç G = (V (G), E ′) , w2 e ∈ E ′ , J/ñJ e /∈ E(G) �

W8. G í^ÇÑ G �

G
 G
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ì2 3.7. (iÇ , Line Graph)

G íiÇ L(G) = (E, X) , w2 {e, f} Ñ X 2íi , J/ñJÊ G 2

e £ f ÑóQísi �

W9. H .ÑLSÇíiÇ �

H


ì2 3.8. (iYòÇ , Edge Contraction)

ø_Ç G Ê e i,YòuÉø e = {u, v}  ¥5(z u, v ¯Aøõ

1/\M…í©QÉ[ � ¥ší«�J G ↓ e [ý �

W10.

e

e


ì2 3.9. (YòÇ , Contraction Graph)

G íø_YòÇuÉ?%âÊ G ,ø©�íiYò7×)íÇ �

W11.

u,Çíø_YòÇ �
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ì2 3.10. (õ}± , Vertex Split)

ø_Ç GÊ v õ}±ÑùuNøÇ GÖÓ‹øõ v′ ,U)hÇ G′ 2

NG′(v) = NG′(v
′) �

v


v


V’


(Å) êr}±ÇuâêrÇ}±|VíÇ �

T“7. „p-�íÅHC#ø_¥W �

(1) G1 ∨G2 = G1 ∨G2 �

(2) G1 ×G2 = G1 ×G2 �

(3) G1[G2] = G1[G2] �

T“8. Ê Qk 2v|ø<õ ,U)¥<õ˛¤·.}ó¹ ,7/³�u°

í¹õ , |ÖªJvƒ�_õ ?

(Tý) Ê Q3 2|ÖªJvƒsõ �
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4. Çí°Z (Isomorphic Graphs)

âkÇíõªJL<Ö[ ,C6#8.øší™U ,ku…Vx�”ó

°!Z”íÇª?\wÑu.øšíÇ , à-ÇFý �

a


b


c
 d


e
 b’


a’


c’
 d’


e’


C5

ì2 4.1. (°Z , Isomorphism)

Bb˚ G D G′ u°Zís_Ç , J/ñJæÊø_â V (G) ú@B

V (G′) íøúøøAƒb ϕ U) u ∼G v ⇐⇒ ϕ(u) ∼G′ ϕ(v) �

Wà : ,Ç2ís_Ç°Z ϕ =
(

a b c d e
a′d′b′e′c′

)
�

°Zís_Ç G D G′ , øO6à G ∼= G′ V[ý �éÍ , °Zuø_

�gÉ[ ( ? ) � 7/°ZíÇªJ;Aÿu”øš”íÇ � ˝§�Öód

á ?

ùÜ 4.2. à‹ G1
∼= G2 , † |E(G1)| = |E(G2)| �

ì2 4.3. øÇ G 2©øõí�bO×üßå§|VF)ƒíb�˚Ñ

u G í�b� (Degree Sequence) , ¦�J (d1, d2, · · · , d|V (G)|) [ý � à‹

|V (G)| = +∞ , †¤b�ÑÌ¤b� �

ùÜ 4.4. à‹ G1
∼= G2 , † G1, G2 x�ó�í�b� �

„p. âk G1
∼= G2 , I ϕ ÑsÇ°Zƒb �âì2 |NG1(v)| = |NG2(ϕ(v))|

, ?¹ degG1(v) = degG2(ϕ(v)) , ])} �
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Í7ùÜ 5.4íLÅH1.øìA
 ,6ÿuBbªJvƒs_Ç…

bx�ó°í�b� , Ou¥s_Ç1.°Z �

W.

T“9. „p,Þís_Ç.°Z �

b‡is_Ç”u´°Z”uÇ�2|½bí½æ5ø ,ƒñ‡Ñ¢1

³�Bóßíj¶VêA¥	T ;JÆ�¶íXxVz ,uv.ƒø_J

Öá�vÈ (Polynomial Time)?êA�úíÆ�¶ (Algorithm) ;ÿÜ�7

k , uv.ƒ/<ì4V…•S�Ç}�ó°Z , ¥³Fzíì4Wà :

”x�ó°�bíb�” ,C”øší×ü” ,C · · · �FJ ,ÊJ(ín�2

, øOêÛ�ßí4” , Bb·ø�å5?¥_4”u´Ês_Ç·x�

í8”- , \„¥s_Ç°Z �

�7°Zí–1 , äÇí–1ªJ‹J^ò �Bbz H Ñ G íø_

äÇH[O H ¸ G í/øäÇ (OŸì2) °Z¹ª , 6ÿuz G 2í

/ø¶}¸ H íÅóuø_øš � Wà ,BbªJz P(Petersen graph)x

�ø_äÇ C5 (5õ©Aø˛) , 6ªJz Px�s_.ó>í C5 TÑ…

íäÇ �

D°Z–1óÉ:í½æ�.ý , w2|ÜùAíuJ-í½æ �

½æ˛øø_Ç…� 6_õ , v1, v2, v3, v4, v5, v6 ; ¥ vi 5(F)ƒí Gi ,

i = 1, 2, · · · , 6 }�à-ÇFý �t°|ŸÇ �

1

G


2

G
 3


G


4

G
 5


G

6


G
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(j)

1

v


2

v


3

v


4

v


5

v


6

v


T“10. I GÑøÇ , V (G) = {vi|i = 1, 2, · · · , p} , Gi = G−vi , i = 1, 2, · · · , p

�t° degG(vi) , i = 1, 2, · · · , p �

T“11∗. ,H½æ2íŸÇøìªJvƒý ? u´ñø ?
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5. �× (Distance)

Êø_Ç2 , L²sõ u ¸ v ( ªJuøšíõ ) , †â u %¬D u

ó©íi , Í(yD%¬Dvió©íõ , øòƒ v Ñ¢ , ¥šíõiå

�˚Ñuø_ u − v ¥W (Walk) � ( Ñ7jZ , ¦�àõ[ý � WàÊ-

Ç2 u−w− x− y − v ÿuø_ u− v ¥W � )éÍ ,¥W2°šíõªJ

½µ|Û , kui6ÿª?½µ � à‹ , i.½µ , ¥ší¥W˚Ñu¥

� (Trail) ; ø_ u− u¥�6˚Ñuc˜ (Circuit)Cu¥£í¥� (Closed

Trail) �ÛÊ ,à‹õ.½µ|Û ,†iAÍ.}½µ|Û ,¥�¥W˚Ñ

u˜� (Path) , ˜�íÅ�ÿuJ˜�,�ÖýiVl� �øOJ Pn H

[x� n _õí˜� , çÍ…íÅ�ÿu n− 1 7 � ÇøjÞ , ø_õ.

½µíc˜˚Ñu˛ (Cycle) , x� n _õí˛pÑ Cn , AÍ Cn ,� n

_i , ÊqlÜ�,†J n− ˛˚5 �
(Å) �<zà Circuit H[¥³í Cycle �

u
 w


z


v


y


x


ì2 5.1. ( �× , Distance)

Êø_Ç G2 ,sõ uD v í�×ì2ÑF� u− v ˜�2|s˜�

íÅ� � à‹ u− v Ì¶à˜�ó©†�×Ñ +∞ , ÇøjÞõDAÐí

�×ì2Ñ 0 , Ê G 2 u D v í�×pÑ dG(u, v) �

M)øTíu�×ªJõAuâ V (G) × V (G) øB Z íƒb , 7/

dG …™6uø_¾� (Metric) , …Å—-�ú_4” :

(1) dG(u, v) = dG(v, u) �

16



(2) dG(u, v) = 0 J/ñJ u = v �

(3) dG(u, v) + dG(v, w) ≥ dG(u,w) � ( úi.�� )

ì2 5.2. ( ×-0 , Eccentricity)

ø_õ v Ê G í×-0Ñ eG(v) = max{dG(u, v)|u ∈ V (G)} �

ì2 5.3. ( ò� , š� ; Diameter , Radius)

ø_Çíò�Dš�}�ì2A D(G) = max{eG(v)|v ∈ V (G)} D
r(G) = min{eG(v)|v ∈ V (G)} � ò�!…uNÇ2|±sõí�× �

Çíò�Dš�ª?óÏ'× ,6ª?ó� ;OuJ-íÉ[.ÍA


 �

ùÜ 5.4. úkL<Ç , r(G) ≤ D(G) ≤ 2r(G) �

„p. ˝ií.��ªâì2òQ×) ; ¬ií.��ÿ.uµópé �

âkš�uH[|üí×-0 , FJI v í×-0Ñ r(G) � yI u,w Ñ

Ç2|±ísõ � Ä¤ , D(G) = dG(u, w) ≤ dG(u, v) + dG(v, w) ≤ 2r(G) , F

JùÜ)} �

Ê,HìÜí„p2Bbàƒ7×-0Ñš�íõ , éÍ¥<õ}

rÊÇí2Û¶M ( òh ) , kuÿ$A7J-íì2£û˝½æ �

ì2 5.5. ÊÇ G 2 , G í2- (Center) Z(G) ÿuF�×-0�kš�

íõFAíÕ¯ �

½æ. Çí2-ÅóàS ? ª.ª?Ç2í©ø_·Ê2-³Þá ?

