Chapter 7 Random Graphs

Model A G(n,p) or G(n,P=p),0<p<1.
The probability of the existence of an edge (independently) is p and
the graph induced by using existent edges is G),.

e A graph H with m edges occurs : probability =g plHl . ¢

where N = (1), denoted by P,(G, = H) = plAl. ¢¥-Ml g =1—p.
N—m

N—||H]|

e The probability of a graph with m edges is (TZZ ) P™.q
e We regularly use p = %

Model B G(n, M)
We assume that the probability of an M edges graph G, is equal.
Therefore, an M edges graph H occurs with prpbability ﬁ, denoted

M

by P(Gy = H) = (V)" where N = (7).

Model C G Sequence of Random graphs Gy < Gy < -+ < Gy
G= (e1,e9, - ,en) where e; € E(Gy)\E(Gi-1) and G; has exactly
t edges. The probability of G is %



§ 7.1. Basic Notions

Definition 7.1.1 (Discrete Probabilistic Space) , D.P.S.
A D.P.S. is an ordered pair (5, f) where S is a countable set and
f 8 — Rsatisfying (i) 0 < f(z) <1 and (ii) Xsesf(z) = 1.

(Note) A countable set is either a finite set or an infinite set which
has the same cardinality as N.

Definition 7.1.2 (The probability of an event A C 5)
Let (S, f) be a D.P.S.. Then the probability of A C S is P(A) =

Ea:eAf(x)'

Definition 7.1.3 (Independent events)
If P(LAN B) = P(A)P(B), then A and B are independent events.

Definition 7.1.4 (Random variables)
Let (S, f) bea D.P.S.. Then X : S — R is a random variable where
we use X = k to denote an event.

K={reS|X(x)=Fk}

e.g. Let S =[1,6]? and f(z,y) = 55 for each (z,y) € [1,6]%. X
r+y k=7=X=7)={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}.

Definition 7.1.5 (Expectation)

Let X be a random variable. Then the expectation of X, E(X) =
Yipk - p(X' = k). ( We define P(X = h) = 0 if h is not in the image of
X:5—=R)

e.g. (Continued), X = 7.
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Lemma 7.1.1 (Pigeon-hole principle of Expectation)
Let X be a random variable of a D.P.S. Then, there exists a y € S
such that X(y) > E(X).
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Lemma 7.1.2 (Linear Property of Expectation)
Let X, X;,---,X,, be random variables such that X = X" X;.
Then, E(X) = X" E(X;).

Definition 7.1.6 (Indicstor Random Variable)

An indicator random variable is a random variable X such that
X:S — {0,1} (instead if R).
(Note) A random variable X can be written as a sum of |G| indicator
random variables

{1, ifveX, and
Ty =

0, otherwise

Theorem 7.1.3 If (}) 21-() < 1, then R(k, k) > n. Thus, R(k, k) >
122] for all k > 3.

Proof. Consider a random red-blue coloring of the edges of K,,. For a
fixed set T of k vertices, let Ar be the event that < T" > is monochro-
matic. Hence, P(Ar) = (%)(’;) -2 = 21-(2). Since there are (7) possible
sets for T, the probability that at least one of the events Ap occurs
is (7) L 91=(5). By assumption, (Z) 91-() < 1. This implies that no
event Ar occurs is of positive probability, i.e., there exists a red-blue

coloring such that no monochromatic K, exists, we have R(k, k) > n.
Now, if we take n = LQ(S)j,

. B 2
(Z) 21_(2) where 1 — M =1- k— + ﬁ

< 1.(k>3)

Hence, R(k, k) > |22] for all k > 3. This concludes the proof. O

Theorem 7.1.4 (Szele, 1943)
There exists a tournament 7;, such that 7T}, has at least ZnL_'l Hamil-
tonian paths.



