
Graph Theory I  Homework I-1   by  李光祥 

1. Find an infinite class of bipartite graphs G such that G has 2q 

edges but G contains no induced subgraphs of size g. 

(sol) 

    Let G = Km,n∪K2, where m and n are both odd, 

∥G∥= mn + 1 = 2q. 

由於兩個變數(m,n)不容易處理, 所以考慮固定其中一個 

partite set 的元素個數. 

Let m = 5 (Since m = 1,3 can not do it.) and  

let G = K5,2k+1∪K2, k∈Ν∪{0} 

⇒ ∥G∥= 5(2k+1)+1 = 10k+6 = 2(5k+3) = 2q. 

                        (q = 5k+3, q-1 = 5k+2) 

 

If G has an induced subgraph G* = (A,B) of size g, 

then one of the following condition is true. (Not both) 

(1) For all e∈ E(G*), e∈ E(K5,2k+1). 

(2) There exists an egde e∈ E(G*) such that  

e∉ E(K5,2k+1) , in fact, e∈ E(K2). 

        In (1), G* has 5k+3 edges in K5,2k+1. 



    In (2), G* has 5k+2 edges in K5,2k+1. 

Since K5,2k+1 is a complete bipartite graph, 

the vertices of A\{x}, x∈ V(K2), have the  

same degree. 

⇒ In (1), there exists 3≤ t ≤5 such that t|5k+3. 

    In (2), there exists 3≤ t ≤5 such that t|5k+2. 

    (t = 1, 1|5k+3 and 1|5k+2 are true,  

but 2k+1＜5k+3 and 2k+1＜5k+2, 

             t = 2, 2|5k+3 or 2|5k+2 is true, 

but 2k+1＜(5k+2)/2   

(and 2k+1＜(5k+3)/2) 

⇒ For t = 1 or 2, there does not exist induced 

subgraph of size 5k+3 or 5k+2.) 

 By the above statement, we want the following condition 

can be true. 

“ For 3≤ t ≤5, t does not divide 5k+3 and  

t does not divide 5k+2.＂ 

(1) t = 3 ⇒ 3 does not divide 5k+3 and  

3 does not divide 5k+2 



       ⇒ k≠0, 2 (mod 3) 

(2) t = 4 ⇒ 4 does not divide 5k+3 and  

4 does not divide 5k+2 

      ⇒ k≠1, 2 (mod 4) 

(3) t = 5 ⇒ 5 does not divide 5k+3 and 

 5 does not divide 5k+2 

       ⇒ It is true for all k∈Ν∪{0}. 

      By (1),(2),(3) ⇒ k≣4, 7 (mod 12).  

Hence, {G = K5,2k+1∪K2| k≣4, 7 (mod 12)} are  

the desired graphs. □ 

  
 
 
 
 



Graph Theory I  Homework I-2  by  李光祥 

2. Prove that if a bipartite graph G has 16 edges, then  

G contains an induced subgraph of size 8. 

 (pf) 

   Let G = (A,B) with ∥G∥= 16, where A = {v1,v2,…,vn} 

   and degG(v1) ≥ degG(v2) ≥ …… ≥ degG(vn) ≥ 1, 1≤ n ≤16. 

 Note：If G has a part in which there are some vertices 

        whose degree sum is 8, then these vertices induce 

         a subgraph of size 8.   

    We use a Lemma to prove this exercise. 

    Lemma (Chang and Juan, 2002)： 

      Suppose vertices x and y are in the same part of a 

bipartite graph G.  If degG(x) + degG(y) ≥ 2m, then  

G has an induced subgraph with exactly 2m edges. 

    If 8 ≤ degG(v1) ≤ 16, then G has an induced subgraph  

of size 8.(K1,8) 

   (1) degG(v1) = 7 

 Then degG(v2)∈{1,2,…,7} ⇒ degG(v1) + degG(v2) ≥ 8. 

       By Lemma, G has an induced subgraph of size 8. 



    (2) degG(v1) = 6 

Then degG(v2)∈{1,2,…,6}. 

        For 2 ≤ degG(v2) ≤ 6, degG(v1) + degG(v2) ≥ 8. 

        By Lemma, G has an induced subgraph of size 8. 

