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Euler Conjecture (on Latin Squares)

For n = 2(mod 4), there does not exist a pair of Latin squares of
order n which are orthogonal.
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Figure 1.7: Konigsberg from Euler’s 1736 paper.

hizhwv? 0B A AR RS I 'B}?ﬂ( B,--- A) %23 8@
?vi*”}’%ﬁ%xﬁ‘ﬁabcdefgi~ﬁ#ﬁ;f {i—:'ijf;» ¥ oie o5 Ris
B2l — AT a4 i}aw K ehgc £t B] T I (Eulerian Circuit

Theorem?).

2A connected graph is eulerian if and only if each vertex of the graph is of even degree.
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Figure 1.9: A knight’s tour on a chessboard
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THE ICOSIAN GAME,

Entered Hepistered
at agreeably to
Biatiopers’ Hall, Aot V. & VL Vie. cap. 100,
LONDON:

PUBLISHED AND SOLD WHOLESALE BY JOHN JAQUES AND SON, 102 HATTON GARDEN;
AND TO BE HAD AT MOST OF TRE LEADING FANCY REPOSITORIES
TOROUGHOUT TRE KINGDOMy

Figure 1.10: Hamilton’s icosian game
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EI 1750 # 2+ 0 HWEE G Y FY - 8% 7 Christian Goldbach

TP fs %ﬁiﬁm,:ﬂ:%. m Hc + r&-ﬁi = FHk+ 2 s 45X AP AT

7 ”Euler’s formula for planar graph” I * 2B M > NPF UL 4

WEF X B SR 5 I A &z oo 8 (Tetrahedron) ~ &

> %ﬁ' (Cube) ~ & ~ & %8 (Octahedron) ~ & + = & %2 (Dodecahedron)
% i = -+ % % (Icosahedron) o

T i im’ﬁ'lﬁ, mPe B 1752 2K/ ETEP 7

@’Mvzmﬁ’r' ﬂ%]*ﬁ& | 1794 #d A M. Legendreie
R mﬁﬂzL/ﬂﬁrbb’#E%’i%? (Topology) 77 = 7 7 P 47 # Bl

(Topological Graph Theory) =2 $g—, o

Al 4 R ER4 T2 Rd G FoEY EFEEmPE SN piTan
8o bldr A (GGHUS)ngb Wt a’%h,\_gé Gl AR v —et f =
2 —2g > # 4v}+ Listing, Poincaré % #c& Rong =+ ?E‘}*Jc ey

2 0—cell,##5 1—cell,---, @ B4p Jpfer & ﬁi%ﬁ (Topology and
Algebraic Topology) %= ?L“ °
By — B3 o3 B XA KR (Tree) mﬁﬂi VT BABS NIR

% Kirchhoff e/ 3 (1847) > s 1 & & & 3-8 T §2° i{i /an/nL'E_ o &FL’*
R R L R 4 5 i R kTRl 0 B 4e Figure 111 0 2 »

g A RETHEBOFEY O et aRE R m?%"’ﬁ Arthur Cayley
% James J. Sylvester.
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Cayley & #p c787 3 n-\i PRI ARICELSF EE ," ﬁ (Isomers, IF
(g Jf]&_:?ﬂ ; JE BB 453t B Rooted trees snip > 6 K3+ 5 di9r5 3
e E’v"JLabeled trees, M T * t(n) K& n BB G %;‘,L, ;H#]'Fﬁ?] i #ic o
s fpep B o t(6) = 6%, 7 T t(n) = n"? #A53% (3¢ Figure 1.12) ;
Wﬁ’ mf'f P 3 ® £ 3] 1918 » ¢ Heinz Priifer #1% =& o 3 »t 5 2+
% Isomers rﬂl]}‘ ﬁx)]* EEIS AT EAFZ 4 D SN (Polya
countmg) 13 { % g
(3&)Pritfer % 1177 ciapk g;zg_pg 2 3 %7 hn BEAHE] (labeled trees)
Foont e

6
4 8
7
2,2,1,1,7,1,10,10
9 1 10 H(7777777)
3 9
5}

() &=t 4 # label & -] 77 Pendant Vertex I % 4%V #74p #8 gk o

Figure 1.12: Priifer’s code

FEMY - BE A4 T Rkped i 2B PR
1 £ % ¢ £ De Morgan 7% 24 Frederick Guthrie B # #4p #8 B RE
KA e B BIAE 4 T[#fﬁé’*"’l‘l”"z\l%:ﬁ oDe

Morgan R B 4 BEpd & .uxg S O B ) 2 A
{ WA S S pR R L 2 32 W, R. Hamilton ; 4cpt » F’“

