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Chapter 1 Decomposition of Complete Graphs

Graph decomposition deals with a partition of the edge set of a graph such that
each subset satisfies a constraint we assigned before hand. When considering a subset we
in fact consider the subgraph ”edge-induced” by the subset. We remark here that the
subgraph is edge-induced not induced. The difference between them is not difficult to see
since the later one is obtained by using a vertex subset to induce a subgraph instead of

using the edge set.

We shall call the subgraphs obtained in a decomposition ”the members of the decom-
position”. For convenience, if a graph G can be decomposed into members Gy, G, ..., Gy,
then we represent this decomposition by "G = G; + Go + -+ + G;. In case that all
members are mutually isomorphic, then G can be written as G = t - G where G = G,,
for 1 = 1,2,...,t. Talking about the decomposability of G into G’s, we shall use @|G to

denote that G can be decomposed into copies of G.

In what follows, we study the decomposability of a complete graph K, into copies

of G.

Lemma 1.1. If G|K,,, then

1. |G| <n,
2. |G1(3) and
3. g.c.d{ds(v),v € v(G)}n — 1.

Proof. The first two necessary conditions are easy to see. We claim the third one. Since

G|G,n—1=3,.gdegs(v) where S C V(G).(S is a multi-set.) Let d = g.c.d.-{dz(v),v €

(
U(G)} Then n — 1 = Zvesd‘ degff(v) =d (ZUGS degg(v)> = d - x. By the fact that x is

an integer, we have the proof. |

Corollary 1.2. If G is an r-regular graph, then r|n — 1 provided G|K,,.

3



Theorem 1.3. K, can be decomposed into 1-factors if and only if n is even.

Proof. Since a 1-factor is a 1-regular spanning subgraph of K,,, n must be even. On the
other hand, if n is even, then the set of n — 1 1-factors can be obtained by the following
construction. First, we construct a regular convex (n — 1)-gon define on {1,2,....n — 1}
(see Figure 1.1.). Let 0 be the center(point). Now, the first 1-factor is obtained by line
segment {0, 1} and all the other segments which are perpendicular to {0,1}. Similarly,
we can obtain the other 1-factors by using {0,2}, {0, 3}, ...,{0,n — 1} respectively. This

completes the proof.

>—9e

Figure 1.1. 7-gon

Definition 1.4. (1-factorization) A 1-factorization of a graph G is a decomposition of
G into 1-factors. Clearly, if n is even, then K, has a 1-factorization. In fact, there are

quite a few different 1-factorizations of a labelled K,,. (This is not difficult to see.)
e If (G has a 1-factorization, then G must be a regular graph.

e Not all regular graph of even even order has a 1-factorization, e.g, Petersen graph

has no 1-factorizations.

Definition 1.5. (Near 1-factor) In a graph G of odd order, a near 1-factor is a 1-regular
subgraph of order |G| — 1, i.e., a near 1-factor is incident to all(but one vertex) vertices

of G.



Theorem 1.6. K, can be decomposed into near 1-factors if and only if n is odd.

Proof. Delete one vertex from a 1-factorization of K, ;. |

JE— (R 73 F] B EC %S (Matchings ) 524 0 HAARCRA T AR H EE S -

Definition 1.61. A k-edge-coloring of a graph G is a mapping ¢ : E(G) — {1,2, ..., k}
such that incident edges receive distinct image, i.e., Ve, f € E(G), ¢(e) # ¢(f) whenever
enf#o.

A graph which admits a k-edge-coloring is called k-edge-colorable.

Definition 1.6.2 x/(G) = min{k|G is k — egde-colorable} is the chromatic index of
G. Clearly, if G is k-edge-colorable, then G is k’-edge-colorable for each k&' > k. The

following results are easy to see.

Fact a. '(G) > A(G) where A(G) is the maximum degree of G.
Fact b. \'(K,) = A(K,) =n — 1 if and only if n is even.

Fact c. X' (Komy1) =2m + 1.

Definition 1.6.3. A graph G is said to be overfull if A(G) - |14l] < |@].

2

Clearly, this happens only if |G| is odd.

Fact d. If G is overfull, then x'(G) > A(G).

Fact e. If G is the Petersen graph, then x'(G) = 4.

Fact f. If G is a cycle, then x/(G) = 2 if and only if G is an even cycle.

Theorem 1.6.4. (Vizing) If G is a simple graph, then A(G) < x'(G) < A(G) + 1.

Theorem 1.6.5. (Vizing) If G is a multi-graph with multiplicity «, then x'(G) <



A(G) + a. (:EHBEH)
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Definition 1.6.6. If G is a simple graph, then G is of Class 1(respectively Class 2)
if X'(G) = A(G)(respectively ' (G) = A(G) + 1)

Theorem 1.6.7. (Random graphs) Almost all graphs are of Class 1.

Theorem 1.6.8. (Kénig’s Theorem) If G is a bipartite graph, then G is of Class 1.

Theorem 1.6.9. (Equitable-edge-coloring) If G has a k-edge-coloring ¢, then G has
a k-edge-coloring 7 such that Vi, j € {1,2,....k}, [|[771(4)| — |=~'(5)|| < 1. Subsequently,

if @ is an integer, then |771(3)| = |7~1(j)|.