Proof. There are n! possible Hamiltonian (undirected) paths and the
probability of a undirected Hamiltonian path (H. path) is a directed H.
path is 21—_1 Therefore, E(X) = n!- 21—_1 This concludes the proof. [

(Note) How many are they ? In 1990, Alon proved that the number
: n!
of H. paths is at most o)
1
Theorem 7.1.5 a(G) > Evev(g)w.
Proof. (Greedy Algorithm) In a set of degg(v) + 1 vertices we can
select one vertex. This concludes the proof by selecting an independent

set one vertex at a time. []

Proof. (Random idea) Use 1,2, ..., |G| to label the vertices of the set
V(@) randomly call it ¢. Let vy € S (independent set) if ¢(vy) =
min{e(x)|z € Nvg|}. So, the probability is m and the expec-
[l

tation value is Y,y (@) m.

Definition 7.1.7 (Dominating Set)
Let S C V(G). Then, S is said to be a dominating set of G if for
all v € V(G)S, v is adjacent to a vertex in S.

min{|S||S is a dominating set of G} = D(G) is the domination num-
ber of G.

Theorem 7.1.6 (Alon, 1990)

n(1+in(0(G
Let |G| = n. Then D(G) < "Hldat),

Proof. Let S be a subset of V(G) with the probability of each vertex

p =aer PGP Let T = {afz ¢ S,N(z) NS = ¢}. Then SN T is

a dominating set of G. By assumption, E(|S|) = n-p and E(|T|) <
n-(1—p)%&+1 Note here that | S| and |T'| are random variables. Since

(1 — p)é(G)+1 S e—p((S(GH—l)’ E(|S| 4+ ‘TD S np 4+ ne_p((s(G)+1) = n(p +

L) = (%). This implies that there exists a dominating

311
set with at most n(%

) vertices. O

Deterministic Algorithm (idea)
Choose the vertices jof a dominating set one by one !
Step: A vertex that covers the maximum number of vertices which are
not covered yet is picked.



N[ v ]( covered by v )

(122
r(l— 5i1)2
T(l &)ﬁln (641)
In(6+1)(1 —z)= where 2 = 22,

Theorem 7.1.7 If |G| = n and |G|| =%, d > 1. Then o(G) > 3

Proof. Let S C V(G) be a random subset defined by
Plv e S| =p. Let X =|5|.

For each e = {v;,v,;} € E(G), let Y. be the indicator random variable
for the event {v;,v;} C S and Y = X.cpY,. Now, E(Y,) = Plv;,vj €
S] = p* and thus E(Y) = 2p?. Since E(X) = np, E(X —Y) =np —
2p? =np(1—49p), p=1 glves the maximum. Hence, E(X Y) =

Thus, there exists a specific S for which [S| —||S]| > 35. Now, select
one vertex from each edge of S and delete it to obtam a set S* with
at least g5 vertices. Since all edges are gone, S* is an independent
set. []

%'3



§ 7.2. Almost all graphs

Definition 7.2.1 We use n—th space G" to denote the distribution
of graphs of order n. Let ¢, be the probability of the existence of
"Property Q7.

Definition 7.2.2 If lim,_.,q, = 1, then we say ”"()” almost always

7

holds or in this case, almost all graphs have property ”Q”.

Theorem 7.2.1 (Gilbert,1959)
Let p be a constant such that 0 < p < 1. Then, almost all graphs
are connected.

Proof. If G is not connected, then there exists a subset S C V(G)
such that < S, V(G)§ >= ¢. This implies that the probability ¢, of
the existence of disconnected graphs of order n satisfies

0< g0 < B4 () (L—p)h) e
(here p is the probability of edges and x is fixed).
Hence 0 < g, < T3 (0)(1 = p)* ™ < 58 (n(1 — p) =)t
<5 H M- ph*

<

1 where z = n(1 — p)2. But lim, .z = 0
—x

This implies that ltm,,—«q, = 0. ]
In what follows, let X be an Integer-Valued Random Variable.

Lemma 7.2.2 (Markov’s Inequality)
Let pp = P(X=k), k > 0. Then, P(X > 1) < @ Moreover, if
E(X)— 0, then P(X =0) — 1.

