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r,k,\) design. Prove that

(a) both )‘”]511_11) and ’\kv((k”__ll)) are positive intager ;

(b) bk=vr and r(k — 1) = A(v — 1) ; and

(c)b>w
pf:

we use two way counting
X — B : there are v objects and they ocuur r times, total objects is vr
B — X : there are b blocks and their sizes are k, it implies bk. Thus, vr=Dbk.
Done.

Fixed a point vy,
X — B : fixed y, there are v-1 objects, and each pair of distinct objects in
X occur together in A blocks, thus (v — 1)A.
B — X : fixed y, some blocks’ size are k-1, and other objects appear r times,
thus, r(k-1). Then A(v — 1) = r(k — 1). Done.

Since A(v — 1) = r(k — 1), i.e, r:’\(k”:f), because r := z € X occurs "1r”
times. Thus r is positive integer. Done.

If we choose two objects in X, (;) choices, and each pair of distinct objects

in X occur together in A\ blocks, we have )\(g) choices. On other hand, if we

1.Let (X,B) bea 2— (v,b
1

choose two objects in B, (’;) choices, and we have b blocks, thus b(g) choices.

Then )\(g) =b (’;) Jle, b:)\(2) ==l o positive integer, since b is number of

()~ HeD
blocks. Done.

(c) Given a definition: The incidence matrix of a (v, b, 7, k, A) design is a
b x v matrix A = (a;;) defined by

1 if the ith block contain the jth element

Qij= .

0 otherwise
And we show that if A is the incidence matrix of a (v, k, A) design then
ATA=(r = NI+ \J
where A7 denote the transpose of A | I is the v x v identity matrix and J is
the v X v matrix which every entry is 1.
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Since AT is v x b matrix, ATA is v x v matrix. The (i,j) entry of AT A is
the scalar product if the i row of AT and j column of A.
If i=j, the number of blocks containing ith object, a; = r
If i # j, the number of blocks containing ith object,
and the number of blocks containing jth object, thus, a;;= the number of the
pair (i,j) occur together, we obtain a;; = .

Then we obtain

A A AT
Ao A

ATA=(r=NI+M=[A A r A
A A A

Next, we show that in any (v, k, \) design, b > v
Let A be the incidence matrix, we first show that det(AT A) is non-zero.

fr A A e A ] [ r A A A
ArooA A A—r r—XA 0 0
det(ATA)=det(|A X r - X |)=det(|A=r 0 r—=X . 0
A A A ] A—r 0 0 - r—=2A
r+(v—1DA A Ao X ]
FeA 0 0
= det( 0 0O r—X . 0 )=(r+(w—1)A)(r—X)"!
0 0 0 cee T =

Since r(k — 1) = AMv — 1), det(ATT)= (r + (v — D)X)(r — A)*~!
=(r+rlk—=1)0r =\t =rk(r — X!

And since r(k — 1) = AMv — 1), we know k < v, we obtain r > A.
Hence, det(ATA) # 0.

By theorem, AT A is v x v matrix, the det(AT A) is nonzero iff ATA is
invertible. Since AT A is invertible, rank(AT A) = v.

Since rank(AT A) < rank(AT) = rank(A) and rank(A) < b (since A has
b rows), we obtain v = rank(ATA) < rank(A) < b, it implies v < b. We
have done.
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2.Find the 5-truples(v, b, r, k, A ) such that (a) and (b) in 1 hold, but no 2-(v, b, r, k, 1)
design exist.

By Bruck—Ryser—Chowla Theorem, we know that in a symmetric (v, k, A )-design , if v

v-1
is even, then k- A is a square; if v is odd, then the equation 2% = (k —2)x* +(=1) 2 Ay?

has a soluction 1n integers , X, y, z not all zero.

AV=D L aw-D=r(k-1) ,and b=2YV=D
k-1 k(k-1)

check bk=vr ~ A(v-1)=r(k-1) and beN

And since , SO we only

(1) Choose (v, b, r, k, A)=(22, 22,7, 7, 2)
Satisfy bk =vr ~ A(v-1)=r(k-1) and beN
But 222N, and k-4 =5is not square.
= 2-(22, 22,7, 7, 2) design is not exist.

