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INnfroduction

o The problems of sorting by reversals and sorfing
by transpositions have been studied because
of their applications to genome comparison.

o In the context of genome comparisons,
duplicate genes can occur, so that the
permutation model is not always the
appropriate one.

o Ex: ATCGAATCG




o In this paper, we define reversal distance
and fransposition distance on strings and
investigate these new problems, which are
of interest in their own right, focusing
primarily on the case of a binary alphabet.

o Ex: §=010001110101

o We say that S and T are related if T is @
rearrangement of S.




Reversals and tfranspositions
over strings

For strings S and T

o the reversal distance d,(S,T) between S and T is
the minimum number of reversals required to
transform S intfo T.

o the reversal distance d.(S,T) between S and T is
the minimum number of franspositions required 1o
transform S info T.

o ExX: S = abaab, T = ababa,
d,.(S,T)=1. S =abaab —» ababa =T
d.(S,T) =1. S = abaab — ababa =T




Terminology and notation

1. The ith symbol of a string S is denoted by
S(i).
Ex:S§=0110100. S(1) =0, S(2) =1.

2. Areversal on a string will be represented
by enclosing in brackets the substring to
be reversed.

Ex: O[10T0110]1 =001101011.

3. Two adjacent subsirings are bracketed
will be used to describe transpositions.
Ex: O[10][1011]01 =010111001.




o 0%: represent a string of zeros of length k.
o 1*: represent a string of ones of length k.
Ex: 05 =000, 1* = 1111.

o In general, S* represent the string
obtained by concatenating k copies of S.
Ex: S =011, S3=011011011.

oS- -T or ST: denote the concatenation of
strings S and T.
Ex: S =01001, T =10111, ST =0100110111.




o S*:represent the concatenation of one or
more copies of S.

o §*: represent the concatenation of zero or
more copies of S.

o B,: the set of binary strings of length n.
Ex:n=2,B, = {00,01,10,11}

o The diameter of B,, is the maximum
distance between any two related binary
strings of length n.




o E, = 0%1%, ¢, = (10)%
Ex: E, = 00001111, C, = 10101010.

o S: represent the string derived from S by
switching ones and zeros.

o SR: represent the string S in reverse order.
Ex: S =0100110001,

S =1011001110,
SR =1000110010,

SR =0111001101.




o String X and Y are isomorphic to string S
and T if
() X=SandY=T,orX=TandY=Sor
(2) X=SandY=T,orX=TandY =S or

(3) X =SRandY =Tk, or X =Tk and

Y =Sk or I
(4) X =SRandY =TR, orX =T® and

Y = Sk,

o In other words, the pair { X,Y } and { S, T }
are isomorphic if one pair can be
obtained from the other by a fixed
permutation of the alphabet, followed by
an optional complete reversal of both
strings over an arbitrary alphabet.




olf X and Y are isomorphic to S and T, then
dr(X, Y) — dr(S, T) Ond dt(X, Y) — dt(S, T)
o lep(S,T): the length of the longest

common prefix of S and T.
EX: S = rearranging, T = rearrangement

lcp(S,T) = 8.

o lcs(S,T): the length of the longest
common suffix of S and T.
Ex: S = rearranging, T = sorting

les(S,T) = 3.




o A block of zeros is a maximal length
substring that consists only of the
character 0.

o A block of ones is defined similarly. I

o b(S) denote the total number of blocks in
S.

o z(S) denote the number of blocks of zeros
inS.
Ex: S =001110101, b(S) = 6 and z(S) = 3.

o Finally, we represent by --- an arbitrary
substring of length > 0.
Ex: if S has prefix 01, a substring 00, and
suffix 11, then we could write
S=01--00---11.




Reversal distance beftween .
binary strings.

o Lower bound

o Upper bound

o Reversal diameter of B,

o Sorfing by reversals.




