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Definition and Applications

Definition (Decycling Problem)

Given a directed/undirected graph G = (V, E), find a minimum set
D c V such that G\ D is acyclic.

» Has applications in

@ Deadlock prevention in operating systems (Wang et al.
1985; Silberschatz et al. 2003)
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Definition and Applications

Definition (Decycling Problem)

Given a directed/undirected graph G = (V, E), find a minimum set
D c V such that G\ D is acyclic.

» Has applications in

@ Deadlock prevention in operating systems (Wang et al.
1985; Silberschatz et al. 2003)
Example: An operating system schedules different
processes.
o—0
A B

Process A is waiting for the resource on Process B
so it can’t release its own resource.
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Definition and Applications

Definition (Decycling Problem)

Given a directed/undirected graph G = (V, E), find a minimum set
D c V such that G\ D is acyclic.

» Has applications in

@ Deadlock prevention in operating systems (Wang et al.
1985; Silberschatz et al. 2003)
Example: An operating system schedules different
processes.

B A

Process A is waiting for no resource
¢ so it can release its resource.

ol
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Definition and Applications

Definition (Decycling Problem)

Given a directed/undirected graph G = (V, E), find a minimum set
D c V such that G\ D is acyclic.

» Has applications in

@ Deadlock prevention in operating systems (Wang et al.
1985; Silberschatz et al. 2003)
Example: An operating system schedules different

processes.
B A Deadlock:
Competing actions are each waiting for
the other to finish, and thus neither ever does.
C

Solution:
Remove some processes to break such cycles
and put them in a waiting queue.
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)
> Vertices are colored YES or NO.
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)

> Vertices are colored YES or NO.

> Monotone synchronous system: at each step a NO vertex
changes to YES if more than half of its neighbors are YES.

Hung-Lin Fu The Decycling Number of Graphs and Digraphs



Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)

> Vertices are colored YES or NO.

> Monotone synchronous system: at each step a NO vertex
changes to YES if more than half of its neighbors are YES.

> Problem: set the minimum number of vertices YES at
beginning such that all vertices become YES eventually.
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)

> Vertices are colored YES or NO.

> Monotone synchronous system: at each step a NO vertex
changes to YES if more than half of its neighbors are YES.

> Problem: set the minimum number of vertices YES at
beginning such that all vertices become YES eventually.

> A decycling set could be the only choice!
Example: A 4-regular graph (such as toroidal mesh
network).

Decycling Set
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)

> Vertices are colored YES or NO.

> Monotone synchronous system: at each step a NO vertex
changes to YES if more than half of its neighbors are YES.

> Problem: set the minimum number of vertices YES at
beginning such that all vertices become YES eventually.

> A decycling set could be the only choice!
Example: A 4-regular graph (such as toroidal mesh
network).

Decycling Set
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Applications

@ Monopolies in synchronous distributed systems (Peleg
1998; Peleg 2002)

> Vertices are colored YES or NO.

> Monotone synchronous system: at each step a NO vertex
changes to YES if more than half of its neighbors are YES.

> Problem: set the minimum number of vertices YES at
beginning such that all vertices become YES eventually.

> A decycling set could be the only choice!
Example: A 4-regular graph (such as toroidal mesh
network).

" NO vertices on the cycle remain NO.
© Failed!
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Applications

@ Constraint satisfaction problem (Dechter 1990).

o Bayesian inference in artificial intelligence (Bar-Yehuda et
al. 1998).

@ Converters’ placement problem in optical networks
(Kleinberg and Kumar 1999).

@ VLSI chip design (Festa et al. 2000).
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Complexity

» Has been extensively studied.

o NP-hard
Reduction from VERTEX COVER (R. Karp 1972).
Even for planar graphs.
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Related Problems

» Is related or equivalent to

@ Feedback vertex set problem (Wang et al. 1985).
@ Hitting cycle problem
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Related Problems

» Is related or equivalent to

@ Feedback vertex set problem (Wang et al. 1985).
@ Hitting cycle problem

® Maximum induced forest problem
(Erdos, Saks and S6s 1986 Maximum induced trees in
graphs).

7n+ 72 .
At least T—; for triangle-free n-vertex planar graphs

(Kowalik et al. 2010).
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Variations

» Has the following variations (survey Festa et al. 2000).

@ Graph Bipartization Problem
Find D C E such that G\ D has no odd cycle.
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Variations

» Has the following variations (survey Festa et al. 2000).

@ Graph Bipartization Problem
Find D C E such that G\ D has no odd cycle.

@ Weighted Decycling Problem
Seek a minimum-weight decycling set D where each vertex
has a weight.
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Variations

» Has the following variations (survey Festa et al. 2000).

@ Graph Bipartization Problem
Find D C E such that G\ D has no odd cycle.

