Graph Theory Il, Homework | % kA%
1. Prove that G is planar if and only if neither K5 nor K3 3 is a minor of G,
pf :

Claim : Deletion and contraction of edges preserve planarity.

Let G be a planar graph and given an embedding of G.

It is clear that deleting an edge can not introduce a crossing.

Let G~ be the dual graph of G,

Contracting an edge e in G has the effect of deleting the dual edge e~
inG .

Since deleting an edge can not introduce a crossing, G —e is planar.
Since G'—e¢’ is planar and G/e is its planar dual, G/e is planar.

Claim : If G contains a subdivision of H, then H is a minor of G.
Since H can be obtained from G by deleting the edges not in the
subdivision and contracting the edges incident to the vertices of
degree 2, H is a minor of G.

(=) Since deletion and contraction of edges preserve planarity and Ks

and K3 ; are nonplanar, these graphs can not be obtained from a
planar graph G by deleting or contracting the edges, that is, neither

Ks nor K33 is a minor of G.



(<) Suppose not. Then G is nonplanar.
By Kuratowski’s Theorem, G contains a subdivision of Ks or

Ka 3, and hence Ks or Kj 5 is a minor of G, a contradiction. [ ]
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2. Prove that every 3-connected graph with at least 6 vertices that
contains a subdivision of K5 also contains a subdivision of Kj 3.

Proof. Let G be a 3-connected graph with at least 6 vertices taht
contain a subdivision of K5, and H be a subdivision of K5. We discuss
two cases: |H| =5 and |H| > 5.

(1) when |H| = 5.

Since GG is 3-connected and according to Menger’s Theorem, there
exists a vertex, denoted a, such that there are three vertice-disjoint
paths from a to b1, by, and b3, respectively. Hence we have two partite
sets, which are {a, by, b5} and {b1, bs, b3}. Hence, G contains a subdi-
vision of K33. We hace done.

(2) when |H| > 5. Suppose x,y-path has at least one vertex where
x,y-path on Kj. Since G is 3-connected, G — {z,y} has the shortest
path from V(zy) to V(H) — V(xy) where

V(zy) = {w|w is a vertex which belongs to =, y—path, but w ¢ x or y}.
There exists a vertex in V(zy), denoted w. Consider two cases.

Case 1:

If b is on cycle u, a,v, and not equal to v. Since G — {x,y} has the
shortest path from w to b. We can find two partite sets {z, y, b}, {w, v, a}



of G. Hence, G contains a subdivision of K3 3.
Case 2:

If A is not on cycle u,v,a, W.L.O.G, let w, h-path be the shortest
path from w to V(H) — V(xy). We find two partite sets {z,y,u}
and {w,a,v} of G. Why isn’t h on set {z,y} 7 Since we aren’t sure
whether h is adjacent to a and v. Hence we pick u on the set {z,y}.
Hence G contains a subdivision of K3 3.

]
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3. Estimate the thickness of K_ . by given an upper bound and a lower bound

m(n)

respectively.

We focus on m.
<I> If m=1, the graph isK, .
SinceK,, i=1, 2, 3, 4 is a planar graph. ..t=1
We consider n>5.
SinceK, is C,-free, by previous result, the lower bound

Let V( Kn ):{Vl,VZ""’Vn }1 V( Hi ):{Vi ’Vi+l’ ""Vn }’

E(H,)={VV., VV. V.V | j=i+2,i+3..n}.Vi=2k+Lke ZH.

[ A B |
2

n
2

Then K, candecompose into H,, i=2k+1,k eZ{ J .. The upper bound

is EJ For example,

H. 2 :
i Hs W

Since thickness must be an integer,
=) _ n(l+i) LY P
n-2 n-2 n-2 n-2




" MJSISFJ,for n>5.
| 6 2

<II>1f m=2, the graph is bipartite graph of each partite set of size n.
Since the graph is C, — free, by previous result, the lower bound is

Tl aal

Let one partite set is {a, ;; a, }, another is {b, ;. b, }.

nis even
Hr: =.
G\T [}T+.
bhn
nis odd
Hi - L

Let V(H)={a.,a_.a b,b,..b}i=2k+Lk= 2EJ

E(H) ={ab;.a.b;.a,b...ab,, ] j=12..n}

(g I

Then K,, canbe decomposed into H;,Vi=2k+lke ZH

2



.. Upper bound isEJ .But when n=4, and n=5, the thickness of

K,,and K, is 2.