T“12. #ø_Wä ( Ç G ) U) D(G) = 11
7
r(G) �

ì2 5.6. ( ©¦Ç , Connected Graph)

ò�Ñ�ÌíÇ (�ÌÇ )˚Ñu©¦Ç ,6ÿuzÊ©¦Ç2L<

sõ·ªJàø‘˜�ø…b©Q–V � ( Ì¤ÇªJà(6çì2 � )

ì2 5.7. ( cÇ , Tree)

x�|ýibí©¦Ç˚ÑucÇ �

ùÜ 5.8. Ju G Ñø©¦Ç , † |E(G)| ≥ |V (G)| − 1 �

17



„p. ‚àbç¦Ñ¶„p , éÍç |V (G)| = 1 C 2 vŸÅHA
 �

cq |V (G)| = n vÅH?A
 , ¹ |E(G)| ≥ n − 1 � I H ÑL<

í©¦Ç , 7/ |V (H)| = n + 1 � q v Ñ H 2íLøõ , 7/ NH(v) =

{u1, u2, · · · , ut} � ÛÊ5? G′ = (H − v) ∪ P , P Ñ˜� u1 − u2 − · · · − ut

� † G′ Ñx� n õí©¦Ç , FJ |E(G′)| ≥ n − 1 , ¥[ý |E(H)| ≥
(n− 1)− (t− 1) + t = n , ìÜ)} �

ùÜ 5.9. Ju G ÑøcÇ , † G 2.ÖLS˛ ( ÑwäÇ ) �

„p.  ¥˛,LSøi.}	à…í©¦4” �

ùÜ 5.10. cÇ G /� |V (G)| − 1 _i �

„p. ‚àbç¦Ñ¶„p |E(G)| ≤ |V (G)| − 1 �

éÍ , ç |V (G)| = 1 C 2 v , .��A
 � cq |V (G)| = n v.��

?A
 � I H Ñx� n+1_õícÇ �íl ,Bbø− H 2.æÊ�ø

õ v ,…í�bÑ 1 ,´† H .Öø˛ ( ? ) , H ÿ.ucÇ ;I G′ = H−v

� † G′ ucÇ ( ? ) , FJ |E(G′)| ≤ n− 1 , ku |E(H)| ≤ n , ìÜ)} �

R� 5.11. cÇ2Bý�sõ…bí�bu 1 �

R� 5.12. cÇ2íL<óæsõîæÊ�ñøí˜�©Q¥sõ �

R� 5.13. I G ÑøcÇ7/ dG(u, v) = D(G) , † degG(u) = degG(v) = 1

�

ùÜ 5.14. I G ÑøcÇ � †úkL<.ó©ísõ u, v , G + {u, v} .
Öø˛ , °vÊ G 2.æÊøi e U) G + {u, v} − e ÑøcÇ �

„p. I e Ñ G + {u, v} 2˛,íøi ( æk {u, v} ) �

ì2 5.15. ( b©äÇ , Spanning Subgraph)

J H ≤ G 7/ V (H) = V (G) , † H ˚Ñu G íb©äÇ �

ì2 5.16. ( b©c )

J H Ñ Gíb©äÇ ,7/ H …™Ñøc ,†˚Ñu Gíb©c �

ì2 5.17. L<©¦Ç.Öøb©c �
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„p. øÇ,íiMø ¥ , Oub&M©¦4 �

(Å) cªJõAu.ÖLS˛ (Acyclic) í©¦Ç �

ì2 5.18. ( RŠ , Forest)

.ÖLS˛íÇ˚ÑuRŠ �

ì2 5.19. ( ¶} , Component)

J ”≤” ÑÉ[í|×©¦äÇ˚Ñuø_Çí¶} �ø_Ç G í¶

}í_bJ c(G) [ý � c(G) = 1 íÇ G ÿuø_©¦Ç , ‚
õ6ªJ

õAuø¶} �

ì2 5.20. ( › , Bridge ( &2 ))

Êø_Ç G 2 , J c(G− e) > c(G) , † e ˚Ñu G íø_› �

ÊÇ�2 ,›ªJì2AÇø�ªœ�2íÇ ;Ouÿ,Híì27

k , õÒ,J e u› , † c(G− e) = c(G) + 1 �

ùÜ 5.21. G Ñ cÇ , J/ñJ G Ñ©¦Ç7/©øi·u› �

ìÜ 5.22. -�íÅH˛¤�g :

(1) G ÑcÇ �

(2) G u.ÖLS˛í©¦Ç �

(3) G u/� |V (G)| − 1 ií©¦Ç �

(4) G u.ÖLS˛7/x� |V (G)| − 1 iíÇ �

(5) G 2íLsõî�ñøíø‘˜�ó© �

(6) G Ñ©¦Ç7/©øi·u› �

(7) úk G 2.ó©ísõ u, v , G + {u, v} .Öñøíø_˛ �

„p. T“13.

T“14. ˛ø G ÑøÇ , …í�b� (d1, d2, · · · , dp) Å—
p∑

i=1

di = 2(p− 1) �

}pâ¥_b�ªJå|ø_cÇ…í�b�/Ñ (d1, d2, · · · , dp) �
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6. �²Ç (Digraph)

�²Çíõ¸øOÇøš , …íi†àõDõ5ÈF$Aí�åú

V¦H ; FJ�²i (u, v) D (v, u) u.°ísi , Ñ7–}�²i£ø

Oi , �²iøOJC (arc) ˚5 � Ç D íCFAíÕ¯ÿà A(D) [ý

�

ì2 6.1. ( q�DÕ� , Indegree vs. outdegree)

ø_õ v Ê�²Ç D = (V, A) 2íq� idD(v) = |{u|(u, v) ∈ A}| , 7

Õ� odD(v) = |{w|(v, w) ∈ A}| �

FJ , -Þí!‹ÿ.ØR) �

ùÜ 6.2. Êø_�²Ç D 2 , |A(D)| = ∑
idD(v) =

∑
odD(v) �

ø_�²Ç5©¦4øO}As� ,ø�u;WÇí!Z (.5?j

² ) , à¤øV¥_Çª?uø�½iÇ ( |Öù½i ) ; Bb˚¤�²

ÇÑÿ©¦Ç (Weakly Connected) , J/ñJÊ.5?j² ( ¹ (u, v) −→
{u, v} ) í8”-¤ÇÑ©¦Ç � ÇøjÞ , à‹Ç2íLsõ u, v , Ì

æÊø_�²˜� , u = v0 − v1 − v2 − · · · − vt = v ©Q u, v , ¹úkF�

í 0 ≤ i ≤ t − 1 , (vi, vi+1) ÑÇ,íC , †¤Ç˚Ñu#©¦Ç (Strongly

Connected) �éÍ , Êæ˜,¥�Ç|§¡Cí � M)·<í9 : Ê�²

Ç2 ,øOn��˜�ó©uN�²˜� ,7©¦D´6²ìku´Ls

õ·æÊ�²˜�ó© �

T“15. I D Ñø�²Ç…Å—L< V (D) 2ísõ u, v , .u (u, v) ∈
A(D) ÿu (v, u) ∈ A(D) �}pÊ D 2.æÊø‘�²˜� , âøõ|ê

ƒÇøõ7/¦¬ V (D) 2íw…F�õ �

(Å) ,HÇ D øO˚Ñ¬ˇÇ (Tournament) �

ì2 6.3. Êø_�²Ç D 2 , à‹â (u, v), (v, w) ∈ A(D) ªJR)

(u,w) ∈ A(D) , Bb˚ D Ñ]�ÇC]��²Ç (Transitive Digraph)�

ì2 6.4. Êø_�²Ç D 2 , Bb˚õíÕ�Ñvõí}b (Score) �

ì2 6.5. D 2x�|×}bíõ˚ÑÅÙ (King) �

ìÜ 6.6. Êø_]�¬ˇÇ D 2 , ÅÙñøæÊ �
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}p. cà�s_J, � I u D v îÑÅÙ � âk D Ñ¬ˇÇ , FJ

(u, v) ∈ A(D) Cu (v, u) ∈ A(D) , Ou.}°vA
 � .ÜøO4 , cq

(u, v) ∈ A(D) ,ku odG(u) ≥ odG(v)+1 ,¥uÄÑç (v, w) ∈ A(D)v (u, w)

6}Ê A(D) 2 ( ]�4” ) �FJ u D v .ª?°vuÅÙ � ¥Dcq

pe �

R� 6.7. Êø_¬ˇÇ2 , à‹�sõ…bx�ó°íÕ� , †¤Ç.

x]�4” �

Ê¥ø�í|( , Bb�Üø_Yj (Game) , …x�Ý�ßíÇ!

Z–1 �

GameA. #ìø_Ç G , £ G ,ísõ u D v �ÛÊ�sP Players BD

ıFb}�rÆªÛDÊèíiH , Bı�â u ƒ v �Zø‘�²í˜

�¦ƒ v ,Ou©ŸÉ?Êø_þ„Nìj²íi,Nìj² (ziZA

C ) , 7ı†DB3¼Ê„Nìj²íi,Nìj² , 7Fíñ™ué u

ƒ v v.ƒ�²˜� � ( B= : Bvƒ˜� , ı= : Bv.ƒ˜� � )

W. Bl²}=íWä �

u
 v


W. Bl²6.}= �

u
 v


½æ. µøéÇ}ul²l= ? µøéÇuB.= ? µøéÇuı.= ?

GameB. z GameA vƒ�²˜�ZA˜� , 7B , ı}�3¼²iV$

AäÇ � JuBF²|VíiªJ$Aø‘â u ƒ v í˜�†B= , ´

†ı= �
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½æ. ÊBó8”- ( S�Ç ) B.ì}= ( l²C(²·ªJ ) ? ÊB

ó8”- ( S�Ç ) ı.ì}= ( lC( ) ? ÊBó8”-l²}= ?

T“16∗∗. ��,Hs_½æ �
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7. ‹�Ç (Weighted Graph)

ø_‹�ÇuNø_øOÇy‹,ì2k V (G) ∪ E (G) ,íø_‹

�ƒb w � Ê@à, , ×¶}í‹�·uÊi, , FJ w ªJõAuâ

E(G) øB/_Õ¯íƒb ; ¥_v` , à‹�F�ªœ×üí‹� , †

w : E (G) → R , .Ííu , w…à {+, −} ?ª � J-Bbÿ«nø_D
×ü�Éí½æ , I (G, w) Ñø‹�Ç , w2 w : E (G) → R+ �ÛÊ5?

J-í½æ :

½æ. ( |üb©c , Minimum Spanning Tree)

Êø_©¦í‹�Ç2 ,àSvƒø_b©c ,U)…íi,5‹�

,¸Ñ|ü ?

à‹Bbzi,í‹�õAuÊæ˜,&MviíA… , †|üb

©cuNø�Ê&M©¦í‡T5-U)A…|Qí©Qj¶ � âkÇ

í‰“'× , bv|ø_ì4íj¶òQl�‹�CòQ°)��1.