@ Weighted Decycling Problem
Seek a minimum-weight decycling set D where each vertex
has a weight.

o Loop Cut Set Problem
Given A(C) C V(C) for each cycle C of G, find a minimum
set D such that DN A(C) # 0.
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Relations with Cycle Packing Number

» |s often compared with the following graph parameter.

@ Cycle Packing Number ¢(G): the maximum number of
vertex-disjoint cycles of G.

c(G)=1

o Definition: V(G) := the decycling number (minimum size
of decycling set) of G.
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Relations with Cycle Packing Number

> Dirac and Gallai had interest in the relations between c(G)
and V(G).
> Itis clear that c(G) < VG).
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Relations with Cycle Packing Number

> Dirac and Gallai had interest in the relations between c(G)
and V(G).
> Itis clear that c(G) < VG).

o Definition: V(k) := max{V(G) : ¢(G) = k}.
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Relations with Cycle Packing Number

> Dirac and Gallai had interest in the relations between c(G)
and V(G).
> Itis clear that c(G) < VG).

o Definition: V(k) := max{V(G) : ¢(G) = k}.
V(1) = 3; ¢(Ks) = 1and V(Ks) = 3 (Bollobéas 1964).
> V(2) =6and 9 < V(3) < 12 (Voss 1968).

v
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Relations with Cycle Packing Number

> Dirac and Gallai had interest in the relations between c(G)
and V(G).
> Itis clear that c(G) < VG).

Definition: V (k) := max{V(G) : ¢c(G) = k}.

V(1) = 3; ¢(Ks) = 1and V(Ks) = 3 (Bollobéas 1964).
V(2) =6and 9 < V(3) < 12 (Voss 1968).

caklogk < V(k) < coklogk for some constants ¢; and ¢;
(Erdbs and Po6sa 1964).

v vV V @
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Relations with Cycle Packing Number

o Consider planar graphs:
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Relations with Cycle Packing Number

o Consider planar graphs:

Jones’ Conjecture (Kloks, Lee and Liu 2002)

For every planar graph G, V(G) < 2c(G).
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Relations with Cycle Packing Number

o Consider planar graphs:

Jones’ Conjecture (Kloks, Lee and Liu 2002)

For every planar graph G, V(G) < 2c(G).

Theorem (Chen, Fu and Shih 2010)
For every planar graph G, V(G) < 3c(G).
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Decycling number of outerplanar graphs

Consider outerplanar graphs:

Theorem (Kloks, Lee and Liu 2002)
For every outerplanar graph G, V(G) < 2¢(G).

» An outerplanar graph G is called lower-extremal if V(G) = c(G)
and upper-extremal if V(G) = 2¢(G).
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Decycling number of outerplanar graphs

Consider outerplanar graphs:

Theorem (Kloks, Lee and Liu 2002)
For every outerplanar graph G, V(G) < 2¢(G).

» An outerplanar graph G is called lower-extremal if V(G) = c(G)
and upper-extremal if V(G) = 2¢(G).

» Upper-Extremal Results:
@ We define a sun graph S; as follows.

W

o V(S:) = 2= 2¢(Sy).
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Decycling number of outerplanar graphs

Theorem (Chang, Fu, Lien, 2011)

An outerplanar graph G is upper-extremal if and only if G is an Ss-tree.

@ A graph is an S;-tree of order t if it has exactly t
vertex-disjoint S3-subdivisions and every edge not on these
Ss-subdivisions belongs to no cycle.
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Decycling number of outerplanar graphs

Theorem (Chang, Fu, Lien, 2011)

An outerplanar graph G is upper-extremal if and only if G is an Ss-tree.

@ A graph is an S;-tree of order t if it has exactly t
vertex-disjoint S3-subdivisions and every edge not on these
Ss-subdivisions belongs to no cycle.

@ Example:

An S3-tree G of order 3,
where 7(G) =6 =2c(G).
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Decycling number of outerplanar graphs

» Lower-Extremal Results:

@ The following graphs are NOT lower-extremal

(V(G) # c(G)):
Sun graphs S with odd number k:

K

Ss Ss

° V(S) = [§] and c(S) = 5]
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Decycling number of outerplanar graphs

Theorem (Chang, Fu, Lien, 2011)

For an outerplanar graph G, if G has no S-subdivision for all odd
number k, then G is lower-extremal.
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Decycling number of outerplanar graphs

Theorem (Chang, Fu, Lien, 2011)

For an outerplanar graph G, if G has no S-subdivision for all odd
number k, then G is lower-extremal.

Lemma

If G is a 2-connected outerplanar graph with no Sc-subdivision for all
odd number k, then G is lower-extremal.

