O

o

<Stepl> ;j["fstypeg; gﬁfﬁ CBT

[N =1

<— > <> 'Q_J'-

O

=.

0/1(2|3|4 011]2|3|4 Q.

1{0 12 O

2 2 A

Q

3 3 Q

4 4 7

:: > Is = number of standard latin square %

<=> <[uU> . :

: TJ\LL[II |5:56 ~

0|1/2|3]4 0/1(2(3]|4 .

1 1|4

2 2
3 3
4 4

<Step2> L, =1l *5!%(5-1)1=161280 e
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SR I T o P P S P IS —A|lo|m|< |~ —|o|t|a|m
Ylolala|m|< o|ld|ln|m| < o|ld|ln|m| < o|ld|n|m| <
5 5 5 8
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N|lm[<st|-|o NI Nl |old|m NI I E=1
—dlo|lm|<|~ —lo|gt|~|m —dlo|lm|s |~ —d|lo|lg|n|m
Q34 o|ld|ln|m| < o|ld|ln|m| < o|ld|N|m| <
< | o~ < || m < | ™ o~ < |m
o< ™| < o< ™| o <
N o | ™ NI N <o
—dlo|lm|<|~ —Alo|s|n|m —|lo|m|s|« —d|lo|ls|n|m
old|ln|m| < o|ld|ln|m| < o|ld|ln|m| < old|N|m| <

< | o < | ™

o< ™|«

| o N

—-|o —|o

old|ln|m| < old|ln|m| <

0/1/2|3|4
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Combinatorial Designs HW(I) 1(b) dtnEnk

#include<iostream.h>

void main(void)

{

/*

FG PR 5 S B (L5 ik £ standard lartin square of order 6

22— row £ 123456,% column £ 123456

PELE — row 57— (fallyd =R peni " Bl 5 - [l row f,ﬂ"EJ 120 FEE 4

*/

int total = 0,9=0;

int testColumn(int [][120][6], int, int, int, int, int);

int testColumn2(int [][120][6], int, int, int, int, int, int, int);

const size = 6;

int row[size-1][120][size]={0}; /* [XE% 2~6 row F’B 120 FEE 5 22 rowi][j][] 3
(i+2) row lJiti‘Ij (HEH 1=0~4 j=0~119*/

int initial=0,a1=0,a2=0,a3=0,a4=0,a5=0,a6=0;
int b1=0,b2=0,b3=0,b4=0,b5=0,b6=0,t=0,k=0;
I UL S row[i[]
for(al=2; a1< 6; a1++) IR ST g
{
row[al-2][initial][0]=al;
for(a2=1;a2<=6;a2++) [T ([EEe
{
if(a2!l=al)
row[al-2][initial][1]=a2;
else
continue;

for(a3=1;a3<=6;a3++) /AR EET= (g
{
if(a3!=al && a3!=a2)
row[al-2][initial][2]=a3;
else
continue;

for(ad=1;a4<=6;a4++) [N HES

{
if(ad!=al && a4l=a2 && a4l=a3)

i



row[al-2][initial][3]=a4;
else
continue;

for(ab=1;a5<=6;a5++) [/ g

{
if(a5!=al && a5!=a2 && a5!=a3 && a5!=a4)
row[al-2][initial][4]=a5;
else
continue;
for(a6=1;a6<=6;a6++) [} LT (T
{
if(a6'=al && ab!=a2 && ab!=a3 && ab!=a4 && a6!=a5)
{
row[al-2][initial][5]=a6;
if(initial >0)
{
for(int q=0;0<6;q++)
{
if(row[al-2][initial][q]==0)
{
row[al-2][initial][q] = row[al-2][initial-1][q];
¥
}
b
initial++;
¥
else
continue;
}
¥
}
¥
}
initial = 0;

I kL rE row O fGE - it AL 4y 57 latin square
for(b2=0;b2<120;b2++)
for(b3=0;b3<120;03++)



for(b4=0;b4<120;b4++)
for(b5=0;b5<120;b5++)
for(b6=0;b6<120;b6++)
{
total = total + testColumn(row, b2, b3, b4, b5, b6);//J[1H\ fL latin square [~
cout << total << " " << g++ <<endl;