Proof. The proof follows by consider two classes of ¢ ~!(i) and ¢~1(j) and make them

equitably. (?7) [ |

PUR » BT H e a0 # -

Theorem 1.7. K, can be decomposed into Hamiltonian cycles if and only if n is odd

and n > 3.

Proof. Since a Hamiltonian cycle is a 2-regular graph, 2|n — 1. Hence n is odd. On
the other hand, we need to provide a decomposition of K, for each odd n > 3. Let
V(K,) ={0,1,2,....,n — 1}. Let By be the cycle defined as follows and then the other

cycles are obtained accordingly.



n—1n+3 n+1
B0:(0,1,2,n—1,3,n—2,..., PR )
n+1 n+5 n+3
B = 2,3,1,4n—1,...
1 (07 737 y & T PRERE) 9 ) 9 ) 92 )7

B, — 07n—17n+17n—3’n—|—3’m72n—4’n_1 .
2 2 2 2 2

In fact, B; = By + (i — 1) where (n — 1) + 1 =4 1. |

For clearness, we use n = 11 to depict the decomposition.

1 2 3 4 54 3 2 1<—differences
NN Y YTV Y
(0, 1,2,10,3,9,4,8,5,7, 6),

(0,2,3,1,4,10,5,9,6,8,7),
:def 3 (09 33 4: 2: 5: l; 6, 10, 7, 9, 8)’
(0,4,5,3,6,2,7,1,8,10,9),
(0,5,6,4,7,3,8,2,9,1, 10).

2

2|

(Note) The above decomposition is also known as Walecki’s decomposition. The proof

for correctness will be obtained by checking the differences(half) between all vertices.

Definition 1.8. (Difference) Let X be a nonempty subset of Z,. Then the differ-
ence set AX of X is defined as follows: AX = {z —y|z,y € X and = # y}.

Example X = {1,2,4}, AX = {+1,+2, +3}.

Definition 1.9. (Half-difference) Ay X = {min{z —y,n — (r —y)}|z,y € X and = > y}.

Example X = {1,3,9} C Z;;, Ay X = {2,3,5}. Note that in Ay X contains only positive

integers not greater than 3 if X C Z,. Ay X is also known as "circular” difference set of

X.



(Fact) If [X| = k, then |AX| < k(k — 1) and |AsX| < ().

Definition 1.9. (Circulant graph) Let D C {1,2,...,[5]}. Then the graph G,(D) is a
circulant subgraph of K, such that V(G,(D)) = V(K,) and E(G,(D)) = {{u,v}|u,v €
Z, and |u —v|y € D}.

Fact 1 If n is even, then G,, ({%}) = G, (%) is a 1-factor.
Fact 2 If n is odd, then G,,(D) is a 2k-regular graph where k = |D|.

Note. G, (D) is also a 2k-factor of K,, since G, (D) is a spanning 2k-regular subgraph of
K,.

Fact 3 If n is even, then G, ({2, 5 ) can be decomposed into 3 1-factors.

Proof. First, if § is even, then n = 4m. This implies that G, ({2}) is a disjoint union of
two even cycles. So, the proof follows by choosing two 1-factors from G, (2) and G, (%)
is itself a 1-factor. On the other hand, if § is odd, i.e., n = 4m + 2. For clearness, we

look at the following example and catch the idea.

n =14

Gu(2) = (0,2,4,6,8,10,12) U (1,3,5,7,9,11, 13)

Gra(7) = (0,7) + (1,8) + (2,9) + (3,10) + (4, 11) + (5,12) + (6,13)

(0,2,4,6,13,11,9,7,5,3,1,8,10,12)

+(0,7) +(2,9) + (3,10) + (4,11) + (5,12) + (6,8) + (1, 13)



Hence, G14({2, 7}) can be decomposed into a Hamilton cycle and a 1-factor.

General case:

Gn(2) =(0,2,4,...,2m,2m + 2, ..., 4m) U (1,3,5,...,2m + 1,2m + 3, ..., 4m + 1)
+(0,2m+ 1)+ (1,2m+2) +--- 4+ (2m,4m + 1)
=(0,2,4,....,2m, 4m + 1,4m — 1,...,1,2m + 2, ..., 4m)
+(0,2m +1) + (1, 2m+2) + --- + (2m, 4m+1) +--- + (2m — 1,4m)

+ (2m,2m+2)+ (1,4m + 1).

Fact 4 If n is even, then for each 2 < k < 4,G(k —1,k) can be decomposed into 4

1-factors.

Proof. (Exercise).

Example n = 14,k = 5,

G(4) =(0,4,8,12,2,6,10) U (1,5,9,13,3,7,11)

G(5) = (0,5,10,1,6,11,2,7,12,3,8,13,4,9)

(0,5,1,11,7,3,13,9,4,8,12,2,6,10) + (10,1,6,11,2,7,12, 3,8, 13,4,9,0,5)



(¥) G({4,5}) is a union of two Hamilton cycles of even length and therefore a union of 4

1-factors.

Definition 1.10. (Graceful labeling or S-labeling) A graceful labeling is a mapping
¢ V(G) = {0,1,2, .., |G} such that {|p(u) — p(v)[ : u,v € E(G)} = {1,2,3,..., [G]]}.
Here, |p(u) — ¢(v)] is called the weight of wv. A graph is graceful if it has a graceful

labeling.

Examples

(Fact 1) K, has a graceful labeling if and only if n < 4.