TR T R RT U 4 BRI KA FI R

o tR 2w RERaguE B A (1) Cayley P i B 37 11 7
J& cubic planar graph ¥ 2 % (2) Alfred Bray Kempe z fiis # 0 *
p i #7Frsg o Kempe chain RzEM 4 ¢ P48 5 7 38 > FP ¢ D435
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RS A S S RS SR N Lt S i
%+ #_Mobius’s Five Princes F 411 %7 X 87~k ~ 27 m@ﬁ%] B RE A4
BBl > &% 5 Ky 2 Kise izl 48 & 1930 £ d Kuratowski &
R S L RRE R e S e S
% B B 7% ke i (Homeomorphic) E%JJF"S% ETwm@ %R - BHE
RE G b e LT G o

FTORGHTY A RAIE FF L5~ (Embed) A G0 &
¥ % (Orientable) 2 72 ¥ #_w (Non-orientable) & & o 4% % - #§
¥ e BT g B (Projective Plane), Figure 1.14, - & ] 1979 &
d Glover & A P 7 103 AR %5 < Jf# i (Forbidden) 4 # 11 % #i&
s59 G+ o T @) (Figure 1.14) i) 5 3P Ks 27 004 a3 BHT § 1 o

NN

—

Figure 1.14: K5 on Projective Plane

RE R ORBP]E A 1985 & d Robertson # Seymour P 3% x
B 5o 33 - B “g’\ﬁ”’#”ﬁl%]fﬁﬁ (B &), 72 Lokt Bl
DBFET g Zd e P B - RS BRI A g s B
dofhied G (S)) i}cs& ;@u,% E A1

» 30 2 40 R F iAo F TG 5%7]”}3 TR R R E s vk
7 Kuratowski 32 > ¥ ¢t Whitney » 32T & B & v H 8 7 H
® (Geometrical Dual) enff 2da F e £V e B B 12> £ @ 5
31 Matroid (abstract independence structure) 43 > v » [ PFF4E R
T g 7 B2 Bl B2 (independence)” £ E o efFg 0 Matroid ¢ &
HiEM e T o BB Mk &3 Ok I o Matroid (hiE 343 B
17 1960 & & 4 B4 5 d Tutte (1959), 2 Edmonds % Fulkerson
(1965) e7% 4 » #v &L %9 > 4 2527 £ % & Matroid Theory, ¥ %
<+ Welsh (1976), Oxley (1992) #7#& =3 % F 3 o
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wd PRI T om0 & Kempe ends 383 P 2 {8 5 & 1913 &
Birkhoff # 4} 7 "Reducible” &2 4 » + u{}k*ﬁ - i@ A B 2
%éﬁ"—"‘@i?'"fﬁ”’l%]”"l?él’[#f?é’ ”‘raﬂvg IR SR Sy 3 I

RANT 0 4 RS R A FS A 2 RE 04 ¢ AL

L«f’r;i JE*E@ ;B 1922 = Frankhn Zw 25 BRI pEN4-FF 5 3|7
1962 # =+ & G4 3 95 B W e 4-F ¢ 5 B 18 Appel, Haken fr
Koch (1976) * 7 Heesch SHEL R F B EM 4 d FILod PN F R
7 & F71F 2000 B Virreducible configurations” ™ %+ € e F et ki
BY L VMY FAXIF Do

Hite & IR > B P %iﬁ..t P ARER T AR
EAER Em e A2 et £ % p Robertson & 4 (1995) »
i & A 7B k"% T 633 4 '1 % 4 G. Gonthier (2008) #7# i
Formal Proof, rf&§ % ,%EP itk R e R % o B2 0 BET el B
RN AR AR B BE RIS R P ES A AED
fedg A Ak A koo

I RGERFS RS o FLIRFNE S BT R
AR Wappy > X vk g e (Algorithm) eh2 5% 3% 5 f%
FoFE P B R{F-pF2> ’&_Fﬁflél‘nﬁ”‘ B A0 R 2 B
# (Algorithmic Graph Theory), & & %~ 3 0% ERHTF L = % o 7
e 4ot o od 3Ty Frsp v TR E R .'rh%—? » % & (60,70 ft ~) o Bl#
®e s s m‘,gcﬁi 24w "aft & (Theoretical Compute Science) i&
Bkt oo ﬁ%é“ TREEHRFETAIEIFY 0 TG
e o X E*—Jl F e

% ¢ 1234 (Chromatic Theory) » = & kdep Z X I LR JEF
F iR~ 53§ r’a’ﬂalv' Frm3 i 5 AR®m? 27 Bfhde
BRb i e A& 1912 # 2 + > Birkhoff /4% 7 ¥ ¢ %38 ;% (Chromatic
Polynomial), ",ﬂt‘. TE S J,' '\:" MPEAROFE S B BT RN B
& ( Dirac, 1952), -2 F ¢ feeht /i €& R AL A f 5
Brooks #7# ! 57 Brook’s Theorem (1941) 2 2 Hadwiger (1943) ]
FdoFE o B2 o E > £ H § Hadwiger’s Conjecture.

