Graph Theory I Homework III-2 by [ [J [

Definition: Let G be a graph and x € G a vertex, and
let G' be obtained from G by adding a vertex 2’ and
joining it to x and all the neighbours of x. We say that
G’ is obtained from G by expanding the vertex x to an

edge za’

claiml: Any graph obtained from a perfect graph by

expanding a vertex is again perfect.

Proof. We use induction on the order of the perfect graph
considered. Expanding the vertex of K yields K5, which
is perfect. For the induction step, let G be a non-trivial
perfect graph, and let G’ be obtained from G by expand-
ing a vertex x € G to an edge xx’ For our proof that
G’ is perfect it suffices to show x(G') < a(G’) : every
proper induced subgraph H of G’ is either isomorphic
to an induced subgraph of GG or obtained from a proper
induced subgraph of G by expanding z; in either case, H
is perfect by assumption and the induction hypothesis,
and can hence be coloured with w(H) colours.

Let w(G) =: w; then w(G') € {w,w+1}. fw(G') = w+1,
then
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XG)<x(@)+1=w+1=w(@)

and we are done. So let us assume that w(G') = w. Then
x lies in no K, C G : together with 2/, this would yield
a K, .1 in G'. Let us colour G with w colours. Since
every K, C G meets the colour class X of x but not x
itself, the graph H := G — (X ~ {z}) has clique number
w(H) < w. Since G is perfect, we may thus colour H
with w — 1 colours. Now X is independent, so the set
(X N A{z}) u{2'} = V(G — H) is also independent. We
can therefore extend our (w — 1)-colouring of H to an
w—colouring of G’; showing that x(G') < w = w(G') as
desired ]

claim2: A graph is perfect if and only if its complement

is perfect.

Proof. Applying induction on |G|, we show that the com-
plement G of any perfect graph G = (V, E) is again per-
fect. For |G| = 1 this is trivial, so let |G| > 2 for the
induction step. Let K denote the set of all vertex sets
of complete subgraphs of G. Put «(G) =: «, and let
A be the set of all independent vertex sets A in G with
|A] = a.  Every proper induced subgraph of G is the

complement of a proper induced subgraph of GG, and is

2



hence perfect by induction. For the perfection of G it
thus suffices to prove yG < wG(= «). To this end, we
shall find a set KK s.t KN A # () for all A € A; then

wG@—K)=a(G-K)+1=w(G—-K)+1<w(G)
so by the induction hypothesis
Y(G)<x(G-K)+1=w(G-K)+1<w(@)
as desired. Supose there is no such K;thus, for every K €
IC there exists a set Ax € A with K N Ax = emptyset

Let us replace in GG every vertex x by a complete graph

G, of order
k(z) = {K € K|z € Ax}|

joining all the vertices of G, to all the vertices of G,
whenever r and y are adjacent in . The graph G’
thus obtained has vertex set U,cyV (G,), and two ver-
tices v € G, and w € G, are adjacent in G" iff. z =y or
xy € E. Moreover, G’ can be obtained by repeated vertex
expansion from the graph G[{z € V|k(z) > 0}]. Being
a induced subgraph of G, this latter graph is perfect by

assumption, so G’ is perfect by claim 1.0n particular,

X(G") Sw(@). - (+1)



In order to obtain a contradiction (*1), we now compute
in turn the actual values of w(G’) and x(G’). By con-
struction of G’, every maximal complete subgraph of G’
has the form G'|U,cx G| for some X € K. So there exists
aset X € K s.t

w(@)=> k()

rzeX
= (&, K):ze X, K€K,z € Ag}| =0

=Y K eK|XnAg
< Kl =1---(x2)

the last inequality follows from the fact that | XNAg| <1
for all K (since Ak is independent but G[X] is complete),
and |X N Ax| = 0(by the choice of Ax). On the other
hand,

G =) k)

rxeV
=H{(z,K): 2z € VK e K,z € Ax}|
KeK|Ak]|

= [Kla



As a(G’") < a by construction of G’, this implies
SAE;
>

a(G) T«
Putting (%2) and (*3) together we obtain

X(G) = =[] (x3)

X(G) = K| > K] -1 2 w(G),

a contradiction to (1)
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3. Find a graph G which is C3-free and y (G)=6.

<sol>
| want to use Mycielski’s construction to produce a graph G
which is C3-free and

x (G)=6.
Then, | want to prove a theorem:
<Thm>From a k-chromatic triangle-free graph G’ , Mycielski’s
construction to produce a k+1-chromatic triangle-free graph G..
<pf>
Let V(G’)={\w.\V, .V, -V, } and let G be a graph produced from
it by Mycielski’s construction. Lety, ...y, be the copies of
V.V, Vs V.-V, With w the additional vertex. Let U={ . u,-u.}
By construction, U is an independent set in G. Hence, the other
vertices of any triangle containing . must belong to V(G’),so
let Vi Vi €VEG). sty -y, —u, form a triangle. And this
is also implies Vi—V, ~ Vi, form a triangle in G’. This triangle
can’texistin G’.

