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Graph Theory | Homework I1-5 by % k3%
2. Prove the a-b version of Menger’s Theorem.
Menger’s Theorem(a-b version) :
The maximum number of vertex-disjoint paths between
a and b is equal to the minimum number of vertices that
separates a and b.
pf :
Conder ab ¢ E(G).
Note : If there exist k vertex-disjoint paths between
a and b, then for each separating set S of a and b,
S| > k.
First, if a and b are in distinct components of G, then the
Assertion is clearly true.
So let the graph G we consider be connected.
We claim that the number of vertex-disjoint paths between

a and b is equal to the minimum number of vertices that

separates a from b. (Let this number be n.)

Clearly, n =1 is true.

Let S,(a,b) denote the statement that the minimum a-b



separator is of size n.

Assume that our claim is not true.

Then there is a smallest integer m( > 2) such that S,,(a,b)

IS true but there are fewer than m disjoint a-b paths.

Among all such counterexamples G of minimum order, let

H be the one with minimum size.

Then H has the following properties :

(1) If vov, € E(H—{a,b}), then there exists a set U such
that |[U|=m—1and U U {v;} is an a-b separator for
i=1,2.

(2) For any w ¢{a,b} in H, not both aw and bw in H.

(3) If {wy, Wy, ..., Wy} Is an a-b separator, then either
{aw;|i=1,2,....m} c E(H) or {bw;|i=1,2,....m} < E(H).

Let P be a shortest a-b path in H.

By (2), the length of P is at least 3.

Let P =<a, uy, Uy, ..., b>, where uy, U, # b, uy# Us.

By (1), 3 U of size m—1s.t UU{u;} s an a-b separator for

i=12.

Since au; € E(H) but bu; ¢ E(H) (by (2)), UU {u;} < Nx(a) (by (3)).



By (2), V x € U, xb ¢ E(H).
= UU{u,} < Nu(a) (by (3)).
= al, € E(H)

= P is not a shortest a-b path in H. (—<«)

(Another method)
Menger’s Theorem(a-b version) :
If a,b are vertices of a graph G and ab ¢ E(G), then the
minimum size of an a,b-cut equals the maximum number
of pairwise internally disjoint a,b-paths.
pf :
Let the minimum size of an a,b-cut be x (a,b) and the
maximum number of pairwise internally disjoint a,b-paths
be A (a,b).
Since an a,b-cut must contain an internal vertex from each
path in a set of pariwise internally disjoint a,b-paths and
these vertices must be distinct, so « (a,b) > A (a,b).
Let k =« g(a,b).

Our goal : To find k pairwise internally disjoint a,b-paths.



By induction on |G].
(1) 1G] =2
Since ab ¢ E(G), « (a,b) = A (a,b) = 0.
(2) |G| > 2
Case 1. 3 a minimum a,b-cut S, S # Ng(a), Ng(b).
Let V, be the set of vertices on a,S-paths, and
let V;, be the set of vertices on S,b-paths.
Claim : S=V;N V..
Since S is a minimal a,b-cut, every vertex of S lies
on an a,b-path.
=ScVNV..
If x € (V1:MV,)—S, then there exists a a-...-X-...-b path
and all vertices of the path don’t belong to S. (—«)
Hence S =V, V..
Leta’ e V;\Sandb’ € V,\S.
Define H, = a,S-paths U {sb’ | se S}, and
H, = S,b-paths U {a’s | s€S}.
Since every a,b’-cut in Hy is an a,b-cut in G, we have

K Hl(a,b’) = k.



Similarly, x y2(a’,b) =k.
Since S = Ng(a), Ng(b), | Ha|)| Ha < |G|.
By induction hypothesis, A n1(a,b”) =k = A 42(a’,b).
Since V; MV, =S, deleting b’ from the k a-b’ paths in
H, and deleting a’ from the k a’-b paths in H, yield the
desired a,S-paths and S,b-paths in G.
Case 2. Every minimum a,b-cut S is Ng(a) or Ng(b).
(1) If there exists a vertex v € V(G) \ ( Ng[a] or Ng[b]),
thenv ¢ S.
= K g-v(a,b) =k
By induction hypothesis, A ¢ (a,b) = k.
= Ags(ab) =k
(2) If there exists a vertex u € Ng(a) M Ng(b), thenu € S.
K c-v(ab)=k—1.
By induction hypothesis, A gy (a,0) = k—1.
= As(ab) =k
(3) Assume that G = Ng[a] U Ng[b].
Let G” = (Ng(a),Ns(b)) and E(G’) = [Ng(a),Ns(b)].

Since every a,b-path in G uses some edges from Ng(a)



to Ng(b), the a,b-cuts in G are the vertex cover of G’.
= B(G) =k

By Konig’s Theorem, o ’(G’) = k.

= As(ab) =k

Then we complete the proof. [ ]



Graph Theory I Homework I1-4 by i 45 44

4. Prove that for almost all graphs G, §(G) = k1(G)

Proof. .

