Graph Theory I Homework I-1 by Zk$##
1. Find an infinite class of bipartite graphs G such that G has 2q
edges but G contains no induced subgraphs of size g.
(sol)
Let G = Ky n UKy, where m and n are both odd,
|G |[=mn+1=2q.
P (A (m ) T BAREE), 1) B i
partite set [iv7 3k fEE:
Let m =5 (Since m = 1,3 can not do it.) and
let G = Ks ok+1 UKo, ke N U{0}
= || G || =5(2k+1)+1 = 10k+6 = 2(5k+3) = 2q.

(q = 5k+3, g-1 = 5k+2)

If G has an induced subgraph G* = (A,B) of size g,
then one of the following condition is true. (Not both)
(1) For all ee E(G*), ee E(Ks 5k+1).
(2) There exists an egde ec E(G*) such that

e¢ E(Ksx+1) , In fact, ee E(K)).

In (1), G* has 5k+3 edges in Ks oy+1.



In (2), G* has 5k+2 edges in Ks oy+1.
Since Ks k41 1S @ complete bipartite graph,
the vertices of A\{x}, xe V(K,), have the
same degree.
= In (1), there exists 3< t <5 such that t|5k+3.
In (2), there exists 3< t <5 such that t|5k+2.
(t =1, 1|5k+3 and 1|5k+2 are true,
but 2k+1 <5k+3 and 2k+1 <5k+2,
t =2, 2|5k+3 or 2|5k+2 is true,
but 2k+1 < (5k+2)/2
(and 2k+1 < (5k+3)/2)
= For t =1 or 2, there does not exist induced
subgraph of size 5k+3 or 5k+2.)
By the above statement, we want the following condition
can be true.
“ For 3<t <5, t does not divide 5k+3 and
t does not divide 5k+2.”
(1) t = 3 = 3 does not divide 5k+3 and

3 does not divide 5k+2



= k+#0, 2 (mod 3)
(2) t =4 = 4 does not divide 5k+3 and
4 does not divide 5k+2
= k+#1, 2 (mod 4)
(3) t =5 = 5 does not divide 5k+3 and
5 does not divide 5k+2
= Itis true for all ke N U {0}.
By (1),(2),(3) = k=4, 7 (mod 12).
Hence, {G = K5 ok+1 U K| k=4, 7 (mod 12)} are

the desired graphs. [ ]



Graph Theory I Homework I-2 by Z ¢
2. Prove that if a bipartite graph G has 16 edges, then
G contains an induced subgraph of size 8.
(pf)
Let G = (A,B) with || G || = 16, where A = {vy,v,,...,Vo}
and degg(Vvy) > degg(Vvy) > ------ > degg(vy) > 1, 1< n <16.
Note : If G has a part in which there are some vertices
whose degree sum is 8, then these vertices induce
a subgraph of size 8.
We use a Lemma to prove this exercise.
Lemma (Chang and Juan, 2002) :
Suppose vertices x and y are in the same part of a
bipartite graph G.  If degg(Xx) + degg(y) = 2m, then
G has an induced subgraph with exactly 2m edges.
If 8 < degg(vy) < 16, then G has an induced subgraph
of size 8.(Ky g)
(1) dege(ve) =7
Then degg(v,)e{1,2,...,7} = degg(vy) + degg(vs) > 8.

By Lemma, G has an induced subgraph of size 8.



(2) degg(v1) =6
Then degg(v,)e{1,2,...,6}.
For 2 < degg(V2) <6, degg(v,) + degg(Vv,) > 8.
By Lemma, G has an induced subgraph of size 8.
When degg(V,) = 1, the degree sequence of part A
is (6,1//1],...,1).
= There are some vertices whose degree sum is 8.
= G has an induced subgraph of size 8.