(Proved by induction on |[E(G)|.)
@ Example:
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Decycling number of outerplanar graphs

@ A graph property is called monotone if it is closed under
removal of vertices.

> "Without S-subdivision for all odd number k” is a monotone
graph property.

Suppose that a 2-connected graph is lower-extremal provided that it
satisfies a monotone property P. Then a graph is lower-extremal if it
satisfies P.

Proof. By induction on |G|. Suppose G satisfies P.
Consider that G has a cut vertex v.

leaf block

Gi
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Decycling number of outerplanar graphs

@ A graph property is called monotone if it is closed under
removal of vertices.

> "Without S-subdivision for all odd number k” is a monotone
graph property.

Suppose that a 2-connected graph is lower-extremal provided that it
satisfies a monotone property P. Then a graph is lower-extremal if it
satisfies P.

Proof. By induction on |G|. Suppose G satisfies P.
Consider that G has a cut vertex v.

leaf block ¢(G) = ¢(G1) + ¢(Gy) or
¢(Gy) +¢(Gp) — 1.
A V(G) £ V(Gy) + V(Gy)
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Decycling number of outerplanar graphs

Suppose to the contrary that V(G) > ¢(G). Then
(1) ¢(G) = ¢(G1) + ¢(G2) — 1and
(2) V(G) = V(G1) + V(Gy).
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Decycling number of outerplanar graphs

Suppose to the contrary that V(G) > ¢(G). Then

(1) ¢(G) = ¢(G1) + ¢(G2) — 1and

(2) V(G) = V(Gy) + V(G).

(1) = every maximum set of vertex-disjoint cycles of G; must
contain a cycle with vfori =1, 2.

Thus ¢(G; — v) < ¢(G;) fori =1,2.
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Decycling number of outerplanar graphs

Suppose to the contrary that V(G) > ¢(G). Then

(1) ¢(G) = ¢(G1) + ¢(G2) — 1and

(2) V(G) = V(Gy) + V(G).

(1) = every maximum set of vertex-disjoint cycles of G; must
contain a cycle with vfori =1, 2.

Thus ¢(G; — v) < ¢(G;) fori =1,2.

(2) = v does not belong to any minimum decycling set of G*
where G* = G; or Go,.

Thus V(G* —v) = V(G*).

Hung-Lin Fu The Decycling Number of Graphs and Digraphs



Decycling number of outerplanar graphs

Suppose to the contrary that V(G) > ¢(G). Then

(1) ¢(G) = ¢(G1) + ¢(G2) — 1and

(2) V(G) = V(Gy) + V(G).

(1) = every maximum set of vertex-disjoint cycles of G; must
contain a cycle with vfori =1, 2.

Thus ¢(G; — v) < ¢(G;) fori =1,2.

(2) = v does not belong to any minimum decycling set of G*
where G* = G; or Go,.

Thus V(G* —v) = V(G*).

By the monotonicity of P and the induction hypothesis,

c(G* —v) = V(G* —v) = V(G*) = ¢(G*), a contradiction. [
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Lower Bound of Undirected Graphs

Lemma (Beineke 1997)

If G is a connected graph with p vertices (p > 2), q edges, and
maximum degree A, then V(G) > % 2tL
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Cartesian Product

Definition (GOH)

V(GOH) = {(u,v)lue V(G)andve V(H)}
E(GOH) = {(u,v)(U,V)|lu=u"and (v,V') € E(H) or (u,u’) €
E(G)andv=V}
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Cartesian Product

Definition (GOH)

V(GOH) = {(u,v)lue V(G)andve V(H)}
E(GOH) = {(u,v)(U,V)|lu=u"and (v,V') € E(H) or (u,u’) €
E(G)andv=V}

Figure : PgOPy;

—0—0—0—0—0—0—0—8—0—0
e O ¢ O @ O o

O—0O—0 0 e 0000
OO0 0 0O & O @
O—0 @000 @O
O—8 0 & 0 & O
O—0—0—0—0—0@
O—0 00000
O—0— & 0000
O~ O 0 O e O
e OO 0O & 0O
O—0 00000
O—0—0—0—0—0—0—-70
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Decycling number of C,,0OC,

Theorem (Pike, Zou 2005)

?1 if m= 4,
=1 if n =4,
mn+-2

mr<] otherwise .

[
V(CnmOGCy) = [
%5
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Decycling number of Path Product  P,,0OP,

Lower bound

Theorem (Luccio 1998)
If m,n > 2, then V(PnOPy) > [Mg*”ﬂ
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Decycling number of Path Product  P,,0OP,

Lower bound
Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
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Decycling number of Path Product  P,,0OP,

Lower bound
Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
@ |V(PmOP,)| = mn and |E(PmOPy)| = 2mn — m—n.
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Decycling number of Path Product  P,,0OP,

Lower bound
Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
® |V(PyOP,)| = mnand |[E(P,OP,)| = 2mn — m—n.
@ Suppose V(PnOP,) = k.
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Decycling number of Path Product  P,,0OP,

Lower bound
Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
® |V(PyOP,)| = mnand |[E(P,OP,)| = 2mn — m—n.
@ Suppose V(PnOP,) = k.