ñq , kuÆ�¶AÑ|�‰í	x �

°|üb©cíÆ�¶ (Kruskal)

L#ø_©¦í‹�Ç (G, w) �

¥	 1 . I i = 0 J£ E0 = φ �

¥	 2 . ÊÇG2²øi ei /∈ Ei−17/ w (ei)Ñ|ü ,U) Ti = 〈Ei−1 ∪ {ei}〉
( iû|äÇ ) .ÖLSí˛ , °vì2 Ei = Ei−1 ∪ {ei} �Juv.ƒ¥
� ei , †I T = 〈Ei−1〉 1/T¢Æ�¶ �
¥	 3 . à i + 1 ¦H i , °v�ƒ¥	 2 �

ã¯,Hú_¥	 ,!…,Æ�¶í¬˙u.iË‹p‹�|ü („

à ) íi , °v&MÇ,³�˛¹ª �

ì2 7.1. ,H Kruskal íÆ�¶íüªJÊL<í©¦‹�Ç2vƒ|

üíb©c �

}p. I (G, w) Ñ#ìí‹�Ç , âÆ�¶.Øõ||(°|í�� T

.ìu G íb©c , FJ V (T ) = V (G) , 7/ |E(T )| = |V (G)| − 1 �

I E (T ) = {e1, e2, · · · , ep−1} , °v w (T ) =
p−1∑
i=1

w (ei) � ÛÊ , cq T

.u|üíb©c , kuÊ G 2ªJvƒw…í|üíb©c , …í,

‹�ük w(T ) � I H uw2ø_|üb©c…D T �|Öíuài �â
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k E (H) 6= E (T ) , I ei , 1 ≤ i ≤ p − 1 , Ñø_Ê E (T ) \E (H) íi ( â

1, 2, · · · , õ– ) �âcí4” , Bbø− H ∪ {ei} .Öø˛ , 7/Ê¥ø

˛,.Öøi e0 /∈ E (T ) � I T′ = (H ∪ {ei}) \ {e0} , † T ′ 6u G íø_b

©c , °v w (T ′) = w (H) + w (ei)− w (e0) �

âk H Ñ|üb©c , FJ w (H) ≤ w (T ′) , Ä¤ w (ei) ≥ w (e0) , Ç

øjÞ , âÆ�¶ w (ei) ≤ w (e0) ( ? ) , FJ w (ei) = w (e0) , ¥óøV

w (H) = w (T ′) , T ′ 6u|üb©c �Í7 |E (T ′) ∩ E (T )| > |E (H) ∩ E (T )|
, ¥Dcqpe , FJ T @vÿu|üíb©c �

Î7 Kruskal íÆ�¶5Õ , þ�w…éNíÆ�¶6ªJ°||ü

íb©c �

j¶ 2 .  ¥‹�|×íiÉb©¦4ªJ&M¹ª �

j¶ 3 . L²øõ x1 ,Í(Ê x1 í¹�2²øõ x2 U) w(x1, x2)Ñ|ü

,QOyõ N (x1)∪N (x2) \ {x1, x2} ,y²?‹pí|ü‹�i ;y./Ø

k5?þ„²¬í”õ” , |(×)ø|üb©c �

T“17. °-Þ‹�Çí|üb©c �

1


1


2


2


3


3


4


5


6
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8. Çí[ý¶

Ç	ÍªJ'ñqËå|V , Ouå¶'Ö7/læ.Z , Ä¤ , _

çËøÇ�²Aw…$�V[ý|V , 6'½b �

ì2 8.1. ( ó¹ä³ , Adjacency Matrix)

ø_ÇGó¹ä³A(G)Ñø p×píj$ä³ ,w2 V (G) = {v1, v2, · · · , vp}
, °vÊ vi ∼ vj v A(i, j) = A(j, i) = 1 , 7 vi � vj v A(i, j) = A(j, i) = 0 �

ku ,°ZíÇAÍÿ}�ú@íó¹ä³Ê_çí²W (ú˚ )5

()ƒó°íä³ �

W1.

1

v


2

v


3

v


4

v


v1 v2 v3 v4

v1

v2

v3

v4




0 1 0 1

1 0 1 1

0 1 0 1

1 1 1 0




Çíó¹ä³TX7óçÖû˝Ç4”í’m � âkä³íW�·

uú@ƒ	ìíõ , FJ� i �[ýíÿuD vi óÉ , °Ü� j WD vj

óÉ �

ùÜ 8.2. I A Ñ G íó¹ä³ , † An(i, j) , ä³ An í (i, j) P0F)

ƒíMÿuÊÇ G 2â vi ƒ vj .°í n− ¥¥Wj¶b �

}p. Bbú n ¦Ñ , éÍç n = 1 v , ÅHA
 � ÛÊcqç n = k v

, ÅHA
 , ?¹ Ak(i, j) Ñâ vi ƒ vj • k ¥ªJƒ®íj¶b �ÛÊ5

? Ak+1(i, j) � Bbb}pâ vi • k + 1 ¥ƒ vj íj¶b/Ñ Ak+1(i, j) �

Ou Ak+1(i, j) ªJõAu Ak í� i �D A í� j Wíq	 ( z�DW

õA²¾ ) �¥_q	íMH[O vi • k ¥ƒ vk , k = 1, 2, · · · , n , Í(y

•ø¥ƒ® vj , ku…H[â vi ƒ vj • k + 1¥í,j¶b , ìÜ)} �

ìÜ 8.3. I Cn(G) H[ÊÇ G 2.° n− ˛5_b , †
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(1) C3 (G) = 1
6
tr (A3) �

(2) C4 (G) = 1
8

[
tr (A4)− 2q − 2

∑
i6=j

A2 (i, j)

]
�

(3) C5 (G) = 1
10

[
tr (A5)− 5tr (A3)− 5

p∑
i=1

(
p∑

j=1

A (i, j)− 2

)
A3 (i, i)

]
�

}p. A3 (i, i)H[O* i%¬ 3¥ (i )�ƒŸË iíóæ¥Wb �âk

°ø_úi$ø\�ƒ 6 Ÿ¥ší¥Wb , FJªJ°| (1) � Ê (2) í

¶} , 4 ¥�ƒŸËíj¶�'Ö , .$A 4 i$·Ûbp¥ ; &àø_

iV�®•7sŸ , C6u�s_ió¹ , øi•sŸ , Çøi6•sŸ

, FJ°) (2) ; (3) ÿbyµÆø< , ��Ê¤ôI �

ÇÕ ,Bb6ªJõƒ‚àó¹ä³…™í4” ,Wà°|vä³í

Ô�M$ (Spectrum) , V…•ø_Ç , ¥�–1BbGÊ(ÞyÌ��Ü

�Î7ó¹ä³5Õ , óQ (Incidence) ä³6u'½b[ý¶ �

ì2 8.4. ( óQä³ , Incidence Matrix)

I G = (V, E) , w2 V = {v1, v2, · · · , vp} , E = {e1, e2, · · · , eq} , †ó

Qä³ B(G)Ñø p× q ä³ , w2Ju vi Ñ ei íø_«õ† B(i, j) = 1 ,

.Ííu B(i, j) = 0 �

W2.

1

v


2

v


3

v


4

v


1

e


2

e


3

e


4

e


5

e


e1 e2 e3 e4 e4

v1

v2

v3

v4




1 0 1 0 0

1 1 0 1 0

0 0 0 1 1

0 1 1 0 1




éÍ , Ê B(G) 2LøW·/�s_ 1 , 7©ø� 1 í_b , /Ñú

@õí�b , Ä¤ , J-í4”ÿ.Øõ|V �

ùÜ 8.5. I L(G)ÑÇGíiÇ (Line Graph) ,†A (L (G)) = B (G)T B (G)−
2Iq �
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}p. B (G)T B (G)2.ÑÉíP0 (i, j)[ý ei D ej �u°õ , (ç i = j

v�sõ , .Ê5?¸ˇ ) , ])} �

T“18. }pìÜ 8.3 (3) �
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9. «…c˜ (Euler Circuit)

…ªJzuÇ�û˝í�ø½æ ,oÊùìÖ�‡ÿ˛%Çá7 �ç

v , :=bçð«… (Leonhard Euler) ÄÑû˝þ›½æ7ê �|¥�Ç

� F‚þ›½æuêÞÊÛD,Å1q: çÓ�� (Pregel) ´¼%ë−g

& (Königsberg)Ë¡v$Aà-Ç ,Ñ7˛¤í:ûÊçvu�7þè›

, �.ýAtOâø_Ëj|ê , ı�Ê. ½µí8”-•ê¤þè› ,

Í(¢�ƒŸË � ½æuªJŸƒý ?

A


B


C


D


Ç 1 : ë−g&íþ›

JÇíj�VõÇ 1 , †ªJz A,B,C,D õAuõ , ›Ñi , ku)

ƒø_½iÇ ,Ç 2 �ÛÊþ›½æ�ku½ÊÇ 22ª´vƒø_c˜

¦¬F�íi �

A


B


C


D


Ç 2 : þ›½æ5ú@Ç

õ|Ç 2.ÖLS¦¬F�iíc˜u.˚Øí9 ,ÄÑøï�¥�

c˜æÊ , †Ç,íF�õ.Í·uXõ ( ª|íÛï ) , Oub„pL

ÅHÿ)I øõ‰−7 �
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ì2 9.1. ( «…Ç , eulerian graph)

ø_ÇJuæÊø_c˜¦¬F�íi ,†¤Ç˚Ñu«…Ç ,¤v

, vc˜6˚ÑuÇ2íø_«…c˜ �

ìÜ 9.2. ø_Ç G u«…Çíkb‘KuÇ G Ñ©¦Ç/Ç2í©ø

õ·uXõ �

„p.

(⇒) à,Hzp �

(⇐) â¦Ñ¶ , éÍç G É�øõCsõvŸÅH.A
 �

cqç |V (G)| ≤ n vŸÅHA
 , ?¹ç©_õ·uXõv , G Ñ

«…Ç � I H Ñø©¦Ç , w2 |V (G)| = n + 1 7/ H 2í©øõ·

uXõ � I v ε V (H) , 7/ NH(v) = {v1, v2, ..., v2i−1, v2i} � ÛÊ5? H ′ =

(H − v) ∪ (v1v2, v3v4, ..., v2i−1v2i) � éÍ H ′ x� n _õ , 7/©_õ·uX

õ � °v H ′ |Öu i_¶} (Components)F$AíÇ �â¦Ñcq ,©

_¶}·u«…Ç ;ÛÊz©_¶}í«…c˜å|V ,ç¥<c˜¦¬

v1v2, v3v4, ..., v2i−1v2i 2íLøi v2j−1v2j v , ø¤c˜Z−A −v2j−1 − v −
v2j− (  ¥ v2j−1v2j ) , j = 1, 2, ..., i , †Bb°) H íø_«…c˜ , FJ

H Ñ«…Ç , ìÜ)„ � ¥

¥_ìÜí„pþ�w….°íj� , ~AWÇ„( T“19.) �

ÖÍBbªJ„pìÜ 1.2 , OuÊø_µÆí«…Çz«…c˜å

|Víü.u øKñqí9 ; J-íÆ�¶ÿ‡úàS�^Ëvƒ«…

c˜TXø_j¶ �

L#ø_«…Çå«…c˜5Æ�¶ (Fleury)

¥	 1. I i = 0 , 1/L² G 2íøõ v0 J£ì2 T0 : v0 �

¥	 2. Ti : v0, v1, ..., vi ¥_¥�˛%vƒ ,Q-Vyv vi+1 ,¥v` vjvj+1

.u G\{v0v1, v1v2, ..., vi−1vi} 2í ø‘› � JÌ vivi+1 æÊ , †T¢�

¥	 3. ì2 Ti+1 = Ti + vivi+1 �

¥	 4. à i + 1 ¦H i , Í(�ƒ¥	 2 �

,HÆ�¶�ÀzÿubfÇ› , ÎÝviu”-íñøi �

ìÜ 9.3. Fleury íÆ�¶Fvƒíÿu«…c˜�
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„p. ( †bzp ) âk«…Ç2í©ø_õ·uXõ , FJç¥Æ�¶