(Fact 2) Any caterpillar has a graceful labeling.

Conjecture 1.11. Every tree has a graceful labeling.

Theorem 1.12. If G is a graceful graph of size k, then Ky,,1 can be decomposed

into 2k + 1 copies of G.

Proof. The proof follows by cyclically permuting the set of vertices. ]
Definition 1.13 (a-labeling) A [S-labeling ¢ of G is an a-labeling, if G has a bipar-
tition of V(G), (A, B), such that max{y(a) : a € A} < min{p(b) : b € B}.

(Fact 3) In order to have an a-labeling(of G), G has to be bipartite.

(Fact 4) Not all trees have an a-labeling. (7)

10



Example

Graph with no a-labeling
Theorem 1.14. If G has an a-labeling then Ks,;11 can be decomposed into copies of G

where |G| = k and p is a positive integer.

Proof. We need p base graphs. In fact, instead of using G to generate Kypii1, we
use p copies of G. Let G be the disjoint union of p copies of G. Since G has an a-labeling
o, welet G; = (A;, B;), i =1,2,...,p and Gy has the same labeling as that of G, ¢. Hence,
if A, = {al", aél), o agl)} and By = {b\", bél), 6"} and max (A;) < min (B ), then

we define @ of G as follows:

©(Ay) = p(Az) = -+ = p(A4,) and

©(B;) = ¢(B1) + (i — 1)p.

This implies that A(V(G1)) = {1,2, ...k}, A(V(Ge)) = {k+1, ..., k+k}, ..., A(V(G,)) =

{(p — Dk +1,...,pk}. Now, by Theorem 1.12, we conclude the proof.
Theorem 1.15. (4| K, if and only if n = 1(mod 8).
Proof. (=) Since K,, can be decomposed into 4-cycles, n must be odd and 4| (7). This

implies that n = 1(mod 8). (<) By Theorem 1.14., it suffices to show that C, has an

a-labeling in Ky, and this is true by the following labeling of C).

11



(Note) Cy| K, is also known as a 4-cycle system of order n.

(Note) We shall decompose K, into Cy’s by using a different method in later section.

Definition 1.16. A p-labeling of a graph G based on [1,n]. is a labeling ¢ : V(G) —

[0,7 — 1] such that the set of weights of G is exactly {1,2,..., |G|}

Example C5 has a p-labeling based on [0, 10], and Cg has a p-labeling on [0, 12].

Conjecture 1.17. Every tree of size k has a p-labeling based on [0, 2k].

Conjecture 1.18. Let T be a tree of size k. Then T|Ks,y1. Note here that cycli-
cal decomposition is not the only way to decompose the complete graphs into isomorphic

subgraphs. In what follows, we introduce the recursive constructions.

Theorem 1.19. If K3|K,, then K3|Ky,41.

Proof. Since K3|K,, v =1or 3( mod 6). Let § = {Fy, F1,..., F,_1} be a 1-factorization
of K,y1 which is defined on [v,2v]. Moreover, let the K, mentioned above be defined
on [0,v — 1]. Now, consider Ky,1 defined on [0,2v]. Let B be the collection of K3’s
defined as B = B; U By where B; is the collection of K3’s in the decomposition of K,
and By = (J'Zy (4, ;) in which (i, F}) in the collection of K3’s {i,a,b} where {a,b} is an

edge in Fj. |

12



Example

34 | 35 | 36
_ {0.1,2},{0,3,4},{0,5,6},

56 | 46 | 45 {1,3,5}.{1,4,6},{2.3,6},{2,4,5}.

Fo B B

Theorem 1.20. If K3|K,, then K3| Ky, 7.

Proof. If v = 1, then clearly K3|Ky. Assume that v > 3 and consider K, 7. It suffices
to prove that there are v 1-factors {Fi, Fy, ..., F,,} in K7 such that after deleting there
v 1-factors, the remaining subgraph of K, 7 can be decomposed into K3’s, see Figure 1.
Let K47 be defined on Z,.7 and n = v + 7. Then G,({1,3,4}) is a disjoint union of
Ky's. Now, let G = K7 — G,({1,3,4}). So, G = G,,({2,5,6, ..., 5}). It’s left to show

that G,,({5,6, ..., § — 1}) can be decomposed into v — 3 1-factors(by Fact 3).

Kv+?

Figure 1. Depiction of the construction

First, if § —1 is even, then by Fact 4, the graph can decomposed into v — 3 1-factors since

there are 52 differences in {5,6, ..., %22} and %52 = 2 — 5 is even. On the other hand, if

5 — 1 is odd, then Gn(nT_z) is a Hamilton cycle of length n. This implies that G' can be

decomposed into v — 3 1-factors.(?) [ |

13



(Note) n = v + 7,22 = “£2 ged(n, 22)|(v + 7) — 2 - ©5 = 2. But, %2 is odd,

ged(n, H2) = 1.
Fact 5 If ged(n/,n) = 1, then G,,(n') is a Hamilton cycle in K.

Pt R AR (o R R T R AR E E R AR o £ H AR E A A A B ~ KR
B (code) ARG AT M IEE ZA @ o FME R W] LUH BB TE - REBRAES -
PN 2 mi G+ » e 90 BI 7 2 LB AR T SR hs T 7 B s Bh A

Before we present the direct constructions for Kj3|K,, we remark that by using Theo-

rem 1.19., Theorem 1.20.,K3|K; and K3|Ky, we conclude

Theorem 1.21. K3|K, if and only if v = 1 or 3(mod 6).