Breakpoint

o For permutations, two elements form a
breakpoint if they are adjacent in T but not
adjacent in the identity permutation.
Ex:m=(1324), 13 is a breakpoint.

o Substrings of length two represent
adjacenciesin strings S and T.




o For example, § = 00011, T = 00110.
S contains more 00 substrings than T, then each
extra 00 must be broken, by a reversal, at some
time in the transformation from S into T.

o Each extra 00 in S is an example of a reversal
breakpoint.

o Breakpoints also occur for 01, 10 and 11 substrings
as well.

o However, reversals can convert 01 into 10, these
substrings must be counted together when
consider reversal breakpoints.




o Breakpoints can also be contributed from
the beginning and end of the strings.
Ex: S =011, T = 110, the position one and
end are breakpoints.

o For the above case, we extend Sand T
by adding a at the beginning and w at
the end of both strings.




o The number of times the substring ab occurs in
S is denoted by f,,(S), where a,b € {a,0,1, w }.
Ex: § = 001011, f5,(S) = 2, f,0(S) = 1.

o For convenience, a < 0 <1< w.

o The number of reversal breakpoints between S
and T,
b.(S,T) =
ZaSa<bs(u S(fab (S) + fba(S) _ fab (T) o fba(T)) T
ZOSaSl 6(faa(5) o faa (T))

where §(x) = x if x > 0 and 0 otherwise.




oExl:ifS=T,thenb,.(S,T) =0.
o0 Ex2: S =100101 and T = 101001
br(S: T) — 5(fa1(5) +f1a(5) o fal(T) _fla(T)) T
6(f01(S) + f10(S) — fo1(T) — f1o(T)) +
6(f10(S) + 1 (S) — fu1(T) — f1,(T)) +
6 (f00(S) — foo(T)) + 6(f11(S) — f11(T))
=5(1+0—-1-0)+62+2—-2-2)+
5(1+40-1-0+61—-1)+6(0—-0)=0
ob,.(S5,T) =b.(T,S)




o Lemma 3.1 Suppose that §' is obtained from S
by a single reversal. Then
b, (S",T) = b,(S,T) — 2.

o Proof.
The number of breakpoints can be reduced
by at most two as a result of such a reversal.
Ex: S =10101, S' =10[10]1 =10011, T = 10011
b (S, T) = 6(f01(S") + f10(S") — fo1(T) — f10(T))
+8(f00(S") — foo(T)) + 6(f11(S") — f11(T))
=5(1+1-1-1)+61-1)+6(1—-1)=0
by (S,T) = 8(f01(S) + f10(S) — fo1(T) — f10(T))
+8(f00(S) — foo(T)) + 6(f11(S) — f11(T))
=0(24+2-1-1)+6(0—-1)+6(0—-1) =2




Lower bound

o Theorem 3.2 Let S and T be related binary
strings. Then

d.(S,T) = b (5, T)

2
o Proof. From the lemma 3.1, it easy to check.

o The lower bound is not fight.
Ex: S =0011000111 and T = 1110011000

then b,.(S,T) =2 and d,.(5,T) = 2 # [br(s’ﬂ}.

2




oLemma 3.3 Let S and T be related strings of
length n such that § = T. Then it is possible
either
(a) to apply areversal on S resulting in the
string S’, such that
lecp(S',T) + les(S',T) = lep(S,T) + lcs(S,T) + 2

(b) to apply areversal on T resulting in the
string T' such that

lep(S,T") + lcs(S,T') = lep(S,T) + les(S,T) + 2




Proof.

o 1. WLOG, it can be assume that S(1) = 0.

o 2. Assume that S(1) # T(1), and S(n) #
T(n).

o 3. We describe seven cases and show a

reversal with the require property in each
case.




$(n) =0 Stn) =1
|

T(2)=0 T(2|) =1
| |
Tn—1)=0 T|(Tl—1)=1

f11(8) >0 f11|(S) =0

| |
S@)=1 S2)=0
|

Sm—1)=1 S(n-|—1)=0

fOO(T) >0 foo(T) =0




o Caseli) S(n) = 0:
thenS=0---1and T =1--0,
so take " =[0---1].
o Caselii) T(2) = 0:
thenS=0---0and T =10---1,
so take S’ = [0*1]--- 0.
o Caselii) T(n—1) = 0:
thenS=0---0and T =11---01
so consider S® and TR, similar to Case(ii).

o Casel(iv) f11(5) > 0:
thenS=0:--11---0and T =11---11
so take S’ = [0 (107)*11]--- 0.




o Case(v) S(2) = 1:
fthenSs =01--0,T =11---11,
consider T and S, similar to case(ii).
o Case(vi) S(n—1) =1:
fthenS =00--10and T =11---11
consider TR and S&, similar to case i)
o Case (Vil) fpo(T) >0
then S =00--00, T = 11---00-- 11
consider T and §, similar fo case(iv)
it is impossible since § =00:--00, T =11---11
f11(8) = 0, foo(T)=0