@ We need delete at least one vertex on the perimeter.
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Decycling number of Path Product  P,,0OP,

Lower bound

Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
@ |V(PnOP,)| = mnand |E(PmOPR)| =2mn—m—n.
@ Suppose V(PnOP,) = k.
@ We need delete at least one vertex on the perimeter.
O [E[-4k+1<|V|-k-1
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Decycling number of Path Product  P,,0OP,

Lower bound

Theorem (Luccio 1998)

If m,n > 2, then V(P,OP,) > [wg’”“w

Proof.
@ |V(PnOP,)| = mnand |E(PmOPR)| =2mn—m—n.
@ Suppose V(PnOP,) = k.
@ We need delete at least one vertex on the perimeter.
O [E[-4k+1<|V|-k-1
© k> [,
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Decycling number of Path Product  P,,0OP,

Theorem (Madelaine and Stewart 2008)

Table :
Nfofr]2]3|als
0 H |4 @ i ® O:incrcasinglhclowcrbnund in
1 |a|Aa|Aa|A|Aa|A this paper
2 ® A| B ® A|B {'V.“.'}:dccrcasingthc upper bound in
=" this paper
3 | B|al(®)B|AlfC
4 A|lA[A|A|A]|A
5 @ Als c A C
In Table, A: V(PyOPy) = Fn, B: V(PmOPy) < Fn + 1, C:
V(PmOPn) < Fin + 2, Where Fipg = | (=204

-
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Decycling number of Path Product  P,,0OP,

New Lower bound

Proposition (Observation)

If m> 5and fr,, = ("20-D+ js an integer, then each decycling set

Sof size f, satisfies the following two properties:

(1) Scontains exactly one vertex of degree 3 and contains no vertex
of degree 2; and

(2) Sinduces a subgraph of P,OP, with no edges.
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Decycling number of Path Product  P,,0OP,

New Lower bound

Proposition (Observation)

Ifm>5and fnn = Mg’”“ is an integer, then each decycling set
Sof size f, satisfies the following two properties:

(1) Scontains exactly one vertex of degree 3 and contains no vertex
of degree 2; and

(2) Sinduces a subgraph of P,OP, with no edges.

-

Theorem
If m> 5, mnis even and fy  is an integer, then
V(PmOPn) > fnn + 1 = Fnp + Lwhere fp, = (T=R0-0H
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Decycling number of Path Product  P,,0OP,

Proof.
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Decycling number of Path Product  P,,0OP,

Proof.

Suppose not.
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

0—0—0 0 0 0 0 0000
00 0 0 O :‘; o J; o0 0
00 0 0 O 4) o] (‘) o0 -0
L0704—MA4—01 —0—0—0
00 0 0 0O C‘) 00 -0 -0 0
00 0 0 O A o é o T, B )
00 0 0 O é o A 000
00 0 0 0O + o zl) 00 -0
00 0 0 0 0 0 0 0 0 0
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

00 0 0 0 00 0 -0 0 .
soiiiiliil tetvaesa<i<|l
oooooéoéooo
oooooOo‘rooo
ooooooo«;ooo
00 0 0 0 0 0 0 0 0 0
oooooooéooo
oooooéogooo
ooooooogooo
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

Letvi1€S2<i< L%]J
Vm—12 € Sand Vm_13 ¢ S.

o—0—0—0—0—0-—0—80
oo 000000
O 0 0 000 00
0000000070
O—0—0—"0—0—0—0—10—70
O—0—0—0—0—"0—0—0—70
oO—0000000O0
oO—0—0—0—0—0—-0—-0-70
0000000 0O
o0—0—0—-0-—0-0-0-0-10

1o}
o}
o}
0
lo}
lo}
1o}
o}
o}
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

Letvi1€S2<i< L%]J
Vm—12 € Sand Vm_13 ¢ S.

o000 0 0 0O e O
oO—e e O 00000
O8O0 000000
oO—0—0—0—0—0—0—0—0
00090000090
P—0—0——0—bH—0—0—0
oO-—0-0-0-0-00 00
0000000090

o]
Lo}
o}
lo}
lo}
1o}
o}
o}
o

O—8—0—0—0—0—0—0—0
00900000090
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Decycling number of Path Product  P,,0OP,

Proof.

Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set

with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

oO—0-—0-0-0-0-0 0
oo 0 000090
O—8 00000090
O—8—0—0—0—0—0-0—90
080000000
O—8—0—0—0—0—0—070
O—8—0-0-0-0-0-0-90

o
O
O
O
O
o}
O
®
Lo}

080000000

O 00 00000

Letvi1€S2<i< L%]J
Vm—12 € Sand Vm_13 ¢ S.
Vm-1,2,Vm-14,"** ,Vm-1,n-1 € S.

o]
o}
o
o}
o}
o}
o
o]
o
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

00 - 0 0 0 0 O i o O O Letvlﬁles)zglgl‘%J,

e O O 0 0 0O O o0 0

0 0.6 66 060060606060 Vm-12 € Sand Vm-1,3 g S

8 b i ko R b Vm-1,2,Vm-14,"** ,Vm-1,n-1 € S.
oooooooc}ooo Hence, n— 1is even and nis odd.
00 0 0 0 0 O ? o000

0O ® 0 0 0 0 0 0 0 0 0

0O o ¢ o o ¢ o L ® o O

OO 0 O 0 O O 0‘ o T o, NN . }
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Decycling number of Path Product  P,,0OP,

Proof.
Suppose not.

Assume that V(PnOPy) = fn = Finn @and Sis a decycling set
with size fim .

By above Proposition, we may let v; 1 be the vertex of Swith
degree 3where 2 <i < | 7.

o o 0 o0 0 0 0 0 O O O 1 1

e O 0 0 0 0 O é o e O Slmllarly' S
0 0 0 0 0 0 O <;> o e 0 \_I/_rTr;feS,nflanfS_,nfl; s V2n-1 €
RYTPrYREERR refore, mis odd, a
666600006080 contradiction.

00 0 0 0 0 O ToN W]

o - 0 0 0 0 O i o @ O

P P o O

0O 0 0 0 0 0 O O‘ o -0 0
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Decycling number of Path Product  P,,0OP,

New Lower bound

Form > 5, if m= 0 (mod 6) and n = 2 (mod 3) or
(m,n) = (3,2) (mod 6), V(PmOP,) > Fyn + 1.
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Decycling number of Path Product  P,,0OP,

New Lower bound

Corollary

Form > 5, if m= 0 (mod 6) and n = 2 (mod 3) or
(m,n) = (3,2) (mod 6), V(PmOP,) > Fyn + 1.

Form > 5, if (m,n) = (0, 2), (0,5), (3,2), (2,0), (5,0), (2,3) (mod 6),
then V(PmOP,) = Fn + 1.
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Decycling number of Path Product  P,,0OP,

New Lower bound

Corollary

Form > 5, if m= 0 (mod 6) and n = 2 (mod 3) or
(m,n) = (3,2) (mod 6), V(PmOP,) > Fyn + 1.

Theorem

Form > 5, if (m,n) = (0, 2), (0,5), (3,2), (2,0), (5,0), (2,3) (mod 6),
then V(PmOP,) = Fn + 1.

Form,n> 6, V(PmOPn) < Fmpn+ 1.
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Decycling number of Path Product  P,,0OP,

Theorem (Madelaine and Stewart 2008)

Table :
Nfofr]2]3|als
0 H |4 @ i ® O:incrcasinglhclowcrbnund in
1 |a|Aa|Aa|A|Aa|A this paper
2 ® A| B ® A|B {'V.“.'}:dccrcasingthc upper bound in
=" this paper
3 | B|al(®)B|AlfC
4 A|lA[A|A|A]|A
5 @ Als c A C
In Table, A: V(PyOPy) = Fn, B: V(PmOPy) < Fn + 1, C:
V(PmOPn) < Fin + 2, Where Fipg = | (=204

-
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Decycling number of Generalized Kautz Digraphs

@ de Bruijn digraph B(d, n)
V(B(d,n)) = {xaXz2-- % : % € {0,1,--- ,d—1},1<i <n}.
Edge: X = XX+ - - Xqp —> Y = XoX3 - - - Xna Where
ae{0,1,---,d-1}.
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Decycling number of Generalized Kautz Digraphs

@ de Bruijn digraph B(d, n)
V(B(d,n)) = {xaXz2-- % : % € {0,1,--- ,d—1},1<i <n}.
Edge: X = XX+ - - Xqp —> Y = XoX3 - - - Xna Where
ae{0,1,---,d-1}.

@ Kautz digraph K(d, n)
V(K(d,n)) = {xaxz-- X : % € {0,1,--- ,d}, 1 <i<nandx #
xi+1,1§i§n—1}.
Edge: X =x1X2+ -+ Xn —> Y = XoX3 - - - Xqow Where « € {0,1,--- ,d}.
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Decycling number of Generalized Kautz Digraphs

@ de Bruijn digraph B(d, n)
V(B(d,n)) = {xaXz2-- % : % € {0,1,--- ,d—1},1<i <n}.
Edge: X = XX+ - - Xqp —> Y = XoX3 - - - Xna Where
ae{0,1,---,d-1}.