        When degG(v2) = 1, the degree sequence of part A 

        is (6,1,1,…,1). 

        ⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

     (3) degG(v1) = 5 

        Then degG(v2)∈{1,2,…,5}. 

        For 3 ≤ degG(v2) ≤ 5, degG(v1) + degG(v2) ≥ 8. 

        By Lemma, G has an induced subgraph of size 8. 

        When degG(v2) = 1, the degree sequence of part A 

        is (5,1,1,1,…,1). 

        When degG(v2) = 2, the degree sequence of part A 

        is (5,2,_____,1). 

        ⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

(4) degG(v1) = 4 



        Then degG(v2)∈{1,2,3,4}. 

        For degG(v2) = 4, degG(v1) + degG(v2) ≥ 8. 

        By Lemma, G has an induced subgraph of size 8. 

        When degG(v2) = 1, the degree sequence of part A 

        is (4,1,1,1,1,…,1). 

        When degG(v2) = 2, the degree sequence of part A   

        is (4,2,2,_____) or (4,2,1,1,_____,1). 

When degG(v2) = 3, the degree sequence of part A 

        is (4,3,3,3,3) (Special Case,最後再討論),  

(4,3,_____,1) or (4,3,3,2,2,2). 

⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

(5) degG(v1) = 3 

        Then degG(v2)∈{1,2,3}. 

        When degG(v2) = 1, the degree sequence of part A 

        is (3,1,1,1,1,1,…,1). 

        When degG(v2) = 2, the degree sequence of part A 

        is (3,2,2,_____,1) or (3,2,1,1,1,_____,1). 

        When degG(v2) = 3, the degree sequence of part A 



        is (3,3,3,3,3,1) (Special Case,最後再討論),  

(3,3,___,2,___) or (3,3,______,1,1). 

⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

(6) degG(v1) = 2 

        Then degG(v2) = 1 or 2. 

        When degG(v2) = 1, the degree sequence of part A 

        is (2,1,1,1,1,1,1,…,1). 

        When degG(v2) = 2, the degree sequence of part A 

        is (2,2,2,2,_____), (2,2,2,1,1, …,1) or 

((2,2,1,1,1,1,…,1). 

⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

(7) degG(v1) = 1 

        Then degG(v2) = 1, the degree sequence of part A 

        is (1,1,1,1,1,1,1,1,…,1). 

⇒ There are some vertices whose degree sum is 8. 

        ⇒ G has an induced subgraph of size 8. 

Now, we discuss two special cases (4,3,3,3,3) and 



(3,3,3,3,3,1). 

(1) Degree sequence of part A and part B are both 

(4,3,3,3,3). 

   Then there are 5 cases (up to isomorphism) as 

following (實線的邊：induced subgraph of size 8.)： 

 

(2) Degree sequence of part A and part B are both 

(3,3,3,3,3,1). 

Then there are 8 cases (up to isomorphism) as 

following (實線的邊：induced subgraph of size 8.)： 



 

(2) WLOG, degree sequence of part A is (4,3,3,3,3),  

degree sequence of part B is (3,3,3,3,3,1). 

Then there are 7 cases (up to isomorphism) as 



following (實線的邊：induced subgraph of size 8.)： 

 

Hence, this proof is done. □ 



Graph Theory I Homework I-3 by TA

Problem

Use Sperner’s Lemma to prove the Brouwer’s Fixed Point Theorem for 2-dimension
space.
Proof. Let points v0, v1, v2 be the corners of T . We can express a point on a segment
uniquely as a weighted average of its endpoints, so we can express each v ∈ T uniquely
as a weighted average of corners: v = a0v0 + a1v1 + a2v2, where

∑
ai = 1 and ai ≥ 0.

Specify v by (a0, a1, a2).
Let f be a continuous mapping from T to itself. Define Si = {a; a′

i ≤ ai} for
i = 1, 2, 3, where f(a) = a′. Since the coefficients of each point sum to 1, every point
in T belongs to some Si, and a point belongs to all three sets if and only if it is a
fixed point for f .

Claim:
⋂

i=1,2,3

Si 6= ∅.

