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Preface

The past three decades have seen enormous development in graph the-
ory, and one striking feature is the invention of many modern methods
which involve ideas from various branches of mathematics such as proba-
bility, algebra, geometry, and analysis. Graph Ramsey theory is an impor-
tant area that serves not only as an abundant source but also as a testing
ground of these methods. Given the inconvenience to access sporadic re-
sults in an extensive literature, we set out to describe the material in this
elementary book which aims to provide an introduction to graph Ramsey
theory, with focus on methods. The mathematical prerequisites for this
book are minimal: we only assumed familiarity with elementary calculus,
linear algebra, and graph theory. To make this book as self-contained as
possible, we attempted to develop the theory from scratch except the use of
a few theorems in number theory (yet without proofs), for instance, some
constructions heavily rely on the structural properties of finite fields, so we
laid down the background beforehand.

Of course, no book could give a complete treatment of the subject in-
dicated in their titles; simplicity is our first criterion for selecting topics.
By so doing, we hope that, on the one hand, readers can easily extract the
basic idea underlying each approach and quickly master the methods; on
the other hand, teachers can completely finish one topic in a single lesson.
(We are sorry for not being able to incorporate many deep results into this
introductory book.) The selected topics are independent; beginners may
skip the chapters, sections, and proofs marked with asterisks.

Despite substantial advance in graph Ramsey theory, most outstanding
problems are far from being solved and beyond the power of traditional
methods. The new insights generated by tackling these problems will most
likely lead to new tools and techniques. It is due to the abundance and
hardness of problems that graph Ramsey theory is full of vitality and hence
deserves much more research efforts. We believe that this book, intended
for beginning graduate students, can serve as an entrance to this beauti-
ful theory. To facilitate better understanding of the material, this book
contains some standard exercises.

We are deeply indebted to the following professors who introduced us
to the exciting world of Ramsey theory: J. Beck, B. Bollobás, V. Chvátal,
P. Erdős, R. Faudree, A. Gyárfas, J. Kahn, C. Rousseau, M. Saks, R.
Schelp, F. Tian. Without their instruction, this book could never be made
possible. We also wish to express our gratitude to N. Alon, G. Chang, G.
Fan, T. Gowers, F. Graham, K. Lih, J. Kim, Z. Ma, J. Shao, A. Szemerédi,
Y. Yeh, and many more who should be on this list, for their perceptive
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suggestions and encouragements. Finally, we like to thank the National
Science Function of China and the Research Grants Council of Hong Kong
for their financial support.
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Chapter 1

Existence and Upper
Bound

1.1 Terminology and Notation

“Ramsey theory” refers to the study of partitions of large structures. Typ-
ical results state that a certain substructure must occur in some classes of
the partition. That is to say, complete disorder is impossible. The smallest
size of the large structure is called Ramsey number.

Ramsey theory can be viewed as a generalization of the following naive
principle, called Pigeonhole Principle:

Let k and n be positive integers. Assume that a set consisting of N
objects is partitioned into n classes, then some class receives more than k
objects if N is large enough.

Here the set of size N is the large structure. The smallest N is kn + 1.
For N ≥ kn + 1, the average size of the substructures is more than k, so
there exists a class contains at least k + 1 objects. The argument uses the
averaging technique that is an important tool in Ramsey theory.

A cornerstone method in mathematics is mathematical induction, which
deduces a general statement for infinite many parameters from finite many
cases. In contrast to induction, Ramsey theory does the job to obtain a
general statement for all large parameters by excluding finite many excep-
tions.

Graph Ramsey theory is a fascinating branch of combinatorics. There
are many difficult open problems in this area. Our lectures are devoted
to the study of the behavior of various graph Ramsey functions. We use

3
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Modern Graph Theory by Bollobás (1998) for terminology and notation
which are not defined here. We assume that the readers have read some
standard textbooks in graph theory, a few of which are listed at the end of
this chapter.

Let G = (V, E) be a graph with vertex set V = V (G) and E = E(G).
The number of vertices of V is called the order of G, which is the size of V .
The size of E(G) is particularly called the size of G, denoted by e(G). We
always assume that G is simple, that is to say, it has neither multiple edges
nor loops. For a vertex v of G, call the number of edges incident with v as
its degree, denoted by deg(v), or d(v), or even simply dv. Note the degree
of v is the number of its neighbors, which are vertices adjacent to v, since
the graph is simple. If W ⊆ V , and F ⊆ E, set

E(W ) = {e ∈ E(G) : both vertices of e are in W}

and
V (F ) = {v ∈ V (G) : v is a vertex of an edge in F}.