@ Kautz digraph K(d, n)
V(K(d,n)) = {xaxz-- X : % € {0,1,--- ,d}, 1 <i<nandx #
xi+1,1§i§n—1}.
Edge: X =x1X2+ -+ Xn —> Y = XoX3 - - - Xqow Where « € {0,1,--- ,d}.

K(d,n) € B(d+1,n).
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Decycling number of Generalized Kautz Digraphs

@ generalized de Bruijn digraph GB(d, n)
V(GB(d,n)) = {0,1,--- ,n—1}.
E(GB(d,n)) = {(x,y)l[y=dx+i(modn),0 <i<d-1}.
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Decycling number of Generalized Kautz Digraphs

@ generalized de Bruijn digraph GB(d, n)
V(GB(d,n)) = {0,1,--- ,n—1}.
E(GB(d,n)) = {(x,y)l[y=dx+i(modn),0 <i<d-1}.

@ generalized Kautz digraph Gk (d, n)
V(K(d,n)) ={0,1,--- ,n—1}.
E(K(d,n)) = {(x,y)ly= —dx—i(mod n),1<i <d}.
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Example of de Bruijn Graph and Generalized de
Bruijn Graph

Figure : B(2,3) Figure : GB(2,8)

<o e

B(d, k) = GB(d, d¥).
The de Bruijn digraph is a special case of GB(d, n).
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Decycling number of Generalized Kautz Digraphs

o de Bruijn digraphs
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Decycling number of Generalized Kautz Digraphs

o de Bruijn digraphs

Theorem (Xu et al. 2010)
For any integersd > 2and n > 2

s dp(®)  for2<n<4
V(B(d,n)):{ el ) .
& +0o(nd"*) forn>5,

where ijn means i divides n, and (i) is the Euler totient function.

() = Nllgp(1— 3).
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Decycling number of Generalized Kautz Digraphs

9 Generalized de Bruijn digraphs
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Decycling number of Generalized Kautz Digraphs

@ Generalized de Bruijn digraphs

Theorem (Xu et al. 2009)

4+7m+ 58] + | §] - 1F] - %),
where m= | 3 |,n=t( mod 32), ford =
4+6m+ 2] — S,
V(GB(d:) < 4 where m= | &],n= t( mod 18), ford = 3,
2+t+d(2 d—3) + [ — 1§,
where m= | J n=t( mod (d(2d + 3))), for d = 4.

=
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Decycling number of Generalized Kautz Digraphs

o Generalized Kautz digraphs:
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Decycling number of Generalized Kautz Digraphs

@ Generalized Kautz digraphs:

8m+ 3t + 1,
where m= | % |,n = t( mod 36), ford = 2,
12m+t+ [5]+ (2] +5,

V(G(d:) <9 \where m = L%J n= t( mod 36), ford = 3,

(3 SFn+3(d-t+5 -2
where m= |3 |,n=t(mod (d + 1))), ford > 4.

v
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Decycling number of Generalized Kautz Digraphs
Notation:

For a € V(Gk(d, n)), R(a) = {—da —i (mod n),1 <i < d}.
Foraset SC V(Gk(d,n)), R(S) = U,csR(V).
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Decycling number of Generalized Kautz Digraphs

Notation:

For a € V(Gk(d, n)), R(a) = {—da —i (mod n),1 <i < d}.
Foraset SC V(Gk(d,n)), R(S) = U,csR(V).
For convenience, we use the notation as follows:

ab] = {a,a+1,---,b} ifa<b,
7 {aya+1,---,n+b—-1n+b} otherwise.
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Decycling number of Generalized Kautz Digraphs

Notation:

For a € V(Gk(d, n)), R(a) = {—da —i (mod n),1 <i < d}.
Foraset SC V(Gk(d,n)), R(S) = U,csR(V).
For convenience, we use the notation as follows:

ab] = {a,a+1,---,b} ifa<b,
7 {aya+1,---,n+b—-1n+b} otherwise.

R([a,b]) = [-db —d, —da— 1] (mod n).
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Decycling number of Generalized Kautz Digraphs

Notation:

@ V4 C V(G (d,n)): vertices deleted.
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Decycling number of Generalized Kautz Digraphs

Notation:

@ V4 C V(G (d,n)): vertices deleted.