"

Hadwiger’s Conjecture (1943)

If x(G) > k > 2, then G contains a K} minor, i.e., Kj can be ob-
tained from G by successively deleting and/or contracting edges.

e g b R AL FE g PRAE 8 RIS

‘&,\

XA s (7).(F] 5 T
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% B G*° %3 Ky i®5 U minor, #711 x(G) < )é\J.E‘?l.
WHFR e AMEFTE L=5,60F5it/m oA k=5p I ANed 72

Fl
FEERE
B¢ cny - By B If¥ I (Edge-coloring), d ** Vizing & 1964,
1965 # £ 7 & § . ;_ﬁ_ mgmg e ALY RGP Y
#PEFIHEF Sharp et ARF TR T 0 2T % G 5 4
EBE > (G) SAG)+1o ¥4 end & BT 6 DTy ¥ 04 )

xR
Theorem Every 2-connected cubic planar graph is 3-edge-colorable.

BRIV AR P RFATELPEI > [ H A X RHFEBR
AL

v €& Bl E R (Topic) 7 %% > ¢ 351& B (Extremal Graph) -
"ii%}i B (Random Graph) -~ & 2 B] (Infinite Graph) ~ Bl 4 & (Graph
Decomposition) ~ Bl## (Graph Spectra) ~--- ¥ FR&_ 358 k& @ § =
HREE ma‘n FhE R L m%‘?—"z)rw»Paul Erdos sf% £ H s A g
# 0 PR FRAOE B RAE SRR D TR R 2 AR Bl
;Za;‘?‘ljéln@'[ ”‘3 g\.%gﬂ-lﬁﬂgﬁawmg‘zi ,{,‘A@,Jﬂ
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1.6 B2kt (Conﬁgurations and Designs)

W AR B LR ED 5 hv R AR P RS 2
P l?ba@ﬁéwﬂﬁ L5 E D
%}»”ﬁkﬁpimf‘*ﬁﬁ*—@i L4 pedd Hoom AR PFHRIAR

mﬁﬁ;ﬁ °

b 1835 & 5 & % Plicker ¥ R FIF & T5 + 0 B g‘mn 12 i
(CublcCurves) wﬁ'ﬁ’f’t‘ 3Bend R > M P iES %*Kg A H Y o
— B R e )]"*ﬂ; IR AT Hrig 0 3 FE R 3/1’—1 ( Plane

of order 3) o d »* F i e I 0 15 4o TFLFW AR g ér_!i‘,h
=3(mod 6) FFix e A BES 0 B PR EBHEF T L L
% n=1, 3(mod 6).
B AL {6 ki d Sylvester 22 Woolhouse e7% 4 » H % & - &
4 e $ "Lady’s and Gentleman’s Diary” #& 1 & 5 & & cfc g B 48

Determine the number of combinations that can be made out of n
symbols, p symbols in each; with this limitation that no combination of
q symbols which may appear in any one ¢ them shall be repeated in any
other.

R AREERFaIRED > v AV ERITE 3 Wi~ ] & p e g-design ;
FlaTXRF L RT UEAF DT, 0 4 AL A=1¢ §F X Plicker i1
FA®EL p=3 ¢g=2% A=1Fa) - - &a 3 EHFEAELT
PR UFERE ERE o VR E S A R RIEET ) FEReIN A
s K% ety e faE 4 r oo J& *Tﬂiﬁi%i'ﬁ » Kirkman 7 1847
£ (T R LT B g AE R

-

TR AT R A TR mf*‘“fi’ » 'FB ¥ g-(n,p,\) E3 &
i z\'_F WA G5 Y KA iZA e A > 1o #71Y Kirkman #7% & g1

F (1847) ¥ 1 B = 1T g J2
Theorem 2-(n,3,1) %% a2 BiFEE 5 n=1, 3(mod 6).

(#t 3 = 7142 4 ”"On a problem of combinations”.)
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F 4 z_t& > Kirkman = 1850 # 4% 41 7 % 2 ¢"Fifteen Girls Prob-

lem”:

Fifteen young ladies in a school walk out three abreast for seven days
in succession: it is required to arrange them so that no two shall walk
abreast.

TR R Y T EEmA s { FREERFFEFITT - BE
BAzBED (7 s AfSAFRRLG B L £Rh2 ehild '
AR1TFEFE (1) 3 n RS En=4 8> 22n*+n+1,n+1,1)
KT mPBEFEETR) 2 (2) 3-(2™4,1) 5 s s AaH
AU 33k 3 o
GEE GRS FR LRGSO AR B 1853 E 0 B
G- 4 —'F,"f Steiner 4= Plicker ## 4% & Crelle’s Journal £ =t #% 41k » 4 j&
THP Y B REESE A P9 Kirkman 1847 & eh1 (55 § s h =
4% (Steiner Triple System) o
LRS- NG A R R L F Jfk 0 Cayley, Sylvester 11 %
Moore % A &1 i% > ”Tactic” E’THF‘%M ﬁr%\ 255 # ¢ x 1 Moore %
< ”Tactlcal memoranda” B 58& < [ EFF l?]m? % Veblem % Bussey
APIRICE S FICE Y SR NEE S ER I Y )a JAAHET T 0 ¢ 4
7RI R E 2 B F 2 eh Desarguesmn geometrles i
% % 3 non-Desarguesian T o %1 %> ST 3 LR a7 K £1%
Ve A -
BEE- DR REPET 6 Pz a5 gt
o LAAPM: n PR T G oz e n -1 o+
s o e e g % e — AR B RE A TR & m?,() L
1 4 Bose v Stevens #7/L & I 5 BEARZEM 7 ¥ v § 3% ﬂﬁéﬁﬁ’% P ,T}u
£ 740 Yates(1936) © 5 9 % @ 3 70 AP T g LR E G S R .