A proper k-coloring f of G’ extends to a proper k+1-coloring of



G, by setting f(y)=f(y) and f(w)=k+1;hence x (G)=

x (G)+1.(2)

Now, we want to prove y (G”)< x (G).

Let g be the proper p-coloring of G.

By changing the names of colors ,we may assume g(w)=p. So
gd(u)efL2,..p-Bvy,eV.

Then, we may use p colors to color V(G’).Let A={ v.|g(v.)=p
v, € V(G)}

We want to change color of y, , where y eA st
d(v,)e{1.2,...p-1}

For g(y,) e{L2..p-Bvy,cU ,s0 we change the color of y, to
a(u,)-

That is because ¢ (le) =p=g¢ (VL) {VL'VL}e E(G")

ViV j & A

So, we only to check {V'J.,Vj}e E(G") in order to conclude we
can use p-1 colors to color V(G’),where y G’y eA

For {v,v}<E(G') where v eG'y,eA,s0 {y,u}<E(G) which

yields g(y,)#9(v,) .However, g(v,)=9(u,).s0 9(v,)=9(v,).

This means ,the way we change color of y, ,where y, €A, can



be used.

We have shown that the modified coloring of V(G’) is a proper
p-1 coloring of G’.

Hence, we can conclude x (G*)< x (G).

Also, by (1) x(G)= x (G’)+1,50 x (G”)=x (G).

Due to this theorem , we can construct graph G ,where

x (G)=6,step by step.



Graph Theory | Homework I11-4 by #5754

4.Show that 7 (K, ) =(m-1)n provided mn is even

Fact K, can be decomposed into Hamiltonian cycles if

(1). nis even, or

(2). nis odd and m is odd

Sol: Since mn is even, we consider the following two cases

<casel> If mis odd
Sincemniseven = nisevenand vvekK,,, deg(v)=(m-1)n

(m=Dn

(1). By the face we have K_., can be decomposed into

m(n)

Hamiltonian cycles C,_

(2). Sinceniseven, C_ isanevencycle = y'(C,)=2

(m-=-Dn

— by (1) and (2) we have ¥ (Kyn)= x2=(m-1)n

Theorem (Koniq)

If G is bipartite, then »'(G) = A(G)

(i.e. IfG=K, ,, then #'(G)=n)

<case2> If mis even

= K, has 1-factorization

= K, has (m-1) 1-factors




;{ﬁj’ Koy FI140 [l partite set 5% — ﬂjaf%ﬁ: K.
=+ K, has (m-1) 1-factors.................... (1)
- i 1-factors SEPEE] Ky, Fﬁﬂmg K.,

By Konig Theorem we have »'(K,.)=n.......coceevnnnn. (2)
(Bh~ ff L-factor 432 - F5 I n (WA Yg T
[ K, o 35T RIS 1-factor JII T [RIFY o g =1 4F)

- by (1) (2) we have x (K,n)=(m-1)n

Hence by <casel> and <case2> we have )('(Km(n)) =(m-1)n
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5.Find a class if infinite graphs G
such that G 1s conformable and G 1s of type2

sol + Komom > m>0

claim]l * Komom 1S conformable.
Defn. : If G has a vertex coloring W such that
1{i | |(P~1(@)= IV(G)|(mod2)}| < def (G)
Then G 1s conformable.

By x (Kenam)=2> MEERF=—~ #H f"lﬁﬂ%’/, N 2m%![‘ :
Let W EZ%!F?, G|

1{i | |(W~(@)]Z [V(G)|(mod2)}| =0

< def(G)=0 ( regular graph )

". Komom 18 conformable

claim? * Komanm 1S Of type?2
X" (G) < X(G) +x'(G) J %]



X" (Komom) < 2 + 2m — (i)
}%’j\ T}‘g%M(]“izrnfzrn) = 2+ 2m

(ex"(Komam) > 2m+1=4(G) + 1)
) 2mel T FI fagen

2m+1
Byﬁrﬁﬁ’_ﬁf@ =P TR FERH = J)” il 2m+1
Ko —&J Z= %l 2m+]1 RPN R
W.L.O.G - F,JFT][FFUQ
" Komanf Y42 S~ matchingBe£h 2m >
NS ”L%!T% TERC o
‘«éj Erﬁlﬁgguﬁx%ﬂ,‘j f=d [l
%’!ﬁ? e[ £ Clﬂigﬁﬁ% [Fil— R -
< G [RGB
(let t%’!‘%CH‘ [ ﬁﬂ HCie’ IFU E‘ﬁk[ﬂ

T+ KomwndYymax matching®¥ = 2m-t )
C.CE 2 F,\"FFH Tl omor e

Hx" (Ko 2m) = 2m + 2 — (ii)

By()(ii) X' (Komam) = 2m + 2 = A(G) + 2is type2
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6. Fort=10,11,12, find a graph of order 30 which can be
decomposed into t Hamiltonian cycles and K30 —G

contains no Hamiltonian cycle.