The above theorem has been proved by T.P. Kirkman at 1847. In what follows, we

are aiming at proving Theorem 1.21.by way of direct constructions.

Definition 1.22. (Idempotent commutative Latin square) A Latin square L = [I; ]

is idempotent if [;; = ¢ and L is commutative if [; ; = [;; for all i, j.

Example

Idempotent commutative Latin square

Theorem 1.23. An idempotent commutative Latin square of order n exists if and only

if n is odd.

14



Proof. Let n be an odd integer and L = [l; ;]nx, Where l;; = i 4+ j(mod n) by us-
ing 1,2,...,n. Then L is a diagonal commutative Latin square of order n. Hence, an
idempotent commutative Latin square of order n can be obtained by permutating the

elements(entries) of L. (See example below.)

ldempotent
3 |4 ]| s 112 |3 |=> (24135)
4 | s |1|2]3]34 12345

On the other hand, if L is an idempotent commutative Latin square of order n, then each
element from {1,2,...,n} an odd number of times, one at diagonal and even times outside

of diagonal since it is commutative. |
Definition 1.24. A commutative Latin square of order 2h with A 2 x 2 holes ia a
commutative Latin square of order 2h such that along its diagonal there are h 2 x 2 Latin

subsquares defined on {0,1},{2,3},...,{2h — 3,2h — 1} respectively.

Example

Theorem 1.25. For each h > 3, a commutative Latin squares of order 2h with h 2 x 2

holes exists.

15



Proof. If h is odd, then the proof follows by blowing up each entry of an idempo-
tent commutative Latin square of order h into a 2 x 2 Latin square respectively. But, if
h is even, then it takes longer content to explain the existence, we omit the details. (Can

you prove it?) [ |

Now, we are ready to provide a direct construction to show that Kj3|K, for each v =

1 or 3(mod 6).

Another proof of Theorem 1.21.(Direct constructions)

Case 1. v = 6k + 3.
Let L = [l; ;] be an idempotent commutative Latin square of order 2k + 1(defined
on Zogy1). Let V(K,) = {(z,y)|lx € Zs and y € Zar41}. Now, we construct the

decomposition directly by letting

(1) for each Y € Z2k+17 {(Ovy>7 (17y)7 (273/)} defines a K37 and

(2) for each ¢ € Zs, {(i,a),(i + 1,b), (i + 2,l4p)} defines a K3 where the first

component modules 3 and a # b.

/. ‘\(U: a) Zok+1

)
[ o \ > (1,b) Zok+1
\ - J

[ \0 V(Z,Ia,b) 1 Zok+1

By direct checking, we obtain a K3-decomposition of K,.

Case 2. v =06k +1, k> 3. (K3|K7; and K3|K;3(7) are easy to see.)
Let L' = [I; ;] be a commutative Latin square of order 2k with k 2 x 2 holes. Now,
let V(K,) = {oo} U{(z,y)|z € Z3 and y € Zy}. The decomposition of K, can be

obtained as follows:

16



(1) for each set {00, (i,7),(i,j + 1)|i € Z3,j is a fixed even integer in Zs;} we de-

fine seven K3’s; and

(2) for any two integers a and b not in the hole at the same time, let {(7, a), (i,b), (i+

1,I! )} be a K3 where the first component modules 3.

D ED - &)
W (OIEDED - O
CIEDED ™ &)

Note that we may count the number of K3’s in the decomposition and check every

edge and see if it is in a K3 we construct.

By a similar idea, we can prove Cy4|K, if and only if v = 1(mod 8). As mentioned

earlier the necessary condition is easy to see, so we show the direct construction.

Direct construction of Cy|Kggi1. Let V/(Kgry1) = {00} U{(i,7)]i € Z and j € Zg}. Then

the collection of 4-cycles are in
(1) {oo, (i, Zg)} for each fixed i € Zy; and

(2) for any two i # j € Z, the set of Cy’s Kgg.

L] . . ° . L] . . ]Zg
L] ° . ° . L] ° . ]Zs
. r
co L] [ L] (] L] L] [ L] ]Zs
. . . . . . . . ]Zs

We note here that the following theorem is well-known and plays a very important role

in graph decomposition.(You may prove it as an exercise.)

17



Theorem 1.26.(D. Satteau) Let m,n, k be three positive even integers such that k& <

n < m and 2k|mn. Then K,,, can be decomposed into Cy’s, i.e., Cok| K-

C4|Ksg is just a special case of the above theorem.

B 7E BT —ERXEETEMNHFREE > HELANEHENINTZ
HIB. AlspachfiT ZE#) TAE o

Theorem 1.27. (Cycle decomposition) If n is odd, n > k > 3 and k|(3), then Cy|K,,
and if n is even, n > k > 3 and k:|(g) — 3, then Cy|K,, — F where F is a 1-factor of K.
Note that the proof of the above theorem occurred in several papers, we omit the detail
here. B. Alspach also proposed an open problem about cycle decomposition in 1980 and
this problem is claimed to be solved by several Australarian researchers which include D.

Bryant.