¥

GRS G R eEs

int kkk[size-1][120][size]={0};
kkk[0][0][0]= 2;
kkk[O][0][1]=3;

kkk[0][0][2]= 4;
kkk[O][0][3]=5;

kkk[0][0][4]= 6;

kkk[O][0][5]= 1;

KKK[1][O][0]= 3;
KKK[L][O][1]= 4;
KKK[1][O][2]= 5;
KKK[1][O][3]= 6;
KKK[1][O][4]= 1;
KKK[L][O][5]= 2;

kkk[2][O][0]= 4;
kkk[2][O][1]= 5;
kkk[2][0][2]= 6;
kkK[2][O][3]= 1;
kkk[2][0][4]= 2;
kkk[2][O][5]= 3;

KKK[3][0][0]= 5;
KKK[3][O][1]= 6;
KKK[3][0][2]= 1;
KKK[3][O][3]= 2;
KKK[3][0][4]= 3;
KKK[3][O][5]= 4;

kkk[4][0][0]= 6;
kkk[4][0][1]= 1,
kkk[4][0][2]= 2;
kkk[4][0][3]=3;



kkk[4][0][4]= 4;

kkk[4][0][5]=5;

cout << testColumn(kkk,0,0,0,0,0) << endl;*/
¥
/ltestColumnl and testColumn2 fLF[4JH[=E column fQL_F\,"E | TRfVEE
int testColumn2(int row[][120][6], int b2, int b3, int b4, int b5, int b6, int col,int tr)
{

int column([6] = {0};

column[0] = col;

column[1] = row[0][b2][col-1];

column[2] = row[1][b3][col-1];

column[3] = row[2][b4][col-1];

column[4] = row[3][b5][col-1];

column[5] = row[4][b6][col-1];

for(int r=0;r<5;r++)

{
for(int w=r+1;,w<6;w++)
{
if(column[r] == column[w])
{
tr=0;
break;
¥
¥
¥
return tr;

int testColumn(int row[][120][6], int b2, int b3, int b4, int b5, int b6)
{
inttr=1;
for(int s=2;5<7;s++)
{
if( testColumn2(row, b2, b3, b4, b5, b6, s, tr) == 0)
{
tr=0;
break;

¥

return tr;



2. List two orthogonal latin squares of order 8.
Sol - Let

X gebF

LW =a; and a; =i+ L(2)=b; and by =i+2]
A B:
0 1 2 3 4 5 6 7 0 6 1 2 7 3 4 5
1 0 4 5 2 3 7 6 1 7 0 4 6 5 2 3
2 4 0 6 1 7 3 5 2 3 4 0 5 6 1 7
3 5 6 0 7 1 2 4 3 2 5 6 4 0 7 1
4 2 1 7 0 6 5 3 4 5 2 1 3 7 0 6
5 3 7 1 6 0 4 2 5 4 3 7 2 1 6 0
6 7 3 2 5 4 0 1 6 0 7 3 1 2 5 4
76|54l 3]2|1]0 71 1| 6| 5| 0|4a|3]|2
Z, isa field and x3+x+1 is ireducible over Z,
Z,[¥ Z,y[¥
isa field and =8
< X3+x+1> < X3+x+1>
Denote
0 + <x3+x+1>—> 0
X2 o+ < X3+x+1> — 1
X + < x34x+1> —» 2
1 + <x34x+1> —» 3
X2 +X + <x3+x+1> — 4
X2 +1 + <x34x+1> —» 5
X +1 + <x3+x+1> — 6
X2+x+1 + < x34x+1> —» 7
It (ay,by) = (ay.by)
= j+j=i+j |, i+2j=i+2j
[ [ ZZ[X]
=> j-j=2(j-j ) Since is a fielc
< x3+x+1>
=> j - j' =0
= j=j and i =1 hence L 1 L@



Combinatorial Designs H.W.(I)  sparss

3.(a)(1) Suppose A,A,,...,A;are r MOLS of order n.

. If AL B, then a(A) L S(B) where a, B are permutations of entries.