(sol)

Definition :

(1) D({i},n) 1s the graph with vertex set Z, and edge
set {{X.y}| [x—yle{ln—1}j.

(2) If 1 <{1,2, ..., [n/2]}, then let D(I,n) =U;.; D({i},n).

Theorem(Lasker and Auerbach, 1976) :
K has a hamiltonian decomposition if and only if
(m—1)n is even.
(In fact, Kiym) can be decomposed into (m—1)n/2

Hamiltonian cycles.)
Note -

D(I,n) is connected if and only if gcd(IU {n}) = 1.



1.t=10
Let G = Ks(j0).
Since (3—1)x10 =20 1s even, by the above Theorem,
K3(10) can be decomposed into 10 Hamiltonian cycles.
K;30—G =D(1,30), where I = {3,6,9,12,15}.
Since ged(I1U {30}) =3 # 1, K30— G 1s disconnected.
= K30— G contains no Hamiltonian cycle.

3.t=12
Let G = Ks).
Since (5 — 1)x6 = 24 is even, by the above Theorem,
Ks() can be decomposed into 12 Hamiltonian cycles.
K30—G = D(1,30), where I = {5,10,15}.
Since gcd(IU {30}) =5 # 1, K30— G is disconnected.

= K30— G contains no Hamiltonian cycle.

Note -
(1) D(I,n) is a Cayley graph if and only if it is connected.

(2) D(I,n) is connected and 4-regular when I = {j—1,;},



2<j<lm—1)2]
Theorem(Bermond, Favaron and Maheo, 1989) :

Every connected 4-regular Cayley graph on a finite

abelian group has a hamiltonian decomposition.

(In fact, it can be decomposed into two Hamiltonian

cycles.)
2.t=11

Let G =D(1,30), where I = {1,2,4,5,7,8,9,10,11,13,14}.
We can partition I into {1,2}, {4,5}, {7.8}, {9,10},{11},
{13,14}.
Since D({1,2},30), D({4,5},30), D({7,8},30), D({9,10},30),
D({13,14},30) are connected 4-regular Cayley graphs, by
the above Theorem, each of them can be decomposed into
two Hamiltonian cycles.
Since D({11},30) is a connected 2-regular graph, it is a
Hamiltonian cycle.
Hence G can be decomposed into 11 Hamiltonian cycles.
K;30—G =D(I',30), where I' = {3,6,12,15}.

Since ged(I' U {30}) =3 # 1, K30— G 1s disconnected.



= K;30— G contains no Hamiltonian cycle. [ ]
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7. Give as many sufficient conditions for the existence of the
Hamiltonian cycles in a graph as possible.

Sol:

Theorem1:

Every graph with n > 3 vertices and minimum degree at least n=2 has
a Hamilton cycle. (Dirac 1952)

proof :

Let G = (V;E) be a graph with |G| =n>3and 5(G) 22'
Then G is connected
LetP =y x..x, bealongestpathinG.

By the maximality of P,all the neighbors of x_  and all the neighbors of

X, lieonP.

Hence

atleast  of the vertices are adjacenttoy. , and at least
> X, XvXia X«

%of these same k < n vertices x, aresuchthat x ., <E.

By the

Pigeonhole principle, there is a vertex y. that has both properties, so
we have x x,,€Eandy.x, E forsomei<k

We claim that the cycle C:= y y. Py xPx, isaHamiltoncycle

of G. Indeed, since G is connected, C would otherwise have a neighbor

in G-C, which could be combined with a spanning path of C into a



//__\ Tyt N
Ia P :?'z\_//:r'.‘f

path longer than P.

Theorem2:

Every graph G with|G|>3 and«(G) < x(G) has a Hamilton cycle.

Theorem3:
Every 4-connected planar graph has a Hamilton cycle.
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8. Use Petersen’s Theorem to prove that X '(G) < 3[ (G)—‘ when G is loopless graph.

Petersen’s Theorem: Every 2k-regular graph has a 2-factor.

Pf. G is a loopless graph, V(G)={v;,V,,...,V,,}
Let G’ be a graph with V(G') ={w,,W,,...,w,},E(G) :{vviwj ‘vivj € E(G)}.