2

Hence if m=2 , we get the lower bound is L n J, upper bound is EJ
when n>4.

<[I>1fm>3

If mis even.

We can see the multipartite graph as K with each

partite set of size n. Then there exists (m-1)-1-factor and by the case m=2,
we can know each 1-factor has an upper bound n.

Hence the multipartite graph has an upper bound (m-1)n.

If mis odd.

We delete one partite set, the remaining graph can be seen as

K. _,, Then there exist (m-2) 1-factor and each 1-factor has an upper
bound n. then the (m-2) 1-factor has an upper bound (m-2)n.

When we put the deleting partite set back, we can see it as a complete

m-1"

bipartite graph K, _,. So we need to draw additional n pages. Then the

total upper bound is (m-2)n+n=(m-1)n.
Since the multipartite graph has a subgraph of C, , by previous result, the

)
2
3mn

lower bound is



4.Estimate the crossing number of K 3 3.

Sol:
Upper bound :

Since the following figure

, VY (Kin) =15

Lower bound :
wo-|3) %357 5]
' 2 2 2 2

Now, counting the size of the set as following

{(kS’G, X) | x is a crossing point with the two edges ink, ¢, K, 5 < k3l3,3} .

By two way counting:

1.K,s > Xx: 23x6=18; (AK;,; may belong to three different K, ;.)
2. x> Ky <v(K;,,)x2 (AK,,, may contain two different K, )

=>18<v(K;;35)x2=v(Kyy5) 29.
Hence 9<v(K,,;)<15.

R+



5. Find a 2-cell embedding of K, on the surface S, for each te{2,3,4,5}.

(by Maple)

pi[1]:=[2,5,4,6,3,2];
pi[2]:=[1,3,4,5,6,1];
pi[3]:=[1,5,4,6,2,1];
pi[4]:=[1,2,3,5,6,1];
pi[5]:=[1,6,3,4,2,1];
pi[6]:=[1,2,3,5,4,1];
for 1 from 1 to 6 do
for j from 1 to 5 do

alillpilil01]:=pilil103+1];

a[i][i]:=0:
end do;
end do;
> e indicator for arc(i,j)

for s from 1 to 6 do
for t from 1 to 6 do

b[s][t]:=0:
end do;
b[s][s]:=1:
end do:
B main program------—---

r:=0:
for 1 from 1 to 6 do
for j from 1 to 6 do
SI=i;
ti=j;
if (b[s][t]=0) then

print(‘'start at edge',i,j);

while (b[s][t]=0)
do
b[s][t]:=1:
k:=a[t][s]:
print(k);
s:=t:
t:=k:
end do;
ro=r+l;
end if;

By TA



end do;
end do;
print(’'r=",r);

y=5

n,=[2,3,6,5,4,2]
m,=[1,3,4,5,6,1]
n,:=[1,2,4,5,6,1]
n,:=[1,2,3,5,6,1]
n.:=[1,2,34,6,1]

n:=[1,2 3,45 1]

"start at edge”, 1, 2
3456152631
6213243546

5142536412

"r=", 1

y=4

n,=[2,3,4,5,6,2]
m,=[1,3,4,5,6,1]
n,:=[1,2,4,5,6,1]
n,:=[1,2,3,5,6,1]
n.:=[1,2,3,4,6,1]

n=[1,23,4,51]

"start at edge”, 1, 2
345612

"start at edge”, 1, 3
2435465162
13

"start at edge”, 1, 4
2536415263

14

"r=", 3

y=3

n,:=[2,54,6,3, 2]
n,:=[1,3,4,5,6,1]
n,:=[1,5,4,6,2, 1]
n,:=[1,2,3,56,1]
n.:=[1,6,3,4,2, 1]

n=[1,2 3,5 4 1]

"start at edge”, 1, 2
312

"start at edge”, 1, 3
54613

"start at edge”, 1, 4
2514

"start at edge”, 1, 5
6416215
"start at edge", 2, 4
3653452632
4

"r=",5




y=2

n,=[2,5,4,6,3,2]
n,=[1,3,4,5,6, 1]
n,:=[1,6,5,4,2,1]
n,:=[1,2,3,5,6,1]
n.:=[1,6,4,3,2,1]

n:=[1,2 3,45 1]