(2) Choose (v, b, r, k, A )=(46, 46, 10, 10, 2)
Satisfy bk =vr ~ A(v-1)=r(k-1) and beN
But v=46€2N,and k—A=8is not square.
= 2-(46, 46, 10, 10, 2) design is not exist.

(3) Choose (v, b, r, k, A)=(34, 34,12, 12, 4)
Satisfy bk =vr ~ A(v-1)=r(k-1) and beN
But v=34e2N,and k-4 =8is not square.
= 2-(34, 34, 12, 12, 4) design is not exist.
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3. For each prime power g, construct a 2-(q*+q+1, q+1, 1) design
and a 2-(q°, q, 1) design.
(sol)
Note -
(1) A 2-(q*+q+1, g+1, 1) design with q > 2 is called a
projective plane of order q.
(2) A 2-(q°, q, 1) design with q > 2 is called an
affine plane of order q.
1. Construct a 2-(q%, q, 1) design :
Define X =Z7q x Zq.
For any a,b € Zq, define a block B,, = {(x,y) €eX |y = ax + b}.
For any ¢ € Zq, define a block B, = {(c,y) eX |y € Zq}.
Define B = {B,, | a,b € Zq} U {B.. | c € Zq}.
Claim : (X,B) is a 2-(q%, q, 1) design.
Clearly, there are q° elements in X and each block contains
exactly q elements.

Let (X19y1)9 (X27y2) EX'

(1) If x; = x5, then the unique block containing the pair



{(X17y1)3 (X29y2)} iS Boo,xl-

(2) If x; # x,, then consider

Goal : Show that this system of equations has a unique
solution for a and b.

@ A —y—y=axi—x).
Since X; # Xp, a = (X —Xz)-l(}ﬁ —Y2).
=b=y —ax;=y;— (x| — %) (y1 —y2)Xi.
Therefore, the unique block containing the pair
{(X1,Y1), (X2,y2)} is By, where a = (x;—x,) " (y1 —y2),
b=yi—(xi—x2)  (yi—y2)x1.

By (1) & (2), each pair of elements is contained in

a unique block.

Then (X,B) is a 2-(q, q, 1) design.

Note -
VieZq,letni = {Bip|b e Zq} and ngy1 = {Bc | ¢ € Zq}.

Then m;, m,, ..., mq.; are q+1 parallel classes of (X,B).



2. Construct a 2-(q*+q+1, g+1, 1) design :
By 1, there is a 2-(q2, q, 1) design (X,B) and =, my, ..., g
are q+1 parallel classes of (X,B).
Let vy, va, ..., Vgr1 € Xand V = {vy, vo, ..., Vgu1 .
Define X' =XUVand B'= {BU {v;}| Ben;, 1 <1< q+1} U {V}.
Claim : (X',B) is a 2-(q*+q+1, q+1, 1) design.
Clearly, there are q°+q+1 elemenys in X’ and each block
contain q+1 elements.
Letx,y € X".
(HIfxyeX
Since (X,B) is a 2-(q2, q, 1) design, x and y occur in
a unique block in B.
= x and y occur in a unique block in B'.
2) WLOG, x € Xandy € V
Let y = v;, then {x,y} < BU {v;}, where Bem; and
B is the unique block in 7; that contains x.
= x and y occur in a unique block in B’.
B)xyeV

Letx =vjandy = v;.



Then {x,y} < V.
= x and y occur in a unique block in B’.
By (1), (2) & (3), each pair of elements occurs in

a unique block.

Then (X',B’) is a 2-(q*+q+1, g+1, 1) design. [ ]
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4. Use recursive constructions to prove that for each v =10r3(mod6), an STS(v)

exists.

[proof]
v =1or3(mod6)

=V =1or3or7or9(mod12)

12k +1=2(6k —3)+7 =—=use v—2v+7 construction
12k +3=2(6k +1)+1 =—=use v—2v+1 construction
12k +1=2(6k +3)+1 =—=use v—2v+1 construction
12k +1=2(6k +1)+7 —=use v—2v+7 construction

v—2v+1 construction

(Fact 1) If Gis r-regularand »'(G) = A(G), then G can be decomposed into r

1-factors. (i.e. G has a 1-factorization.)

(Fact 2) Kom has a 1-factorization. (i’ 73 7% 2m-1 [ 1-factors.)