Let H =GuUG'U{A(G)-deg(v,) copies of the edge v,w, |

Then Hbe a A(G) -regular graph .

(i) If A(G) iseven, then by Petersen’s Theorem.

We can partition H into% 2-factors. G: G':

Since each 2-factor is disjoint union of cycles, v "
2 ifniseven

and X'(C,))<3 (X'(C,)) :{

3 ifnisodd v v

:>X'(H)S3><A(ZG).

(i) If A(G) isodd. Consider H'=H u{viwj}L

Then H’ be a (A(G) +1)-regular graph and | v w
A(G)+1 iseven, by Petersen’s Theorem. e

We partition H into AGHL 5 factors. V2 42

Since each 2-factor is disjoint union of cycles, v -
= X'(H)< 3x%,

By the definition of H and H’, and (i) (ii) we can find that there exist a loopless

supergraph H, of G, such that X '(H )<3[A(26)—‘



We delete those edges of (H, —G) to obtain a proper edge-coloring of G such that

X (G) ss[@}.
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k
9. Prove that every k-chromatic graph has at least (2] edges. Use this to prove that

if G is the union of m complete graphs of order m, then #(G)< 1+mvm-1.

Consider a k-coloring graph of a k-chromatic G.

k
l. If e(G)< (ZJ this means that there exist two colors a, b such that any

adjacent vertices do not require the two colors.(< the two colors would not
form any edges of G). Thus the vertices with colors a and b form a single
independent set, and V(G) is covered by k-1 independent sets.
A contraction, since a k chromatic graph has k independent sets.

Il. Since G is the union of m complete graph of order m, which implies.

k k
Let y(G)=k,then (ZJS m(zjz k—k-m’(m-1)<0

X1 <X+, Vx>0
ok s%[l+«/1+ Am*(m-1)]<[1+ @1 ++/4m*(m-1))] =1+ my/(m-1)

Hence y(G)=k< 1+m+ym-1.
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Graph Theory

Hui-Fen, Tseng
January 26, 2008

10.Improvement of Brooks” Theorem

(a) Given a graph G, let kq, ..., ksbe nonnegative inte-
gers with > k; > A(G) — t + 1. Prove that V(G) can
be partitioned into sets Vi, ..., V; so that for each i, the
subgraph G; induced by V; has maximum degree at most
k;.

(b) For 4 <r < A(G) + 1, use part (a) to prove that
X(G) < [=4A(G) +1)] when G has no r-clique.
pf:

(a) By induction on t
If t=2, we claim the partition minimize kie(Gs)+koe(Gh)
satisfying A(Gh) < ky and A(G2) < ko

Suppose not, there exists a vertex x in Gy s.t. degg(x) >
k1, it implies degg(x) > k1 + 1. Since k1 + ks > A(G) —
24+1=A(G) -1, ie, A(G) < ky + ko + 1, we obtain
|Ney(2)| < ks in V(Gy)
Next, we move x in G to G to form GjandGY,
we obtain

kie(GY) + kae(GY)

1(€(G2) + kz) + kg(e(Gl) — kl — 1)
1€(G2) + ki1ko + kQG(Gl) — kok1 — ko
16(G2) + kQQ(Gl) — kQ

k
k
k

we find another partition kie(G5) + koe(G}) is less than
kie(G2) + koe(Gr), it contradicts. We have done.
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Ift>2 Leth=Fk +ko+..+k_1+(t—2)

Suppose ki, k2, ..., k1 is ok.

If ¥ ki > A(G) — t + 1, it follow that
k1+k2—|—...,kt_1+kt > A(G) —t+1

=h+k>AG) —t+1+t—2

= h+k > A(G) -1

By t=2 method, we obtain A(G}) < kp, A(Gy) < Ky,

it follows that A(G;) < k; for i=1,2,....t. We have done.
(b) » < A(G) + 1 it implies, there exists t s.t.

(Z2ir) +r* = A(G) + 1, where 2r > r* > r.Actually,
AG)+1

t=[=—].

Let ky=ky=...=ki1=r—1k >r—1 and

Y, =A(G)—t+1, where 4 <r < A(G)+1

= AG)—t+1>tr—1)=tr—t

= ¢ < A+

i< LA(C;)JAJ

By (a) V(G) can partition into t classes s.t.

A(G;) < k;i=1,...t. Since G has no r-clique, G; has

no r-clique.i=1,....t. Thus,by Brooks’ theorem, we have

X(G;) < A(G)),it follows that X (G;) < k; for all i=1,...,t.

Now, coloring the subgraphs with disjoint color sets, we

have

X(G) <Y_ X(G)<Yl_ ki =A(G)+1—t¢
A(G)JrlJ

r

<AG)+1—|

r—1
<
<T .

(A(G) +1)].
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