./d , |(øì}Q� ŸV|êíõ , FJV-íuÌ¶%¬F�í

i �

Í7 , à‹³�•¬r¶íi[ý2¤ÊªJ²Ïí8”-²7› ,

µuÆ�¶Ffní ; Ä¤.}”-i³•¬ � ( r¶uXõíÇ.}�

›æÊ!( T“20.))� ¥

�<Ç , ÖÍ.u«…c˜ , Ou , …ªJâøõ|êÊ•êF�i

vƒ®Çøõ , 6ÿu�ø_ %¬r¶ií¥� , øO6˚Ñuø°å

(eulerian trail) à-Ç �

Ç 3 : ø°åíÇ

ìÜ 9.4. ø_©¦ÇªJø°åíkb‘KÑvÇ|Ö�s_Jõ , 7

/¥ø°åí–õD�õ ÿuª?æÊís_Jõ �

„p. Ju G 2íF�õîÑXõ , † G AÍªJø°å , Ä¤cq u ,

v Ñ G 2 ís_Jõ � íl , à‹ uv /∈ E(G) , †©Q u D v )ƒ G′ ; Û

Ê G′ Ñø«…Ç , I C Ñø_«…c˜ , † C − uv ÿu G íø_¥� ,

â uƒ v ,7/¦¬F� G2íi � yV,à‹ uv ∈ E(G) , G′ ÑøÇ ,…

Å— V (G′) = V (G) ∪ {w} J£ E(G′) = E(G) ∪ {wu, wv} � °Ü G′ Ñø«

…Ç , C Ñø«…Ç ,¤v* C 2p¥ wu£ wv ÿªJ)ƒ Gíø°å

� ¥

BbªJz«…ÇR�B�²Ç ,¥v`í¥�AÍb�j² ,7/

bø_ , FJ…íb°ÿ}yÖø< �
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ìÜ 9.5. I D Ñø�²í©¦Ç � † D Ñ«…Çíkb‘KÑÊ D 2

í©øõ v , odD(v) = idD(v) �

T“21. „pìÜ 9.5�(*)

T“22. „pJ G Ñ«…Ç, † L(G) .Ñ«…Ç ; 7…íLÅH.øì

ú �

T“23. Ê-Ç2b ¥Öýin}U)”-í¶MÇu«…Ç �

Ç 4
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10. De Bruijn b�£sÏ½æ

¥ø� , Bbøn�s_«…Ç–1í@à�

ì2 10.1. (De Bruijn Sequence)

ø_�=b� (a1, a2, ..., a2n) ˚Ñu (2, n) -de Bruijn b�à‹-�s

_‘KÅ— :

(1) ai ∈ {0, 1} , i = 1, 2, ..., 2n ; /

(2) (aj, aj+1, ..., aj+n−1) , j = 1, 2, ..., 2n ,(mod 2n) ,Ñóæí 2n _ n&²

¾ �

W1. n = 1, 2, 3, 4 ; (2, n) -de Bruijn b�}�Ñ ( �U , PUôI )

01,0110,01110100,0000100110101111

úkF�í n b�Zø_ (2, n) -de Bruijn b�1.˚Ø , J-uh

•bçð N. de Bruijn àV ©v¥�b�í�²Ç �

ì2 10.2. ( (2, n) -de Bruijn �²Ç , D2,n )

D2,n Ñø‹��²Ç , …Å—-�s‘K :

(1) V (D2,n) = (Z2)
n−1 £

(2) (a1, a2, ..., an−1) ©ƒ (a2, a3, ..., an−1, an) 1/Ê¥_C,#8‹�

(a1, a2, ..., an) �

W2.

0000
 1111


1000


000


100


001


110


011


111
101
010


0001


1110


0111


0100


0010


1101


1011


1010


0101


1100


0011


1001
 0110


Ç 4 : D2,4

âì2 , BbªJ„p D2,n Ñø�²í«…Ç �
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ùÜ 10.3. (2, n) -de Bruijn �²ÇÑ«…Ç �

„p. ÄÑ D2,n Ñ#©¦Ç7/©øõíq�DÕ�ÌÑ 2 ,])„ � ¥

ùÜ 10.4. Ê (2, n) -de Bruijn �²Ç,í‹�r¶.øš �

„p. âì2ª) � ¥

ùÜ 10.5. úkF�í n , (2, n) -de Bruijn b�æÊ �

„p. íl , âùÜ 2.3 , ø_ (2, n) -de Bruijn �²ÇæÊ, FJæÊø

_«…c˜ ; ÛÊ , I¤c˜%¬íiÑ e1, e2, ..., e2n ; °vúkF�í i

I l(ei) = ai Ñ ei i,‹�í|˝iµ_bå , kuBb)ƒø_b�

(a1, a2, ..., a2n) , ¥_b�ÿuø_ (2, n) -de Bruijn b� � ¥

J-íWä6r�Œk7j,Hí„p �

Ê D2,4 2í«…c˜ªJu

0000


1111
 1000


000


100


001


110
011


111


101


010

0001


1110


0111


0100
0010


1101


1011
1010
 0101


1100


0011
1001
 0110


000


001


010
 101
 011


111
 110
 100
 (000)


(2, 4) -de Bruijn b�Ñ 0000100110101111 , 7…FßÞí 16 _.°5

²¾YŸÑ 16 _‹�²¾ �

De Bruijn b�||±í@àuÊì�2 (Rotating Drum) � …ªJ‚

à©/íP0V‡i.°í�p (œHŸÜ) , à-ÇFý �
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0
1


0


1


0


1


0


1


0


1


0
 1


0


1


0


1


Output=0101


Ç 6 : ì�2

Çø_|±í@àuâMõbçð�E® (Meigu Guan)FT|V,(

V J. Edmonds ˚…Ñ2ÅsÏ½æ�

ì2 10.6. ( sÏ˜( , Postman Tour)

L#ø_Ç G , F‚sÏ˜(uNÊ G 2íø_¥£¥W (Closed

Walk) , …¦¬ G 2í©ø_iBýøŸ �

ì2 10.7. (|7ísÏ˜( , Optimal Postman Tour)

Êø_‹�Ç2 ,ø_sÏ˜(F%¬íi‹�,¸Ñ|üv ,Bb

˚¥˜(Ñ|7sÏ˜( �

¥_½æõ–V�}µÆ � ÄÑF5?íÇ—‰N“ ,Í7 ,ÊT|

¥_½æ ( ©v|7sÏ˜( ) 5(.ƒ�� , ¹â Edmonds ¸ Johnson

Fj² ,FbTX7ø_Öá�vÈ (Polynomial-time)íÆ�¶Vv||

7˜( �

Ê³��ÜÆ�¶5‡ ,Bblõø_Wä � Ê G2� 4_Jõ ,ÛÊ‚

à¥ 4 õ �Zø_‹�í K4 , Êi,í‹�ÑsõÊ G 2í|s�× (

‹� ) � QOÊ K4 2vƒ.ó¹ísi ( ºú ) U)…bí‹�¸|ü

, ¤W2í bf ¹ dh , |(yøŸÇ G ZÑ G∗ , àÇ 7 , G∗ í«…c˜¹

ÑF° �
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G
 4

K


a


b


c


d


e


f


g


h


i


h


d


f


b


1


1


2


2


2


3


3


3


4


4


4
 4


5
 6

7


8
10


10


a


b


c


d


e


f


g


h


i


Ç 7 : |7sÏ˜(

Æ�¶ (Edmonds £ Johnson )(¿b)

1. I S Ñ G 2JõFAíÕ¯ �

2. ‚à S íõ�Zø_‹�êrÇ K|S| , ab i,í‹�Ñâ a ƒ b í|

s �× ( ‹�˜� ) �

3. Ê K|S| 2²| |S|/2 _Ö
i , U)…bí‹�,¸Ñ|ü �

4. ú@k 3 2íÖ
i , øF%¬íi ( |s˜� ) r¶‹,ó°‹�

íi �

5. â 4 F)ƒíÇ5«…c˜¹ÑF° �

„p. 3ív¶uÖá�vÈ ,FJ¥_Æ�¶6u ,Ì�„pÊ¤ôI �

¥

35



w…jÞþ�.ý@à ,WàÊ£Y˜(íé§ ,b5šW�n|ô

%‘ ; Ê RNA í½ jÞàS‚àÒi’mV)ƒêcí RNA ; J£

Ê’mf] jÞàS){ny�^0Ëz’e[Û|V , ·ªJ‚à�

²í«…ÇV ®ƒñí ; âk¹Ù�ÌÊ¤ôI, ~AW¡5â Gross £

Yellen FŸ íz ”Graph Theory and its Application” �

ø_Aö£ígM , ug)AÐ�à1/0— �
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11. é��âÇ (Hamiltonian Graph)

ø_é��â˛u¦¬Ç,F�õí˛ , 7x�é��â˛˚Ñu

é��âÇ (Hamiltonian Graph) �¥�Ç�¤±åWzuÄÑ=�•bç

ðé��â �=Ê 1857 �êp7ø�=Y0äíYj ; …uÊøgƒ`

í£�ùÞñ í 20 _ir/pçvO±í 20 _·
 , àOá� Ò�� ...