(1) By theorem: for almost all graphs G, diam = 2
(2) claim: If diam(G) = 2, then 6(G) = ki1(G)
<pf>
Let d(S) =| [S,5] |, VS C V(G) Let | [S,S] | be
a mini. edge cut with | S |<] (9) |
= | [, 5] |= k1(G) < 0(G)

(a.)

claim: every vertex of S has neighbor in S
<pf>

assume Jvy € S with N(vg) NS =0

= deg(v) = d(vg) <| S| -1

-l S|L|S|and | S|+ |S|=n

SIS]S T = deglun) <| S| —1<2-1<1
= 0(G) <5 ...(x1)

o diam(G) = 2

. every vertex of S has a neighbor in S (if
Jug € S with N(ug) NS, then d(vy,ug) >
2 —><—)

= 1< §<|[S,5] |= ()

2_ —

but we know §(G) > k1 (G) —«

claim: §(G) = k1(G)

<pf>

by (a) = | S |<| [S,S] |= k1(G) < 0(G). .. (*2)
S L 6(G)


slan
印章


Yo eS| Nw)NS|[>6G)—(S|-1) =
3(G)— 18| +1
= k(G) 2| S| (0(G)= [ 5] +1)
R (G) < 0(G)
20(G) 2 ki (G) 2 ST (6(G)— [ 5] +1)
= ([ S1-1)(6(G) =5) <0
:>|S\—101"\S > §(
by (*2) =| S |< 4G
|S|=1or|S|=6(G)

G)
)

Case 1: If | S |=0(G)
| S |=6(G) and k1 (G) < 6(G)
k(G) <] S|
By (a) and k1(G) <| S|
= ki (G) =| S|
1S = 0(G)
- ki(G) =6(G)

Case 2: If | S |=1
| S |=1,say S = {v}
k(@) > deglv) > 5(C)
we know k1 (G) < §(G)
= k1(G) = (Q)
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5. Let G be an n-connected graph where n > 2.
prove that the join of G and K, is (n+1)-connected.

pf : Let H =G Vv K, and V (K,) ={v}

Suppose H is not (n+1)-connected

Let ScV(H) be a cut set with |S|<n

<casel> If veS
since H=Gv K,
= VYueV(H-(Su{v})), uis adjacent to v
= H-Sisconnected (—«)

<case2> If vg$s

Let S ={v}US"

Since G is n-connected and |S|<n

= |S'|Kn-1

-.G-S"Iis connected................... Q)

Consider H-S =[H -{v}]-S'=G-S"

By (1) we have H -S is connected (—<«)
Hence by <casel> and <case2> we have
H=GvK,is (n+1)-connected



Graph Theory | Homework 11-6 by +f ik #F

6. Let G 3 - regular graph which 1s of
diameter 2 and x (G)=3.
Prove or disprove that [E(G)I=10.

Sol: disprove F%Z[" 7]
G IV(G)I=8
IE(G)I=12

Gz IV(G2)I=10
IE(G2)I=15

JHAFEIEGI=10 => IV(G)I=15

Prove: Suppose not [V(G)I> 10 -



Gis 3 - regular . IV(G)IHEE ﬁE\ﬁEl{T 0

i ’%]L%!TV fﬁ% " diameter 2 .. F | T
o 2 B AL B e B
fFB fHu~cviand v~qvi

VieN(V),i = 1.2.5.

[HINONOOM V=6 > (YD

V1

V3

HIVGIZ12 » Bl - Bk
i dik,v)>2 b
({v N INNEN V= 143+6=10)
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7. Find as many classes of G as possible in which k(G)=k1(G).
<sol>

I find some classes:

<Thm1>If G is a simple graph with A(G) < 3,then k(G)=k1(G).
<pf>

For k(G)<k1(G),

Now, we want to prove k(G) < k1(G).

Let S is the vertex cut that | S | =k(G) and \/, €S.
Let H,=H, are components of G-S

For deg(\/;)<3,each y/, ahsneighborsin |, atmost 2.
We have some cases to discuss:

(1) v, has two neighbors in H,, this implies \/, has only one neighbor y, in H,
Then cut the edge U, V,

(2 V; has two neighbors in H2 , this implies \/; has only one neighbor a in Hl.
Then cut the edge @, V-

(3) The last case is that \/,\/,€E(G) v,andy, €S
deg, (v)=1=deg, (v) deg, (v)=1=deg, (v,

Then cut the edges to |, foreach

By (1) (2) (3), we can conclude that edges we cutisequalto | S | =k(G).
And these edges can separate G into many components. Hence , K(G)=k1(G).

So,W={G|Gis simple A(G)<3 } isaclass.



<Thm2>k1(K, ,)=min {mn} .

<pf>
Let X and Y are partite sets .

| X | =m | Y | =nand an edge cut is an edge set of the form [S,é],where

| SOX | =aand | SNY |=b 1<atb<m+n-1

Then | [S,é] | =a(n-b)+b(m-a) the minimize:
If b=0 ,take a= | [S,S] | =n
Ifb>0 | [S,S] | =a(n-2b)+bm

Take b=1a=0 — | [S,é] | =m

Hence, k1( Km'n )=min {m,n}

By the way, k(K , ,)=min {m n}

So, kKI(K,, ,)=min {m,n} =k(K, )

<Thm3>

If Gissimpleand & (G)>n(G)—2,thenk(G)= & (G).
<pf>

1)

Let 5 (G)=n-1 then G= K |

So, k(G)=n-1=¢ (G).