Claim If there exists an STS(v), then an STS(2v+1) exists.

X  CSTSD
v el vertices

Let X ={x,%, %} and Y ={y,,¥,,~-, ...} Where X and Y are disjoint.

} U Y R ERLE X, Y IR 2 HER T K

Let (X, B;) be an STS(v), Ky+1 be defined on Y.

Notice that v is odd. Thus Ky+1 has a 1-factorization.

Let the set of 1-factors be {F,,F,,---,F,}

Fori=1,2,...,v, use x; and F; to obtain VTH Ks's.

Let the collection of K3's obtained above be B,.



v 2v+1
Notice that (1) [Bs UBy| =| © |- Z+v. 1o 1
)37 T 2 )3

and (2) ¥x, yeXUY, {x,y} occursin at least one Ks of B; UB;.

By (1) and (2), we know that A=1.
Let X =XUY, B=B1UBy, (X, B) isan STS(2v+1).

v—2Vv+7 construction

difference
(Definition) G(D,v) =y {{x, y}e E(G)|[x~y| D} where Dc {12&}

(Stern & Lenz Theorem) Consider K,. Let D be a set of differences s.t. 3 deD, and

v is even. Then G(D,v) is of class 1, and thus 1-factorizable.
ged(d,v)

(Corollary) If v is even and %e D, then G(D,v) is 1-factorizable.

Claim If there exists an STS(v), then an STS(2v+7) exists.

X FUSSELRLE Y RIFRLE) X, Y VR 2 HIR R K,
} Kua7 [I' 15559 v+6 ffif 1-factors, [E X fl1f1E) v Eﬁ&ﬂ Sufiel
Y

Y e SRl e WA Kg_(ElﬁF.Jﬁ v {[& 1-factors Hikl+)
Let X ={x,%,,---,%,} and Y ={y,,¥,,-,V,,»] Where X and Y are disjoint.

LY

Let (X, B;) be an STS(v), Ky+7 be defined on Y.

Since v +7 is even, difference set :{1,2, .. ﬂ}

2
Let G, =G({L,2,3},v+7).Thus G, can be decomposed into Ks's. «+++=+---- *)
U ey
Y2 (_b .
Y e *Ys
Vs

Kw\G,=G(D,v+7) where D ={4,5,6,---,%}



Since V+7eD,

by the above corollary, G(D,v+7) has a 1-factorization {F,F,,---

Similarly to v—2v+1 construction,
fori=1,2,...,v, use x; and F; to obtain % Ks's, weeeeeeeenes (**)

Let the collection of Ks's obtained by (*) and (**) be B..

2 3
and (2) vx, yeXuY, {X, y} occurs in at least one K3 of B; UB,.

v 2v+7
Notice that (1) |B1UB2|:(ZJ-%+(V+7)+V-%:( J.l,

By (1) and (2), we know that A=1.

Let X = XUY, B =B;UBy, (X, B) is an STS(2v+7).
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5. Use direct constructions to prove that an STS(v) exists for each
v=1or 3 (mod 6)

Definition

Let H={H,,H,H,,...H_}

={{0,1},{2,3},{4,5},...,{2m—-2,2m -1} }

A latin square with holes H is latin square of order 2m which

has the following properties :

(M. Vi, jeH,, 0<I<m-1, the (i, J) position of the latin square
is empty (i, DELE [ 1AL )

(2). put the symbols belong to Z,. . in nonempty position of the
latin square such that each symbol occurs exactly once in each
row and column (Tii_:flﬁ'flﬂfjﬁjf‘%fﬁflIElfJZZm?U:;fa ==
5[5 7 Fdi SR )
and if ieH, , 0<I<m-1, i doesn't appear in the ith
row and the ith column

Theorem

For all m> 3, there exists a commutative latin square with
holes H = {{0,1},{2,3},{4,5},....,2m=2,2m—1} }

