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Definition

P ={P, P, P} X:secret-sharing scheme
S =the set of allkeys; S;={all the shares of participant P, }
= [ is a monotone access structure if
v BCS Z,ifAS B forsome Ac ", thenBE T,
= [y ={AC & | Ais a minimal qualified subset} is a basis of I’
max{log, |S;|:1<i<n} o1
log, |5

> The information ratio of X is Ry, =

> The average information ratio of 2 is
" log.|S.

AR, = 2.1:109: |5, >1

nlog, |§
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Graph-based access structure

G : a finite simple graph without isolated vertices.
Let # =V (G) and ', = E(G)

= A secret-sharing scheme for the access structure based on G

is a collection of random variables¢ s and ¢, for VeV (G)

with a joint distribution such that

(i) Cs isthe secret and¢, is the share of v;

(i) if U € E(G) | then ¢, andSv together determine the value
ofCy;

(iii) if AcV(G) is an independent set in G, then {; and the
collection{¢, |V € A} are statistically independent.



Optimal average information ratio of G

Y. : secret-sharing scheme

H : the Shannon entropy
= The information ratio of X isRy = max{H(&,)/H({)}.

veV (G)
> The average information ratio of X is
2, H(S,
ARZ _ veV (G) (é/ )
nH(Z )

> The optimal information ratio of G Is
R(G) =inf{R, | X is a secret-sharing scheme on G}
> The optimal average information ratio of G is

AR(G) =inf{AR, | X is a secret-sharing scheme on G}
R(G) > AR(G) >1 R(G)=1< AR(G) =1



Shannon entropy

X : discrete random variable with values x;, X, , X, ..., X, and
a probability distribution {P(X)}., .
> The Shannon entropy of X is defined as

H(X) = _Zin:l p(xi) Iog( p(Xi))

> Then 0<H(X)<log| X |

> Assume uniform distributions in the secret-sharing scheme,
then  H(Z,)=log|s|

H(Z,)=log]S, |



Known results

Theorem (Brickell and Devenport,1991)
G : connected of order n

G is a complete multipartite graph
< R(G)=AR(G) =1

Theorem (Blundo et al.,1995)

G: connected of order n

G Is not a complete multipartite graph

<:>R(G)2§<:> AR(G) > 1

n




Graph covering

Theorem (Stinson,1994)

G :aconnected graph withV (G) =41, 2,...,n}. Suppose I1 =
1G,,G,,:-, G, }is a complete multipartite covering of G.

Let R =Kj:ieV(G)} 1<i<n.

Then there exists a secret - sharing scheme with information
ratio R and average informationratio AR, where

R =max{R; : land AR= Z‘l' -

/

vertex-number sum of I ]




About information ratio

Theorem (Stinson,1994)
(1) Suppose G is a connected graph of order n and

d is the maximum degree of G. Then

(2) R(Pn):g, ifn>3 R(Cn):g, ifn>5.

The exact value of R(G) is known for all graphs of

order < 6 but some exceptions.



Average information ratio

Theorem (Stinson,1994)
AR(G) < 2640 \wheree = E(G).

Theorem (Blundo et al.,1995)
1) AR(C,) :% If n>5.

[ 3n _
20+ D) . h:even
(2) AR(P,) =+ If n>3.
3n+1
. n:odd
2(n+1)

The exact value of AR(G) is known for all graphs of
order < 5 but some exceptions.



A break through on trees

Theorem (Csirmaz and Tardas, 2007)

Let T be a tree. Then R(T)= L

| . (T
where C(T) is the maximum size of a core of T.

Theorem (Csirmaz and Ligeti, 2009)

Let d be the maximum degree of G, then R(G) =2-1/d
provided that G satisfies the following conditions:

() every vertex has at most one neighbor of degree one,
(1) vertices of degree at least three are not adjacent, and
(ii)) the girth of G Is at least six.




Our previous contributions

Theorem (with Lu, 2013)

If T be a tree of order n, then AR(T) =
in(T) =#{ v eV(T) deg (v)>2}
d*(T) : the deduction of T.

n+in(T)—d *(T)

Theorem (with Lu, 2013)
Let G be a graph in which every cycle has two degree-
two vertices of distance at least four, then

n+in(G)—-d*(G)
n

AR(G) =




e The main idea of our works is to
create a min-max pair!

13



From covering

Theorem (Stinson,1994)

G :aconnected graph withV (G) ={1,2,...,n}. Suppose Il =
{G,,G,,--, G, }is a complete multipartite covering of G.

LetR =Hj:ieV(G)} 1<i<n,
Then there exists a perfect secret - sharing scheme with
iInformation ratio R and average information ratio AR, where

n

R
R=max{R :1<i<n} and AR:Z'nl L=

/

vertex-number sum of T1
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Stinson’s upper bound on AR(G)

m={T,T,,---, T.} : astar covering of G with vertex-number

sum m,_.
> d, =V (G)|+in(G)-m, : the deduction of IT .

> d*(G)=max{d, |IT is a star covering of G}
= the deduction of G.