2)
If 5 (G)=n-2

Let deg(\/,)=06 (G)=n-2
This means we have \/, € V(G)

st V,V,€EG)i=23--n-1 \,V, 2E(G)



Fordeg(y,)=Nn—-2 i=2,3---.n-1

This implies the vertices adjacent to \/; are either V; F2,3--n-11#) or V,
Moreover, deg(\/,)=N—2 and \/,V, € E(G),this implies \/,\/, €E(G) i=2,3-*.n-1
Le \/;, and \/, have common neighbors \/, k=2,3---.n-1

So, V,V,;V, 1=2,3---.n-1 are vertex-disjoint paths and the numbers of these paths are
maximum. Hence, by Menger s theorem the maximum number of vertex-disjoint paths
n-2 are equal to the minimum number of vertices that separates \/, and V/,.

S0.k(G)=n(G)-2 = 5(G).
By (1),(2) ,we can conclude that if G is simple and & (G)>n(G)—2 ,then
k(G)= ¢ (G).

By the way, k(G)=k1(G) = 6 (G).
So,k(G)=k1(G).

So, we can construct another class R={ G | G is simple and & (G)>n(G)-2}.



Graph Theory I Homework II-8 by &Z2Z:

Problem 8. Show that Theorem 4.2.23 is best possible by constructing
for each k, a k-connected graph having k + 1 vertices that do not lie on
a cycle.

Proof. We take K} ;1) to discuss. Since K} ;11 is k-connected with
k > 2, and we can find any k vertices in a cycle. If we pick k+1 vertices
in (k + 1)-vertex part, we can’t find a cycle including them, i.e.,there
exists k+1 vertices that don’t lie on a cycle. We have done. ]
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9.For ScV(G), let d(S)= ‘[S,g]‘ . Let X and Y be nonempty proper vertex subsrt

of G.. Prove that d(X nY)+d(X uY)<d(X)+d(Y). d(S)=3
IS 2 S
AL
|
T
Pf. X AY =V (G)—{X nY}={X —Y}IU{Y - XJu{X nY} S S

d(XAY)=d[X Y, X=Y]+d[XAY,Y = X]+d| X Y, X Y]

K-
e

“q

:)q

XUY=XAY L

'“*\1 I

d(XUY)=d[ XY, X =Y |+d[ X AY,Y =X [+d[ XY, X Y |

Y Y
o G
— (Y =X)UX AY) ol

d(X)=d[Y -X,X]+d[ X AY,X |

b"qlw
~:|‘r‘~:

=d[Y =X, X AY]+d[Y =X, X =Y]+d[ X AY, X AY [+d][ X AY, X - |
d(Y)=d[X-Y,Y]+d[ XYY ]
=d[X =Y, X AY]+d[X =YY =X]+d[ X AY, X AY [+d| X UY,Y =X |

=d(XUY)+d(X nY)=d(X)+d(Y)+2d[X -Y,Y = X]
=d(XUY)+d(X NY)<d(X)+d(Y)

=" when d[X-Y,Y-X]=0
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Mader's theorem:

If z is a vertex of a graph G such that degG (z2) ¢{0,1,3}& zis incident

to no cut —edge, then z has neighbors x and y such that

KG—xz—nyy (U,V): Ko (U,V) Vu,veV (G) _{Z}

Nash-Williams’ Orientation Theorem:

Every 2k-edge-connected graph has a k edge connected orientation.
Proof: Let G be a 2k-edge-connected graph

By induction on |G|
Ifjg| =2

Let V(G)={x,y}
=X,y joined by at least 2kedges (since G is 2k-edge-connected)
= orient at least k in each direction.

If |G|>2

5 LA EA R PV PO G such that G, is minimally
2k-edge-connected graph.
= 6(G) =2k (By Exercise 4.2.37)

i.e. ze (5, such that degG (z) ¢{0,1,3}

By Mader's theorem

=3 distinct x,ye |G|
suchthatge' . (UV)=g'q (UV)VUVeV(G,)-{z}

Let G, = G,-Xz-yz+xy



= G, Is 2k-edge connected and degGZ (2)=2k-2

By Mader's theorem

=3 distinct x'y'evu,veV(G,)-{z}

such that K'G ryacy (u,v):Kle(u,v) vuveV(G,)-{z}
Continue this process,we will obtain G, , is 2k-edge-connected and
deg; (-0

Now, we consider G' =(V (G, )Mz}, E(G,.,)

=G| =|G|-1<|g]

By the induction hypothesis, (G' has a k-edge connected orientation.

Orient G by replacing each shortcut edge uv with the path u,z,v or v,z,u,

Oriented consistently with uvin G'

For X = {z},lifting uv preserves d(X)=‘[x Y] >k in the orientation; the

only edge lost is uv , and if uv leaves X, then uz or zv is a new edge
leaving X, depending on whether ze X
The set X={z} itself reaches d(X)=k after all k lifts.
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