Alspach’s problem Let n be an odd integer (respectively even) n > my > mg > -+ >
my > 3 and Y m; = (5) (respectively St m = (5) — %). Then K,(respectively
K, — F) can be decomposed into t cycles Z1, Zs, ..., Z; such that || Z;|| = m;,i = 1,2, ..., t.
If we replace cycles by paths, and the longest path is of length n — 1, then the analog of

Alspach’s problem can be stated as follows:

Theorem 1.28. (Bryant et al.) Let n —1 > m; > mg > -+ > my > 1 such
that Zzzl m; = (g) Then K, can be decomposed into paths Zi, Z,,..., Z; such that
HZlH = mi,i = 1,2, ,t

Remark here that if n is odd, then the proof comparatively simpler. The idea is that

we can use the Walecki’s decomposition(Hamiltonian cycles) to obtain an eulerian circuit

and chop the circuit into pieces(paths).

18



Remark 1.28.1. (Eulerian circuit) An eulerian circuit of a graph G is a circuit(vertices
are possible to repeat) which uses up all the edges of G. It was proved by Euler in 1736
that an eulerian circuit of G exists if and only if G is a connected even graph i.e., every
vertex of GG is of even degree. This theorem clearly shows that finding an eulerian circuit
of the ”Seven-bridges graph” is impossible. Note that this theorem works for graphs with
multi-edges and even loops.

The above theorem are not possible to be extended to star-decomposition. Clearly, we
may decompose a complete graph into stars, but not any combination of sizes. For ex-
ample, it is not possible to decompose K7 into stars of sizes 76, 6, 4, 3, 2”7 even their sum
is 21 = || K7]|. (See it?)

But, for adding a constraint, the decomposition is possible.

Theorem 1.29. (Chiang Lin and Tay-Woei Shyu, JGT 1996) Let my > mg > -+ > my
such that 22:1 m; = (g) Then K, can be decomposed into t stars of size my, mo, ..., m;

respectively if and only if S5 m; < S (n—i) for k=1,2,....,n — 1.
Example < 6,6,4, 3,2 > is not possible for K.
Choose k =2, then 6 +6 > (7—1) + (7 —2).

The following problem is also known for sometime, but no one can solve it at this moment.

Problem 1.30. Given a collection of n — 1 trees of size 1,2,....n — 1 respectively,

let them be 13,75, ....,T,,_1. Prove that K, =T1 + 1T+ ---+ T, _1.
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Clearly, if all trees are either paths or stars, then we have the answers. But, how about

the combination of these two types of graphs.

BN A AR R B AN AT 8 56 4 I8 2 5¢ 4= 1B 1B — 18 1-factor 0 fi# i2-factors ° (HI
ERREBHN R > REA R BEERRI T EE o )M EE 5 & 4 HY EPetersen’s
Theorem: %5 i I HIME B &L AT Lo3 i li2-factors (2-K ) = T AEEE H > Lol E 3
Fir 3 1 H 2R H2- TR Sl 2 AR ROt RIS 5 AR E N S A 2K - M B AR AT
% » LHZIE [ 2- T2 TH L TE E A&l (Prescribed 2-factor)

Oberwolfach’s Problem For each prescribed 2-factor R of K, there exist L”T_lj 2-
factors which are isomorphic to R.

It has been proved in Theorem 1.7 that if R is a Hamilton cycle, then we have the answer
of the above problem when n is odd. If n is even, then we do need more effort. (You may
prove it yourself.) There are also several known results on special 2-factors.

A Cy-factor in K, is a 2-factor in which each component is Cj, a cycle of length k.

Clearly, a C,-factor of K, is a Hamilton cycle in K,,. Moreover, k|n.

Theorem 1.31. K,, can be decomposed into ”T_l Cs-factors if and only if n = 3(mod 6).

Proof. (Omitted here) The above theorem is equivalent to the following
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Theorem 1.32. A resoluble Steiner tuple system(Kirkman triple system) of order n
exists if and only if n = 3(mod 6).

This theorem is motivated by the well-known ”Kirkman’s 15 school girls problem” which
asked to decompose K5 into 7 Cs-factors. In what follows, we claim that C4-factors can

be obtained in Ky4;.

Theorem 1.33. K, can be decomposed into a l-factor and [“5!] Cy-factors when

ever n = 0(mod 4).

Proof. Observe that E(Ky) = E(Ky)UE (Ko 9) UE(Ky). By Theorem 1.3., Ky can be
decomposed into 2t — 1 1-factors namely {Fy, Fy, ..., Fy;_1}. Since there are two Ky’s in
corresponding order, we let Vi(Kyt) = {a1,aq,...,as} and Vo(Ky = {b1, ba, ..., by }) and
thus their corresponding 1-factorizations are {Fy, Fs, ..., Fo; 1} and {F], Fy, ..., Fy, |} re-
spectively. Moreover, if {a;, a;} € Fy, we let {b;,b;} € F]. Now, we are ready to construct
all the Cy-factors, there are 2t — 1 Cy-factors. For each k € {1,2,...,2t — 1}, let (£}, Fi)
be the set of t Cy’s where (F}, Fyr) = {(a;,b;,bi,a5)[{a;,a;} € Fi,}. Now, it is a routine
matter to check that K4 — I contains 2t — 1 Cy-factors and indeed 2t — 1 = L‘“T’lj Note

that I = {{al,bl}h = 1, 2, ,Qt}

Example
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Similar idea can be applied to find the factorization of Cg-factors. Note that we can
use Theorem 1.32 to obtain this result. It is interesting to remark here that finding 3
Ces-factors in K¢ is not an easy task.