Theorem ™ = B #cit £ ehgcit:

(1) There exists a projective plane of order n.
(2) There exists an affine plane of order n.

(3) There exists n — 1 mutually orthogonal Latin squares of order n.
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P BTGy n s PR ERGEP R A N ETE
B FFendfl BT a0 o "’TT Tn=2 6,10 qu?ﬁi‘#t" > eh
3z vt Huoan: Al BB T kA o
EH e E R (Comblnatorial design) € & R ALK p 2 F K
(Experimental design) e#7 3 ; F & & ¥ )]*:Jm w42k 2t 2 & 5 "Combi-
natorics in Experimental Designs” o
b Strcet 4 4 L 50 ek (1988) Rl B 1788 £ 4f Croutd
depalluel:ﬁr:}“”'ﬁ“i)@ﬂ*?‘*’%\i ;f”L* y EFR LR RER
3] 1920 # = 4 > Fisher 2 Yates # PP gy P ¥ ‘,EéE FI ¥ £
”‘v"iui.ﬁ j};‘l?ﬁém‘,{“imﬁoxbxfamﬂ'/’#?ﬁ‘%ﬁ?‘ﬁf}g%’ﬁ.ﬂ
It #73 % o9 BIBDs (Balanced Incomplete Block i
2—(1),]6,/\) HFoHP > ko "FKKE; o e %k
r(replication number) % b(number of blocks) 2. {& - e
DARGTEOT IR Sl (0,0, k) T e 2-(v, ko A) Ko o§ R E
S 3 FESMM G rov=0-k, A (v—1)=r-(k—1); 4 3 &
BER 7 E5% b > v (Fisher’s Inequality) ©
AR 0 7 BB Blde (43,43,7,7,1) BEAR R A it s B
e g ’w*ﬁm2(4371) KL AT e pig?
1939 Er g A am e R E R A M § R ﬁx"\ m?‘}%:\]‘}uz}\ﬁ_ 1959
# {v Shrikhande, Parker * fe 2P g3 8 7 & .o
% B ? 25 P > New York Times g if #7F
T 4 L\“‘K%J‘mi‘ﬁ;’}fﬁx‘ _Qm;}—g.:}. o
HT &£ & m?‘}*k,@ 73 dp it o ES] e
1. Bruck §r Ryser(1949) BiPghkEs T ZPE T E BIBD ¥ v=0
2 N=1 ek 2 HFH Hasse—Minkowskl BhHKRFEPF n=2p, p
S FHr p=3(modd) B3 B it n RIS o

o Tdr N Frendiik

(I (e

£

H

A
=1
I
wy)
@)
172
D

= a
gmf @L

=
P H

2. Chowla f= Ryser(1950): %05 U 2tk s S SRR
(Symmetric designs) £ Hadamard %&*L > X & (Difference sets, Singer
1938, Hall 1947) =R B4 o

3. &= &~ ki B 2 5 > Ray-Chaudhuri v Wilson(1971) ‘Zﬁﬂg 7 Kirk-
man Triple Systems F e & i£ % 5 n = 3(mod 6) ; < M-
=% ¢ KRR RS (1965) =1 g ’"Lrp = mgkwa&mﬁe & ( ) B~
Z) A Bz~ ko 2 AT & B (Large Set) > i H 2 F 7=
TR H—‘“F%Jv AR SRV EHRE g g v i%f]‘%?'i
E m‘ ERRE ! L *



4. =% 5 0 R Wilson(1975) P % v &3+ B> 973 ¢ (-
(U7ka)‘) t&;‘l——}gmﬁ ﬁ" » A ﬁ «E”"’ ,;\7"%':,2"2 4’% Ld:ﬁ‘)"— 'EIL t P K"‘#’ r‘]

5. if# %o d AL (Coding Theory) PEFREY DRF
7 ?;?,f;@;{#mﬁﬁ’\ LLLARM > 3 PR R R
w TR g aeE g kR F A el &35 Bl4e Golay Code.
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1.7 2 & & &3 (Combinatorial Set Theory)
i

