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     Graph Theory I Homework II-5 by 李光祥 

2. Prove the a-b version of Menger’s Theorem. 

Menger’s Theorem(a-b version)： 

The maximum number of vertex-disjoint paths between 

  a and b is equal to the minimum number of vertices that  

  separates a and b. 

pf： 

Conder ab ∉ E(G). 

    Note：If there exist k vertex-disjoint paths between 

          a and b, then for each separating set S of a and b, 

          |S| ≥ k. 

    First, if a and b are in distinct components of G, then the 

    Assertion is clearly true. 

    So let the graph G we consider be connected. 

    We claim that the number of vertex-disjoint paths between 

 a and b is equal to the minimum number of vertices that 

 separates a from b. (Let this number be n.) 

 Clearly, n = 1 is true. 

 Let Sn(a,b) denote the statement that the minimum a-b 



 separator is of size n. 

 Assume that our claim is not true. 

 Then there is a smallest integer m( ≥ 2) such that Sm(a,b) 

 is true but there are fewer than m disjoint a-b paths. 

    Among all such counterexamples G of minimum order, let 

    H be the one with minimum size. 

    Then H has the following properties： 

    (1) If v1v2 ∈ E(H－{a,b}), then there exists a set U such 

that |U| = m－1 and U∪{vi} is an a-b separator for 

i = 1,2. 

      (2) For any w ∉{a,b} in H, not both aw and bw in H. 

      (3) If {w1, w2, …, wm} is an a-b separator, then either 

         {awi | i = 1,2,…,m} ⊆ E(H) or {bwi | i = 1,2,…,m} ⊆ E(H). 

      Let P be a shortest a-b path in H. 

      By (2), the length of P is at least 3. 

      Let P = <a, u1, u2, …, b>, where u1, u2 ≠ b, u1≠ u2. 

By (1), ∃ U of size m－1 s.t U∪{ui} s an a-b separator for 

i = 1,2.  

Since au1 ∈ E(H) but bu1 ∉ E(H) (by (2)), U∪{u1} ⊆ NH(a) (by (3)). 



By (2), ∀ x ∈ U, xb ∉ E(H). 

⇒ U∪{u2} ⊆ NH(a) (by (3)). 

⇒ au2 ∈ E(H). 

⇒ P is not a shortest a-b path in H. (→←) 

 

(Another method) 

Menger’s Theorem(a-b version)： 

  If a,b are vertices of a graph G and ab ∉ E(G), then the 

  minimum size of an a,b-cut equals the maximum number 

  of pairwise internally disjoint a,b-paths. 

pf： 

    Let the minimum size of an a,b-cut beκ(a,b) and the  

maximum number of pairwise internally disjoint a,b-paths 

beλ(a,b). 

Since an a,b-cut must contain an internal vertex from each 

path in a set of pariwise internally disjoint a,b-paths and  

these vertices must be distinct, soκ(a,b) ≥λ(a,b). 

Let k =κG(a,b). 

Our goal：To find k pairwise internally disjoint a,b-paths. 



By induction on |G|. 

(1) |G| = 2 

   Since ab ∉ E(G),κ(a,b) =λ(a,b) = 0. 

(2) |G| > 2 

   Case 1. ∃ a minimum a,b-cut S, S ≠ NG(a), NG(b). 

    Let V1 be the set of vertices on a,S-paths, and  

let V2 be the set of vertices on S,b-paths. 

Claim：S = V1∩V2. 

Since S is a minimal a,b-cut, every vertex of S lies 

on an a,b-path. 

⇒ S ⊆ V1∩V2. 

If x ∈ (V1∩V2)－S, then there exists a a-…-x-…-b path 

and all vertices of the path don’t belong to S. (→←) 

              Hence S = V1∩V2. 

              Let a’ ∈ V1 \ S and b’ ∈ V2 \ S. 

              Define H1 = a,S-paths∪{sb’ | s∈S}, and 

                    H2 = S,b-paths∪{a’s | s∈S}. 

              Since every a,b’-cut in H1 is an a,b-cut in G, we have 

              κH1(a,b’) = k. 



              Similarly, κH2(a’,b) = k. 

              Since S ≠ NG(a), NG(b),  | H1|,| H2| < |G|. 

              By induction hypothesis, λH1(a,b’) = k =λH2(a’,b). 

              Since V1∩V2 = S, deleting b’ from the k a-b’ paths in  

H1 and deleting a’ from the k a’-b paths in H2 yield the 

desired a,S-paths and S,b-paths in G. 

Case 2. Every minimum a,b-cut S is NG(a) or NG(b). 