An extension of the study of Oberwolfach’s problem is the so-called Hamilton-Waterloo

problem.

Hamlton-Waterloo problem Find a 2-factorization of K, (n is odd) in which r of

its 2-factors are isomorphic to a 2-factor S of K,, with r + s = ”T’l If n is even, then we
consider the 2-factorization of K,, — I where I is a 1-factor of K,,.

So far, the most popular study on this problem is to consider the case when R is Hamilton
cycle and S is a cycle factor especially when S is a Cs-factor.

The following problem remains unsolved in general.

Open problem Find a 2-factorization of K, — C' with all 2-factors isomorphic to a
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Cs-factor where C = C, if n is odd and C = C, U if n is even.

For convenience, we use HW (n;r,s,;m, k) to denote the case R is a C,-factor and S is
a C-factor. Therefore, the problem mentioned above is a special case of H-W problem:
HW (n; 1, ”T_?’; n,3). If we let k = 4t where t is a positive integer, then HW (n;r, s;n, 4k)

has been solved.

Theorem 1.34. For positive integer k, an HW (n;r, s;n,4k) exists if and only if r + s =

12=1] and n = O(mod 4k) if s > 0 or n > 3 if 5 = 0.

Proof. The necessity part is easy to see

since ”s > 0”7 implies that a Cy-factor ex-

ists and thus n =(mod 4k). On the other

hand if s = 0, then K, or K,, — I(n even)

can be decomposed into Hamilton cycles.

To prove the sufficiency, it takes more ef-

fort. (See reference.) In what follows,

we use an example to explain the main

idea. Let n = 16. It is not difficult to
see that K, — I can be decomposed into 7 I is the set of edges with ”dots”.
Cy-factors, see the following figure. Each

matching to the left handside corresponds to a Cy-factor of K4, and there are 7 1-factors
of Kg. Now, we shall combine Cj-factors to obtain different number of Hamilton cycles
from 0 to 7. Here is an example of ”72”. For others, you may be able to figure them out

by similar idea.(?)

A weaker version of Oberwolfach’s problem is to decompose Ky, into isomorphic 2-
regular subgraph of order n is therefore of size n. For example, we may decompose Ko
into 2-regular graph C'3 UC5U Cy and there are 21 members. The idea of this type of de-

composition can be obtained by finding a p-labeling which uses 10 distinct half-differences.
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An example is as following: (V(Ky) = Zo1)

2 11

& & 6 8
5

3 1 4 7 12 10
8 19

This problem is not solved yet. But, we can do something on this problem.
Theorem 1.35. Let my, mo, ..., my be positive integers not less then 3 and n = Zle m;.

Then Ky,41 can be decomposed into 2n 4 1(not necessary be 2-regular graphs) J¥_, ...

Proof. (See DM 282(2004), 267-273.) Note that each cycle of length m; does occur

exactly 2n + 1 times, but C,,, Cpny, ..., Cp,, may not be vertex-disjoint(in this paper).

Chapter 2 Ascending Subgraph Decomposition

The idea of ascending subgraph decomposition was introduced around 25 years ago by
several graph theories including P. Erdos. In fact, at 1987, there are two groups of re-
searchers presented their works in the proceedings of Southeastern Conference on Com-
binatorics. Following their pioneered results, a few follow ups have been obtained. But,
so far, it seems that proving the original conjecture is still very far from solved. This
conjecture is considered as a "true” conjecture, i.e., it remains a good proof instead of

considering to give a counter-example. This can be seen from the follows.

In this chapter, we shall use G4, G, ..., G) to denote a sequence of subgraphs of G such
that G = G1 + Go+ -+ G and G; < Giyq for i = 1,2,...,k — 1. Now, we start with

the introduction of the original version of conjecture proposed in the beginning.

Definition 2.1. If G = Gl + G2 +--- 1+ Gk and Gz < Gi+1 (HGZH < HG1+1H), then G is
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said to have an ascending subgraph decomposition(ASD in short).

Conjecture 2.2. If G is a graph such that (";1) < |G < (";2), then G has a ASD:

G=G1+Gy+t-+Gh.

It is not difficult to see that several special classes of graphs do have an ASD, for example
complete graphs, Petersen graph, stars, paths, cycles(or 2-regular graph), ..., etc. The
first non-trivial class of graphs which have an ASD mentioned in 1987 is a star forest. (A

star forest is forest with its components stars.)

One of the well-known techniques in proving Conjecture 2.2. is the following. If |G| =

(”'ZH), then we do nothing but proving G has an ASD such that ||G;|| =i fori =1,2,...,n.

On the other hand, if [|G|| > ("}"), then let G be a graph obtained by deleting |G| — ("3")
edges form G, i.e., G is a subgraph of G such that |G| = (";rl) Now, again, we prove G
has an ASD G = Gy + Gy + - -- + G, with ||G;|| = 4. By adding all the deleted edges to

G, we prove that G has an ASD and this verify Conjecture 2.2.

n—l—l).

So, without mention otherwise, we consider the ASD of a graph of size ( 5

Theorem 2.3. Let G be a graph with A(G) < . Then G has an ASD.