Theorem (Stinson,1994)
If I1={T,T,,...,T, }Isastar covering of G, then
V(G)|+in(G)-d,

Vel

AR(G) <




Core cluster

IN(G) ={veV(G)|deg,(v) =2}, In(G) = \ IN (G)\
> Acore of G is a connected subset V, c IN(G) satisfying
(1) each v eV, has a neighbor v ¢V, such that v is not a
neighbor of any other vertex in V., and
(2) {V|VEVO} IS an independent set in G.

> A core cluster of G is a partition £ ={V,,V,,...,V, }of IN(G)

such that each V. is a core of G.
= The size k of£ Is denoted as c, .
= ¢*(G)=min{c. |E is a core cluster of G}
= the core number of G.




A Lower Bound on AR(G)

\ Theorem

If £ Is acore cluster of G, then

\V(G)\+in(G)—c£
Vel

AR(G) >




Which one is larger?

 If 9 is a core cluster of a graph G and I1
is star covering of G, then the size of 3 is
at least the deduction of I1,i.e., c*(G) >
d*(G).

o |[f there exists a core cluster whose size is

equal to the deduction of a star covering
of G, then c*(G) = d*(G).



Possible for trees and some bipartite graphs

S0, we need to find a good
pair of star covering and
core cluster.

Corollary

If there exists a core cluster and a star covering of G
suchthatc,.=d,,thenc*(G)=d*(G)=c =d, and

Ar(G) -V (@)]+in©)-c*(©)
VG

G is called realizable if c*(G) =d *(G).




AR(T) for complete g-ary trees

T.:(@=3)
Theorem (Blundo et al.,1995)
[ 3n _ A A D
, n:even T A R S
2(n+1) -~ === -0 o0
AR(P,) =+ an 41 R
, nh:odd
\2(n _|_1) oooooooooooo
Theorem

Let T, be a complete g -ary tree with k levels, then

(qk+2+2qk+l_q2_2q
(q+1)(g“™ -1)

k+2 k+1_ 2_

0°+20 —9° —29 . oqd.
(q+)(q" -1

k:even:;

AR(T,) = -




Open problem
» For which graphs G, c*(G) = d*(G)?




Secret-sharing on infinite graphs

G_ :aninfinite graph without isolated vertices.
> The optimal information ratio of G_ Is

R(G,) =sup{R(G") |G’ is aninduced finite subgraph of G_}
= The optimal average information ratio of G_ Is

AR(G ) =sup{AR(G')|G' is aninduced finite subgraph of G_}

R(G,.)>AR(G,)>1 R(G,)=1 AR(G,)=1



About information ratio

| Theorem (Csirmaz, 2008) Comb, :

Ok D05

(2) R(Comb_)=2

Honeycomb,, :
(3) R(Honeycomb_) =2

(4) R(2-lattice) =2
(5) 2<R(Triangle lattice) < %

(6) %s R(Infinite ladder) 31_61




Continued

Infinite ladder :

2-lattice :

Triangle lattice :




Review

Theorem
If £ Isacore cluster of G, then

V (G)|+in(G) ¢, (G)
V(G) |

AR(G) >

Theorem (Stinson,1994)
If [1={T,T,,...,T,}Isastar covering of G, then
V (G)|+in(G)-d,(G)

VG |

AR(G) <




Direct counting

_ectem Comb, :

(1)AR(POO):g II I I I I

(2) AR(Comb, ) = g oo
'—ength:k&

AR(G’) < AR(Comb, ), for any subgraph G’ of Comb, .

AR(Combk):ﬂ 53 ask oo
2K y)



Arbitrary Tree

Given T (not a subgraph of acomb)

IT: optimal star coveringof T

—o--"
I‘ 09 C . optimal core cluster of T
| dn (T) =Cc (T)
® Ld(v,u)>2
.}\ IT": star coveringof T -T*
U@ _ C" coreclusterof T-T*

T*: leaf star Ay (T-T*)=c.(T-T*)=d,(T)-1



Key steps

AR(T — %) = V(T =T*)|in(T ~T*)—d,, (T -T*)

V(T -T%)]

_ V(M) +in(T) -d;, (T) — (deg(v) +1)
[V(T) | —deg(v)

_ ARM)V(T)|—(deg(v) +1)
[V(T)|-deg(v)

s AR(T)deg(v) -1

= AR(T)
[V(T)[~-deg(v)

> AR(T)



Key steps (continued)

Given T (not a subgraph of acomb) I1: optimal star covering of T

- ta__!" ---0—0—O C: optimal core cluster of T
u: extraleaf  dn(T)=¢c(T)
AR(T —u) IT": star coveringof T —u
VA -u)[+In(T —u)-d,(T-u)  C"corecluster of T —u
vl (T ) = (T -u) =0, (T)
_ V@) +in(M)-d,(T)-1
V(T)|-1

>AR(T)



Conclusion (Infinite trees)

If T Isnot asubgraph of acomb, then

AR(T —u) > AR(T), for any extra leaf u.

AR(T —=T*) > AR(T), for any leaf star T *.

AR(T ) =sup{AR(T)|T isatree}
= AR(Comb, )
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