 (1) If there exists a vertex v ∈ V(G) \ ( NG[a] or NG[b]), 

   then v ∉ S. 

   ⇒κG－v (a,b) = k. 

   By induction hypothesis,λG－v (a,b) = k. 

   ⇒λG (a,b) = k. 

(2) If there exists a vertex u ∈ NG(a)∩NG(b), then u ∈ S. 

   κG－v (a,b) = k－1. 

   By induction hypothesis,λG－v (a,b) = k－1. 

   ⇒λG (a,b) = k. 

(3) Assume that G = NG[a]∪NG[b]. 

   Let G’ = (NG(a),NG(b)) and E(G’) = [NG(a),NG(b)]. 

   Since every a,b-path in G uses some edges from NG(a) 



 to NG(b), the a,b-cuts in G are the vertex cover of G’. 

 ⇒ β(G’) = k. 

 By König’s Theorem,α’(G’) = k. 

 ⇒λG (a,b) = k. 

          Then we complete the proof. □ 

  



Graph Theory I Homework II-4 by 陳哲皓

4. Prove that for almost all graphs G, δ(G) = k1(G)

Proof. .

(1) By theorem: for almost all graphs G, diam = 2

(2) claim: If diam(G) = 2, then δ(G) = k1(G)
< pf >

Let d(S) =| [S, S̄] |, ∀S ⊆ V (G) Let | [S, S̄] | be
a mini. edge cut with | S |≤| (̄S) |
⇒ | [S, S̄] |= k1(G) ≤ δ(G)

(a.) claim: every vertex of S has neighbor in S̄

< pf >

assume ∃v0 ∈ S with N(v0) ∩ S̄ = ∅
⇒ deg(v0) = d(v0) ≤| S | −1
∵| S |≤| S̄ | and | S | + | S̄ |= n
∴ | S |≤ n

2 ⇒ deg(v0) ≤| S | −1 ≤ n
2 − 1 < n

2
⇒ δ(G) < n

2 . . . (∗1)
∵ diam(G) = 2
∴ every vertex of S̄ has a neighbor in S (if
∃u0 ∈ S̄ with N(u0) ∩ S, then d(v0, u0) >

2 →←)
⇒ n

2 ≤| S̄ |≤| [S, S̄] |= k1(G)
⇒ by(∗1) δ(G) < n

2 ≤ k1(G)
⇒ δ(G) < k
but we know δ(G) ≥ k1(G) →←

(b.) claim: δ(G) = k1(G)
< pf >

by (a)⇒ | S |≤| [S, S̄] |= k1(G) ≤ δ(G). . . (*2)
∵| S |≤ δ(G)

1

slan
印章



∴ ∀v ∈ S, | N(v) ∩ S̄ |≥ δ(G) − (| S | −1) =
δ(G)− | S | +1
⇒ k1(G) ≥| S | (δ(G)− | S | +1)
∵ k1(G) ≤ δ(G)
∴ δ(G) ≥ k1(G) ≥| S | (δ(G)− | S | +1)
⇒ (| S | −1)(δ(G)− S) ≤ 0
⇒ | S |= 1 or | S |≥ δ(G)
∵ by (*2) ⇒| S |≤ δ(G)
∴ | S |= 1 or | S |= δ(G)

Case 1: If | S |= δ(G)
∵| S |= δ(G) and k1(G) ≤ δ(G)
∴ k1(G) ≤| S |
By (a) and k1(G) ≤| S |
⇒ k1(G) =| S |
∵| S |= δ(G)
∴ k1(G) = δ(G)

Case 2: If | S |= 1
∵| S |= 1,say S = {v}
∴ k1(G) ≥ deg(v) ≥ δ(G)
we know k1(G) ≤ δ(G)
⇒ k1(G) = δ(G)

2



Graph Theory I Homework II-5 by 游舜婷 
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Graph Theory I Homework II-6 by 林逸軒 

 

6. Let G 3 - regular graph which is of 

diameter 2 and κ(G)＝3.  

Prove or disprove that |E(G)|≦10.  

 

Sol: disprove 找到反例 

G1: |V(G1)|=8 

   |E(G1)|=12 

 

 

G2: |V(G2)|=10 

   |E(G2)|=15 

 

 

 

延伸證明|E(G)|≦10 ＝＞ |V(G)|≦15 

 

Prove: Suppose not |V(G)|＞10。 



∵G is 3–regular ∴|V(G)|必為偶數。 

     

現在對點v做討論，∵diameter 2 ∴若存

在 2 點u,v沒有邊相連，則必存在一點vi 

使得u～G vi and v～G vi。 

 
但|N(N(v))\{v}|≦6，(如圖) 

 

 

       v1

 

  v    v2

 

       v3

當|V(G)|≧12，則必存在一點 k， 

使得 d(k,v)＞2。  

(|{v}|+|N(v)|+ |N(N(v))\{v}|≦1+3+6＝10) 



Graph Theory I Homework II-7 by 陳巧玲 
7. Find as many classes of G as possible in which k(G)=k1(G). 
<sol> 
I find some classes: 
 
<Thm1>If G is a simple graph with △(G) ≤ 3,then k(G)=k1(G). 
<pf> 
For k(G)≤ k1(G), 
Now, we want to prove k(G)≤ k1(G). 