Proof. E(X) = EkzOkpk Z Zthkpk Z tEthpk = tP(X Z t). []
Review
In proving that almost all graphs in G? are connected, we may as-

sume that the random variable X = 0 when ( is connected and X = 1
for the situation that G is disconnected.

Theorem 7.2.3 Let 0 < p < 1. Then almost all graphs are of diam-
eter 2.



Proof. Let X ; be the indicator random variable such that

<. — 1, if v; and v; do not have a common neighbor; and
" 0, otherwise.

Note that the probability of ”v; and v; do not have a common neigh-
bor” is equal to (1 — p?)" ™2, hence P(X;; = 1) = (1 — p*)" 2. By def.
X=E4EX) = (5) (1 -p*)" 2

Since lim, .o (5)(1 — p)"? = 0, E(X) — 0. This implies that P(X =
0) — 1, i.e., almost every pair of distinct vertices v; and v; have a

common neighbor. This concludes the proof. ]

Remark

(1) Here, p is a constant !

(2) If G? has n vertices, then G has p- (}) edges.

(3) p may be different as n changes ; this is the idea of p(n) which
will be introduced later.

Definition 7.2.3 (Monotonic property)
Let Q be a property. If G has property () and for each edge
e € F(G) G also has the property @, then G is a monotonic property.

e.g. If Q) is the property "diameter 2”7, then () is a monotonic property.
Clearly, planarity is not a monotonic property.

Definition 7.2.4 Let ) be a monotonic property and ¢(n) be a func-
tion of n such that
(i) % — 0 = Almost all graphs in G? has no property @, and

(ii) }% — oo = Almost all graphs G? has property Q.
Then t(n) is called a threshold probability function of Q.

Theorem 7.2.4 For every constant p € (0,1) and every graph H,
almost all graphs G? contains an induced copy of H.

Proof. Let H be given and |H| = k. Let U be a set of k (fixed)
vertices of G then < U >s= H with a certain probability » > 0. (r
depends on p, not n 7) Now, G contains a collection of | % | disjoint sets
U, of size "k”. So, the probability that none of < U; > is isomorphic
to H is (1 — rlil). Hence, P[H £ G] < (1 — r)l#) which is going to
70”7 as n — 00. O]



Theorem 7.2.5 For every constant p € (0,1) and 4,5 € N, almost
all graphs G? has the property F;; where P ; is the property that for
any disjoint vertex sets U and W with |U| <+ and |W/| < j, a vertex
v ¢ UUW that is adjacent to all the vertices of U but to none of
vertices in W.

Proof. The probability that v € V(G)\(U UW) is adjacent to U but
not to W is plUlg™l > pigl. |U| <4, [W| < 5. O

Hence, the probability that no suitable v exists for these U and W is
(1 — plUlgWhn=lUI=IWl < (1 — p?g7)"~"=7 where (1 — p'¢g’) enlarge, and
n — i — j diminish, for n > ¢+ j. Since the number of < U, W > pairs
is at most n'™/, the total probability is n‘™/ (1 — p'¢/)" 7 — 0 (4,
are constants!) as n — oo. 0.

Corollary 7.2.6 For every constant p € (0,1) and k£ € N, almost all
graphs are k-connected.

Proof. et + = 2 and j = k — 1. Since almost all graphs G has
property Py_1, |G| > k + 2. Let W be an arbitrary set of at most
k — 1 vertices. Then Vz,y € V(G)\W, then either x is adjacent to
y or x and y have a common neighbor. Therefore, W is not a vertex
cut. This concludes the proof. [

Lemma 7.2.7. For all integers n, k with n > k > 2, the probability
that G? has a set of k independent vertices is at most Pla(G) > k] <

(") - g0,



Proof. (Exercise) O

Theorem 7.2.8 For every p € (0,1) and € > 0, almost every graph
GG has chromatic number

X(G) > oliy) . n

24¢  logn’

Proof. Since

Pla > k] < (Z) (1—p)(3)

<nf(1-p)
o 4 Lk (k—1)

= ¢ osa
_ qg[—;l;—(ggﬁk_l]‘
Let & =aes (24 €)1y
Then (HEE 1 _ BiEmemy
This implies that in almost every graph no k vertices are the same
color. Hence X(G) > 7 = loii” o O

We remark have that the upper bound of X' (G) was obtained in
1998 by Bollobas.

log% n

2—¢ logn”

Theorem 7.2.9 X(G) <

(2 —  No edges !

vnn~? — G has a nontrivial component which grows like a tree.

p=p(n)=<nt— Contains a cycle.

lo% —  connected.