Proof. First, we consider the case n is odd. Then, G has an edge-coloring which

uses ”T“ colors. By Theorem 1.6.9., we can color the graph G with "T“ colors such that

each color class has exactly n edges. This implies that G can be decomposed into ”T“

matchings each has n edges. Hence, G has an ASD which is easy to see. (?) On the

other hand, let n be even. Then, A(G) < 252 and thus G has a edge coloring(equitable)

which uses 7 colors such that each color class has n + 1 edges. Hence, the proof follows

by assigning matchings for G, G, ..., G,,. [ |
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In fact, we can allow A(G) < 2 and obtain a similar conclusion. (See it?) This

idea of proof is related to an integer-partition problem.

Definition 2.4. (n-admissible) A set of ¢ positive integers m; > mg > -+ > my is

said to be n-admissible if ¢, m; = (",

We shall denote an n-admissible ¢-tuple by (mq, ma, ..., m;).

Definition 2.5. (n-realizable) An n-admissible t-tuple (mq,mo, ..., m;) is said to be n-
realizable if there exits a partition of the set [1,n] = {1,2,...,n} into ¢ subsets S, Sa, ..., S;

such that » ¢ v =m; fori=12,..t

A natural question about this study is to determine which n-admissible t-tuple is n-

ntl_

realizable. For example, from the proof of Theorem 2.3, we notice that (n,n,...,n) (*3

tuple) and (n +1,n 4 1,...,n 4+ 1) (5-tuple) are n-realizable. But, it is easy to see that
(6,5,5,2,2,2) is 6-admissible but not 6-realizable.
Motivated by decomposing a star forest of size (n';l) into ascending ”star” decompo-
sition, P. Erdds conjectured that an m-admissible t-tuple (mq, ma, ..., m;) is n-realizable

provided that m; > n. This conjecture was proved to be ture by Ma et al. and the paper

appeared in Combinatorica(1994). Later, this result was further improved as follows:

Theorem 2.6. (FRFEFESF Y A) A n-admissible t-tuple (my,my,...,m;) is n-realizable

provided m;_1 > n.

We use an example to explain the whole idea.

Example (30,23,21,19,17,10) is 15-realizable.

Fact 1. We may assume m;_; > n + 1.
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Fact 2. For may assume (mj, ma, ...

and M = m;.

Sincen > 2(k—1),l>1and N =n+1+4+1>n+ 2. We start with the following figure.

Let A = {30,23,21,19,17},

9 8 7 6 -5 -4

30 29 28 27 26 25 24 23 22

-3

-2

,mg) wemay let [ =n—2(t—1), N=2t+2l—1

-1

Add {22}, A, = {30,23,22,21,19,17},

9 8 7 -6 -5 -4

30 29 28 27 26 25 24 23 22

-3

-2

-1

21 20 19

21 20 19

Delete {22}, add {24}, A, = {30,24,23,21,19,17},

9 8 7 -6 -5 -4

-3

-2

-1

o 1 2

30 29 28 27 26 25 24 23 22 21 20 19

Add {16}, A3 = {30,24,23,21,19, 17, 16},

9 8 -7 -6 -5 -4

-3

-2

-1

0o 1 2

30 29 28 27 26 25 24 23 22 21 20 19

Ay = {30,24,23,21,19,17,16}, Ay = As, stop!

18

18

18

18

17

17

17

17

16 15 14 13 12

16 15 14 13 12

16 15 14 13 12

16 15 14 13 12

30=6+24=6+8+16=6+8+1+15

27
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Theorem 2.7. If G is of size (”;1) and G can be decomposed into paths of lengths
my, Mg, ...,my such that (mq,ms,...,my;) is n-realizable, then G has an ASD with each

member a path.

Proof. It follows by cutting the ¢ paths properly. |

For example, the Petersen graph can be decomposed into paths of length 5, 4, 3, 2,
1 and thus we have an ASD with each member a path. A graph with the above property

is called ”path-perfect”.

Problem. Determine all complete multipartite graphs which are path-perfect.

Definition 2.8. A graph G is called an (my, ma,...,m;) star (matching) decompos-
able if there exist ¢ edge-disjoint stars (matchings) 73, Zs, ..., Z; such that they form a

partition of F(G) and || Z;]| = my, i = 1,2, ..., L.

Now, it is not difficult to see the following.

Theorem 2.9. If G has an (mj,my,...,m;) star (matching) decomposition such that

(m1, ma, ...,my) is n-realizable, then G has an ASD with each member a star(matching).

Proof. Select stars from Z;,7 = 1,2,....,t. As a consequence, in order to have a star
ASD, there must exist at least one vertex whose degree is at least n. This show that
Theorem 2.8 is more friendly. But, a similar reason show that G must have paths which
are of length at least n. Based on the above observation, another technique must be

developed in order that we can handle all different classes of graphs. We start with a
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n+1

) ), and the vertical lengths are

figure. The triangle represents an ASD of G of size (
the sizes of members G, G, ..., G,. If we cut off a piece of the triangle, say A, then the

decomposition

1 2 3 t t+1 k n

becomes to be subgraphs of sizes 1,2,....k,k,k+ 1,...,n — 1. On the other hand, if we
take B away, then the decomposition turns out to be of type 1,2, ...;t —1,t+1,t+2,...,n.
These two ideas are obtained by W.H.Hu in early 90s. We introduce the above ideas in

what follows.

