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(Method 1)
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Let n=p,”p,? - p,*,where p,is a prime and s, >1.
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Forn>3,3p, >3and p,isodd or p,=2and s, > 2
If p, >3and p, is odd, then (p, —1) is even.

If p,=2ands, >2 then p,"" is even.

(b)
Let S ={L 2, ---,nyand A(d)={k:(k,n)=d, 1<k <n}.



If d, = d,, A@)NA®,) = 6, S = JAM).

d|n

n=>Y|A(d)|and A(d) = (o(g), then n=">"g(d).
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Define f:S — B where B :[ 1 j f is a bijection..
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5.

(a)

Consider the generating functions.

Let f(z) = (1 +2)(1+ 2?)(1 +23)---. Then the coefficients of 2" is the

number of partitions of n such that all parts are distinct.

Let

9(x)
1

=(ltz+2*+2°+--)(+z+2? 425+ )4tz +2"+20+-) - =
11

1—z 1—23 1—25

Then the coefficients of 2™ is the number of partitions of n such that each part

are odd.

2 4 6 8
Furthermore f(z) = (11:9; }:22 }:ig }:24 ) = ﬁﬁﬁ o= g(x).

Therefore the number of partitions of both way are the same.

(b)
Let P be the set of all partitions of n with exactly m parts, and @ be the set
of all partitions of n with largest part m. Let p € P, i.e.
P:n=ny+ns+..4+nm, n1 >ng > .. > n,. Consider the Ferrers diagram
of P, F(p), an array with ith row has n; stars. Every row is flush left, i.e. the
stars are aligned along the left margin. Then F*!(p) represent a partition of n
with largest part m.

Let ¢ € Q. Then we can define f : P — Q by f(p) = q if F(p)! represents g.
It’s easy to see transpose is an one to one, onto function, thus so is f. Then
Pl = QI

6.

(a) hp =2hp—1+3",n>=1,hy=1

Since it’s homo, © = 2, h,, = ¢12". Let h,, = 3™ and we have

a3 = 2(a3"" 1) + 3", thus a = 3.

Then the general solution of h,, = ¢12™ + 3 - 3™ can be obtained with hg = 1,
ho =c1 +3 =1, thus ¢y = —2.

Hence h,, = —2-2" 4 37 *1.

(b)hn = hn—l - hn—27h1 = 17h2 =0
Observe that hg = 71, h4 = 71, h5 = O, h6 = 1, h7 =1= hl, hg =0= h2.
Since h,, is determined only by h,_1 and h,_o, we have that

1, ifn=0or1 (mod 6)
hn, =< —1, ifn=3or4 (mod 6)
0, ifn=2or5 (mod6)

7.

Consider the generating function. It is

(1+ax + ax® + ax® + ... + az®) (1 + bz + bx? + b23)(1 + cx + cx? + cad)
Since we need to consider all permutations, we use exponential generating
functions here:2 . . , ,

)1+ 5+ 5+ 5P = D, B o+ 5+ 2) =

St o Er(1+ 23 + 227 + 323 + Lat + ab + 5af)

Then the coefficients of " is what we want, for 1 < n < 6. They are:



a1 =3,a3 =9, a3 =27, ay =79, a5 = 221, ag = 583.

8.

Any diagonal parts a n-polygon into a k-polygon and a (n — k + 1)-polygon,
thus

dy = dodp 1 + dsdp o9 + ... + dody 1 = 072 dpdy_gs1

Let f(z) =) 00, dpa™ = (dox® + d3a® + ...). We assume do = 1.

Then f(z)f(x) = (dax? + d3z® + ...)(dox? + d3a® + ...)

= d2d2£174 + (d2d3 + d3d2)£)35 + ...

= dzx* + dyx® + ...

= 2(dox® + d3x® + dyx* + ...) — dpa®

_f(z) -
)+ a3 =0, and f(z) =%+ £/1—4z.
1/2

Hence f(z)? — xf(x
Note that (1 —4x)'/? = 221/21 (142)(—4) x’, and the coefficient of 2"~ ! is

(=" () = =72 005
Thus d,, = (—%)(—L)(Q”%) = L(zn%), in particular dy5 = 16796.

n—1\n-2
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