.. We can relable the entries, such that each has first row 0,1,...,n—1.

Consider the r entries in the (1,0) position. None of these can be 0,
since 0 already occurred in the first row. So r<n-1.
(2) Let F=GF(n), since n be a prime power.

Define: Forcach K e F~ L™ = [l(k)i, il=[i+Kkj].

Claim: L Isalatinsquare, VkeF .

ie claim: 1= 1My, Vj=j and %1%, Vi£i’
[l(k)i,j]:i-i-kj [|(k)i,j']=i+kj', If

100 =1% 7 = i+kj=i+k' =k(j-j)=0=j=j.(»

’F’[) Since F is a field.

Kk Kk
Similarly to 1995 1% 5.

Claim: VK,he F", L™ 1 L™,

Suppose not.

Fizi, jzj st 1Wii=1%p = 1™i;=1My
I+Kkj=1"+kj’ . _ _ -
oL . =>(k=h)j=(k-=h)j" (k#h and integral domain)
i+hj=1"+hj’

= j=]'=i=I'0"F)

(L)1 M()<n-1, and (2) construct n-1 MOLS.

Therefore, M(n)=n-1 when n is a prime power.



(b)

Letn=p"p;’---p,;” Where pi's are prime, (pi1< p2<---< pr)

Since n # 2 (mod 4) = if p1=2thenni>2.

By (a) Vp;" : prime power. M (p") = p" -1

A LA andB, LB, = A xB, LA xB,andM(p")=p" -1>2.
.. Wecan choose two orthogonal latin square from each size of p".
A, 1LB,A 1LB,,---A 1B,, where A, B, are of size p" x p"

= A, xA x---xA LB xB,x---xB,

= M(n)>2 whrn n # 2 (mod 4).

(c)

Let A ,---,A,, aren—2 MOLS of order n.We can permutation entries
st each has first row0,l,...,n—1. Let A,---, A, , are n—2 mutually orthogonal
standard latin squares of order n.

n-2
Let A=[a,;Jwherea,; = jand a,; = {0,,...n—1}\(U{a/}Ui) for 1<i<n-1
: : : o

(1) Claim: a; ; ke [,

Proof.

V(AL A)), (i,i)pairs =IZ5HH T 37— flrow.

S Vi=0ifal) =k thena{] #k vl {0,1,...,n-1}\{r}

n-2
- Haf}) =n-2 =a,; FpE- L

(2) Claim: A is a latin square.

Proof. Suppose not. 3Ja,; =a;, =r where j,l=r.



~-each row — ERIEr
(k) =rforbe{0,1,..,n-1}\{r,il} Vk

Vs#t a #a) ~rflFn- 3EEF D
LA #a.

Simialrly toa;; #a,;
(3) Claim: A; LA Vi=1,2,..n-2
Proof. Fixle A,. Let U= {(X,y)\aiXy =1}.
(1) Count 7 e [ Br % Ay, Ay, AL A A FITURS AP TSV B

(Fr W A F] 2 (SREAD

Il 2R n+(-3)~=2n-37%
j I (n-3) & Vjel0,...,n-17\{l}

(2) Count Hre B v A, Ay, AL A A, AHTURY AR TNV

CEFE) Tt O IR A, Ans, A F | AEFA)

I U (n-1)+(-1)%=2n-2%
i UEH (0-2) % Vie[0,...,n-1]\{1}

FHCDHEEE A FlE [ U i g e igl—o

S A LA Vi=12,.n-2.



Combinatorial designs

Hui-Fen, Tseng
December 3, 2007

5. Find infinite many latin squares(with distinct orders) which have no
orthogonal mate.

sol:

By induction, If L. has an orthogonal mate then L has a transversal.Hence,
we make latin square with distinct orders which have no transversal, we
guarantee those latin squares which have no orthogonal mate.

When m is odd. We make a latin square.

LS(m) LS(m)
on [0,m —1] | [m,2m — 1] ~ |A|B
LS(m) LS(m) ~ | C|D
on [m,2m—1] | [0,om—1] |, .

which LS(m) on [0,m-1]:= a latin square of order m and its’ entry belongs
to [0,m-1]

if we find a transversal {1,2,...,m-1} in a latin square A.