(1 +¢)(logn)n™! —  has hamiltonian cycles !

From the above results, it seems that as long as p is a constant
in (0,1), no matter p = 0.1 or p = 0.9, we always have the same
conclusion. But, in fact, if we allow p = p(n), then we will see the
difference, see the following table.

Lemma 7.2.10 Let k > 0 be an integer and let p = p(n) > (6kinn)n}
for large n. Then lim, ... P(a > in/k) = 0.



'
p(n)
n? No edges.
. G has a nontrivial component which
Table : Jnn™ '

grows like a tree.

I’fl Contains a cycle.

logn Connected,

n
(1+)e)dog myn™ has hamiltonian cycles !

Proof. For n > r > 2,
Plazr) < () -(1-pW) = (g7 <wq™s = (ng(2)y
Since 1 — x < e~ * for all positive integers x,
(ng7 )" < (n(e)
= (ne—p(T—l)/Q)T’

r—1

2>T

— (ne P/2H0/2yr

[]

Theorem 7.2.11 For every integer £ > 3, there exists a triangle-free
graph G such that X(G) = k.

Theorem?7.2.12 (Erdos, 1959)
For every integer k there exists a graph H with g(H) > k and
X(H) > k.

Proof. Assume that k£ > 3, fix e with 0 < e < %, and let p =g.¢ ne L.
Note that n°~! =n®-n~1t > (6kinn)n?! for large m.
10 nio

1 1
(i /6kinn ~ pislim —, Jm el o)

n

10



Let the random variable X (G) denote the number of short cycles

in a random graph G?, i.e., its number of cycles of length at most k.
Then E(X) = %F_ 372‘? ¥ this is by the fact that each k’-cycle has

expectation value 1 - p¥ and there are ( 7 < (,Z,) < n*) g‘—? cycles.

~

n—
Hence, E(X)= zk, 5P P
1 [N
< 525“:371;9
1
= SZh(mp)innT =t > 1
1 1
< §2§=3(”p)k < E(k — 2)np*
: n n
Now, consider p(X > §) < E(X) o)

(By assumption ke < 1.)
This implies taht lim,, . P(X > .
Let n be large enough that P(X > 2) < 3 and P(a > o) < 1. (By
Lemma 10).

Then, there exists a graph G of order n with fewer than § short
cycles and a(G) < 5. Now, from each cycle we delete one vertex and
obtain a new graph H. Then g(H) > k, moreover, |H| > 4. Now,

X(H) > |f|) > Sigy > k- We conclude the proof. O]

11



§3. Threshold Functions

Review

1

d(G) =def WZ’UEV(G)degG(U)

€(G) =def %d(G)

Definition7.3.1 A graph H is called balanced if e(H') < ¢(H) for all
subgraphs H' of H. Clearly, a regular graph is balanced.

B2V

So are forest 7

2=20 cH)=2.
H; is balanced but not Hs.

Definition 7.3.2 We call a real function for a graph property P if
the following holds for all p = p(n):

limp_~P(G € P) = {O if p(n)/t(n) — 0 asn — oo

1 ifp(n)/t(n) — oo asn — oo

Intutively, if the order of p(n) is less than the order of ¢(n), then
almost all graphs do not have the property P; and on the other hand,
if o(p(n)) > o(t(n)), then almost all graphs do have the property P.

12



e.g.
(1) P: containing a cycle, Threshold function ¢(n) = n~!.
(2) P: containing a copy of a tree T" of order k, Threshold function
t(n) = n~F/ k=1,
(3) P: containing K}, Threshold function ¢(n) = n=2/(:=1),
All the three properties mentioned above are "Monotone proper-
ties”.