Proof of the claim: Given a simplicial subdivision of T , for each node a choose

0

1

2

Convergent subsequence in S0

Convergent subsequence in S1

Convergent subsequence in S2

a label i s.t. a ∈ Si. Since points on the edge of T opposite vi have ith coordinate
0, their ith coordinate connot decrease under f . This shows that their labels only
belong to {1, 2, 3}\{i}. Thus the labeling is proper, and Spener’s Lemma guarantees
a complete labeled cell. Repeating the process using triangulations with successively
smaller cells yields a sequence of successively smaller completely labeled triangles.
Let the jth triangle have corners xj , yj, zj with labels 0, 1, 2, respectively. In each
Si, we obtain a infinite sequence of points, say (xj), (yj) and (zj), respectively. Since
f is continuous, each Si is closed and bounded. Bolzano-Weierstrass theorem says
that every infinite sequence of points in a closed and bounded set has a convergent

1



subsequence convergent to a point in that set. Let (xik) be a convergent subsequence
of (xi) and similarly for (yik) and (zik). Because the distance from xik to yik and (zik)
approaches to 0, they converge to the same point and this point belongs to Si for
i = 1, 2, 3 by BolzanoVWeierstrass theorem. We have the claim.

By the claim we have there is a fixed point for f .

2



Graph Theory I  Homework I-4  by  游舜婷 

4.            
      5 -   

         
                              ( , )   i j

Use the adjacency matrix of a graph G to find the
number of cycles in G

The number of distinct walks with length
t from v to v i

Theor
s equal to the i j entr

em
y of

< >

(5) 5

1

:   | |
                 

        5         ( )

        ,         5 -   ,
       

t

n

i j ii
i

A

pf Let G n
By theorem we have the number of distinct walks with

length from v to v for all i is a tr A

Now we want to find the number of cycles in G
=

=

=∑

       :
       (  '    5 -   2  1 
       

1   5
   

-    
   )

       

we should removed two cases in the following
doesn t exist closed walks with or edges
on

Case cols
ly consider the

ed walks with
se two case

thr
s

ee edges
∴
< >

Q

 

     Given   

           

 



 

(3) 3

1

      

2  5 -  

5 -    

      5 5 ( )

  

n

ii
i

the number of distinct closed walks with three ed  ges

i

Case closed walks with

s

f

a tr A

our edges

=

∴

× =

< >

∑
 

 Given  

         

 

 

 



 

 

  

           vi        

 

 

1

(3)

1 1

     ?
deg( ) 2     ("2"      )

 ( ) 2

      5 -   4  

5 [( ) 2]

i
n

ij
j

n n

ij ii
i j

How many vertex u can choose
v two edges of the triangle

a

Hence the number of distinct closed walks with edges is

a a

=

= =

⇒ − →

⇒ −

−

∑

∑ ∑

 



5 3 (3)

1 1

  1  2      5 -  
1    { ( ) 5 ( ) 5 [( ) 2] }

10
(
   5    2 5 10

n n

ij ii
i j

b

)

y case and case we have the number of cycle is

tr A tr A a a

walk
cycle cycle

= =

∴

− − −

− ∴ ×

∑ ∑

Q

每一個 可從一個點的左邊走，亦可從右邊走

有五個點 同一個 共被算 =了 次

 



Graph Theory I  Homework I-5  by  黃信菖 

 Problem: 
 Let G be a graph with 100 vertices. Find a regular graph of diameter 6 with as 

less edges as possible. 
 
    Proof. 
 令 ，其中 。將所有 node 編號 0 至 99 號，其 node 與 node

之間的連法為： 
),( EVG = 100|| =V

(1) If  or ，則ki 4= 14 −k )100mod1( ±ii 與 Eii ∈± )100mod8(  
(2) If  or ，則14 += ki 24 +k )100mod1( ±ii 與 Eii ∈± )100mod16(  
    ( ) }0{∪∈ +Zk

 
所以 0 會與 1、8、99、92 相連，1 會與 0、2、17、85 相連… 

G⇒ 為 4-regular 
     
    每個 node 除了會與相鄰編號的 node 相連之外，還會有 4 個 ： 25C
    1. 2820124968880726456484032241680 −−−−−−−−−−−−−−−−  
       09284766860524436 −−−−−−−−−  
    2. 57412599377614529139781654933171 −−−−−−−−−−−−−−−−  
       1856953372158973 −−−−−−−−−  
    3. 584226109478624630149882665034182 −−−−−−−−−−−−−−−−  
       2867054382269074 −−−−−−−−−  
    4. 31231579991837567595143352719113 −−−−−−−−−−−−−−−−  
       39587797163554739 −−−−−−−−−  
    共 200 個邊 
 