(Pigeonhole principle) ¥ M &_fieAf b v &£ chE I

CR PR R A BT SRR AT

o EQF s ¢ B & EF 7 (1801) A&

T oA Dmchlet (1879) » * T F~ 3 4rie * § I HcF| %

BITAEE - BAPE B if*mﬂ"%’mlj} B e
L

&% > p 3"31'/)»)3 28
Disquisitiones Arith-

a%@,(éil)#m+1waWﬂm%a%%W
iﬂ;»ﬁ_ﬂ;é’g%t‘%{ 5] lﬁ(g..'/_f);}"”"c’

E A (Generalized Form): # m(k—1) +1 B 4 & 2 fe
Flm BegHEY O RESF - BB KB (FU) PR

dod s - 251¢ 5 p A3 B (r-subset) » B #TE F kR

Ramsey Theorem (1930, Ramsey)

If N is sufficiently large, then for any distribution of the subsets(r-
subsets) in () into m classes, then at least one class which contains
every r-subset of some n-set.

(PR REL & DTIZ™: L g, ¢ » m BB R
- T - BEFERR(QL o, qm) BEF NZ R(CII G2, 5 Gm)
B (Y) P B L AET m BE L% CLCy Oy - TETF -
B C,> v &z E- B gsubset 973 r 3 EE o

n

Boro= LenEE e S Rg e ign) = RlaH 1) 1A
ﬁ%yﬁﬁ*&ﬁ#?u?x@*+kﬁe’#f{w N>

Ri(q1, 42, ,qm) B4 & & fe 3 B 24 %- B3 15 ¢
T[aij}';v (R jTV’ %Lv: ]?F"ﬁ T\ o Qo 1[&3;’7' % 5 7 ‘JJ‘ )‘L‘Ka’:— @ B q3 ,[&*ﬂ

m(k—l)+1.
=~ %) 11935 # > Erd6s fr Szekeres fr— TG S F IR ¥ U H
o RILEM i o TP D K Bcn >3 RETG Bkl b
if— TH R r@s%’ T LR - B A e (B on=4 iz
B (EZ 83 2 @) je530 0 )
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B ends AP T T el KRR LU R
Y ’ﬁ 7 %‘EL,:‘/‘W’JJJ\ZJF » %53 L‘]v} QIET’FK'? % B ERCR NNV
o5 eh s FIZFAT O Ben™ > Erdds @ % 7 "E Bl s k==
PhEE SR IV - BT e nEREALE

5’7’1‘*)§5f1}¥3m I_"i_#'ft’ﬁ {I@FE&@

Schur’s Theorem (1916)

If the integers 1,2,--- , N are distributed into m classes, where N >
mle, then we can find three integers z,y, z in some classes such that
r—y==z.

Van der Waerden’s Theorem (1927)

If the integers 1,2,---, N are distributed into m classes, where N
is sufficiently large compared with m, then at least one class must con-
tain an arithmetic progression of any given size. (% % # 7))

() BHEH R R3¢ 1 R E s R PR

",% TRE At ¥ - BREERK e 2 E Hall’'s Theorem (P.
Hall, 1935) » 7 P¥ig » #A 5 2454232 (Marriage Theorem) (Halmos
and Vaughan, 1950).

Hall’s Theorem (P. Hall, 1935)

Let FF = (A1, As,--- ,A,) be a family of "ordered” subsets of S.
An ordered m-tuple (ay,asg, - ,a,) is called a transversal (or system
of distinct representatives) of F' provided a; € A; and a; # a; for
1 < i # 7 < m. Then F has a transversal (or SDR) if and only if
for any subset 7' C {1,2,--- ,m}, | U 4, > |T.

jET

TR ILL T Y 'ﬁ CH_Z {REBl ¢ 7 x> e (Perfect matching)
P R R R RTAEN 2 TR BmOME R o g

H= 8 4 1912 & ,T} Fl i 7 EL (T f'J V4% Frobenius #73# 41 » #&
1915 3 u7r}t Konig * Bl# 53 3 e 11 3 Pg Tutte % 1947 & { 3! E'
iz B4 (Perfect matching) | 1factor Fmooom P - R &
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It 1-factor & P B EE 5 G4 ,T}u{,é A ergh & 0 Tutte’s 1-factor
Theorem.

riaaE T A A el &% e? o 3548 Minimax Theorems. &
#g A enR® %E? Vg ;}F AR T R B - B Ap M Ty Ak (R
A Az &) o

(1) Menger’s Theorem (1927) : The minimum number of vertices sepa-
rating two given vertices in a graph is equal to the maximum number
of vertex-disjoint paths between them.

(2) Konig minimax theorem (1931) : The size of a largest matching
in a bipartite graph is equal to the smallest set of vertices which
together touch every edge.

(3) Max-flow min-cut theorem ( Ford and Fulkerson, Elias et. al, 1956)
: The maximum flow between two vertices is equal to the capacity
of a cut separating them.

(4) Dilworth’s Theorem (for partially ordered set, Dilworth 1950) : The
minimum number of chains which cover a partially ordered set is
equal to the maximum size of an antichain (set of incomparable
elements).