� , Í(é ¡‹Yj6L<âø_·
|ê , Ê.½º·
í8”-•

êr¶·
1�ƒ –õ � ( Ç 8)

Ç 8 : £�ùÞñ

.d«…c˜í©vµó�« , ²ìø_Çu´�é��â˛uÝ

�˚Øí½æ , j�Ç�çðÊøìÖ�V.iË›‰, ñ‡EÍTGÊ

TXx�é��â˛ ík}‘K , 7Ì¶…•|S�Çué��âÇ �

Bbl*‡iø_Ç.ué��â ÇÇá �

hô:

âké��â˛b¦¬Ç,íF�õ , FJ©_õBýbíƒs_

i ;Ä¤ (1)à‹��bÑ 2íõ ,†DvõóQísiÿ…ÌO½íu

˛,ísi , ku\G¥< i , y./õÛbµ<i ; ¤v (2) F‹pí

i.?¸˛%�íi$Aø_õb.ƒr¶í”ü”˛ ,°v (3)øïø_

õíË¡˛%üì�siu.bíi , †wìí i·ªJt  �

J,í (1), (2), (3) AÑu‡iø_Ç….Öé��â˛íø_�À

j¶ , .¬, ç©_õí�b·.üv , bà,H¶E�óç×íØ� �

W1. ‡i-Çu´x�é��â˛ � (T“24.)
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Ç 9

Q-V ,Bb«nBóšíÇ}�é��â˛ �òg, ,à‹Ç2í

©ø_õ�b·.ü ,†|Ûé��â˛íœ}ÿªœ× ;FJ ,Ê 1952

Dirac ¹„p7J-íìÜ �

ìÜ 11.1. ç p ≥ 3 v , ø_ p õí�ÀÇ2 , à‹©_õí�bBýÑ
p/2 , †¥_Ç2�é��â˛ �

¥_!‹Êb�(\ Ore íìÜF°Q , Ê¥³ÿú Ore í!‹T

ø�b„p � w…�.ýk}‘K , Ì¶Ê¤øøzp�

ìÜ 11.2. (Ore,1960)

Êø_ p õí�ÀÇ G 2 , p ≥ 3 , à‹úk.ó©íL<sõ u D

v , degG(u) + degG(v) ≥ p † G Ñé��âÇ �

„p. cqìÜ.ú � †øìæÊø_”×íÝé��âÇ G , …Å— G

2.ó©í L<sõ5�b¸BýÑ |V (G)| , °v , Éb‹pLøi uv

, † G + uv Ñ é��âÇ� ku G 2.æÊø_ u − v ˜� , …¦¬F

�íõ : u = v1, v2, ..., vp = v ÛÊ5?D u ó©íõÕ¯ NG(v1) ; à‹

vi ∈ NG(v1) , † vi+1 .Í.D vp ó©, ´† (v1, v2, ..., vi−1, vp, vp−1, ..., vi, v1)

Ñ G íø_é��âÇ , Dcqpe� Ou, ÄÑç deg(v1) Ñ t v , †

deg(vp) ≤ p− t− 1 , FJ degG(v1) + degG(vp) = degG(u) + degG(v) < p , ¥¢

D cqpe , FJìÜ)„ � ¥
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R�º½æ (Traveling Salesman Problem)

Êé��âÇjÞ ,|�±í@à½æÝR�º½æl˘ �…ubv

ø_|ZííëWj� ,ƒ¬Flå‡%í©ø_Í
5(,y�ƒŸR

T ; âké§ëWW˙í.°, FI‘í%‘AÍ}�F.°, yS”F

UàvÈ6}.øš , J- , Bbà‹�Ç íj�V[ýR�ºFbÂ

½íÍ
 , J£Í
DÍ
5ÈëWFÛbí‘à ; ñ™ ubvƒø_

é��â˛VTÑFëWí¬˙ , 7ÊÇ,í‹�,¸†Ñû˝íúï ,

�ü�ß �

âkn�íÍ
·ubŒÂíÍ
 , FJ‹�Çí�Ç (Background

graph)ªJé…uø_êrÇ ;Bb°vcq (i)à‹Í
BDÍ
ıÌ

˜ª¦ , †‘à‹�Ñ +∞ , (ii) âBƒıFÛ‘à�kâıƒBí‘à

�

¥_½æ , J-�˚ TSP , |oÊ 1934 �vâ Whitney ílT|V

…í½b4Ê OR2 (Operation Research).iË\T|V ,òƒ 1954� ,

Dontzig, Fulkerson£ Johnson�7ˇú ,…búk1Åí 49_½bÍ
T

X7ø_ �¡ê1í�� , Fb.Oàƒ7Ç�íh1 , 6àƒ7(4

d•2cbd• (Integer Programming) , |3bís_	xu Branch-and-

Bound £ Cutting Planes � ƒ7 1980 � , Crowder £ Padborg �7y½×

íˇú , Fvƒ7Q¡|7��í 318 _Í
 , FbøuI7 6 } 7

˛, BkK‰�ËzF�ª?í˜(·ªœ¬øŸíj¶ , ÿu©” ?

d 10 hŸ , 6bI, 10639 �í ! ¥sPç6íõ.IAl6 , FbÎ7

,HT£í Branch-and-Bound 5Õ, ¢àƒ7 Facet-defining Inequalities �

Ê¥ø�2 , 3b�Ü�_.˜íÆ�¶ , JvÈ , I‘‰−í5?

, …b·u”óçß”íj¶ �

Bb˛%ø− TSPuø_ NP-hardí½æ ,FJbvƒø_|ß (Op-

timal) í�� "Ýq9 , «wuÊõb'Öív` , yu˚Ø � Ä¤ , ú

kâø_Í
ƒ-ø_Í
 @vàS²Ï , ÿbêµû˝6í;d‰7

� øO7k , *ªœª?í�_²Ïvø_ Í
Í(./- u‘Ê.

W , 6r.c)})ƒ�� ( |ß ) , Ou , ı�à¤²Ï ªJ®ƒóç

ßí^‹ � ¥øéÊ�_ªœª?í8”-./²Ïød- íj¶ø

O ˚Ñuóê�íÆ�¶ (Heuristic Algorithm) � ¥�Æ�¶ª?°.|

|ij , Ou , 'ìªJÊªœsívÈq²ƒø_”.˜”í�� � J-
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ÿTXú_¥�é�íÆ�¶ , ��ín�Ê¤ôI �

Æ�¶ A : ( |¡¹�¶ , Nearest Neighbor)

²Ï|¡Ouþ„ ¬íÍ
 �

Æ�¶ B : ( sIc¶ , Double Tree)

(1) l°|üíb©c (Minimum Spanning Tree,MST) �

(2) z,H)ƒícØ×øI ( iåsŸ ) �

(3) ‚àÇ2í«…c˜y‹,v¡�í–1°)é��â˛ ( ¡5

Ç 12) �

( ¹�¬«…c˜˛%¦¬íÍ
 �)

Ç 12 : sIc¶

Æ�¶ C : ( cDºú , Tree and Matching)

(1) vø_ MST , T �

(2) v|â,H MST íJõFû|íäÇ H �

(3) Ê H 2vƒø_êrºú M …í‹�,¸Ñ|ü �

(4) z M íi‹ƒ T ,, ku)ƒ T ∗ �

(5) ‚à T ∗ 2í«…c˜vƒé��âÇ �

TSP í‰“$��'Ö , ¨�vƒ|síé��â˜� ( ¦¬r¶

õí˜� ) ,c˜ql ,Wš˜(é§ ,	Té§*****� ,·u°é�

í½æ , ¥6yoé¥_½æÊ@àä� ,íõàgM �

T“ 25. t°Êø_ 10 õíêrÇ2.°íé��âÇ ( sÇBý�ø

i.øš ) �
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ù .Çí½b4”

1. õ©¦b (Connectivity)

øOíÇÊ ¥ø<õ5( ,ÿª?AÑ.©¦íÇ ,BbçÍ;ø

−˝§u ¥�õn?AÑ.©¦íÇ ?

ì2 1.1. Êø_Ç G 2 , à‹ G í¶Mb c(G) < c(G− v) , † v ˚Ñu

G íø_~õ (Cut Vertex) �

FJ,Êø_©¦Ç2,à‹“¥øõ v}U)¥_Ç‰A.©¦ ,†

¥_õ.Íu~õ ;¥¬V ,�~õí©¦Ç1Ý“¥L<õ·ªJU)

¥_ÇAÑ.©¦ � J-í4”zp7~õFÊíP0 �

ìÜ 1.2. v u©¦Ç Gí~õ5kb‘KuæÊs_D v .°íõ u£

w , °vÅ—F�â u ƒ w í˜�î}¦¬ v õ �

„p. âì2ªJòQR)� ¥

*Çøi�Võ, 1ÝF�õ·}u~õ�

ìÜ 1.3. ø_sõJ,íÇ , Î7˛Ç ( ³�i ) 5Õ·BýÖ�sõ,

…b·.u~õ�

„p. cq|ÖÉ�ø_õ.u~õ � I u � vÑ G2ísõÅ— d(u, v) =

D(G) ( ò� ) , FJ , Bý�øõu~õ � cq v Ñ~õ , âì2 G − v

Ñ.©¦Ç , I w D v Ê G− v .°í¶M2 , ku , F�í u− w ˜�

.¦¬ v , ¥[ý d(u,w) > d(u, v) , Dcq d(u, v) Ñò�pe , ìÜ)„

� ¥

ÛÊ ,à‹ ¥ø_õ.}U)ø_ÇAÑ.©¦Ç ,†¤Çí!Z

ÿ}y'ò � Wà ,ø_˛ÿu¥šíÇ ,J-uø_yøOíì2 � ì

22 G− S H[Mø ¥ S 2íõF)ƒíÇ �
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ì2 1.4. ( õ©¦b , Connectivity )

ø_Ç G íõ©¦b κ(G) = min { |S| |S ⊆ V (G) / G− S Ñ.©¦

ÇCu”-øõ } �

FJ ,ç G…™.©¦v , κ(G) = 0 ;à‹ G2Ö�~õ7…™¢u

©¦Ç , † κ(G) = 1 � Wà , cÇCu K2 ; çÍL<˛íõ©¦b·u 2

� Ñ7jZ–c, øOzÅ— κ(G) ≥ n ≥ 1 íÇ G , ˚Ñ n− ©¦Ç , F

JF‚í 1−©¦ÇÿuNøOí©¦Ç � °v ,Êø_ n−©¦Ç2 , ”

Bý ” b“• n _õnª?)ƒø_.©¦íäÇ � J-í4” , u‚

à�b�V…•ø_ n−©¦Ç �¥_!‹|oâ Bondy„p ,Ÿ|-H

í$�uVA Boesch �

ìÜ 1.5. I GÑx� p_õíÇ ,…í�b�Ñ d1 ≤ d2 ≤ ... ≤ dp ,°v

1 ≤ n ≤ p − 1 , à‹úkF�í 1 ≤ k ≤ b(p − n + 1)/2c , dk ≤ k + n − 2 ⇒
dp−n+1 ≥ p− k , † G Ñø_ n− ©¦Ç �

„p. cq κ(G) < n , FJÊ V (G) 2æÊø_äÕ¯ S , |S| ≤ n − 1

, U) G − S Ñø_.©¦Ç ; °vI H Ñõb|ýí¶M ( Ê G − S

2 ) , |V (H)| = k � Ä¤ , k ≤ bp−n+1
2
c , úk H 2íõ x , degG(x) ≤

(k − 1) + (n − 1) = k + n − 2 , Ä¤ dk ≤ k + n − 2 , âcq dp−n+1 ≥ p − k ,

Ou , V (G)\(V (H) ∪ S) 2íõ�bîük p− k ( ¡5Ç 1 ) , Ä¤ , É�

S 2íõ�ª? ≥ p − k , éÍÅ—¥‘Kíõ� n _ , Dcqpe , ì

Ü)„� ¥

x


H


u


S
 V(G)\V(H)
 S


Ç 1
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*Ç 1 ,BbòhË;ƒbø xD u½i ,BýbÊ n_Ëj³i…

b5Èí©¦É[ , 6ÿuz u D x …V@v� n ‘˛¤.�ó	àí

˜�ó©¦ , ´†1.Ûb“ƒ n õµóÖ !