Pf: <Casel> 6m+1 constructions, m=3

m=1, X=Z, , B={{0,1,3}+i (mod 7)|ieZ,}
= STS(7) exists

m=2, X=2Z, , B={{0,1,4}+i,{0,2,7} +i (mod 13)|[ieZ,}
= STS(13) exists



When m >3, we use 6m+1 construction

Let X = {oo} UA UA UA,
where A ={a, |[ieZ, }
A=blieZ,}
A={lieZ,,}
(1 {OO}U{aZj9a2j+1}u{b2j9b2j+1}u{czj9C2j+1} , VieZ,,
= We can construct m STS(7)
— there are 7m triangles
(2) Since m >3, by theorem there exists a commutative latin square
L of order 2m with holes H ={{0,1},{2,3},...,{2m—-2,2m—1}}
If L(, )=k, then let {a,a;,b}, {b,b;,c}, {C,C;,a,} be three
triangle in the system
Since L is of order 2m and commutative with m 2x2 holes

(2m)2 -22m 2

there are *3=6m~ -6m triangles

Let the collection of triangles obtained above from (1) and (2) be B

we have |B |:7m+6m2 _6m=6m2+m
there are [6m2+ 1) =3m(6m+1) pairs

By the definition of L, we can easily know that each pair
occurs exactly in one triangle of B
= A=1



(. L is a commutative latin square of order 2m with m

2x2 holes
..the triangles constructed from (1) and (2) won't have

common edge
Moreover, any two triangles constructed from (2) won't

have common edge)
Hence (X,B) is an STS(6m+1)

<Case2> 6m+3 constructions, m=3

m=1,X=27, ,
B ={{0,1,2},4{3,4,5},{6,7,8}
{0,3,6},{1,4,7},{2,5,8}
{0,4,8},41,5,6},{2,3,7}
{0,5,7},41,3,8},{2,4,6}}
= STS(13) exists
m=2, X=1{1,2,3,...,15}
B=1{{1,2,3},{4,8,12},{5,10,14},{6,11,13},{7,9,15}
{1,4,5},{2,8,10},{3,13,15},{6,9,14},{7,11,12}
{1,6,7},{2,9,11},{3,12,14},{4,10,15},4{5,8,13}
{1,8,9},{2,12,15},43,5,6},{4,11,14},{7,10,13}
{1,10,11},4{2,13,14},43,4,7},45,9,12},{6,8,15}
{1,12,13},{2,4,6},{3,9,10},{5,11,15},{7,8,14}
{1,14,15},{2,5,7},43,8,11},{4,9,13},{6,10,12}
= STS(15) exists



When m >3, we use 6m -+ 3 construction
Lbet X =A UA UA
where A ={0,1,2,...,2m}
A ={2m+1,2m+2,...,4m,4m+1}
A ={4m+2,4m+3,..6m+1,6m+2}
(1) Let B, ={i,2m+1+1,4m+2+1}, 1€ Z
be the triangles in the system
= there are 2m+1 triangles
(2) For each pair a,be A , a=band i=1,2,3
define c e A
—=cCc=#a (mod 2m+1)and c=b (mod 2m+1)
Let {a,b,c} be triangles in the system
Since c#a (mod 2m+1)and c#b (mod 2m+1)
= triangles constructed from (2) won't have common
edge with the triangles constructed from (1)

2m+1

1(mod3) SUCh that 2c=a+b (mod 2m+1)

Claim: [ B=2m+1)(3m+1)

Let the collection of triangles obtained above from
(1) and (2) be B

2m+1
then |B|=2m+1+( 5 jx?)

=(2m+1)(2m+3)



Claim: »=1

Let A UA UA, bean 3x(2m+1) array

0 1 ) ) ) : 2m-1  2m
2m+1 2m+2 ) ) ) ) 4m 4m+1
_4m+2 4m+3 ) ) ) i 6m+1 6m+2_

(a).Consider the pair in the same column i
then the pair only occurs in the triple B,

(b).Consider the pair in the same row
then the pair only occurs in one triple which we constructed
from (2)

(c).Consider the pair in different row and different column
W.L.O.G. let a in one row and c in next row
= a#C (mod 2m+1)
this pair only occurs in the triple {a,b,c} where b is in the same
rowas a and a+b=2c (mod 2m+1)

by (a), (b) and (c) we have 4 =1

Thus (X,B) is an STS(6m +3)
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#6.
If there exist three differences in {1,2 ..... VT_l} a, b, ¢ such that

fi
B
J“})

1.a+b=cor2. a+b+c=0(mod V), then we have a starter obtained from

the above difference-triples {a, b, c}. Therefore, it suffices to partition

{1,2 ..... VT_l} into difference-triples.