More concepts of probability
X: Random variable.
E(X): Expectation of X, also denoted by p := E(X).
02 = E((X — p)?): variance of X.
o: Standard deviation.
E(X"): r-th moment of X.

Lemma 7.3.1(Second Moment Method)
Let X be a random variable, then P(X = 0) < w;

Moreover, if %gg — 1, then P(X =0) — 0.

Proof. Consider [X — E(X)]? and value ¢?, ¢ > 0, then
PIX —E(X)P = %) = P(X -~ E(X)| > 1) <

(Markov’s Inequality)

w — ‘;—22 Now,
o’ E(X? - 2XE(X) +E(X)?)
t2 o t2
_E(XY) - X )BX) + BX S EEX) = EX)
_E(X?) - E(X)?
2 '

Hence, P(|X —E(X)| >t) < E(XQ)t;JE(X)Q.
Let t = E(z). Then P(|X — E(X)| > E(X)) > P(X = 0). This
concludes the proof of the first part, and the second part is easy to

see. []

Theorem 7.3.2 In Model A, inn/n is a threshold probability func-
tion for the disappearance of isolated vertices, i.e., to ensure 6(G) > 1.

13



Proof. Let X be the f of isolated vertices and X7, Xy, ..., X,, be Indi-
cator r.v.. Then E(X) =n-(1—p)" L

Here p=p(n).

1
we ™ (npP—0=pe (7))
l
= (1—p)" e p=c-—
n

= n(l —p)" v ne” " = p'=c.
¢c>1,E(X)—0;c<1,E(X) — oco. (¢=11is just the threshold function !)

We claim that P(X = 0) — 0. By Second Moment Method, it
suffices to claim E(X?) «~ E(X)? i.e., % — 1.
E(X?) = E((¥1L, X))

=21 E(X?) + Ty E(X,Y;) = S E(X) (= E(X)) + n(n — 1) - E(X;X])
where n(n — 1) = 2- (Z) pairs and E(X;X;) = (1 — p)*?
~EX)+nn—1)-(1-p)*" 3 = EX)+ (E(X))?
where E(X) — +oo and n(n — 1) - (1 —p)**® ~ [n- (1 —p)"]%.

]

Theorem 7.3.3 If H is a balanced graph with k vertices and [ edges,
then p = n~ /! i a threshold function in Model A for the appearance
of H as a subgraph of almost every graph G?.

Proof. Exercise L]

e(H) = £ is also named as the density of H.
p(G) = mazxpcge(F) is called the maximum density.

Generalized form

(*) P = n~Y/PH) is always a threshold function for the appearance of
H.

14



" A subdivision of K,

Definition 7.3.3 Let v(G) denote the largest r such that G contains
a subdivision of K,.

Lemma 7.3.4 For p = 1 and Model A, mathcal X (G) > 5~

2logan”
Proof. Let k = |2logon|. Then
P(a(G) > k) < (1) (1 = 1) = (m27() < (ayr . 27C)
< (L2 e 0. (2)
Since X(G)a(G) = n, X(G) = 57— (a.s.) O

(Remark here now, a(G) < |2logen]. )

Lemma 7.3.5 For p = £ and Model A, (G) < v6n.

Proof. Set r = [v/6n]. Then n < r?/6.

There are (:‘) potential K, subdivisions, let X induce one. Then
<X >ghasat least () —(n—7r)> () +r— % > 2(3) edges.
Let e(X) denote the number of edges in < X >¢.

The probability for G contains a subdivision of K, is

POG) 2 1) £ SeP(e(x) 2 (1)

< (“) e 0

r

(Chernoff Bound P(||X|| > n(1 +0)/2) < el=""/2] take § = L)
Thus, v(G) < v/6n almost surely. O

Theorem 7.3.6 Hajos Conjecture is false, and almost all graps GP?,

p= %, are counterexamples.

15



Proof. X(G) —v(G) > 52— — /61 —,_s0 0.

— 2logan
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