Upper bound

o Theorem 3.4 Let S and T be related binary
strings of length n. Then

d.(5,T) < E‘

o Proof.
By lemma 3.3, we can increase the
combined length of the common prefix
and suffix of S and T by at least two using
a single reversal.




o Example.
$=010101010 and T = 110000011

S =010101010
- 01[01]01010
- 01100[1010]
— 011000[10]1
— [011]000011
— 110000011 =T




Reversal diameter of B,

o The reversal diameter, D,.(n), of B, is
defined to be the maximum value of
d,-(S,T) over all related binary string S and
T of length n.

D,.(n) = max{d,(S,T):S,T are related binary
strings S and T of length n}




olemma 3.5Vk > 1, d,.(Ey, C,) = k and
dr(O ) Ek,O ) Ck) = k.

o Proof.
Review: E, = 0¥1% and C, = (10)*
By theorem 3.2 and 3.4

b8, 1) d.(S,T) < E‘

b,.(Ey, C,) = 2k, therefore d,.(Ey, C,) = k.




oTheorem 3.6 vn > 1, D.(n) = E‘

o Proof.
By theorem 3.4 and lemma 3.5,

dr(S,T) < E‘ and d,.(E,, C) = k = E‘
donel!!




o Theorem 3.7 Let S and T be related binary
strings of length 2n = 6. Then d,.(§,T) = n if
and only if S and T are isomorphic to C,, and
E,.

o Proof.
We prove this theorem by induction.
When n = 3, it may be verified that d,.(S5,T) =
3ifand only if S and T are isomorphic 10 E;
and Cj.




o Suppose that the theorem holds when
n < k.

o Let S and T be strings of length 2k + 2 such
that d,.(S,T) =k + 1.

o WLOG, we suppose S(1) = 0, and use the
similar proof in lemma 3.3.

o It must be that lep(S',T) + les(S',T) = 2
and d,.(S',T) = k, since any alternative
would contradict d,(S,T) = k + 1.




oletS, and T, be the strings S" and T
excluding any common prefix and suffix.

o By the induction hypothesis, S, and T, must
be isomorphic to E, and Cj.
There are four cases:
(O) Sé — Ek' Te — Ck (b) Sé —_ Ck Ond Te — Ek
(c) S, =Ef, T, =EF (d) S, = C{ and T, = Ef
o By the proof of Lemma 3.3, that the reversal
can be applied to §, as typified by Cases (i),
(i), and (iv) in that proof.




oCase (i);S=0-1,T=1--0.
(@) S=0-EFf-1=0-1%0%-1and T =1-Cy - 0.
consider S” =[011]1%*2-0%-1,d,.(S",T) <k.

(b)S=0-CR-1=0-(01)*-1andT=1-E;-0 =
1-0%.1%.0. it'sisomorphic to(a).

(c)S=0-E,-1=E, ;andT=1-CF-0=Cyyq

(d)S=0-C-1=CF,andT=1-Ef-0=E%,.




oCasefii):S=0---0and T =10---1
The reversal results in a string S’ that has prefix
10. Therefore S, and T, must be suffixes of S’
and T.
(b)) S"=10-C, =10-(10)*and T =10-E, = 10 -
0% - 1%,
Consider S” = [01101]0 - (10)*2, d,.(S",T) < k.
(c)S'=10-Ef =10-1%0%*and T =10 - Cf =
10 - (01)F
= S =01-1%0%, 5" =01 - 1%*1[10%], d,.(S",T) < k




oCase (iv);S=0--11---0and T = 11---11.
(b)S'=11-C, =11-(01)*and T =11 -
E, =11-0%-1F,
However, then the reversal on S could not
have moved the first 11 substring in S.

o Theorem 3.7 describes the strings of length
N that achieve the reversal diometer
when n is even. When n is odd,
significantly more pairs of strings achieve
the reversal diameter.