Consider the following cases:
(1). 24k+1
(2). 24k+7
(3). 24k+13
(4). 24k+19
(5). 24k+3
(6). 24k+21
(7). 24k+9
(8). 24k+15

(1). 24k+1

(1,2,....12k) : set of differences

1,2,...,4k | 4k+1,...,12k
U
Skolem sequence of type A

{(a;,b,) ..., (@b, )}sth —a =i = (i,a,,b,) : difference —triples.
(2). 24k+7
(1.2,....12k +3) : set of differences

1,2,...,4k+1 | 4k+2,...,12k+3
U
Skolem sequence of type A

{(a;,b) -y (Agp1s D)} St D —a =1 = (i,a,,b,) : difference —triples.
(3). 24k+13
(1.2,...12k +6) : set of differences



1,2,...,4k+2 | 4k+3,...,12k+6
U 12k+6=12k+7
Skolen sequence of type B

{(@,b) s (g2 Py ) 3 St —a =1 and (a;,12k +7) for some |
=1.(Gi,a,b)if i # ]
2.(J,a;,12k +6) : difference —triples.
(4). 24k+19
(1.2,...12k +9) : set of differences

1,2,...,4k+3 | 4k+4,...,12k+9
U12k+9=12k+10
Skolem sequence of type B

{(a,b,) s (A3, Dai5)} STB —a; =1 and (a;,12k +10) for some |
=1.(%i,a,b)if i =]

2.(J,a;,12k +9) : difference —triples.

(5). 24k+3
(1.2,...12k +1) set of differences

Consider (i) a=b=c=8k+1 and
(i) <1,2,...,12k+1>\{8k+1}
1,2,...,4k | 4k+1,...,8K,8k+2,...,12k+1

e {4k+1,...,8k,8k+1,8k+2,...12k+1}: difference set i I'] &I

12k+1 s.t {4k+1,...,8k,8k+1,8k+2,...12k}: skolem sequence of type A.
Bl | {4k+1,...,8Kk,8k+2,...12k+1}f:l— | skolem sequence of type A.

{(al’ bl) 1ty (a4k ! b4k)} st bi o ai = I
=1.(1,a,b)
2.(8k +1,8k +1,8k +1) : difference —triples.
(6). 24k+21
(1,2....12k +10): set of differences



Consider (i) a=b=c=8k+7 and
(i) <1,2,...,12k+10>\{8k+7}
1,2,...,4k+3 | 4k+4,...,8k+6,8k+8,...,12k+10

EL{4k+4,...,8k+6,8k+7,8k+8,...12k+10}: difference set fi'I']

LT 1249 s.t {4k+4,...,12k+8,12k+10}: skolem sequence of type B.

Bl | {4k+4,...,8k+6,8k+8,...12k+10} 11— {[5' skolem sequence of

type B.
{(a, b)) s (A3, Daa) St —a; =i
=1.(1,a,,b,)

2.(8k + 7,8k + 7,8k + 7) : difference —triples.

(7). 24k+9
(12,...12k +4) : set of differences

Consider (i) a=b=c=8k+3 and

(ii) <1,2,...,12k+4>\{8k+3}
1,2,...,4k+1 | 4k+2,...,8k+2,8k+4,...,12k+4
Take the triples:
(1) (1,11k+4,11k+5)
(2) (2r+1,10k+2-r,10k+r+3) where 1<r<k
(3) (2k+3,10k+2,12k+4)
(4) (2k+2r+3,9k-r+2,11k+r+5) where 1<r<k-2
(5) (4k+1,6k+2,10k+3)
(6) (2r,6k+2-r,6k+2+r) where 1<r<2k
(7) (8k+3,8k+3,8k+3)

(8). 24k+15
(12,...12k +7): set of differences

Consider (i) a=b=c=8k+5 and

(i) <1,2,...,12k+7>\{8k+5}
1,2,...,4k+2 | 4k+2,...,8k+4,8Kk+6,...,12k+7
Take the triples:
(1)(1,11k+5,11k+6)




(2)(2r+1,6k+3-r,6k+r+4) where 1<r<2k
(3)(2,12k+6,12k+7)