By def of transversal, we can’t find m,...,2m-1 in B and C. Thus, we
find entry m,..,2m-1 in D. But it’s impossible, there’re only 0,..,m-1 entries.
Hence, we can’t find a transversal {0,1,2,...,2m-1} in this latin square, then
those latin squares won’t have orthogonal mate. We have done.



Combinatorial Design Homework ( 1) £53

6. Find four latin squares Ly, L, Lz and L4 such that Ly LLy, LoLL3s, LalLy, Ly is not
orthogonal to L3 and L4 and L is not orthogonal to L.

[Sol.]

We define five latin squares : A; = [a; (M] =i +j, As=[ai,P] =i +2 for i, jeZs,
Bi=[bi, M1 =i +], Bo=[0i [P] =i +xj, Bs= [y, ;¥] = i +(x+1) - j for i, j, x, x+1 in

<F,+,> where F = Z3[x] /<X* + x+1>

0l1]2 0l211

Al .

Y l1l2]o0 A o ]2

2101 21110

ol1l21]3 0l213]1 0l3l1]2
11032 113|210 11203
Bi: B,: Bs:
213101 21013 211130
3121110 311102 3lol2]1

By homework 3 (a), we know that A;, A, are mutually orthogonal latin squares of

order 3, Bs, By, Bz are mutually orthogonal latin squares of order 4.

Now, define L1=A;xB1, Lo=A,xB,, L3=A1xB3, L4=A,xB1,

By the lemma : " If A; LA, and B1LB,, then (A1xB1) L (AxBy) | ,

Lyl Lolls, Lslly, Ly is not orthogonal to Lz and L4 and L; is not orthogonal to L.




Combinatorial Designs HW.(I)  s#m
7. Method 1.(Hall’s Theorem)
S={S,,...,S,} has an SDR if and only if for each | = 4t=n,

k
=k

=» This is obvious.(by definition of SDR)

€ By induction on n
(1) n=1is true
(i) Assume that the assertion holds for each m <n
(i)  LetS={S;,....S:}

Forany k:1=k=n, v

Consider: S = {Sy,...,5.1}
Case(1) for any h sets in S the union contains at least
h+1 elements.
Let xesS, and S"={S, —{x}.S, —{x}......., S, . {3
Clearly, s" hasSDR =» S has SDR.
Case(2)exist h sets in S such that its union contains

exactly h elements.

W.L.O.G,let s"=s,us,u..uS, then [s°|=h



Consider: {s,,\s".....5,15}=8"

‘U s \s*)‘ _

Ql(s‘ \s*)‘=‘(gsi)\s*‘=‘(gsi)‘—\s*\z n—h
By induction hypothesis =» {s,.....,5,},S" has SDR
=> S has SDR
Method 2.
An XY — bipartite G has a matching that saturates X if
and only if |N(S)|>[s| forall Sc X .
Proof:
=» This is obvious since the |S| vertices matched to S
must belong to N(S).
€ Suppose not
Claim: If G does not have a matching that saturate X, then
there isaset scx suchthat [N(s) <]s|.
proof:
Let M be a maximum matching of G, |mM|<|X|
=» Ju e X st. uisunsaturated by M
let S : the set of vertices in X that is reachable from u
by M-alternating paths.

let T : the set of vertices in Y that is reachable from u



by M-alternating paths.
Fact 1. |T| =|S|-1
Let G"=G[M], T =N_[S]
if 3veT\T" = 3 M —augmenting u—v path
= Mis not a maximum matching —«
STI=T=18-ul =18 - 1
Fact 2. T = N(S)
Trivial T = N(S)
If 3veN@S)\T.
Note: Vw e N(v) N S, wis saturated by M and N(v) S # ¢
=>» 3 M —augmenting u—v path

=>»M is not a maximum matching —«

.. By Fact 1,2 , done!



% kA

8. Find a latin square of order n (as small as possible) such that
the square contains subsquares of order 2,3,4 and 5 respectively.