(31) &% 3] e % 3% ¥ 124 Duality Theorem for linear programming

T3 +7 mj‘*o

hig- &hiE - B LR EREIREISLKRILAL
Sperner’s Theorem (Sperner, 1928).

Sperner’s Theorem

If S is an n-set and F is a family of subsets of S none of which
contains another (a Sperner’s family), then |F| < (LZJ>'

| L s ] M T
F,ilﬁi;mpi‘nf)]} /‘-lza— F‘J;fé% H?-m%;?s T
R Rl PR (,ﬁl) 2 () -
_F Wehd B ¥ ko %> A B & (Partially ordered set) sFpR2k % 5
§ R PRER DL RG> RS IR 40 Anti-chain.

=1
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- % %0 Sperner’s Lemma. i% B #f 25 2
é ﬁ.ﬂﬁ4n%§iip\‘*l§m——ﬁb%7“; TL,
B EE A wEEE 1,235 1 ;f—r(l 2) m§ b ELE L ERE Lor 25 (2,3)
m§1+%2or3;(1,3) 7 23 P NERERARY 1,230 5%
z-aM\

WA 1,2,3 chz &35 4T [
BESTE o

Figure 1.15: Sperner’s Lemma
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1.8 2 &% kit (Combinatorial Optimization)
H

AT BEEF A o B ILGEADRE F A A
_‘S&mﬁﬁij\g S 25 EFE 3] 1950 & 2+ 0 v e
TE A R B 1947 # 2% s Kantorovich v Koopmas # 1 7

@’;l\r’} RPIePPLL > A1 & 1947 # & &0 #73) Slmplex Method iz F 1
- U R RS RIC R  VOURE - A # T o

PTG A Sy i A 1960 & 12w ATE T A g d»‘ % 5 334 1960
£ 2 {5 > d 3 Cook 2 Karp % Computation Complexity Ly

:\ﬂ:x

i NP-completeness et & » 2 & it ze4 387 ¥ - B K> NP +w
2% NP-hard 2@ Polynomial time algorithm & %] | /¥ 38 » &4 35
EERCARES T o E AL LR - L B BE Ao

H o

1.8.1 The Assignment Problem(AP)
AAPE ALY By - B oo

Problem (Monge, 1784)

Given an n x n "cost” matrix C' = [¢; ;], find a permutation = € 5,

for which 231 Ci (i) 15 minimum.
1=
ERREAFE TSR EE 227 k- Bk ) BEED Y
—BERMFDI e o FE RS (BEFEES ) ke
B3 i% > 407 B (Figure 1.16) #777 o # #74% #en> 2 £45 0] - 55 B
BRSO M R %ot RS AL o raBysE

s - ’ 2 A} L 27 N - > v 3 7
MEend 2 0 BRI 0FR ;) 5 RTIEA B E[E

Figure 1.16: Moving earth
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iR A Eﬁﬁ?ﬁ’i"ﬁé&iéjﬁ;‘l”ﬁfiﬁglﬁ;f\ﬁﬁ_w%ﬁ
Appell #8172+ 2L > 275 Monge 6> /22 = 2 fx > £s 13 4

¥ Fmﬁ#: °

B w BE P Assignment FF 4% ; Frobenius f- Konig &_Bl#4
ek B0 B A 1910 &# 2 & 3 = 8B (Bipartite Graph) * mﬁq‘o ;j
(Matching) R® 32 o d % Dénes Kénig 3 B » £ H & - 3R@chip € >
By - R FREESRAT 0 F AR AR - s Z I
foderl e PR AT iR B - BAEL [{ ]G TN 2 IVE]
(A,B), |Al=m, |Bl=n> k%7 > 2" a~b; FE¥EE (;; #0; 4
Ao - IRE (A, B)y K4 it o B w(ai,bj) = 4. ¥t A Assignment
FALZ - B 2Tz MRS DB ifod | dhx 2 e
¥ o (Egervary, 1931)

WA BRT hahy A e b fIF R R A R RfE @
Egervary 78 {8 X %5 d Kuhn ez > @ % B 1R & 7"Hungarian
method” o $+3% AP ﬁx"\ PRAEZ AR 1951 # § Dantzig P (45
I)AP VU v B - BARMARBI AR I AP B AR § R
EHEERG - ,[g; % HEA KA o T BIEA Kk p Birkhoff(1946) -

Convex Hull Theorem (Birkhoff, 1946)

The convex hull of the permutation matrices is equal to the set of
doubly stochastic matrices - nonnegative matrices in which each row
and column sum is equal to 1.