ì2 1.6. ( }½Õ , Separating Set )

ø_ V (G)íäÕ¯ S ˚Ñusõ uD v í}½Õ ,à‹ uD v }�

rÊ G− S ís_¶}³Þ �

éÍ , Ê G − S u.©¦Çí8”-n�F‚í}½Õ , Bb6˚

(u, v)í|ü}½ÕFÛbíõb κ(u, v) , ( Separating number ) � J-íì

ÜuÝ�O± ,7/6Êæ˜íû˝2rÆø_Ý�½bíiH ,w„p

uâ Dirac FTX � ( Ê¤ôI ) �

ìÜ 1.7. ( Menger , 1927 )

I uD v Ñ G2.ó¹ísõ ,† (u, v)í}½b/ß�kâ uƒ v

³�uàõ ( Internally Disjoint ) í˜�b �

T“26. à‹ G Ñ n− ©¦Ç , n ≥ 2 , „p L(G) 6uø_ n− ©¦Ç �

Î7à Menger ìÜV…•ø_ n− ©¦Ç , püËz| n− ©¦Ç
íÅó1.ñq � .¬ , ç n = 3 ív` , Tutte §Î'Öí˚Ø„p7

J-Ý�|±í!‹ , „pÊ¤ôI �

ìÜ 1.8. ø_Ç G Ñ 3− ©¦Çíkb‘KÑ G …™uø_3Ç (Ç2)

, C6u G ªJâ-�sé�í«�*ø_3Ç�Z|V :

(i) ‹ø_hi ;

(ii) z�b�¬ 3 íõ v , àó¹ísõ v1 D v2 ¦H , U)ÊhÇ2

, ©_Ê NG(v) 2õ¸ v1 D v2 5øó© , °v&M deg(v1) ≥ 3 £

deg(v2) ≥ 3 � ( Ç 3 )
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Ç 2 : 3Ç

v


1

v


2

v


Ç 3 : «� (ii)
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2. i©¦b ( Edge-Connectivity )

‡Þ˛%ì2¬› , ¥³y½HøŸ �

ì2 2.1. Êø_Ç G 2 , à‹ c(G− e) > c(G) † e ˚Ñu G í› �

âk ¥øiÝÖÉ}Ó‹ø_¶M (Component) ; FJ , 9õ,ç

e Ñ›v , c(G− e) = c(G) + 1 � ÊÇí}’Ü�2 , ›�.øšíì2j

� , J(yÇW�Ü �

¸‡Þ~õíh1óéN , à‹ e u› , †.ÍæÊsõ , …b5È

íF�©Q˜�·)%¬ e ; °v , 6ªJ5? ¥Öi5(n}$A.

©¦Çí–1 �

ì2 2.2. ( i©¦b , Edge-Connectivity )

ø_Ç Gíi©¦b κ1(G) = min { |T | |T ⊆ E(G)/ G− T Ñ.©¦

Ç } � ( ¥³í G− T H[MÚ* G 2p¥ T 2íiF)ƒíÇ � )

J-í!‹zp7�b , ©¦bDi©¦bíÉ[ �

ìÜ 2.3. úkL<Ç G , I δ(G) H[ G 2õí|ü�b � † κ(G) ≤
κ1(G) ≤ δ(G) �

„p. κ1(G) ≤ δ(G) ªJâ ¥D|ü�bõó¹íi×) , FJ3b„

p˝ií.�� � íl , à‹ κ1(G) = 0 , †éÍ G Ñ.©¦ , FJ κ(G)

?Ñ 0 �

Q-V , à‹ κ1(G) = 1 , † G �› , ku ¥›Lø«õîª¨A

.©¦Ç , κ(G) 6u 1 �ÛÊcq κ1(G) ≥ 2 , kuÊp¥ κ1(G)− 1 i5

( , ”-íÇx�› uv � ílúkFp¥í κ1(G)− 1 i®²ÏøõDv

ió¹íõ , Ê G 2p¥¥<õ5()ƒ H � à‹ H ˛%u.©¦ , †

κ(G) ≤ κ1(G)− 1 ≤ κ1(G) , ´†Êp¥ uv 2íøõÿªJ)ƒ.©¦Ç ,

Ä¤ κ(G) ≤ κ1(G) � ¥

,HìÜí.��îª?AÑ�� ,6ª?AÑ.ó�í�ä ,~¡

5Ç 4 �
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Ç 4 : κ(G) = 2, κ1(G) = 3, δ(G) = 4 �

ú@kõ©¦b , Bb6ªJàií¾ Vn�©¦4 �

ì2 2.4. ø_Ç G Ê κ1(G) ≥ n v , ˚Ñu n− i©¦ , ?¹ ¥ G 2

íLS n− 1 _i·Ì¶×).©¦Ç �

ú@k n− ©¦Çí!‹ , J-í!‹1.Ø„p �

ìÜ 2.5. ø_Ç G u n− i©¦íkb‘KÑÊ V (G) 2.æÊ�ø_

Ý˛äÕ¯ W , U) 〈W,V (G)\W 〉G 2íibük n , ¥³í 〈A, B〉G H
[F�Ê G 2â A 2õ©ƒ B 2õíiFAíÕ¯ �

„p.

( ⇒ ) à‹¥ší W æÊ , † ¥ 〈W,V (G)\W 〉 2íF�iÿ)ƒø_
.©¦Ç , ku κ1(G) < n , pe �

( ⇐ ) cà G .uø_ n− ©¦i , †.æÊø_ 0 ≤ k < n , Ê ¥

k i5( , F)ƒíÇ H Ñ.©¦ , I H 2�ø_¶MÑ H1 , ÛÊ

〈V (H1), V (G)\V (H1)〉2|ÖÉ� k i (,u ¥ k i ) ,FJÅH2í W

( V (H1) ) æÊ , ¤Ñpe , FJìÜ)„ � ¥

ìÜ 2.6. ø_Çu n− i©¦íkb‘KÑLsõÈîªJvƒ n ‘˜

� , Fb³�u°Uàíi �

„p. ôI �

J-í!‹Ý�Ô� ,……å7øéÝ�½bíÇ ,¥éÇíi©¦

bD|ü�buøší �

ìÜ 2.7. ( Plesnik ) à‹ G íò�Ñ 2 , † κ1(G) = δ(G) �
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„p. I S Ñø_x� κ1(G)iíiÕ¯ ,…U) G−S Ñø.©¦Ç ,°

vI H1D H2Ñ G−S2ís_¶M1/Å— P1 = |V (H1)| ≤ |V (H2)| = P2

� íl , Bb„p κ1(G) ≥ P1 � à‹ H1 2í©øõ·©ƒ H2 2íõ

, †éÍA
 � .Ííu , I u ∈ V (H1) , °vÊ G 2 u .D H2 2

íLSõó¹ ; OuÄÑ G íò�Ñ 2 , H2 2íLSõ·.ÍbD H1

2í/øõó¹ , C†u H1 2í©øõ·©ƒ H2 2í/øõ ; Ä¤

κ1(G) = |S| ≥ min{P1, P2} = P1 �

Q-Võ δ(G) � úk V (H1)2í©øõ x ,ì2 di(x) = | { y |y ∈ V (Hi)

°v x ∼G y } | � FJ δ(G) ≤ degG(x) = d1(x) + d2(x) ≤ P1 − 1 + d2(x) � ...

(*) âk δ(G) ≥ κ1(G) , FJ P1 − 1 + d2(x) ≥ P1 , ku d2(x) ≥ 1 � ÛÊ , I

V (H1) = {u1, u2, ..., uP1} , †

κ1(G) = |S| =
P1∑
i=1

d2(ui) ≥ (P1 − 1) + d2(uP1)� .........(**)

â (*) £ (**) , P1 − 1 + d2(uP1) ≥ δ(G) ≥ κ1(G) ≥ P1 − 1 + d2(uP1) � ¥

[ý κ1(G) = δ(G) � ¥

R� 2.8. Êø_Ç G2 ,à‹.ó¹sõí�b¸î×k |V (G)|−2 ,†

κ1(G) = δ(G) �

„p. úk G2L<.ó¹ísõ u , v ,ÄÑ degG(u)+degg(v) ≥ |V (G)|−1

, FJ NG(u) ∩NG(v) 6= ∅ , ¥[ý d(u, v) = 2 , FJ G íò�Ñ 2 , âìÜ

2.7 , ¤ìÜ)„ � ¥

T“27. L#ú_£cb a ≤ b ≤ c , „p.æÊø_Ç…Å— κ(G) = a ,

κ1(G) = b J£ δ(G) = c �
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3. ˆb4”

ˆbÇ� ( Topological Graph Theory ) 3buû˝àSzø_Ç_ç

ËåÊ�Þ ( Surface ) , , U)L<Ç,ísi , Î7«õ5Õ , ·³�

w…ó>íõ � Wà : K4 ªJåÊ7Þ,Å—,Híb° , 7 K5 ÿŸ

.ƒ �ògË ,óúkõb ,ibœýíÇªœñqåÊœÀÓí�Þ,

, à7ÞCu3+Þ ; 7ibœÖíÇÿÛbåÊœµÆí�Þ, �

Ê¥ø� , Bb�ÜÇàSªJåÊ�Þ, , Í(j„F‚íÀÓ ,

µÆ�Þ �

ˆb_� ( Topological Model )

çBbzÇåÊ�Þ, , Ç2í©øi·ªJõAu˛È2íø‘

¥£�( ( ÖÝõ ) , �˚Ñ˛È2í�( � ¥³í˛ÈuN 3− &r«
˛È �

ì2 3.1. ( Space Curve )

ø‘©Q u D v sõí�(ªJõAuø_©/ƒb f : [0, 1] → <3

íM� , ¥³í f u 1− 1 ƒb , 7/ f(0) = u J£ f(1) = v ; Ê u = v í

8”- f : (0, 1] → <3 u 1− 1 íƒb �

FJ ,ø‘˛È2í�( ,õÒ,ÿu { f(t) |t ∈ [0, 1] } ,7�(íq

¶u { f(t) |t ∈ (0, 1) } � ÛÊ , BbªJì2Çíˆb_� �

ì2 3.2. ( Topological Model )

I G = (V, E) ÑL<Ç � G íˆb_�uNÊ 3− &˛È2� |V | _
õ£ |E| ‘˛È�(Vú@k G 2íõ£i , Uú@í˛È�(q¶˛