    確認任兩個 node 在 6 步內可相連，且最遠距離為 6。 
 
    首先，node 0 與 node 、k4 14 −k 點對稱，且 node 0 走到 i 與 為相反

路徑、故只需 check node 0 可以走到 node 1 ~ 50 即可。 
0 至 50：

i−100

5049331710 −−−−−  
                      ∟ 4748 −  

0 至 46： 46301498990 −−−−−  

                           ∟45 

    0 至 44： 445253598510 −−−−−−   ( 44 為最遠距離 )  

    0 至 43： 43424125980 −−−−−−  

0 至 40： 4032241680 −−−−−  

                          ∟39 

    0 至 38： 383753698510 −−−−−−  

0 至 36： 363534331710 −−−−−−  



0 至 32：  

                      ∟

32241680 −−−−
3031−  

0 至 29： 29301498990 −−−−−  

                           ∟28 

0 至 27： 272625241680 −−−−−−  

                  ∟ 212223 −−  

0 至 20： 201918171680 −−−−−−  

              ∟ 12131415 −−−  

0 至 11：  

           ∟  

0 至 3：

1110980 −−−−
4567 −−−

3210 −−−  

 

    同理，node 1 對稱於 node 2，且走到 與i i−101 為相反路徑、故只需 check 
node 1 可以走到 node 2~ 51 即可。 

    1 至 51： 51504933171 −−−−−  
                       ∟ 464748 −−  

1 至 45： 4544525369851 −−−−−−    ( 45 為最遠距離 ) 

                           ∟ 43 

1 至 42： 4241403233171 −−−−−−  

                       ∟ 3839 −  

1 至 37： 3736353433171 −−−−−−  

               ∟ 29303132 −−−  

1 至 28： 28201918171 −−−−−  

                           ∟ 27 

1 至 26： 26252416171 −−−−−  

                   ∟ 212223 −−  

1 至 16： 1213141516171 −−−−−−  

1 至 11：  

              ∟

11109801 −−−−−
4567 −−−  

1 至 3： 321 −−  

 



Graph Theory I  Homework I-8  by  李柏瑩 

Problem: 

The Odd Graph . Prove that the girth of  is 6 if . kO kO 3≥k

 
Proof: 

Step1: Claim: the girth of   6  kO ≥

(i)  has no 1-cycle or 2-cycle(Since  is a simple graph) kO kO

(ii)  has no 3-cycle kO

[ If  has a 3-cycle  there exists three distinct k-element subsets of 

{1,2,…,2k+1}such that they are pairwise disjoint. But it is impossible! 

kO ⇒

 

(Since W.L.O.G..我們可以選前兩個頂點分別為{ 1, 2,…, 

k},{k+1,k+2,…,2k}則第三個頂點只剩下 2k+1 這個元素可選) ] 

(iii)  has no 4-cycle  kO

[ If  has a 4-cycle. W.L.O.G.. we can choose ={ 1, 2,…, 

k} , ={k+1,k+2,…,2k}in figure 1 

kO 1V

2V

 



then we may choose ={1,2,.,k-1,2k+1}3V ≠ 1

4

V  

⇒ 4V 中的元素只能從 k+1 到 2k 中挑,但 又不能等於

={k+1,k+2,…,2k} 

4V

2V

⇒ V 不存在  →←

(iv)  has no 5-cycle. W.L.O.G.. we can choose ={ 1, 2,…, 

k} , ={k+1,k+2,…,2k}, ={1,2,.,k-1,2k+1}, ={k,k+1,…,2k-1}in figure    

2 

kO 1V

2V 3V 4V

 

5

5

V 中的元素只有 2k 和 2k+1 可挑 ⇒

⇒ V 不存在  →←

Step2: Claim: the girth of  kO ≤  6 
We will construct a 6-cycle in  kO

Let ={ 1, 2,…, k}, = {k+1,k+2,…,2k}, ={1,2,.,k-1,2k+1} 1V 2V 3V

4 5 6V = {k, k+1,…,2k-1},V ={1,2,.,k-1,2k}, ={k+1,k+2,…,2k-1,2k+1}in 

figure 3 

V



 
⇒We can construct a 6-cycle in  kO

By Step1& Step 2 the girth of =6,⇒ kO ∀ k 3  ≥

 
 