Sorfing by reversals

o Let S; denote the string that isrelated to S
and consists only of a block of zeros,
followed by a block of ones.

o Ex: § =01100110, then S; = 00001111

o Lemma 3.8 Let S’ be a string obtained
from S by a single reversal. Then
z(§') =2 z(S) -1

Review: z(S): the number of blocks of
zeros contained in S.




o Theorem 3.9 For any binary string S,
_z(9)—1 ifs(1)=0
dr(S,51) = { z(S) otherwise

o Proof.
By Lemma 3.8, d,.(S,S;) = z(S) — 1.
Casel(i)if S(1) =0
then z(S) — 1 reversals of the form
0F[170*]1--- or 0F[170*] transform S info §;




o Proof.

Caselii) if S(1) = 1, then an extra reversal is
required because it is impossible to
change the first symbol to 0 and also
reduce the value of z.




Transposition distance
between binary strings.

o Lower bound
o Upper bound

o Transposition diameter of B,

o Sorfing by franspositions.




Breakpoints

o Transposition breakpoints are defined in a
similar way to reversal breakpoints.

o The number of transposition breakpoints is

be(ST) = ) 8(fun(S) = fan(T))
a,beA
where A ={a,0,1,w}, 6(x) =xifx > 0.

o A crucial difference between reversal
breakpoints and transposition breakpoints is
that 01 and 10 substrings are counted
separately.




oEx1:S =T, thenb,(S,T) =0.

o Ex2: S =101001, T = 100101
bi(S,T) = §(fa1(S) — far(T)) + 8(fo0(S) — foo(T))
+6(f01(S) — fo1(T)) + 8(f10(S) — f10(T)) +
S(flw(s) _fla)(T))
=6(1-1)+6(1—-1)+6(2—-2)+6(2—-2)
+56(1—1)=0




o Lemma 4.1 Suppose that S’ is obtained from S
by a single tfransposition. Then
, b;(S,T)—3 if S(1) # S'(1)and S(n) = S'(n)
be(S",T) = {bt(S, T)—2 otherwise

o Proof.
The transposition must have the form
cealb - c][d - e]f -
S ealdee][b-c]f -
Consider ab, cd, ef and ad, eb, cf .




o Claim:ifa # a or f # w, then at least one of

the substrings ab, cd or ef is the same as one of
the substrings ad, eb or cf.

o Proof.

Suppose not, we havea +e,b # f,c +a,d # f.
Consider a # a, then c = e.

However, ef = cf (a contradiction.)
Similarif f + w, then b = d, implies ab = ad.




o Case(i) a transposition moves the first and
last symbol of §.
There are at most three substrings of
length two may change as a result of the
transposition.

o Case(ii)) don't move the first and last
symbol of §
There are at most two substrings of length
two may change as a result of the
transposition.




Lower bound

o Theorem 4.2 Let S and T be related binary

strings of length n. Then
[b:(S, T)] if S(1) = T(1),0r S(n) = T(n)
de(S,T) = { [(bt(S,tT) —1)/2] otherwise

o Proof.
By Lemma 4.1, done.




o The lower bound is not exact.

oEx;:$=011100110001 and T = 100011001110
then the bound is 1, but d,(S,T) = 2.

o Theorem 4.3 Let S and T be related strings of
length n, over an alphabet of size > 2. Then
bt(SJ T)

d.(S,T) =

3




olemma 4.4 Let S and T be related strings of
length n such that § = T. Then it is possible
either
(a) to apply a tfransposition to S resulting in @
string S’ such that
lep(S',T) + les(S',T) = lcp(S,T) + lcs(S,T) + 2 or
(b) to apply a tfransposition to T resulting in @
string T' such that
lecp(S,T") + lcs(S,T') = lep(S,T) + les(S,T) + 2




Proof.

o WLOG, assume that S(1) =0
0S(1)#T@),S(n) +T(n)

o The following four cases are described.

S(n)=0 Sn) =1
|

f11(8) >0 f11|(5) =0

foo(T) >0 foo(T) =0




o Caseli) S(n) = 1:
thenS=0---1and T =11,
so take S = [0*][1---].

o Case(il) f11(S) > 0:
thenS=0--11---0and T =1---1,
so take S’ = [0*(10")*1][1--- 0].

o Caseliil) foo(T) > 0:
thensS=0---0and T =1--00---1,
consider T and §, similar to Case(ii)

o Case(iv)
foo(T) = 0, it is impossible since S is related
foT.