@ V; = V(Gk(d,n)) — V4: remaining vertices.
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Decycling number of Generalized Kautz Digraphs

Notation:
@ V4 C V(G (d,n)): vertices deleted.

o V, =V(Gk(d,n)) — Vy: remaining vertices.
@ V¢ C V,: the vertices lying on a cycle of G[V;].
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Decycling number of Generalized Kautz Digraphs

Notation:

o Vg4 C V(Gk(d,n)): vertices deleted.

o V, =V(Gk(d,n)) — Vy: remaining vertices.

@ V¢ C V,: the vertices lying on a cycle of G[V;].
) Vn,c = V(GK (d7 n)) —Ve.
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Decycling number of Generalized Kautz Digraphs

Notation:
@ V4 C V(G (d,n)): vertices deleted.
@ V; = V(Gk(d,n)) — V4: remaining vertices.
@ V¢ C V,: the vertices lying on a cycle of G[V;].
) Vn,c = V(GK (d7 n)) — Vc.

Wants:
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Decycling number of Generalized Kautz Digraphs

Notation:

Vg C V(Gk(d, n)): vertices deleted.

V, = V(Gk(d, n)) — Vy4: remaining vertices.

Vc C V,: the vertices lying on a cycle of G[V(].
Ve = V(Gk(d,n)) — Vc.

® © ¢ ¢

Wants:

(2

Vy: decycling set.
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Decycling number of Generalized Kautz Digraphs

Notation:

Vg C V(Gk(d, n)): vertices deleted.

V, = V(Gk(d, n)) — Vy4: remaining vertices.

Vc C V,: the vertices lying on a cycle of G[V(].
Ve = V(Gk(d,n)) — Vc.

® © ¢ ¢

Wants:

9 Vq4: decycling set.
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Decycling number of Generalized Kautz Digraphs

Ve = V(G (d, n)).

Hung-Lin Fu The Decycling Number of Graphs and Digraphs



Decycling number of Generalized Kautz Digraphs

Ve = V(G (d, n)).

Lemma (Main Idea)

For any arbitrary subset Sc V;, if R(S) C Vi, then SC V.

Vd g Vnc-
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Decycling number of Generalized Kautz Digraphs

GK(d, n),d > 4.
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Decycling number of Generalized Kautz Digraphs

GK(d, n),d > 4.

Letm=[3}; Ja n=t (modd+ 1), thenn=(d+1)m+t,
where0< <d.
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Decycling number of Generalized Kautz Digraphs

Gk (d,n),d > 4.

Letm= |35 Ja n=t (modd+ 1), thenn= (d+1)m+t,
where0< <d.

A = [0,m],

Ao =[15) + 5. 2m+ 1),

A= [L(i _dl)nj + L(i ;31)nj,im+ (i—1)], fori=3,4,---d.

We will show that

d
|J A is a decycling set of G(d, n).

i=1
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Decycling number of Generalized Kautz Digraphs

Example.

Letn=2378,d=4,m= || =75t =3, where
n=(d+1)m+t.
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Decycling number of Generalized Kautz Digraphs

Example.

Letn=2378,d=4,m= || =75t =3, where
n=(d+1)m-+t.

Step 1.

Ay = [0,75] C Vpe.
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Decycling number of Generalized Kautz Digraphs

Example.

Letn=2378,d=4,m= || =75t =3, where
n=(d+1)m-+t.

Step 1.

Ay = [0,75] C Vpe.

S, = [76,93].

R(S)=[-4-93—4,—-4-76— 1] = [-376,—305| =
2,73] C Vie.

[0,93] C V.

Hung-Lin Fu The Decycling Number of Graphs and Digraphs



Decycling number of Generalized Kautz Digraphs

Example.

Letn=2378,d=4,m= || =75t =3, where
n=(d+1)m-+t.

Step 1.

Ay = [0,75] C Vpe.

S, = [76,93].

R(S)=[-4-93—4,—-4-76— 1] = [-376,—305| =
2,73] C Vie.

[0,93] C V.

X, = [355, 377].

R(X1) = [0,91] C Vi

[0,93] U [355,377] C Vpe.
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Decycling number of Generalized Kautz Digraphs

Y1 = [94, 98].
R<Yl) = [3607 1] C Vhe.
[0,98] U [355,377] C Vpe.
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Decycling number of Generalized Kautz Digraphs

Y1 = [94, 98].

R(Y:1) = [360, 1] C V,
[0,98] U [355,377] C
Step 2.

A, =[99, 151).

[0, 151] U [355, 357] C V.

C-
Vnc.
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Decycling number of Generalized Kautz Digraphs

Y1 = [94, 98].

R(Y:1) = [360, 1] C V,
[0,98] U [355,377] C
Step 2.

A, =[99, 151).

[0, 151] U [355, 357] C V.
S, = [152,188.

R(S;) = [0, 147] C V.

[0, 188] U [355, 377] C Vpc.