 
 
 
  
 
 
  
  
 



Graph Theory I  Homework I-7  by   黃信菖 

Problem:  

 Prove that a self-complementary graph with n vertices 

exists if and only if n or n-1 is divided by 4. 
Proof: 

 (⇒ )  |||||||| GG =  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+

2
||||||||

n
GG  

      
4

)1(|||| −
=⇒

nnG  

      )4(mod10 orn =∴  

 

( )  By  induction  on  ⇐ 144 += kandkn  

      ： 1=k 4=⇒ n

                             
 

                            It is easy to see  isomorphic to G G  

                           
                  ： 5=n

                             

 

It is easy to see  isomorphic to G G  

 

           Assume it hold on 1'4'4 += kandkn  

       then when  

       

1'+= kk
4'4 +=⇒ kn ：because 4'44'4 KKK kk ∨=+  



                    by induction 可知， 存在 self-complement graph  

                    與

'4kK

'kG 'kG ，所以將 拆成兩個部份，如下： 

 

4'4 KK k ∨

                          
 

                         其中將 拆為 2 條 ，其頭尾各連接 與4K 4P 'kG 'kG 的

各個點。故此兩個 part 互為 isomorphic 

  

 

                         其邊數和 )2'43
2
2

'4

(2 ×++
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

= k

k

 

                                 

||||
2

4'4
2

'3212'4)'4(

4'4

2

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=

++−
=

kK
k

kkk

 

                         故 存在 self-complement graph 4'4 +kK
          同理，當 時，5'4 += kn 41'45'4 KKK kk ∨= ++ 仿造上述的方法，故  5'4 +kK

亦存在 self-complement graph。 

 



Graph Theory I  Homework I-8  by   劉宜君 

8. Prove that if ( 1)
2

p p x−
−  is a multiple of 3 and {0,1, 2}x∈  , then 1p xK P +−  can 

be decomposed into three isomorphic subgraphs. ( )  3p ≥
 Pf.    

Suppose  and 1 2G G G G= ∪ ∪ 3 31 2G G G≅ ≅ , and we know that can be  2nK

decomposed into n Hamiltonian paths. Let 6 14 25K H H H36= ∪ ∪ , where ijH  is a  

Hamiltonian path that start from and end ativ jv . ( 14 25 36H H H≅ ≅ ) 

    We define the 6G + construction is  where ' '
6 1 2G K G G G∨ = ∪ ∪ '

3

}} '
3 , i=1,2,3. Clearly, .  '

, 3 3{ { ~ ~ |i i i i i iG G H v v and v v v G+ += ∪ ∪ ∀ ∈ ' '
1 2G G G≅ ≅

 If we can prove that graphG  with order p can be decomposed into three  
isomorphic subgroups, then we also prove that  can be decomposed 
into three isomorphic subgroups. So we have to consider those graph with size 
p=3～8. And since  

6G K∨

,p∀ ∈Ν 3p k= 、 3p k 1= +  or 3 2p k= + , , 

the 

{0}k∀ ∈Ν∪

( 1)3
2

p p x−
− , x  will be 0 or 1. 

 
Consider x=0, 

P=3,   
 3K

 
=>P=3+6k, {0}k∀ ∈Ν∪  done. 

P=4,   
: 4K

 
=>P=4+6k, {0}k∀ ∈Ν∪  done. 



P=6,   
 6K

 
             =>P=6+6k, {0}k∀ ∈Ν∪  done. 

P=7,   
 7K

           =>P=7+6k, {0}k∀ ∈Ν∪  done.   
 

Consider x=1, if 2pK P−  can be decomposed into three isomorphic subgroups, 

then if let  6 2 2( )p p 6K P K P K+ − = − ∨  (delete the same edge with pK ), 

then by  6G + construction 6p 2K P+ −  can be decomposed into three 

isomorphic subgroups. 

P=5, 
    5K

 

5K
2 3v ve-  

=>P=5+6k, {0}k∀ ∈Ν∪  done. 