Upper bound

o Theorem 4.5 Let S and T be related binary
strings of length n. Then

d,(S,T) < E‘

o Proof.
By Lemma 4.4, we can increase the
combined length of the common prefix
and suffix of S and T by at least two using
a single fransposition.




Transposition diaometer of B,

o The transposition diameter, D,(n), of B, is the
maximum value of d;(S,T) taken over all related
binary strings of length n.

D;(n) = max {d;(S,T):S,T are related binary
strings of lengthn }
olemma 4.6 Vk > 1,d.(Ey,Cy) = kand d.(0-E,,0-C,) =k

o Proof. By Theorem 4.2 and 4.5.

o Theorem 4.7 ¥n > 1,D;(n) = E‘

o Proof. By Theorem 4.5 and Lemma 4.6.




o Theorem 4.8 Let S and T be related binary
strings of length 2n = 4. Then d,(S,T) = n if and
only if S and T are isomorphic to C,, and E,,

o Proof.
We prove it by induction.
When n=2, it may be verified that d,(S,t) = 2 if
and only it S and T are isomorphic to E, and
C,.




o Suppose that the theorem holds when
n < k.

o Let S and T be strings of length 2k + 2 such

o WLOG, S(1) = 0, and use the similar proof
In Lemma 4.4.

o It must be that lep(S',T) + les(S',T) = 2
and d.(8',T) = k.




oletS, and T, be the string S’ and T
excluding any common prefix and suffix.

o By induction hypothesis, S, and T, must
isomorphic to E;, and Cj.
There are four case:
(O) Sé — Ek' Te — Ck (b) Sé —_ Ck Ond Te — Ek
(c) S, =Ef, T, =EF (d) S, = C{ and T, = Ef
o By the proof of Lemma 4.4, the
transposition can be applied to S, as
typified by Case (i) and (ii) in that proof.




oCaseli)§S=0--1, T=1--0.
() S'=1-E,-0=1-0%-1*.-0and T =1-Cy -

0=1-(0D*-0.
Therefore S = 01 - 0% - 1%, §" = 0[100][0%*~2 - 1¥],

d.(S",T) <k.
(b)S'=1-C,-0=1-(0D*-0andT=1"E-

0=1-0%.-1%.0.
Then S =001 - (10)*"1-1, §” =001 - (10)*~1][1],

d.(S".T) < k.




(c)S'=1-Ef-0=E%,and
T=1-CF-0=Cryy S =Ers1

(d)S"=1-CZ 0= Cyyqy AN
T=1-EX-0=Ef ,>S=Cf,.

oCaselii); $S=0--11---0,T=1---1

(c)S'=1-E&-1=1-1%.0%-1 and
T=1-Cf-1=1-(0Dk-1

Then S = 0% - 1%*2.0%, §” = 0t - 1¥[11][0"],

d.(S",T) < k.




Sorfing by fransposition

o Lemma 4.9 Let S’ be a string obtained
from S by a single transposition. Then
z(S')=z(S) -1

o Theorem 4.10 For any binary string S,
z(s)—1 ifS(1)=0
z(S) otherwise

d(S,81) ={




o Proof.
By Lemma 4.9, d.(S,S;) = z(S) — 1.
Casel(i) S(1) =0
z(S) — 1 transpositions of the form
0F[1*][0*]1--- or 0F[17][07"] transform S into S

Caselii) S(1) =1
An extra transposition is required.




NP-completeness of reversal
distance

o We begin with a definition of the reversal
distance problem as a decision problem:
Instance: Related strings S and T of length n,
over an alphabet of size t = 2, and a bound
dezZr.

Question: Is d,-(S,T) < d?

o Theorem 5.1 The above problem is NP-

complete, even whent = 2.

o Proof:
Use 3-Partition problem to prove it.




o 3-partision:

Instance: A set A of 3m elements, a bound
BeZ*, and asizes(a) € Z* foreacha € 4
such that B/4 < s(a) < B/2 and such that
ZaE(A) s(a) = mB.

Question: Can A partitioned into m disjoint
sets A{,A,,-+, A, such that, for1 <i <m,

ZaEAi s(a) = B¢




Conclusion

o Find the reversal distance between two
strings is NP-hard, even when the strings re
drawn from a binary alphabet.

o The complexity of find the transposition
between two strings remains open.

o The lower bound, upper bound and
diameter of B,, of reversal and
transposition.
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