(3) degg(v1) =5

Then degg(v,)e{1,2,...,5}.
For 3 <degg(v2) <5, degg(v,) + degg(Vv,) > 8.
By Lemma, G has an induced subgraph of size 8.
When degg(V,) = 1, the degree sequence of part A
is (5,2/1,1,...,1).
When degg(V,) = 2, the degree sequence of part A
is (512 [1).
= There are some vertices whose degree sum is 8.

= G has an induced subgraph of size 8.

(4) degg(vy) =4



Then degg(v,)e{1,2,3,4}.
For degg(v,) = 4, degg(vy) + degg(vs) = 8.
By Lemma, G has an induced subgraph of size 8.
When degg(V,) = 1, the degree sequence of part A
is (4,0,0,41)....,2).
When degg(V,) = 2, the degree sequence of part A
is (422___ )or@R2a,___ ).
When degg(V,) = 3, the degree sequence of part A
is (4,3,3,3,3) (Special Case, & f‘éé%‘ﬁ]‘ﬁ),
@8, J1) or (43.3,2]2]2).
= There are some vertices whose degree sum is 8.
= G has an induced subgraph of size 8.

(5) degg(vq) =3
Then degg(v,)e{1,2,3}.
When degg(Vv,) = 1, the degree sequence of part A
is BLLL.....1).
When degg(V,) = 2, the degree sequence of part A
is@22____Dor@RLLL___ 1.

When degg(V,) = 3, the degree sequence of part A



is (3,3,3,3,3,1) (Special Case,f& fé‘FJﬁ]‘%),
B8__2_or@B8____ 1.
= There are some vertices whose degree sum is 8.
= G has an induced subgraph of size 8.

(6) degg(vs) =2
Then degg(v,) =1 or 2.
When degg(V,) = 1, the degree sequence of part A
is L1 ....1).
When degg(V,) = 2, the degree sequence of part A
is @222 ), @224 ....1) or
(@2n...2).
= There are some vertices whose degree sum is 8.
= G has an induced subgraph of size 8.

(7) degg(vy) =1
Then degg(v2) = 1, the degree sequence of part A
is (UL n,.... ).
= There are some vertices whose degree sum is 8.
= G has an induced subgraph of size 8.

Now, we discuss two special cases (4,3,3,3,3) and



(3,3,3,3,3,1).
(1) Degree sequence of part A and part B are both
(4,3,3,3,3).

Then there are 5 cases (up to isomorphism) as

following (845541934 : induced subgraph of size 8.) :

(2) Degree sequence of part A and part B are both
(3,3,3,3,3,1).
Then there are 8 cases (up to isomorphism) as

following (7754134 : induced subgraph of size 8.) :



(2) WLOG, degree sequence of part A is (4,3,3,3,3),
degree sequence of part B is (3,3,3,3,3,1).

Then there are 7 cases (up to isomorphism) as



following (8775413 : induced subgraph of size 8.) :

Hence, this proof is done. | ]



Graph Theory I Homework I-3 by TA

Problem

Use Sperner’s Lemma to prove the Brouwer’s Fixed Point Theorem for 2-dimension
space.
Proof. Let points vy, v1, vy be the corners of T'. We can express a point on a segment
uniquely as a weighted average of its endpoints, so we can express each v € T uniquely
as a weighted average of corners: v = agug + a1v; + agvy, where > a; = 1 and a; > 0.
Specify v by (ag, ai, as).

Let f be a continuous mapping from 7" to itself. Define S; = {a;a; < a;} for
i =1,2,3, where f(a) = a’. Since the coefficients of each point sum to 1, every point
in T belongs to some .S;, and a point belongs to all three sets if and only if it is a
fixed point for f.