"start at edge”, 1, 2
312

"start at edge”, 1, 3
6416215613
"start at edge”, 1, 4
2514

"start at edge", 2, 4
324

"start at edge", 2, 6
3526

"start at edge", 3, 4
534

"start at edge", 4, 6
546

"r=" 7

y=1
n,:=[2,6,54,3,2]
m,:=[1,3,4,56,1]
n,=[1,6,54,21]
n,:=[1,2,3,56,1]
m =[1,6,4,3,21]
m,=[1,2,3,4,51]
"start at edge"; 1, 2
312

"start at edge”, 1, 3
6413

"start at edge", 1, 4
2514

"start at edge”, 1, 5
615

"start at edge", 1, 6
216

"start at edge", 2, 4
324

"start at edge", 2, 6
3526

"start at edge”, 3, 4
534

"start at edge”, 4, 6
546

"r="9

I RLp L~ # 2-cell embedding

with 9 region on torus.

1

=k
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6. Let the genus of G be n. Then, prove that any
embedding of G on S, is a 2-cell embedding.

pf : Let the genus of G be n.
W.L.O.G. we may assume that all vertices of G lies on the
sphere and G is connected. ( - If G is disconnected, then
the region between the components is not a 2-cell.)
= G won't have a 2-cell embedding.
Suppose there exists an embedding of G on S, which is not
a 2-cell embedding. So, there exists a region R, which is not
a 2-cell. Let the boundary of R be C.
We have three cases to consider :

<Casel> If R lies on one handle entirely.

Since R is not a 2-cell, C is a cycle along the handle in this way:

C

Hence, by cutting off the handle from C and paste two regions to the
place we cut, we have an embedding of G on S,.; (2 €)

(Contradict to the genus of G isn)

<Case2> If R lies on one sphere entirely.



Since R is not a 2-cell, C is a cycle like this way:

(C 7 sphere £ £/ 1 fL2-cell, 77/ ‘/f?[ﬁf/ X s Z f'handle 47— f?f[/;'})
By making up the sphere to a handle and H to a sphere, then we
return to casel. Hence we have an embedding of G on S,.; (=2 €)
<Case3> If R lies partially on sphere and partially on handle.

Since R is not a 2-cell, C is a cycle like this way:

By redrawing the edges of C on the handle to the sphere, we have
an embedding of G on S,.; (2 €)
By <casel> to <csse3> we have:

If the genus of G is n, then any embedding of G on S;, is a 2-cell embedding.





Tester
文字方塊
李光祥
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Problem 8: Prove or disprove that K; has a 2-cell embedding on N,

Solution:

The generalized embedding scheme will be used here.

Let ( P, 1) be a generalized embedding scheme of graph G, where P is a set of
rotations, and A is a function from the edge set of G, E(G), to the set {0,1}.
Consider the following simple example:

Let 7= (e, d, f). This rotation is represented with edges rather than vertices for
convenience. Suppose we start a region with different edges ey, do, f1, d1, and then we
have,

EV(EO) = d(0+x(d))and ﬁv(do) = f(o+)~(d))

wv(f1) =d1+r@yand 7y (dy) = €c1+2())

The addition is under modulo 2.

When A (e) =0 for all ee E(G), (P, 1) can be simplified to just P, the rotation

scheme used on orientable surfaces. There are theorems [1] tells us every embedding
scheme (P, 1) of a graph G determined a 2-cell embedding of G, and every 2-cell
embedding of G is uniquely determined by some such scheme. Note that here the
2-cell embeddings include those 2-cell embeddings on non-orientable surfaces, i.e.
every 2-cell embedding on a non-orientable surface can be represented when

A(e) # 0forsomeecE(G).

Thus, to prove Ky has no 2-cell embedding on N, it is equal to prove that every 2-cell
embedding of K7 with 14 regions implies A (e) = 0 for all e E(K7). The number of

regions is from Euler-Poincaré formula, p—q + r =2 — h, if the 2-cell embedding is
on Np. Therefore 7-21+r=2-2=>r=14.

Now 3r = 2q since every region has at least 3 edges, but for K; on N, 3r =42 =2q,
thus we know every region for this embedding is triangle.

LetV(K;)={0,1, 2, 3,4,5,6} W.L.O.G. we may assume 7 o= (1, 2, 3,4, 5, 6).

A

B g S F Thus the embeddings are:
T0=(1,2,3,4,5,6)
r1=(2,0,6,...)

C E




72=(3,0,1, ...
73=(4,0,2, ...
74=(50,3, ...
75=(6,0,4, ...
76=(1,0,5, ...

N N N N N

A (e) = 0 for any edge e inside or on the boundary of this hexagon, since if not, a
region which is not a triangle would be found.