P=8, 
 8K

 



  

- e  8K
1 2v v

=>P=8+6k, {0}k∀ ∈Ν∪  done. 

So we prove that , if \{1, 2}p∀ ∈Ν
( 1)3

2
p p x−

− , {0,1}x∈ , then 1p xK P +−  can be 

decomposed into three isomorphic subgraphs. 
 

 An example of 6G + construction： 

3K  

 

6G + construction    

 This graph is  and can be decomposed into three isomorphic subgraphs. 3 6K +

  (different colors) 
    



Graph Theory I  Homework I-9  by   曾慧棻                              

9. For k 2 and g 2, prove that there exists a k-regular graph with girth g. ≥ ≥
 
Pf: By induction on k and g 
      It’s easy to know, when k=2, g=2 is true.  
   First , induction on g. 
      We know (2,g)-graph exists for all g 
Since 

 

(2,3)-regular (2,4)-regular (2,g)-regular 
=a cycle of length g 

Second, induction on k 
   Suppose the assertion is true for all pairs (k’,g’)-graph where k’< k and g’< g 

Let H be a (k-1,g)-graph and G’ be a  (|V(H)| , 
2
g⎡ ⎤

⎢ ⎥⎢ ⎥
)-graph, we use H and G’ to 

construct G to be a (k,g)-graph. We construct a G’. Since G’ has |V(H)|-vertex, 我們

把它每一個點都取代成一個H and since G’ is |V(H)|-regular graph. Hence H上的每

一個vertex都可以多一個edge連出去 such that deg(vi)=k , for all i in G. 

Next, since G’ has girth =
2
g⎡ ⎤

⎢ ⎥⎢ ⎥
, we find a cycle with girth=

2
g⎡ ⎤

⎢ ⎥⎢ ⎥
 and add girth=g of H. 

See Fig. 
  
 
 
 
 
 
 
 
 



Suppose we find a cycle of girth=
2
g⎡ ⎤

⎢ ⎥⎢ ⎥
, since deg=|V(H)| in G’, 因此在H的點都可

以對外連出, 且每個點連出去的Hi 都是不一樣. 假如在Hi 中連出去兩點,最短

path is only an edge.那原本 cycle的girth=
2
g⎡ ⎤

⎢ ⎥⎢ ⎥
 再加上在Hi 內的連接邊數 

For G , girth  ≥
2
g⎡ ⎤

⎢ ⎥⎢ ⎥
*2=g , if the girth > g in this cycle, we take girth=g in H. 

Hence, there exists k-regular graph with girth g . We have done. 
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10、(a) Use Proposition 1.3.11 to prove that if G has more 

than n^2/4 edges, then G has a vertex whose deletion 

leaves a graph with more than (n-1)^2/4 edges. 

    (b) Use part(a) to prove by induction that G contains a 

triangle if e(G)> n^2/4. 

Sol. (a) Since e(G) is an integer, we have 

       e(G)≧ (n^2+4)/4, n is even. 

       e(G)≧ (n^2+3)/4, n is odd. 

       we have e(G)≧ (n^2+3)/4. 

By proposition 1.3.11, we know that e(G)=Σi=1~n e(G-vi)/(n-2). 

e(G)=Σi=1~n e(G-vi)/(n-2)≧ (n^2+3)/4. 

左式裡最大的 term 至少要大於右式的平均值. 

there is a vertex v such that e(G-v)/(n-2)≧ 1/n*(n^2+3)/4. 

e(G-v)≧ (n-2)*(n^2+3)/4n=(n^3-2n^2+3n-6)/4n 

=(n^2-2n+1)/4+(2n-6)/4. 

Since n≧4       (2n-6)/4> 0. 

Hence we get the inequality e(G-v)> (n-1)^2/4. 

 



 

(b)Use induction on n. 

 

k=4,                ,由圖可得知,e(G)≧5 必有    . 

 

∴e(G)> 4. 

Then assuming that k= n, G contains a triangle when e(G)>n^2/4. 

When k= n+1, e(G)>(n+1)^2/4, by (a), there exists a vertex v such 

that e(G\{v})> n^2/4       by induction hypothesis G-{v} 

contains a triangle. 

Hence G contains a triangle. 
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