Claim: () S;#0.

i=1,2,3
Proof of the claim: Given a simplicial subdivision of T, for each node a choose

L]
...
s
.
e
LJ
Ya
]
...
a
"

0 Convergent subsequence in So
1 Convergent subsequence in Si
@ covnnnee Convergent subsequence in S2

a label 7 s.t. a € S;. Since points on the edge of T' opposite v; have ith coordinate
0, their ith coordinate connot decrease under f. This shows that their labels only
belong to {1,2,3}\ {i}. Thus the labeling is proper, and Spener’s Lemma guarantees
a complete labeled cell. Repeating the process using triangulations with successively
smaller cells yields a sequence of successively smaller completely labeled triangles.
Let the jth triangle have corners z;,y;, z; with labels 0,1, 2, respectively. In each
Si, we obtain a infinite sequence of points, say (), (y;) and (z;), respectively. Since
f is continuous, each S; is closed and bounded. Bolzano-Weierstrass theorem says
that every infinite sequence of points in a closed and bounded set has a convergent



subsequence convergent to a point in that set. Let (z;,) be a convergent subsequence
of (z;) and similarly for (y;, ) and (z;,). Because the distance from z;, to y;, and (z;,)
approaches to 0, they converge to the same point and this point belongs to S; for
1 =1,2,3 by BolzanoVWeierstrass theorem. We have the claim. [

By the claim we have there is a fixed point for f.



Graph Theory I Homework I-4 by =l

4. Use the adjacency matrix of a graph G to find the
number of 5-cycles in G

<Theorem > The number of distinct walks with length
t from v; to v, is equal to the (i, j) entry of A'

pf . Let |[Gl=n
By theorem we have the number of distinct walks with

length 5 from v, to v, for all i is > a®, =tr(A°)
i=1

Now , we want to find the number of 5-cycles in G,
we should removed two cases in the following :
(.- doesn't exist closed 5-walks with 2 or 1 edges
. only consider these two cases)
< Casel > colsed 5-walks with three edges

Given

1

AN

2 3



AN\ A A

1-3-2-1:3-1 1-3-1-3-21 13.2.3.2.1

V/ANN/AN

1-3-2-1-2-1 1-2-1-3-2-1

. the number of distinct closed 5-walks with three edges

is 5x Z al® =5tr(A°)

< Case2 > closed 5-walks with four edges

Given



A A A

1-2-4-3-2-1 2-1-2-4-3-2 121243

4-3-2-1-24 2-4-3-2-1-2

Vi

How many vertex u can choose?
=deg(v.)—2 ("2"— two edges of the triangle)

= (Zn:aij)—Z

Hence the number of distinct closed 5-walks with 4 edges is

531 a,) 212

i=1  j=1



. by casel and case2 we have the number of 5-cycle is

() -5tr(A)-5Y (Y a,) - 21"}

i=1 j=1
(J~ ([walk i’ o= [ﬁ&ﬁmfjﬁh > %F,;&—;L
+ 5—cycle £ Rl (HeycleH BT 2x5=10)



Graph Theory I Homework I-5 by ’ﬁfl,

Problem:
Let G be a graph with 100 vertices. Find a regular graph of diameter 6 with as
less edges as possible.

Proof.

? G=(V,E) > E 1]V [=100 o}{fj’ﬁ’?éj node ﬁ?}%!FO Z 99 B> I node =* node

*VFFuﬁ}iﬁ:

(1) If i=4k or 4k-1 - {|i(i£1mod100)=*i(i +8mod100) € E

(2) If i=4k+1 or 4k+2 > {]i(i£1mod100)=*i(i +16 mod100) € E
(kezZ"u{0})

T Oﬁ?l ~ 899~ 92 #hH 1@;—?0 “ 2517 - 85 1.
= G £} 4-regular

) {f5" node & ﬁ'ﬁ’?ﬁl}% RPEFY node A1 Tt uairf“ |41 Cy :

1. 0-8-16-24-32-40-48-56-64—-72—-80— 88 96 4-12-20-28
—-36—-44-52-60-68—-76—-84—-92-0

2. 1-17-33-49-65-81-97-13-29-45-61-77-93-9-25-41-57
—-73-89-5-21-37-53-69-85-1

3. 2-18-34-50-66-82-98-14-30-46—-62—-78—-94-10—-26-42-58
—74-90-6-22-38-54-70-86—-2