C-
Vnc.
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Decycling number of Generalized Kautz Digraphs
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Decycling number of Generalized Kautz Digraphs
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Decycling number of Generalized Kautz Digraphs

A, S
0 m 2m 3m 4m n-1
Al g Vnc
S C Vie
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Decycling number of Generalized Kautz Digraphs

A 5, E.‘
0 m 2m 3m 4m n-1
Al g Vnc-
S C Vie.
Xl g Vnc-
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Decycling number of Generalized Kautz Digraphs

A S1Y, X
0 m 2m 3m 4m n-1
Ar C Vi
St C Vre
X1 € Vie
Y1 € Vie
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Decycling number of Generalized Kautz Digraphs

A S Y, A X,
0 m 2m 3m 4m n-1

A2 g Vnc-
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Decycling number of Generalized Kautz Digraphs

A S Y, A S, X,
0 m 2m 3m 4m n-1
A2 g Vnc
S C Vie
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Decycling number of Generalized Kautz Digraphs

A S Y ArS, XX,
0 m 2m 3m 4m n-1
A2 g Vnc-
S C Vie
X2 g Vnc
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Decycling number of Generalized Kautz Digraphs

A S Y, A SY, XX,
0 m 2m 3m 4m n-1
A C Ve
S C Vre.
X2 € Vye.
Yo C Ve
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Decycling number of Generalized Kautz Digraphs

A S Y, A SY, XX,
0 m 2m 3m 4m n-1
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Decycling number of Generalized Kautz Digraphs

A S Y, A SY, XX,
0 m 2m 3m 4m n-1
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Decycling number of Generalized Kautz Digraphs

A S Y, A SY, XX,
0 m 2m 3m 4m n-1
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Total decycling Problem

Definition (Total Decycling Problem)

Given a directed/undirected graph G = (V, E), find sets V' C V and
E’ C Esuchthat G\ (V' UF') is acyclic and a|V’| + b|E’| is minimum,
where a, b are the weights of vertex and edge respectively.

@ Definition: V+(G) := the total decycling number (minimum
weight of total decycling set) of G.

@ For convenience, we canassumea=1andb=r.
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Consider Regular Graphs

@ Consider 2 =r.
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Consider Regular Graphs

@ Consider 2 =r.

@ Example: G: 4-regular with n-vertices.
Let S C V(G) and S; C E(G): total decycling set.
2n—4lS| - S/ <n—[S| - 1.
St + 31| = "
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Consider Regular Graphs

@ Consider 2 =r.

@ Example: G: 4-regular with n-vertices.
Let S C V(G) and S; C E(G): total decycling set.
2n—4lS| - S/ <n—[S| - 1.
1] + 31%2] > "5

or=1
Means: A vertex and an edge have the same weight.
Select: Vertex or Edge.
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Consider Regular Graphs

@ Consider 2 =r.

@ Example: G: 4-regular with n-vertices.
Let S C V(G) and S; C E(G): total decycling set.
2n—4lS| - S/ <n—[S| - 1.
1] + 31%2] > "5

or=1
Means: A vertex and an edge have the same weight.
Select: Vertex or Edge.

or=21
4
Means: The weight of an edge < The weight of a vertex.
Priority Select: Edge.
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Consider Regular Graphs

@ Consider 2 =r.

@ Example: G: 4-regular with n-vertices.
Let S C V(G) and S; C E(G): total decycling set.
2n—4lS| - S/ <n—[S| - 1.
1] + 31%2] > "5

or=1
Means: A vertex and an edge have the same weight.
Select: Vertex or Edge.

or=21
4
Means: The weight of an edge < The weight of a vertex.
Priority Select: Edge.

or=1
2
Means: The weight of an edge > The weight of a vertex.

Priority Select: Vertex.
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Consider Bound of C,,0C,

@ Consider § <r < 1.

® C,OC,: 4-regular.
Let S, C V(G) and S, C E(G): total decycling set.
[ME2] = V(CuOCn) > V1 (CrOCp) > ML
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BN
Consider Bound of P,,0P,

@ Consider § <r < 1.

@ P, 0OP,: almost 4-regular.
Let S C V(G) and S C E(G): total decycling set.
(RO 41> V(CrDCh) > Vr(PnOPy) > =l
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I $ @
Objective Work

@ For a planar graph G, V(G)

< 2¢(G) (Jones’ conjecture 2002).
?
<

@ For a planar graph G, V(G)
1979).

[V(G)|/2 (Albertson and Berman

@ For a bipartite planar graph G, V(G) < 3|V(G)|/8 (Albertson and
Berman 1979).

@ We have [(MD0-V1 < g(p,0P,) < [(M-DO-V1) | 1 Find
the exact value of V(PnOPy).

@ Find the lower bound of directed graphs.
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Thank you for your attention!
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