(4)(2r,10k-r+5,10k+r+5) where 2<r<k-1
(5)(2k,8k+6,10k+6)
(6)(2k+2r,9k+6-r,11k+6+r) where 1<r<k-1
(7)(4k+2,6k+3,10k+5)

(8)(8k+5,8k+5,8k+5)



7. Foreachv = 3(mod 6) a KTS(v) exists. * 4 i
proof:
Theorem (Brouwer)
Vv =1(mod 3), v ¢{10,19}, a (v,{4,7},1) — design exists.
Fact : KTS(9) , KTS(15) exists.
(1) KTSO): (XD

X=1{1,2,-9]}

B=1{{1,2,3},{4,5,6},{7,8,9},
{1,4,7}1,{2,5,8},{3,6,9},
{1,6,8},{2,4,9},{3,5,7},
{1,5,9},{2,6,7},{3,4,8}}

(2.0 KTS2I1): (X.B)
X=1{al,2,--]7,11,12,13--,17}
B=1{{al1,11},{2,4,13},{3,7,15},{5,6,12},{14,16,17},
{a,2,12},{3,5,14},{4,1,16},{6,7,13},{15,17,11},
{a,3,13},{4,6,15},{5,2,17},{7,1,14},{16,11,12},
{a,4,14},{5,7,16},{6,3,11},{1,2,15},{17,12,13},
{a,5,15},{6,1,17},{7,4,12},{2,3,16},{11,13,14},

{a,6,16},{7,2,11},{1,5,13},{3,4,17},{12,14,15},



{a,7,17},{1,3,12},{2,6,14},{4,5,11},{13,15,16} }

Claim:v=6h+3=2(3h+1)+1 (h=3,61.e.3h+1+~10,19)
then KTS(v) exists

let X = {W,U;,U,,...;Uq 14V, Vo ooy Va1 }
let ({u,,.., Uy, .}, B,) is a (3h+1,{4,7}1) —design , whereB, ={B,....,.B,}
copy i iedef fi{u,,...,Usy 3>V Vg3 st f(u)=1(v,), Vi f(B;)=B;

let ({v,,---,Vs,,,},B,) is a (3h+1,{4,7}1) —design , whereB, ={B;....B;}

If |Bi| =4, B, :{ui,lvui,zvui,svui,4}

let (B, UB; U{w}, B }is a KTS(9) and {w,u, ,,v; } € B, V1<i<4
If |Bi|:7’Bi ={Ui1 Uiz Ui 7}

let (B, UB; U{w},B,}is a KTS(15) and {w,u; ,,v; }€ B, V1<i<7
=  Wecan partition B, — parallel classes B, ..., B, , if [B;| =4

(We can partition B, — parallel classes B, ,,..., B; , if [B;|=7)

Let B,= U _B

{w.u; v }Eﬁ,j

Vi<i<3h+1

i,j !

3h+1

> W, Uy, Uy o Ugeg Vi, Vs e, Va1 L By ) is @ KTS (V)

i=1



Claim: KTS(21),KTS(39) exist.

Theorem. Letq=p" =6m+1. Then a resolvable Steiner

triple system of order 3q exists.

g is a prime power = let p be a primitive element of GF(q)

A={0,,0,,0.}

B, ={p. 0" p;""},1<i<m,1<j<3
Ci,={p|™ P pi3"},1<i<m,1< j<3(mod3)
D.; ={p;.pii" P>}, 1<i<m,1< j<3(mod3)

The sets AB;;,C,;(1<i<m,1< j<3) form one resolution class

and the translates give afuther 6m classes.

Finally each Di,j with its translates give a futher resolution class;
so we obtain a futher 3m classes , giving 9m+1 in all.

BY THEOREM = KTS(21),KTS(39) EXIST!



Combinatorial Designs H.W (11) T geiF

8. Let v=3(mod6). Prove that K\, \ C,, can be decomposed into triangles
pf: Let D be a difference st of Ky, .

Casel :
V =24t+3, D={1,2,...,12t+1}
Since g.c.d(24t+3,12t+1)=1
the difference 12t+1 F'I?F it Cy
hence it sufficesto partition D ={1,2,...,12t}
nC{4t+1,41+2,...,12t} =8t = 2x4t
S {4t+1,4t142,...,12t} = {a;, b; 1 1< i < 4t}
is a Skolem sequence of type A
vi,bj-a =i 1l<i<4t and
(i, a;, b;) isadifference-triple of typel
hence K, \C, can be decomposed into triangles.