¤í>Õ·u˛Õ¯ �

%âˆb_�F“|VíÇòQàŸÇ G ˚5 � 6ÿuz , zøO

Ç G;dAu˛%åÊ 3−&˛È2 ,°vÅ—ˆb_�ídì ,iDi

5È , Î7«õ5Õw…¶Mî.ó> �

âk , ÇbåÊ�Þ, , J-ÿú�_!…í�ÞTø�Àzp �

ì2 3.3. ( Sphere )

ø_7Þuø_ 3− &r«˛ÈíÕ¯ , …¨ÖF�íõ (x1, x2, x3)

Å— x2
1 + x2

2 + x2
3 = r2 , r uø_£õb �
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úkø_Ç?´%âˆb_�7åÊ�Þ,øòuû˝ˆbÇ�í

2-{æ ; ÖÍ , ÛÊ˛%?D'ÀUË·H|V , Í7 , ¥øéÇøò

·rÆO�}½bííiH � âk , Jˆb_�åÊ�Þ,íÇ·øì

}�ø_–� ( Region ) …u_Ì¤í–� ; Ä¤ , ÊˆbÇ�2 , Bb

ø}à7ÞV¦H�Þ , 7¥_ú@ÛïÿuO±í-�I	 ( Riemann

Stereographic Projection ) , àÇ 5Fý �

N


S


w


f(w)


Ç 5

kuåÊ�Þ,íÇÿªJú@ƒ7Þ, ,.¬¥v` ,©_–�·

u�Ìí–� ( Finite Region ) �

…•ø_�Þu´Ñ7Þí|O±ìÜÝ¼	�(ìÜl˘ �

ìÜ 3.4. ( Jordan Curve Theorem )

Ê7Þ ( C�Þ ) ,í�À¥£�( ( Simple Closed Curve ) z7Þ (

C�Þ ) }½As¶M , 6ÿuzÊ7Þ, ( C�Þ, ) , L<©Q.°

¶M2sõí�(.ÍD¥¥£�(ó> �

„p. ôI�

Ê¥³^kzpø- ; .˝J‡ C. Thomassen àÇ�íj�#7ì

Ü 3.4 ø_'.øší„p , ¥_›‰U)Ç�íê��ø_híj² �

Bb‚&yÖHbˆb2í½bìÜ}\ ¯Ü�ç6J.°íj�‹

J„p �

Q-Vy�ÜÇø_!…�Þ − 3+Þ ( Torus ) �

ì2 3.5. ( Donut )

ø_™Äí¯¯˛ ( Standard Donut ) uø_š�Ñ 1 íÆb , J (

2,0 ) ÑÆ- , ÷O y Wì�F)ƒí�ñ ( Solid ) , àÇ 6Fý �
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X


Y


Ç 6 : ™Ä¯¯˛

ì2 3.6. ( Torus )

ø_™Ä¯¯˛í[Þ˚Ñu3+Þ ( Torus ) �

ø_3+Þ.u7Þ ,¥ªJ‚à¼	�(ìÜ‹J„p : ÄÑ ,Ê

3+Þ, ,BbªJvƒø_�À¥£�( ,…Ì¶ø3+Þ}½As¶

M , àÇ 7 2í C £ D s‘¥£�( �

C


D


Ç 7 : Torus

Î73+Þ5Õ , Çø_½bí�Þulªg� ( Mobius Band ) �

ì2 3.7. ( Mobius Band )

ø_lªg�uâø_Åj$�%¬…� (àÇ 8 )(y©QF×)

í�Õ�Þ �
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A


D


C


B

A=C

B=D


A
 C


D


Ç 8 : Mobius Band

T“28. Êlªg� B ,vƒø‘¥£�( , U)…Ì¶ø B }½As

¶M �

�É�ÞíyÖ4”~¡5Ç�çƒ2 �

Çí£då¶DÇí%p

âÇÊ˛Èíˆb_� , Bb.ØêÛJ-ú�ªJfníÛï :

(a) sõåÊ°ø_P0 �

(b) ø_iF�AÐ , �

(c) ø_i¦¬Çø_.Êi,íõ �

Î7,HÛï5Õ , þ�w…ú�.u£díÛï :

(d) si ( «õÎÕ ) ó>ksõJ, �

(e) siFú@í�(ó~ , �

(f) ú‘i>køõ , �

§Î7,H�ÛïFå|VíÇ , øO˚5Ñx�£d (Normal) å

¶íÇ � *ÛÊÇá , F�n�íÇ·u¥øé�íÇ �

ÊåÇ2 ,s_.°iFu°Uàíõ («õÎÕ )˚ÑuvÇíø

_F� (Crossing) �
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ì2 3.8. ( Çí%p , Graph Embedding or Graph Imbedding)

ø_Ç%pkø_�Þ S uNø G åÊ�Þ S ,U)…³�LSí

F� ;6ÿuz ,z Gíˆb_�‚àø_ˆb�g (Homeomorphism)z

…ú@ƒ S íø_äÕ¯ �

ì2 3.9. ( �ÞÇ , Planar Graph)

ø_ªJ%pÊ�Þ,íÇ˚Ñu�ÞÇ �

ì2 3.10. ( 7ÞÇ , Spherical Graph)

ø_ªJ%pÊ7Þ,íÇ˚Ñu7ÞÇ �

‡iø_Çu´?å (%p )Ê�Þ,uÇ�2íø_½b{æ ,O

uÿ�Þí}é7k ,�Þ.uø��Þ ,FJ�ÞÇøO7kÿuH[

OªJ%pk7ÞíÇ ;éÍ ,7Þuø��Þ ,J S0 [ý �¥_ÅHÜ

âVA-�I	 (Stereographic Projection) �

à‹ø_Çu�ÞÇ , AÍ�ø_j¶ªJz…åÊ�Þ,U)L

<si·.}�F�íÛïêÞ �Í7 ,à‹….u�ÞÇ ,µó%pÊ

7Þ,u.ª? � J-íj¶µsBb¥_ÇøìªJ%pÊ/ø_x

�zGí�Þ, �íl ,ø¥_ÇåÊ�Þ, ,U)F�í_b�ý�ß

(∗) ,Í( ,úk©ø_F�íËjd-�íZ‰ (àÇ 9) ;ÊF�íËj

‹,ø_zG �

Ç 9

FJ ,L<Ç·ª%pÊø_�Þ, ;½æuàS%pªœ ”�‚ ”?

Wà , (∗) FT£íF� , àSånªJU)F�íbñ�ý ( C�Ö )?

Çø_½æu˝§b‹pÖýzG ” nD ” ?
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4. «…t�

‡ÞTƒBbªJzÊ�Þ,íÇ¸åÊ7Þ,íÇõAuøší

Ç ,FJ ,J-FTƒí�ÞÇ (Planar)ªJz…õAuåÊ�Þ,C7

Þ, , .yTªø¥í–} �

ìÜ 4.1. (Euler’s Formula)

cà Guø_©¦í�ÞÇ7/ G� p_õ , q _i£ r _–� ,†

p− q + r = 2 �

„p. ú qd¦Ñ �ç q = 1v ,éÍ p = 2 , r = 1 ,FJ 2−1+1 = 2 ,t�

A
 � Iýk q _ií©¦ÇŸt�A
 , 7 G uø_x� q _ií©

¦Ç �íl , ç q = p− 1 ( ib|üí©¦Ç ) , G ÑøcÇ , Ä¤ r = 1

, ku p− q + r = p− (p− 1) + 1 = 2 , t�A
 � Q-V , à‹ q > p− 1 ,

† G 2.¨Öø˛ C , I e Ñ C ,íøi � ÛÊ , G − e � q − 1 i , F

Jâ¦Ñcqt�A
 ,¹ p− (q− 1) + (r− 1) = 2 ,Ä¤ p− q + r = 2 ,ì

Ü)„ � ¥

R� 4.2. ( ÖÝ©¦Ç )

cà GÑø�ÞÇ…x� k ≥ 1_¶} , p_õ , q _i£ r _–� ,

† p− q + r = 1 + k �

*�ÞÇíÔ4Võ ,à‹�ø_–�….uúi$ ,†BbªJy

‹pø<i , U)hÇEÍu�ÞÇ ; Ä¤ , |Öií�ÞÇ@vu©_

–�·uúi$ �

ì2 4.3. ø_�ÞÇ G˚Ñu”×í�ÞÇ (Maximal Planar Graph) ,à

‹úk.ó¹íL<sõ u D v , G + uv î.Ñ�ÞÇ �

âkÊ”×í�ÞÇ2 ,©_–�îÑúi$ ,FJ…6\˚Ñuú

i“í�ÞÇ (Triangulated) � J-ít�uzp¥�Çíib �

ìÜ 4.4. cà G ux� p ≥ 3 _õ , q _ií”×�ÞÇ , q = 3p− 6 �

„p. â 3n = 2q , FJ q = 3p− 6 � ¥

Ä¤ , ø_x� p õí�ÞÇ|ÖÉ}� 3p− 6 _i �
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R� 4.5. ø_x� p(≥ 3) õí�ÞÇ|Ö� 3p− 6 _i �

R� 4.6. K5 .u�ÞÇ �

R� 4.7. Êø_�ÞÇ2.ìæÊ��bük 6íõ �

}p. Ju δ(G) ≥ 6 , † |E(G)| ≥ 3q > 3p− 6 � ¥

y��øõíl�ªJR)-�íìÜ �

ìÜ 4.8. I G Ñx�� p(≥ 4) õí”×�ÞÇ , °vI pi H[Ê G 2

�bÑ i íõb , †ç n = ∆(G) v

3p3 + 2p4 + p5 = p7 + 2p8 + · · ·+ (n− 6)pn + 12 �. . . . . . . . . . . . . . . . . . . . . (∗)

„p. ÄÑ p =
n∑

i=1

pi , 2q =
n∑

i=3

ipi J£ q = 3p− 6 , FJ
n∑

i=3

ipi = 6
n∑

i=1

pi − 12

, ¥ªJR)k„í�ä � ¥

â (∗) ªJR) 3p3 + 2p4 + p5 ≥ 12 , 6ÿuz�bük 6íõbBý

}� ”4” _ ( ? ) � ‚à¥ší!‹BbªJ„pLø_�ÞÇ·ªJå

Ê�ÞU)©øi·uò(¨ �

ìÜ 4.9. (Fáry v.s. Wagner)

úkL<í�ÞÇ·æÊø�%p ( å ) ¶ , U)©_i·uò(

¨�

„p. àõ¦Ñ � ( éÍÉb?„pF�í”×�ÞÇ·A
 , †øO�

ÞÇAÍ³�½æ � ) ç p = 1, 2, 3, 4 , ·æéÍA
 �Bbcqçø_”