4, 3-11-19-27-35-43-51-59-67-75-83-91-99-7-15-23-31
—-39-47-55-63-71-79-87-95-3

1 200 [fti%

2 2 Py node 7 6 46 AL > = Sl IS 6 -

Fi“E » node 0% node 4k 4k_1&’44"‘f % > = node 0 #-Z[|iZ2100 —i FLAfI~
ns Frr %check node O ' I'J £-Z[ node 1 ~ 50 H[[fi* -
0=50:0- 1 17-33-49-50
| 48— 47

0% 46: 0—99—98-14—30 - 46

L_45
0% 44: 0-1-85-59-53-52—-44 (44 FifemEHEE )
0% 43: 0-8-9-25-41-42-43
0=40: 0-8-16-24-32-40

L39
0=38:0-1-85-69-53-37-38
0% 36:0-1-17-33-34-35-36



0=32:0-8-16-24-32

L 31-30

0=29:0-99-98-14-30-29
L 28
0=27:0-8-16-24-25-26-27
L 23-22-21

0=20:0-8-16-17-18-19-20
L 15-14-13-12
0=11:0-8-9-10-11
L 7-6-5-4
0=3:0-1-2-3

[FIFE > node 1 ST node 2 0 5 A1 1010 B AE BE ﬁ'ﬁliﬁ‘:ﬁTcheck
node 1 i I'] #-%[ node 2~ 51 J[[f" -
1=51:1-17-33-49-50-51
L 48-47-46
1 %= 45:1-85-69-53-52—-44—-45 (45 FifsmHEE )
L 43
1=42:1-17-33-32-40-41-42
L 39-38
1=37:1-17-33-34-35-36-37
L 32-31-30-29
1%=28:1-17-18-19-20-28
L 27
1%=26:1-17-16-24-25-26
L 23-22-21
1=16:1-17-16-15-14-13-12
1=11:1-0-8-9-10-11
L. 7-6-5-4
1=3:1-2-3



Graph Theory I Homework -8 by Z &’
Problem:
The Odd Graph Oy . Prove that the girth of O is6if k3.

Proof:

Stepl: Claim: the girth of O« > 6

(i) O, hasno 1-cycle or 2-cycle(Since O, isasimple graph)

(i) O, has no 3-cycle

[ If O hasa3-cycle = there exists three distinct k-element subsets of

{1,2,...,2k+1}such that they are pairwise disjoint. But it is impossible!

(Since W.L.O.G.Z5 {fi" I | ][ fﬁ'rﬁ%ﬂ?ﬁ HlEs{ 1, 2,...,

K3 Ak L k2, 2K3FIET = (W FIBH O 2k L sl S i) ]

(ili) O, has no 4-cycle
[ If O, hasa4-cycle. W.L.O.G.. we can choose v,={1, 2,...,

K} ,v, ={k+1,k+2,...,2k}in figure 1

V4 V3

V1 V2
Figure 1



then we may choose V,={1,2,.,k-1,2k+1}=V,

=V, fIIPY7 2 F,JF’J‘: fE-k+1 2] 2k Fl1#5,[Ev, ~ Tﬁ‘:%‘“ S

v ={k+1k+2,...,2k}

=V, T e

(iv) O, hasno 5-cycle. W.L.O.G.. we can choose v,={ 1, 2,...,

k}.v, ={k+1k+2,...,2k},v,={1,2,. k-1,2k+1},v,={k,k+1,...,2k-1}in figure

2

N

V3
V1

V4

V5 Figure 2

=V, FlIAY7 S UE) 2K AT 2k+1 P #1
=V, P T e

Step2: Claim: the girth of O« < 6

We will construct a 6-cycle in G,
Let v,={1,2,...,k},v, ={k+1k+2,...,2k},v,={1,2,.,k-1,2k+1}