Since all regions are triangle, A (and other upper-case letters) must be a vertex of {0,
1,2,3,4,5, 6} Amust be 3 or 4, because 1 and 6 already connect to 0, 2, 5. If we
take A = 3, then B must be 2, and so on. The last neighbor of 6 is 4 since rest are
determined. So we can complete the embedding in but only two ways as follow:

S 5 2 4 3
2 Y e 4 3 b4 L 5
1 5 2 B
2 " 1 B 1 g

Now consider the left graph first. A (13) = 0 since if not, then the successive edges 61
and 13 would be followed by the edge 35, which blocks the completion of a triangle.
Similarly the edges 24, 35, 46, 51, and 62 must have the value 1. Then the A (36) must
be 0 to complete the 61-13-36 triangle, so is 24 and 14, etc. Therefore we complete
the whole proof for the left graph, and by same argument we can yield a similar proof
for the right graph. Therefore K7 has no embedding on No.
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9. Prove that Z(Sn){@ J for each positive integer n.
Proof:

Stepl

Since ﬂK,ﬁ{W]

Set p—{—”\/l;wJ

= y(K ,)<n

N Z(Sn)zrﬂ/l;%nJ

Step2
Claim: If G is embeddable on §_ then 3vev(G) such that
deg, (v)<c—-1 Where c= ﬂ
proof: Casel: If |G|<c
— 5(G)<c-1 Wwe are done!
Case2: If [G|=k>c

Since we know that every simple k-vertex graph embedded on

g, has at most 3(k-2+2n) edges - the average degree satisfies



2 ||c ||S 6(k -2+ 2n)

_12—12n
C

<6 (Since k>C &ner)

= c-1
*)

= 3veV(G) suchthat degs(v)<c-1

Note:(*) holds
7+~/1+48n

- C=
2
=2c-7=+/1+48n
= 4c* - 28c+49 =1+48n
= 4c*-28c+48-48n=0
=c°-7c+12-12n=0
=c*-c=6c—(12-12n)
12-12n
c

=c-1=6-
Step3
By induction on |G|
If |G]<c then x(G)=<c
Thus we only need to consider |G|>c
Assume it holds for |G|=k-1
Then for |G|=k & G can be embedded on §_

By Claim, we have a vertex vev(G) such that deg,(v)<c-1



Now, letc' =G-v

= G'=k-1

By induction hypothesis, x(G)<c
= x(G)<c (Sincedeg,(v)<c-1)

Thus Z(Sn)SC{L;ZBnJ

Step1+Step2+Step3= (S ) {

7 ++/1+48n

2

|
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10. 7(Q,)=(n-4)2"%+1

Proof:

(>) Since Q_ is a triangle — free (2",n2"*) graph
p—-q+r=2-2r(G)

4r§2q:rs%q
1
p—q+§q22—2dG)

q p
G)>—-—+1
rG) 1 2+

r(Q)_”Z—_—% 1=(n—4)2"° +1

(<) By induction on n.

Define the statement A(n) as follows: The graph Q, can be

embedded on the surface of genus (n— 4)2"° +1 s.tthe boundary of

every region is 4-cycle and 3 2" regions with pairwise disjoint

boundaries.
A(2) and A(3) are true.
Assume A(k-1) is true, K >4 let S be the surface of genus

(k—=5)2“*+1 on which Q,; is embedded.
Let Q; be embedded on another copy S’ of the surface of genus
(k—=5)2“* +1 s.t the embedding of Q. 0n S’ is a “mirror image” of the

embedding of Qx;on S. (that is, if vy, V,, V3, V4 are the vertices of the
boundary of a region of Q,;on S, where the vertices list clockwise about
the 4-cycle, then there is a region on S’ with the vertices list
counterclockwise. )



Now, consider 2*° distinguished regions of S together with the
corresponding regions of S’, and join each pair of associated regions by
handle.

The addition of the first handle produces the surface of genus

2(k —5)2** +1 while the addition of each of the other 2 -1 handles
results in an increase of one genus.

Now, each set of four vertices on the boundary of a distinguished region
can be join to the corresponding four vertices on the boundary of the
associated region s.t the four edges are embedded on the handle join the
regions. The resulting graph is isomorphic to Qy and every region is
bounded by 4-cycle.

Each added handle gives rise to 4 regions “opposite” ones of which have
disjoint boundaries, so exists 2“2 regions of Q, that are pairwise

disjoint.

Thus A(n) is true for all n.
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