×�ÞÇx� p− 1v·æA
 ,°vI GÑø_x� põí”×�ÞÇ

� âR� 4.7 , G 2æÊ��býk 6íõ v � ÛÊ5? G− v � â¦Ñc

q , �ø_ò(¨í%p¶ � ÄÑu”×í�ÞÇ , FJ ¥ v 5( , D

v ó¹íõÑAø_–� , ¥_–�}�âúi$ , ûi$Cüi$Fˇ

A �

à‹uúi$ ,†ø[Êúi$2È ,y}�DúÝõàò(¨©Q

¹ª , Ä¤”-ûi$£üi$s�8” �
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(i) ûi$ : øõ[Ê-Çíé(¶Mq �

Cu

(ii) üi$ : øõ[Ê-Þª?8”íé(¶Mq �

Cu Cu

¥

‚à«…t�6ªJ'0Ë°|F�í£ÖÞñ �¥_−Ü1.Ø ,

ÄÑ£ÖÞñFú@íÇu£†�ÞÇ , 7�b.ª?r¶· ≥ 6 , FJ

É”- 3-£† , 4-£†£ 5-£†Ç � y‹,úXÇ (Dual)6u�ÞÇí–

1 , …í–�6Éª?âúi$ , ûi$Cüi$FˇA , ¥óøV , b

°|F�í£ÖÞñÿ�ı�7 �

ìÜ 4.10. £ÖÞñøu-� 5 � , £ûÞñ , £ýÞñ , £ÿÞñ , £

�ùÞñ££ù�Þñ �

„p. I P Ñ£ÖÞñ , G(P )Ñú@í�ÞÇ ,Ýõb ,ib£–�b}

�Ñ V, E, F ; �bÑ i íõbÑ Vi J£ibÑ j í–�bÑ Fj � ku,

–�b F = Fh (h = 3 C 4 C 5) , 7 V = Vk (k = 3 C 4 C 5) �â«…t�

R) −8 = 4E − 4V − 4F = (h− 4)Fh + (k − 4)VK ( ? ) �FJª?8”�

(i) h = 3 , k = 3 , ku Fh = Vk = 4 ( £ûÞñ ) �

(ii) h = 3 , k = 4 , ku F3 = 8 , V4 = 6 , ¥u£ÿÞñ �
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(iii) h = 3 , k = 5 , ¥u£ù�Þñ �

(iv) h = 4 , k = 3 , ¥u£ýÞñ , |(

(v) h = 5 , k = 3 , ku F5 = 12 , V3 = 20 , …u£�ùÞñ �

£ûÞñ £ýÞñ £ÿÞñ
(Tetrahedron) (Cube) (Octahedron)

£�ùÞñ £ù�Þñ
(Dodecahedron) (Dodecahedron)

( Dodecahedron ) ( Dodecahedron )

Ç 10

¥

T“29. }pÊø_�ÞÇ G2 ,à‹|ü˛íÅ� (Girth).ük 4 ,†

|E (G)| ≤ 2 |V (G)| − 4 �

T“30. ‚à,H!‹„p K3,3 .u�ÞÇ �

T“31. Ê�Þ,�øõÕ¯ S , S 2L<sõí�×·.ük 1 � ÛÊ

z�×/Ñ 1 ísõ©Q–V �t}ç |S| = n v , ¤Ç|Ö� 3n _i �
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5. Ý�ÞÇ (Nonplanar Graphs) í–1

Ì¶_çËåÊ�Þ ( 7Þ ) ,U)iDiî.�óF�íÇu…

�n�í3i � *,ø�ín�2 , Bbø−ø_ p õí�ÞÇ|ÖÉ

� 3p− 6_i ,çÍÊvÇí|ü˛Å (girth)§ƒÌ„v ,ib6}yý

ø< , &à|×íù}�ÞÇÿÉ� 2p− 4 _i7˛ , øO7k , J-í

4”u'ñqõ|VíÛï �

ìÜ 5.1. ø_|ü˛ÅÑ g í�ÞÇ|Ö� g
g−2

(p− 2) i �

„p. IÇ GÑÅ—˛ø‘K7/x�|ÖiíÇ ,°v G� r _–� �

ÄÑ , ©_–�|ý� g _iÊ…íiä, , FJ q = |E (G)| ≥ 1
2
gr � â

«…t� , p− q + r = 2 , p− q + 2q
g
≤ 2 , q

(
1− 2

g

)
≤ p− 2 , q ≤ g(p−2)

g−2
� ¥

ø−7�ÞÇibí,ä , �ø_ªJ;dƒíû˝½æuø_Ý

�ÞÇ˝§×Ç�ÞÇ�Ö± ?

½æ1. I G Ñø_�ÀÇ , S ÑøiÕ¯ , S ⊆ E (G) , † f(G) =

min{|S||G− S Ñø�ÞÇ } uÖýá ?

éÍ , |S| ≥ |E (G)| − (3p− 6) , ªu1Ýx�ª 3p − 6 _iýíÇ.

ìu�ÞÇ , FJb°| f(G) ²Ýq9 �¥³úk�ÞÇ G , f(G) = 0 �

Êû˝ø_Ý�ÞÇ G íÔ4v , øì}·<ƒ G í}’½æ �

ì2 5.2. ( ¾� , Thickness)

θ1(G) = min{n|G ªJ}’A n _�ÞÇ } �

6ÿuz ,úkø_Ý�ÞÇ ,˝§…ªJŸAÖý_�ÞäÇí:

Õ ?

ùÜ 5.3. I G Ñø_ (p, q)− Ç , ¹x� p _õ_ q iíÇ , † θ1 (G) ≥
q

3p−6
�

„p. ÄÑø_ p õí�ÞÇ|ÖÉ� 3p − 6 _i � ku , úkêrÇ ,

BbÿªJ‚à,Hí.�� , °| θ1 (Kp) ≥ p(p−1)
6(p−2)

� Í7 , ö£í��

†�˝yÖAí›‰ � ¥
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ìÜ 5.4. (Beineke �A )

θ1(Kn) =

{ [
p+7
6

]
, ç p 6= 9, 10 v ,

3 , p = 9, 10.

w…í!‹ , Wà θ1 (Qn) =
[

n+1
4

]
, w…íÇFøÿ.Ö7 �

T“32. t° θ1 (Km,n) �

Çø_¸¾��”×óÉí¾uàõÕ¯Võ ,øO6Jõ¾� (Vertex-

thickness) ˚5�

ì2 5.5. ( õ¾� )

θ (G) = min{n|G1, G2, · · · , Gn Ñ Gíû|äÇ°vÅ—©ø_·�Þ

Ç7/ E (G) ⊆
n⋃

i=1

E (Gi) } �

¥_¾í7jÿyý7 , Wà θ (Kp) ≥ p(p−1)
12

( ? ) �

n�ê¾�5( , yVõø_Ý�ÞÇF.ªfníÛï - iíF

� (Crossing) � à‹zø_Ý�ÞÇåÊ�Þ,C7Þ, , †øì}�F

�í8”êÞ , ˝§êÞíŸbàSá ?

ì2 5.6. ( F�b )

v(G) Ñø G åÊ�Þ,íF�.°å¶2F�|ýíŸb �

Wà. v(K4) = 0 , v(K5) = 1 ( ¡5Ç 11 ) �

Ç 11 : v(K5) = 1

¸‡Þs_½æøš , F�b6uÝ�.ñq²ìí¾ , .°íu ,

…Üù¬Ý�ÖíÇ�ç6¡D¥jÞíû˝ �
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ìÜ 5.7. v (Kp) ≤ 1
4

⌊
p
2

⌋ ⌊
p−1
2

⌋ ⌊
p−2
2

⌋ ⌊
p−3
2

⌋
, °vÊ 1 ≤ p ≤ 10 v , .��

Ñ�� �

¥_ìÜ‡Þ.��í¶}uâ Blaźek, Koman£ GuyFTX ,7(

Þ��í¶}†3bu Guy íõ. � J-ÿ‡ú p ≤ 6 v‹Jzp � é

Í , ç p ≤ 4 v , v(Kp) = 0 (
∣∣p−3

2

∣∣ = 0) , 7 p = 5 , v(Kp) = 1 , ¥âÇ 11 ª

J)ø , |(”- v(K6) = 3 Ûb„p �

cq v(K6) = c , †Ê c _F�íËj‹p c _õ , kuhÇ K̃6 x�

6 + c_õ ,°vx� 15 + 2c_i �ÛÊ ,â�ÞÇí4”ø−x 6 + c_

õíÇ , |Ö� 3(6 + c)− 6 _i , ¹ 3c + 12 ≥ 15 + 2c , FJ c ≥ 3 � yâ

Ç 12 ª)ø c ≤ 3 , Ä¤ v(K6) = 3 �

Ç 12 : v(K6) ≤ 3

T“33. t° v(K7) �

ÊF�bíû˝2 , J v(Km,n) íû˝|óvÍ4 , 7/6�…íû

˝–Ä � Paul Turán FTƒ , çvFÊÓ®6gË¡íø_ñÉ	T , 	

ßíñb‚àÀÄ* ( GRš ) «£ƒæ[íËj , âkÉ�'Ö_ (m)

, æ[íËj6�.ý_ (n) , ku¥<ÀÄ*ÿ}F� ( ó> ) íËj ;

Ou>}íËjñq¨A��J£ñ)¥r7¨‘vÈ ,ku ,Ñ7�ô

vÈJ£fnª?�ší<Õ ,Áý>}õ (F�b )uÝ�½bí{æ

, kuF½ Zarankiewicz ¥_½æ , .˝ŒpTX7J-í�� ,

v (Km,n) =
⌊

m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

] · · · · · · (1)

.¬ ,FÉu„p7 (1)í¬�Ñ,ä ,¹ v (Km,n) ≤ ⌊
m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

]

, 7˝§ (1) í,äu´6u-ä , ³;ƒøòƒDÙEu„ø , FJ (1)

6ÿA79± ” ñÉ“¿ ” �

wõ , (1) �,äí×)1.˚Ø , …3buVAø�ªœ�^íå

¶ ,Wà : v (K4,5) ≤ 8 ,…ø mõD nõ}��Ì}ºÊ�òD®�í(

, , y©Q¹ª �
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Ç 13 : v (K4,5) ≤ 8

âkÇ 13 íóý , BbªJªø¥“¿âò(å¶F¨AíF�b

v(G) , Ê G ∼= Km,n v , v(G) = v(G) ; çÍ , ÿøO7k v(G) ≤ v(G) �

ÊñÉ“¿íû˝jÞ , ñ‡|ßí!‹VA Kleitman �

ìÜ 5.8. úk 1 ≤ min {m,n} ≤ 6 , v (Km,n) ≤ ⌊
m
2

⌋ [
m−1

2

] ⌊
n
2

⌋ [
n−1

2

]
�

T“34∗∗. v(K7,7) = ? (77, 79 C 81 ?)
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