V,= {k, k+1,... 2k-1}V, ={1,2,.k-1,2k}, V,={k+1,k+2,...,2k-1,2k+1}in

figure 3



V1

V2

V3
Vo

V5 V4

Figure 3

= We can construct a 6-cycle in O,

By Stepl& Step 2= the girth of O,=6,v k>3



Graph Theory I Homework I-7 by Til l’ﬁﬁ

Problem:

Prove that a self-complementary graph with n vertices

exists if and only if n or n-1 is divided by 4.
Proof:
(=) IGI=IGIl and ||6||+||G||:@

n(n-1)
4
~.n=0or1(mod4)

=Gl=

(<) By induction on n=4k and 4k +1

k=1=n=4":
¥ Vy Lo Vi
Va V3 L] V3
G G
Itis easy tosee G isomorphic to G
n=>5

Vs L
v v x \,
1@ h v4
v, vy v, vy

85 G

It is easy to see G isomorphicto G

Assume it hold on n=4k' and 4k'+1

then when k =k'+1
= n=4k'+4 : because K, =K, v K,



by induction fi'#1 » K. %7t self-complement graph

GG, » Tl LK Ky v K PP Ry [l - 91>

N M
‘% zz
AN

IV K, 740 2 [P, 2 (Sl G,/ 5,

Fﬁ (R e {51l part = K% isomorphic

(4klj
3B 2 -
—=- jﬁgﬁlz Z(T +3+4k X2)

(Ak')? —4k'+12+ 32K’
2

4k'+4
= A K

ﬁ’sf Ky ¥ 1 self-complement graph
[ﬁjil ’ ?'[ n=4k'+5 Eﬁ * Kyews = Kgen VK ﬁiﬁ_l—ﬁflfiﬂﬂit ’ F[JSFK4I<'+5
i 7+ self-complement graph ©




Graph Theory I Homework 1-8 by  Z[d¥r3|

8. Prove that if @—x is a multiple of 3and xe{0,1,2} ,then K -P,, can

X+1

be decomposed into three isomorphic subgraphs. (p >3)
Pf.
SupposeG =G, UG, UG, and G, =G, =G,, and we know that K, can be

decomposed into n Hamiltonian paths. LetK; = H,, UH,; UH,, where H; isa

Hamiltonian path that start fromv,and end atv; . (H,, = H,; = Hy,)

We define the |G|+ 6 constructionis Gv K, =G, UG, UG, where

G ={G UH,,,u{v,~v and v,,~v|vveG}},i=123.Clearly, G, =G, =G,.

= |If we can prove that graphG with order p can be decomposed into three
isomorphic subgroups, then we also prove that G v K, can be decomposed
into three isomorphic subgroups. So we have to consider those graph with size
p=3~8.Andsince VpeN, p=3k-p=3k+1 or p=3k+2, VkeNuU{0},

the 3@—& x will be Qor 1.

Consider x=0,
vi v vi v
o A - \ o
K, : :
v3 v2 v3 v2 v3 V2 v3 V2
=>P=3+6k, Vk e NuU{0} done.
v1 v2 v1 v2 v1 \:r2 vj v2
P=4, = + +
K,: .
v3 v v3 vd  v3 v4 V3 v4

=>P=4+6k, Vk e NuU{0} done.



v v1 v1 v1

v2 V6 V2 Ve V2 Ve V2 V6
P=6, = + +
K V3 V5 V3 V5 V3 V5 V3 V5
V4 V4 V4 V4
=>P=6+6k, Vk € NuU{0} done.
V2 V2 V2
V7
e V7 V3 . V7 V3
pP=7, = V1 + V6 -\ Vi1 V6
K7 va 7' V6 V4 V4

V5 V5

V5

=>pP=7+6k, Vk e NuU{0} done.

Consider x=1, if K —P, canbe decomposed into three isomorphic subgroups,

theniflet K ,-P,=(K,-P,)vK; (delete the same edge with K ),

p+6

thenby |G|+ 6 construction K, —P, can be decomposed into three

isomorphic subgroups.

v1
KS
v3 v4
v vi v V1
V2 v5 v2 vb 2 v5 v2 +v5
KS - evzv3 : + ; _I_
v3 vé va’ v4 v3 v4 v3 v4
=>P=5+6k, Vk e NuU{0} done.
P=8,




v3 vA V5 VB VT V8 v4 VB V3 vB vBVT VB V8 V4 v7 v5v3
=>P=8+6k, Vk e NuU{0} done.