“r 12 > 4%t doubly stochastic 4B & Rz #1 {8 §| et 7 400 zo §_
AP #1& 0¥ % > 5 T > Dantzig %% LP ¢ & Simplex Method %
3 AP > % 24F 0 & 1952 # > # @ * Standards Eastern Automatic
Computer (SEAC) % plzE 5 10 FFen AP R & % 20 24577 EF ¥ %
EE e SAREAORB FAYRASHPC, R FE %7} 48 m
¢ o (Hungarian Method * { - ¢ )

T AP EE G SR Lﬁilﬁ”i‘“uﬁ °

- BRG] PR %\—’ g A - s (Constraints) s
BT k- l]ﬁ;éj{]“}g,;ﬁi;mﬁx-\ ‘\:ﬁxj BEo-Ha T 0T NBEALT R
8L 28 2 50

Given an m-vector b = (b1, b9, -+ ,by), an n-vector ¢ = (c1,¢a, -+, Cp)
and an m x n matrix A = [a; j]mxn.

(1) The Standard Maximum Problem.

27



Find an n-vector ¥ = (2,3, -+ ,,) to maximize ¢z’ = cjz; +

T S
CoTy + - - + ¢,z subject to (a) AZT < b and (b) T > 0.

(2) The Standard Minimum Problem (Dual of (1))
T
Find a vector ¥ = (Y1, Y2, - , Ym) to minimize yb  subject to yA >
cand y > 0.

- 4 7 & (Figure 1.17) k4 e s B8 0k 48

:Cl x2 « o o :C'n
Y| a1 G2 o Qg | < b
Y2 | A1 G2 - Qop | < by

Ym | Am,1 Am2 - Amn S bm
>C 2C 2 G

Figure 1.17: %1% {4+ 43

F s s APV R v RE AP B RA T E - B
B4 R HCA AP o B ISR R RS 3 SR

i* 42 (The Optimal Assignment Problem): There are I persons

available for J jobs. The value of person ¢ working 1 day to job j is a; j,
fori=1,2,--- ,Tand j =1,2,---,J. The problem is an assignment of

persons to jobs to maximize the total value.
Hi 7 g RGO AT %% > b4 The Transportation

Problem, The Diet Problem, % % -

1.8.2 Min.-Max. Problem
ST R A BT U §F AT Karl Menger. @ £- BipfEF 4 &
1927 & > # # 95 953) chm Bl

Theorem [ If K is a compact regular one-dimensional space which
is n-points connected between two finite sets P and (), then K contains
n disjoint curves, each of which connects a point in P and a point in Q).
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v Bl R R4 d i S AR R
Menger’s Theorem (Graph Theory)

If the minimum size of an (a,b)-separating set is n, then there ex-
ist at least n vertex-disjoint paths connecting a and b.

& F Theorem B g ' 4dy 13 = & (Konig) » & T2 H
Mm max type FI2L 1§ o "$ Menger shz 2 & £ 2 ¢t 5 &
Konig 2P 5 14 T chg 3L o

}f—IJ
Tk

Ko6nig’s Theorem (1931)

In a bipartite graph, the maximum size of a matching is equal to
the minimum number of vertices needed to cover all the edges.

Ajp s G sz
B ZE (cover) # (¥
g g 5 )

=38R /31( R ﬁ?ﬁéé@ﬂ%ﬁx’a( IES ST
A ()>[31(G) p EEeA 5% F G e

) -
PR S BB ET P 1 a(G) < BI(G)

,].};1; A 7 j\%q\' T EFE P o T AR EEY 2 T B (Fig-
ure 1.18) kg ift: o b engh g & 7/ 5 & FaRT b E & oy
PRV gAY G E'ﬂlg‘f"(i‘ﬁ"" R RN RUT B o

[ J

Figure 1.18: Min-Max Pair

LU E ST :fm— BT b T AT 2 E R E R A
LR v R AR R 0 0 A e 40 Menger
HEILFE b E P ho % k2 (a,b)-Sparating Set 3k o FRAS -
VI kR R B (a,0)- B o @ Konig TR ATE PR BT
FREKG) =k DfFmT > EP T T - B ket
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¥obh—- e Fuap ook 484 Max. Flow Min. Cut 32 -
The Maximum Flow Theorem (Ford and Fulkerson, 1954)

Given a graph, with a "source” vertex s and a "terminal” vertex ¢
specified, and given a capacity function ¢ defined on its edges(arcs), find
a flow from s to t subject to ¢, of maximum value.

AAtieBrRiEs bR (Network) b0 SR S5 chil g

%’:ﬁ # 3¢ (Digraph) * 97 5 v ffhj*u LR BT g ek
\‘Ji“L‘FK—j"l.\E?"’H?'E&’V#? ORFFLE S ER - S
17 32 > ¢ & Hall’s Theorem, Menger’s Theorem % % o

1.8.3 Shortest spanning tree (Minimum Spanning
Tree, MST)

> frenge §¢ Borivka (1026) 3% &% - @ % 00 ik B ¥ AT
Hoow PR B Rp fRAT A kR Eﬂé\ fie i 42 (Electric Power
Company of Western Moravia in Brno, #5. % = % #) o & % R & §_
HIHEFIED AT LER DY Frﬁl-"fﬂt%ﬁa“:j"#!ﬂ?l 55‘_@”’
% 4 o B AF T A % B 1956-1959 B B4 Kruskal 7 L4 )
i kxS MST e

LA S @ B4 > FFafFe CEFOFRF A Ema
£

2. - BAEZLRE U HFHEENfo U @ ZhApat > 4ot b ] > ¥ -
HELA g U voang ;) %

3. ﬁ%% SefEBo o > R R BFTEEE -

£ % > Prim (Bell Lab) » 3% - B/g % 2.