Let S is the vertex cut that∣S∣=k(G) and ∈vi S. 

Let =  are components of G-S H1 H2

For deg( ) 3,each  ahs neighbors in  at most 2. vi ≤ vi Hi

We have some cases to discuss: 

(1)  has two neighbors in , this implies  has only one neighbor  in  vi H1 vi u1 H2

  Then cut the edge      vu 11

(2)  has two neighbors in  , this implies  has only one neighbor a in . vi H2 vi H1

  Then cut the edge . va i1

(3) The last case is that E(G) ∈vv ji ∈vv ji and S 

   ( )=1= ( ) ( )=1= ( ) deg
1H vi deg

2H vi deg
1H vj deg

2H vj

   Then cut the edges to  for each  H1 vi

By (1) (2) (3), we can conclude that edges we cut is equal to  ∣S∣=k(G). 

And these edges can separate G into many components. Hence , k(G)=k1(G). 
 

So, W={ }3  (G)△simpleisGG ≤  is a class. 

 
 



 
 

<Thm2> k1(K )=min｛m,n｝. n,m

<pf> 
Let X and Y are partite sets . 

｜X｜=m ｜Y｜=n and an edge cut is an edge set of the form [S, ],where   
−

S

｜S X｜=a and ｜S Y｜=b  1I I ≤ a+b≤ m+n-1 

Then ｜[S, ]｜=a(n-b)+b(m-a) the minimize: 
−

S

If b=0 ,take a=｜[S, ]｜=n 
−

S

If b>0 ｜[S, ]｜=a(n-2b)+bm 
−

S

Take b=1 a=0 →｜[S, ]｜=m 
−

S

Hence, k1( )=min｛m ,n｝ K n,m

 

By the way, k( )=min｛m ,n｝ K n,m

So, k1( )=min｛m ,n｝=k(K ) K n,m n,m

<Thm3> 
If G is simple and δ(G) 2)G(n −≥ ,then k(G)= δ(G). 
<pf> 
(1) 

Letδ(G)=n-1 ,then G=Kn  

So, k(G)=n-1=δ(G). 
(2) 
Ifδ(G)=n-2 

Let deg( )=δ(G)=n-2 v1

This means we have V(G) ∈vi

s.t E(G) i=2,3….n-1 ∈vv i1 )G(Evv n1 ∉  



For deg( )  i=2,3….n-1 vi 2n −≥

This implies the vertices adjacent to   are either  j=2,3….n-1 ivi vj ≠ j  or  vn

Moreover, deg( )  and vn 2n −≥ )G(Evv n1 ∉ ,this implies ∈vv i1 E(G) i=2,3….n-1 

i.e  and  have common neighbors  k=2,3….n-1 vi vn vk

So,  i=2,3….n-1 are vertex-disjoint paths and the numbers of these paths are 

maximum. Hence, by Menger＇s theorem the maximum number of vertex-disjoint paths 

n-2 are equal to the minimum number of vertices that separates  and . 

vvv ni1

vi vn

So, k(G)  = δ(G).  2)G(n −≥
By (1),(2) ,we can conclude that if G is simple and δ(G) 2)G(n −≥ ,then  
k(G)= δ(G). 
 
By the way, k(G)≦k1(G) ≦δ(G). 
So,k(G)=k1(G). 
 
So, we can construct another class R={ G｜G is simple and δ(G) }. 2)G(n −≥
 
 
  
 
 

    

    
 



Graph Theory I Homework II-8 by 曾慧棻

Problem 8. Show that Theorem 4.2.23 is best possible by constructing
for each k, a k-connected graph having k +1 vertices that do not lie on
a cycle.
Proof. We take Kk,k+1 to discuss. Since Kk,k+1 is k-connected with
k ≥ 2, and we can find any k vertices in a cycle. If we pick k+1 vertices
in (k + 1)-vertex part, we can’t find a cycle including them, i.e.,there
exists k+1 vertices that don’t lie on a cycle. We have done.