(sol)
A LR
LF1#, [Iobe order & ] &, TR LS(2)73 W[ |8 LS(4)A
LS(5) (By Ryser’s Theorem, it can be done), 71%%5—[’1” LS(3)7!
LS(4) l"%ﬂ DYEPIRCUTS [ ). - LS aM=-(0.1). 4%
FI LS55 LS(5) (0,1,2,3,4)#1 LS(4) (0,1,5,6), 4k i

LS(3) (0,2,3).

301024

0o 2 1 4 3

10 /4/3]2

2 4 3|0 1[5 &

4 3 2|1 0ls6 5
5 5 0 1| @@
6 5 1|0|l2 3
@ 2
@ 0

25 PTE [l L % b
(0:9% 1:77% 2:87% 3:8% 4577 547% 6:47%

H 45 {7 36 15 ) 4+ HEEET)



3. Theorem(Ryser):
A completed rxs partial latin rectangle R can be embedded
in a latin square of order n if and only if

forall0<i<n—1, R(i) > r+s—n. (Ryser’s Condition)

i1 Ryser’s Condition (' I, n & < R(I)& .

PP RS (|7 RO B

RS 0~ 6 Fl1,tNZR W Bldst DRkl 5 # 6(%“, E YR,
TR N = 1409 +9—n 2 4 = n < 14), ki T 8
SR RSB B B O D 4

LA A A (1 ).

| —,
— o o F o = / .
L) (Ti i a1 I i e 0y [ 8
> T > J
- — T i
s ol s S o e T | = e B ]
[ — B e —— N S— = = i
(5 — e ——
———— —_ e
(' = = \
-1
r-.' 1
'z I
=2 [ ETIES i Fr
— - o i L
L - sl 4 i
4 AT % & v i L o, (&



4.5 Ryser’s Theorem [’ Hifol[* [6R LS(S)EIfJﬁ:—ﬁ, n> 10.
FHH R 3 ' #in =10 < R(i) > 8.
BSR4 [ AP o= 10, HR 4 46 DB 2l
8—5=3 % [HRLyrd 4 [ If=sf vt [l @ 1AL 4

B PR R

= n+10.

5. Consider n = 11,1’ }[ﬁ’ ﬁ’?ﬁ‘,ﬁ@%@ﬂ"i’:ﬁ@“éaﬂ (G qalfvﬁ).
il1]o|z2 487|910
olz 1|4 3|9/10[5]65
1|04 /3 |2]10l9 67
24 (3|0 1|5|6|7]8
41321 /0]|6]5]|8]9
g8lo 7|5 6 01104
7l llo|le 5 1 |0|z2]|3
W/ 658|973 /02
9|58 |7 /104|230

6.5 A OB i 338 SR
P 5 DR 38 AR
707 R R (n = 12).



301 002 418 YV 9 106 X = 5 6
o 2 1 4 31910 5 6|8 7T = 7 8
1 0 4 3 21106 9 &6 7|5 8] —= 5 8
2 4 3|10 1|5 6|7 8|10 9] —= 9 10
4 3 211 016 |8 9|7 W0 — 7 10
g 9 7|53 6 0 1|10 412 3| = 2 3
Yoo8 106 > 1012 319 4| —= 4 9
w e | >/ 8 9 73 /0 2|4 1] —= 1 4
9 » &8 Vv w472 3 0]l 6 = 1 6
s o6 9 7 28 4113 0
6 | 7191108341 ][50 ]2
N T T T A A
> o7 69 7 o2 4 1 1 0 0
6 10 9 1w 8 3 8 4 5 3 2

Note : H/ A FLUEM 2 - g2 - .‘?ﬁ%ﬁh}j YR R D
ﬁ ,?f’?%@ AR (B fzﬁf i’ [#E@ Ryser’s Theorem
SENGREER (7 Cl

PS:
Claim @ & i F"[Eg%hpj LS(10).
Suppose not.
F1AE Rl LS(10)[* |44 LS(5).

W.L.O.G 8755 {197 ] AB.C.D 73 LS(5).