So we prove that Vpe N\{1,2},if 3 can be

X+1

w—x,xe{&l},the” K, P

decomposed into three isomorphic subgraphs.

An example of |G|+ 6 construction :

v1
i A
v2 v3

|G|+ 6 construction

V2

This graph is K,,, and can be decomposed into three isomorphic subgraphs.
(different colors)



Graph Theory | Homework I-9 by F TEE

9.Fork >2andg >2, prove that there exists a k-regular graph with girth g.

Pf: By induction on k and g

It’s easy to know, when k=2, g=2 is true. Q
First , induction on g.

We know (2,9)-graph exists for all g

..

(2,3)-regular (2,4)-regular (2,g)-regular
=a cycle of length g

Since

Second, induction on k

Suppose the assertion is true for all pairs (k’,g’)-graph where k’< kand g’< g
Let H be a (k-1,9)-graphand G’ bea (|[V(H)|, [%—l)-graph, we use Hand G’ to

construct G to be a (k,g)-graph. We construct a G’. Since G’ has [V(H)|-vertex, =% {["]
ferdsig— f[ﬁ'%ﬁﬁﬂ?v [4rY— fl'H and since G’ is [V(H)|-regular graph. Hence H_Ffu=)
- f[ﬁ'vertexﬁﬂpﬂ‘; 2~ {liledgesfit!i=. such that deg(vi)=k , for all i in G.

Next, since G’ has girth :(%—l , we find a cycle with girth= [%—l and add girth=g of H.

See Fig.




Suppose we find a cycle of girth:[%-‘ , since deg=|V(H)| in G*, [N+ prj%ﬁﬁ{p*

PIAF9Aens, =72 (Rioie 2 o L = e 1S90 Hi el = RyRl i 4
path is only an edge #[E( 4 cyclefitigirth= {%—l Flop ey P agy
For G, girth > [%—‘ *2=q , if the girth > g in this cycle, we take girth=g in H.

Hence, there exists k-regular graph with girth g . We have done.



Graph Theory I Homework 1-10 by 2[4 &

10 ~ (a) Use Proposition 1.3.11 to prove that if G has more
than n”2/4 edges, then G has a vertex whose deletion
leaves a graph with more than (n-1)"2/4 edges.

(b) Use part(a) to prove by induction that G contains a
triangle if e(G)> n*2/4.
Sol. (a) Since e(() 1s an 1nteger, we have
e(G)= (n"2+4)/4, n 1s even.
e(G)= (n"2+3)/4, n 1s odd.
> we have e(G)= (n"2+3)/4.
By proposition 1.3.11, we know that e(G)= D icton e(G-vi)/(n-2).
> ¢(G)= 2 iz1-n e(G-v)/(n-2) = (n"2+3)/4.
> =R AU term = ’J)EI*JE’:”F U E i,
> there is a vertex v such that e(G-v)/(n-2)=  1/n*(n2+3)/4.
I:> e(G-v)= (n-2)*(n"2+3)/4n=(n"3-2n*2+3n-6)/4n
=(n"2-2n+1)/4+(2n-6)/4.
Sincen=4 T > (2n-6)/4> 0.

Hence we get the inequality e(G-v)> (n-1)2/4.



(b)Use 1induction on n.

k=4, FIE LG =5 “F /\ .

C.e(G)> 4.

Then assuming that k= n, G contains a triangle when e(G)>n"2/4.
When k= n+1, e(G)>(n+1)*2/4, by (a), there exists a vertex v such
that e(G\{v})>n"2/4 I:> by 1nduction hypothesis G-{v}
contains a triangle.

Hence G contains a triangle.
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