1



Graph Theory I Homework II-9 by 劉宜君 
 
 

9.For , let ( )S V G⊆ ( ) [ , ]d S S S= . Let X and Y be nonempty proper vertex subsrt 

of G.. Prove that .          ( ) ( ) ( ) (d X Y d X Y d X d Y∩ + ∪ ≤ + ) ( ) 3d S =

  

Pf. ( ) { } { } { } { }X Y V G X Y X Y Y X X Y∩ = − ∩ = − ∪ − ∪ ∩        S       S  

    ( ) [ ] [ ], , ,d X Y d X Y X Y d X Y Y X d X Y X Y⎡ ⎤∩ = ∩ − + ∩ − + ∩ ∩⎣ ⎦  

     X Y X Y∪ = ∩                           

     ( ) , , ,d X Y d X Y X Y d X Y Y X d X Y X Y⎡ ⎤ ⎡ ⎤ ⎡∪ = ∩ − + ∩ − + ∩ ∩⎣ ⎦ ⎣ ⎦ ⎣ ⎤⎦  

     ( ) ( )X Y X X Y= − ∪ ∩             

[ ]
[ ] [ ]

( ) , ,

, , ,

d X d Y X X d X Y X

d Y X X Y d Y X X Y d X Y X Y d X Y X Y

⎡ ⎤= − + ∩⎣ ⎦

,⎡ ⎤ ⎡= − ∩ + − − + ∩ ∩ + ∩ − ⎤⎣ ⎦ ⎣

[
⎦

]
[ ] [ ]

( ) , ,

, , , ,

d Y d X Y Y d X Y Y

d X Y X Y d X Y Y X d X Y X Y d X Y Y X

⎡ ⎤= − + ∩⎣ ⎦
⎡ ⎤ ⎡ ⎤= − ∩ + − − + ∩ ∩ + ∪ −⎣ ⎦ ⎣ ⎦

( ) [ ]( ) ( ) ( ) 2 ,d X Y d X Y d X d Y d X Y Y X⇒ ∪ + ∩ = + + − −  

     ( ) ( ) ( ) (d X Y d X Y d X d Y⇒ ∪ + ∩ ≤ + )

     “=” when [ ], 0d X Y Y X− − =  



Graph Theory I, Homework II-10, by 李柏瑩 
  

Mader's theorem:  

If z is a vertex of a graph G such that (z) degG
∉{0,1,3}& z is incident 

to no cut –edge, then z has neighbors x and y such that  

G xz yz xyκ − − +
(u,v)=

Gκ (u,v)  , ( ) {u v V G z∀ ∈ − }

 

Nash-Williams’ Orientation Theorem: 
Every 2k-edge-connected graph has a k edge connected orientation. 
Proof: Let G be a 2k-edge-connected graph  

By induction on G  

If G  =2 

Let V(G)={x,y} 
⇒x,y joined by at least 2kedges (since G is 2k-edge-connected) 
⇒orient at least k in each direction. 

If G >2 

我們透過扣邊的過程得到新的圖 such that  is minimally 

2k-edge-connected graph.  

1G 1G

1
( ) 2kGδ⇒ =  (By Exercise 4.2.37) 

i.e. z∈ such that 1G
1
( ) {0,1,3}degG
z ∉  

By Mader's theorem  

⇒ ∃  distinct x,y∈  G  

such that
1

' xz yz xyGκ − − +
(u,v)= (u,v)

1
'Gκ ∀ u,v∈V( )-{z}  1G

Let  = -xz-yz+xy 2G 1G



⇒ 2G  is 2k-edge connected and (z)=2k-2 
2Gdeg

By Mader's theorem  

⇒ ∃  distinct ', 'x y ∈ 2
, ( ) {u v V zG∀ ∈ − }

2
'

 

such that '' ' 'x z y z x yGκ − − +
2

(u,v)= 'Gκ (u,v) ∀ u,v∈V( )-{z} 2G

Continue this process,we will obtain 1kG +
 is 2k-edge-connected and 

1

( ) 0deg
k

z
G +

=  

Now, we consider = (V ( )\{z}, E ( )) G' k+1G k+1G

⇒ ' 1G G= − < G  

By the induction hypothesis, has a k-edge connected orientation. G'
Orient G by replacing each shortcut edge uv with the path u,z,v or v,z,u , 

Oriented consistently with uv in  G'

For X≠ {z},lifting uv preserves d(X)= ,X X k⎡ ⎤ ≥⎣ ⎦  in the orientation; the 

only edge lost is uv , and if uv leaves X , then uz or zv is a new edge 
leaving X, depending on whether z∈X 
The set X={z} itself reaches d(X)=k after all k lifts. 
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