Algorithm: Choose a component of the current forest, and con-
nect it to the "nearest” other component. (% e7"nearest” K p 4vg” &
7 g )

Fi g B2 fE 5 & Forest merging, v &9 Running Time &_
On?) » 27 n % Blegdc - & F - 3% 4> Rado (1957) % 3 Bortivka
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Z Kruskal en2 ;2 # 1031 ¢ k23 £ 5 linear order 7 Method » # ¥

R g ] b R

1.8.4 & &E /T (Shortest Path)

i S L AR '*FFE{  BRER AT T G
ﬁiii-@ﬁﬂ}f\?ﬂ?é‘;q—\u Az Kb E BB
FEER O B AT #5?%25‘_ P ALK R R
Mg AT e R

BE K IR g S R A i) 4L en 2 ((Shimbel, 1953) 0 %
B f e WY @6 g W iR L OW!) 5 nap
[Falis éﬂ\ PEXRS B (3 vf) + ok )izf;rz}fppa o

3 A 0t 1955 & > Orden # b ®ILE (B B) AL - & "L’”ﬁ %
TEE limmum cost flow F¥ 48 » FJpb » ¥ 0k M ARG R fEAL > B
% 2 Pld Dantzig #% & (1957) » # $ * Simplex method * % = i&
B1it, @ ﬁx-lia-m""-‘ie)]%-% X3 1959 £ > v FHED #73) 77 Dijkstra’s
Method” » 7% & e Runnmg time B2 7R F_% Greedy Algorithm ;=
T4 R ZE O ¥ Moore(1959) SF B 24 F AR e & o

Fom Rt oA g
R v A A
ﬁ-‘ﬁ*ém Routing & ¥

‘]\-\ @% o+

1.8.5 The traveling salesman problem (TSP)

B XA il 3 TSP+ i % fr s S Rk ML ani ag - (£
& m{’&‘*ﬁ TR ?‘3 °

TSP Given n cities and their intermediate distances, find a short
route traversing each city exactly once (and come back to where started).

TR RPAEER A J}%é&i\‘ ¢ J¥_1856 & & Kirkman ¥ ﬁp)j‘u)a ¥ E
s g0 e Z_ Miller-Merbach % 1983 £ = £ ¢ &7 > 7 Bz 4 B
1832 # )I} IyES i+_”l ; Figure 1. 19)}*“, IR - 1 "traveling salesman ,man-

ual” ¥ 5 v * k& %ir'x”#},‘rfﬁ(1832) 6 B e 45 jﬁ'-’r% g g
3 i@ ﬁ; R 5 1285 o ¥Ry 4 l[%ﬁf"i Hoe — BBk

MipgpLeabpd o 2 > fé*»' ;’;., TSP awxe § F SRS T ¢ 3
A2ET 0 K A EF A5 j\ﬁﬂ TRA BT (RS E > HY - B

R ev AP RE AL x[awﬁql FE B TUELR AR B o
KHE hpk sk kg TSP & & iz A4 Menger(1928) o d
PEEAN I E C sk K €& - B Metric Space } w 40T
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Halle

Sondershausen

Mithlhausen ! MeiBen

Dresden
Eisenachyg

— Ve : "Altenburg
Gotha '

Freiberg

Arnstadt Chemnitz

Rudolstadt ~ Greitz Zwickau

Ilmenau

Meiningen

k“‘n‘Gersfold

Plauen
Maolrichstadt

Schlichtern,
Neustadt

Briickenau

Culmbach

Schweinfurt

Baireuth

Wiirzhurg

Figure 1.19: & ® B 745 35 7

n—1

UC) =gep sup Y, dist(xi, xiy1) > B ° (21,29, ,2,) & C o3 R
8k iE {zmrl;ﬁ 7"length function” - Menger F P+ #& 117 #73) i1
Messenger Problem » § FFis 5 & Frb F f #pLjT o

% e o TSP g% H"”"*‘L?'lf-'v B ERFIWBEER s 5@
TREFH Lo @ e S ,T‘ L& fF Santa Monica(4r “") RAND
Corporation; 2 :% g X i },f- Dantzig, Fulkerson ™ % Johnson
(1954) FANXB 2 LR TSP 2 ¢ & & igi ”Cutting Planes” #%

Kﬁx'@f-@ rT‘J‘T”TJfguM °

TEEERBIEER DI Gg &2 D3
FH R FTELAL DGR TIfES P T B '
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