Definition 2.10. Let G be graph with (”;1) — [ edges, 0 <[ <n—1. If the edge set
of G can be partitioned into n sets generating graphs G, Go, ..., G, such that G; < G,

fori=1,2,....n—1, and

1, 1=1,2,...,n—1[; and
1Gsl| =

1—1, i=n—-101+1,..n,

then G has a nearly ascending subgraph decomposition (NASD).

Definition 2.11. Let G be a graph with ("'QH) —tedges, 0 <t <n-—1 1If E(G)

can be partitioned into n sets generating graphs G, Go, ..., G;,_1 such that G; < G, for
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1=1,2,....,n—2, and
I1Gill =
then G has a generalized ASD (GASD).

Example.

o— o0 — 0
NASD: ¢——®
o — o o 0
*— o
e U
*— o

Remark. Both NASD and GASD extend the notion of ASD by letting [, = 1 respec-

tively. (See it?)

Theorem 2.12. Any forest G with (”;1) — | edges, where 0 < [ < n — 1, has an

NASD.

w2 ] 255 WA (199 1) A S K IE B AR Iy L 50 » H P A 8 — [\ E A &
LU

(Fact) If G is a graph with ("') — [ edges, where 0 < [ < n — 2 and there exist n
edges €1, ey, ..., €, such that G\ {ey, e, ..., €, } has an NASD with members , moreover is
vertex-disjoint with , then G had an NASD.

(Fact) If G a graph with (";1) — (n — 1) edges, and there exist n edges ej,es,..., €,
such that G\ {ej, e, ...,e,} had an ASD with members G/, G), ..., G!, moreover e;,; is

vertex-disjoint with G4, i = 1,2, ...,n — 2, then G has an NASD. (« 1,1,2,...,n —1>)

Corollary 2.13. Any forest has an ASD.
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The following two results are also known.

Theorem 2.14. (DM 226, 397-402) Every complete multipartite graph has an ASD.

Theorem 2.15. (DM 253, 11-18) Every regular graph has an ASD.

Note that the above two classes of graphs are of size (";1) + ¢t where 0 <t <n+1.

BT Lol o 2 R am R - RENIRZ P ERRNER - +HE
—ER AR E GIE R EIL S 2 B - 2B GHASD.

Problem. Let H be a subgraph of K,,. Find H such that K,, — H has an ASD.

Clearly, if H is of size small, then it is easier to prove K,, — H has an ASD, but how
small ||H|| can be. Of course, if the conjecture is true, then H can be any subgraph of
K,,,. Therefore, this approach does not make sense to prove the conjecture, but at least
we are able to verify the conjecture for more classes of graphs. The following class of

graphs is of high importance in verifying the ASD conjecture in general.

Conjecture 2.16. Every bipartite graph has an ASD. Before we go to another chapter,

we present a proof of showing an n-admissible sequence is n-realizable.

Proposition 2.17. Let m, [, k be positive integers such that £k >0, m > 0,0 <[ < (”;’1)

and (k—1)m+1+ (kgl) = ("}"). Then (m,m+1,....m + k — 2,1) is n-realizable.

Proof. By induction on n.

First, if m + k — 2 < n, then the proof follows easily. On the other hand, consider

m-+k—2>n.
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(1) m<n
There exist a j, 1 < j < k—1such that m—j+1 = n. Now, let A; = {m+i—1} for
i=1,2,....,5. Let n = m—1. Then, it is clear that (m+j,m+j+1,...m+k—21)
is n’-admissible. By induction, this sequence is n’-realizable. This concludes the

proof.
(2) m>n

(2.1) m>2n—-2k+3
This implies that m > n + (n — 2k + 3). Now, for ¢ = 1,2,....k — 1, let B, =
{n+(i—1),n—2k+i+2}. The proof follows by induction, (m — (2n—2k+3),m+
1—(2n—2k+3),....m+k—2—(2n—2k+ 3),1) is (n — 2k + 2)-realizable.

(2.2) m<2n—2k+3and m+ [5] —1>2n—2k+3
In this case, we can find j such that m+j—1=2n—-2k+3 and 1 < j < [%1

Before we present the detail proof, let’s look at an example where

m=29,k=28,j==3,1=29 and n = 22, i.e., (29,30, 31,32, 33,34, 35,29).

17 19 16 18 20 21 22
12 11 15 14 13 10 9

3 4 2gJ__.VS-reaIizabIe
Now, the partition array is as following
n—k+3 n—-k+5 .. n—k—-2j+1 n
n—k—j+1 n—k—j « n—k-2j+2 n—-2k+3 l

By induction (m — 2k + 2k + 25 —4,...,m — 2n + 3k — 5,1) is (n — 2k + 2)-realizable and
the proof follows.

(3.1) m+ [52] —1<2n—2k+3 and k — 1 is odd

The solution follows by arraying the elements.

[ n—k+3 n—k+5 - n ‘L ]
m—-—n+k—3 m-n+k—4. m-—-n+k—-2

m m+1 m+k—2 [

32



Here L is the set of elements not occurred to its left, i.e., A; is the set of elements

in ¢th column, ¢ =1,2,....k — 1.

(3.2) m+ [5] —1<2n—2k+3and k—1is even

m—n+k—3 m—n+k—4. m—n+——1.. m—n+k—-1

n—k+3 n—k+5 ?}c—l n—1 ‘L l
2

This concludes the proof.
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