Case?2 :
V = 24t+9, D={1,2,...,12t+4}
Since g.c.d(24t+9,12t+4) =1
the difference 12t+4 Fl’iﬁf flit Cy
hence it suffices to partition D ={1,2,...,12t+3}
L {41+2,41+3,...,12t+3} =8t+2 = 2 x (4t+1)
C{4142,4143,...,12t+3} = {a; , b; : 1<i < 4t+1}
is a Skolem squence of type A
vi,bj-a =i 1<i<4t+l and
(i,a,b;) isadifference-triple of typel
hence K, \ C, can be decomposed into triangles.

Case3 :
V = 24t+15, D={1,2,...,12t+7}
Since g.c.d(24t+15,6t+4)=1
the difference 6t+4 F'lFbF it Cy
hence it sufficesto partition D ={1,2,...,12t+7}\ {6t+4}
. {41+3,4t+4,...,61+3,6t+5,...,12t+7} = 8t +4 = 2x (4t+2)
. {4143,4t+4,...,6t+3,61+5,...,12t+7} = fa; , b; : 1< i < 4t+2}
is a Skolem sequence of type B
vi,bj-a =i 1l<i<4t+2 and
(i,a,b;) isadifference-triple of typel
hence K, \C, can be decomposed into triangles.



Case4 :
V = 24t+21, D={1,2,...,12t+10}
Since g.c.d(24t+15,6t+5) =1
the difference 6t+5 F{lﬁf flit Cy
hence it sufficesto partition D ={1,2,...,12t+10}\ {6t+5}
. {4t+4,4t+45,...,6t+4,6t+6,...,12t+10} = 8t +6 = 2x (4t+3)
C{4t+4,4145, .., 6t+4,61+6,...,12t+10} = f; , b; : 1< i < 4t+3}
is a Skolem sequence of type B
vi,b-a =i 1<i<4t+3 and
(i, a,b;) isadifference-triple of typel
hence Ky \C, can be decomposed into triangles.



10 Let G = (V, E) be a graph where (X, B) is an ST'S(v), V = B,
and two vertices in GG are adjacent if and only if they have one
element in common.Find diam(G).

Proof. . Let G = (X, B) be a graph where (X, B) is an ST'S(v),
V = B, and two vertices in GG are adjacent if and only if they
have one element in common.

(1)

(4)

claim: diam(G) <2

<pf>

If Fuy,ve € V(G) s.t vivy ¢ E(G), then vy Ny = 0.
Let a € v1,b € vy

'.'vlﬂvgz(l).'.a#b

(X, B)isan STS(v) .. a,b occurs in exactly one triangle
in B

= Jsome v € B s.t {a,b} C vy

= v Nvy = {a} and v, Nvy = {b}

= vpvy and vy € E(Q)

= d(Ul, U2> =2

Ifo=3

clearly G = Ky = diam(G) =1

fo="7

|V I=(Tx6)/6=T

Give any vy € V, deg(vg) = (552 = 1)3 =6
|V |=Tand deg(vg) = 6,Vvg € G. .. G = K5
= diam(G) =1

If v="7o0r3 (mod6),v#3and7

Given any vy € V(G),deg(vg) = @ 1= 3(v;3)

(a) Ifv = 6k-+1, then | V | —deg(up) = (OO0 302 _
k(6k+1)—3(3k—1) =6k>—8k+3
VWA T L E>2= | V| —deg(vg) > 1
If v = 6k+3, then| Vv | —deg(vo) _ (6k+3)6(6k+2)_3(gk) =
k(2k 4+ 1)(3k 4+ 1) — 9k = 6k* — 4k + 1
cv#3 o k>1= |V | —deg(v) > 1

By (a) = | V | —deg(vy) > 1,Vuvy € V(G)

= Vv € V(G),3v; € V(G) st vy ¢ N(Vp)




But by (1) = If v; ¢ N(vg) then d(vg,vy) =2
= diam(G) =2
(5) By (1),(2),(3),(4) =
Ifv=3o0r7= diam(G) =1
If v="T7or 3 (mod 6),v # 3 and 7 = diam(G) = 2
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