By Ryser’s Theorem, LS(4) T p‘ so LT ALB.C or D.
L= LS(A)CT RS Ui 5Tl 72 .
TIE I TR R ),

[l

FF YR LS@)H RV A Y.
[filf5i, by Ryser’s Theorem, LS(3) 1 fi* =t/ it A.B.C or D,
[ LS@)™ P it B LS@) 1

Brl™) LS(3) LR i PF' F'H‘ o F%'H'F'ijﬁl??ﬁd IE ==

%’El]ﬁﬂ}d?’i P
PRI AR LS(10). [



Combinatorial Designs

Fle %

H.W.(1)

9.Prove that if Ais a critical set of a latin square of order n, then A contains at least
n+1 fill entries.

Proof.

Suppose not =>If we let the critical set of order nisC_, then |Cn| <n.

Since we know those critical set have to cover at least n-1 rows and n-1 columns,

and use at least n-1 distinct elements in {0,1,....n—-1},so |C,|>n-1.

Casel
0
1 k
n-2
Case2
0
1
2
n-2
m
d
0
0
k
n-2

If |C,|=n-1, we know that those (n-1) elements are
distinct and in different rows and columns. W.L.O.G, we
let this partial square L =[I; ], where I; =i-1,

Vi=12,....,n—=1. Now choose any position not in (i,i),
i=1,2...n-1. putan element k=i—-1 and k= j—1.
By Lars Anderson’s Theorem, we can complete this latin

square. So any setC,, where |C |=n-1, is nota critical

set.

If |C,|=n, same with case 1, L =[l,] where I, =i-1,

Vi=12,..,n-1.
(i) Let the n-th element m, be putted in (n, n) , where

0<m<n-2.Weusetheqa ~
partial square to |, =1,, =0 and | =i-2, where
3<i<n,

Then put any element kin (i, j), where 1# J,
3<i,j<n, k#i-2 and k#]J-2.(n>5)

S and 7 to change the

Then by Lars Anderson’ s Theorem, we can complete this

Latin square.

If m=n-1, then use the same condition, we can complete this

square.



(i) If we put n-th element on another position (not on
(1) (n,n)), there are three case.

(1)Only one element , appear tow times, then we

1 n-2 canusethea ~ B and 7 to change the partial
2 latin square to |, =1, =0 and |, =1-2,
n-3 where 3<i<n-1.

By Lars Anderson’ s Theorem, we can complete

(2) this Latin square.

0 (2) Only one element , appear three times, then

0 we canusethea ~ S and 7 tochange the

1 partial latin square to |, =1, =1, =0 and
2 l; =1—3, where 4<i<n-1.

na By Lars Anderson” s Theorem, we can complete

this Latin square.
(3) (3) There are two elements appear tow times, then
1 we canusethea ~ S and 7 tochange the
2 partial latin square to |; =1—1,where
o i=12...,n—3and

n-3 | n-2 — —_—Nn_ — —Nn_
In—2,n—2 - In—l,n—l =n-3 ’ In—2,n—1 - In—l,n—2 =n-2

n-2 | n-3

By Lars Anderson’ s Theorem, we can complete

this Latin square.
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10. Prove that there exists a partial transversal in a
latin square of order n (given) which contains at least
L%nJ distinct entries.

Proof. It’s true for latin squares of order 1 and 2.

For n > 3, use the proof of Woolbright. After permutating the
latin square, we can have a maximal transversal in a block D
like below:

A just has elements from 0 to t — 1, or we can find a larger
transversal. We can find (n —t¢) ¢’s in B since A has not. Let
(n—t) t’s go to the diagonal of D first, and then go down to find
(n —t) columns in C'. These (n —t) columns just have elements
from 0 to ¢, or we can find a larger transversal by deleting one
diagonal elements of D and adding one element in B and C re-
spectively.
Similarly, we can find (n—t) t+1’s in C, and we can find (n—t)
rows corresponding to (n —t) t 4+ 1’s.
Now, we have three blocks of order (n —¢). (2in C, 1in A)
*.* The rows of the latin square is n,
s.on>3(n—t)

:%Zn—tzwfzgn—ﬁz L%nj
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