Sometimes we may need subscript such as EG(W ) to avoid confusion. A
graph H is called a subgraph of G if V (H) ⊆ V (G) and E(H) ⊆ E(G). The
subgraph of G with vertex set W and edge set E(W ) is called the subgraph
induced by W ; and that with vertex set V (F ) and edge set F is called the
subgraph induced by F . A subgraph with vertex set V and any edge set is
called a spanning subgraph.

If W ⊆ V (G) and E(W ) = ∅, we say that W is an independent set of G,
The maximum cardinality of all independent sets of G is called independence
number of G, denoted by α(G), which is one of the important parameters
of graph.

In dealing with the problems of independence numbers, subgraphs in-
duced by subsets of vertices are important.

Proposition 1.1 Let G = (V, E) be a graph and let H be a subgraph of G
induced by a subset of V . Then α(G) ≥ α(H).

As usual, we write a complete graph on n vertices as Kn and write a
complete k−partite graph with classes of sizes n1, . . . , nk as K(n1, . . . , nk),
and Kk(n) simply if ni = n for 1 ≤ i ≤ k. The complete bipartite graph
K(t, s) is also denoted by Kt,s. The graph K1,s is called a star. The path
and cycle of length n are denoted by Pn and Cn, respectively. If for any
pair of distinct vertices u and v of G there is a path in G with end-vertices
u and v, then G is said to be connected. A connected graph with no cycle
is called a tree. The edge density of graph G of order n is defined to be
|E(G)|/n, which is half of the average degree.
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Let G and H be graphs with disjoint vertex sets. We use G ∪ H to
denote the graph with vertex set V (G)∪V (H) and edge set E(G)∪E(H),
and it is called a union of G and H. We denote ∪k

i=1G by kG. A forest
is a union of trees. We use G + H to denote the graph with vertex set
V (G)∪ V (H) and edge set consisting of all edges of G and H as well as all
edges joining G and H. Two graphs G and H are called complementary if
they have the same vertex set V and their edges are a partition of complete
graph on V . Denote by G for the complementary graph of G.

If we color the vertex set of G with some colors, a subset of V (G)
consisting of all vertices with the same color is called a color class. If in
a coloring of V (G) any color class induces an independent set, then we
say that this coloring is a proper vertex coloring. Equivalently, any pair
of adjacent vertices have distinct colors in a proper vertex coloring. The
minimum number of the colors used over all proper vertex colorings of G is
called chromatic number of G and denoted by χ(G), which is the minimum
k such that V (G) can be partitioned into k independent sets.

Let G1, . . . , Gk be graphs. The Ramsey Number r(G1, . . . , Gk) is de-
fined to be the smallest positive integer N such that in any edge coloring
of complete graph KN with colors {1, . . . , k}, there exists some i, such
that Gi is contained in the subgraph spanned by all edges in color i. This
spanned subgraph may have isolated vertices which are those (if any )not
incident to any edge in color i. Note that in definition of Ramsey numbers,
there are no restraints on the way of coloring of edges. We write k−coloring
Ramsey number r(G, . . . , G) as rk(G). In particular, if all Gi are complete,
we write r(G1, . . . , Gk) as r(n1, . . . , nk), where ni is the order of Gi, which
is called classical Ramsey number

Graham, Rothschild and Spencer in their book Ramsey Theory pre-
sented an exciting development of Ramsey theory. The number of research
papers before 1970s is not substantial. The Combinatorial Conference at
Balatonfüred, Hungary 1973, in honor of Paul Erdős for his 60th birth-
day, was a milestone in Ramsey theory history. There were more than two
dozen talks devoted to what is now called Ramsey theory. Many papers
have been published after this conference. About 40 papers which are clas-
sified in generalized Ramsey theory and indexed as 05C55 are reviewed in
Mathematical Reviews of the American Mathematical Society each recent
year. But most of them are concerned the related topics.

The case k = 1 is trivial and r1(G) is the order of G. The most studied
case is k = 2 in which we often refer the two colors for edges as red and blue.
For two colors, the Ramsey number r(G,H) can be alternatively defined
as the smallest positive integer N such that for any graph F of order N ,
either F contains G as a subgraph or F contains H as a subgraph, where
F is the complementary graph of F . We write r(G) for r(G,G) and call
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it the diagonal Ramsey number of G. So diagonal classic Ramsey number
r(n) is r(n, n) = r(Kn,Kn). If either G or H is not complete, then r(G,H)
is called a generalized Ramsey number.

It is a simple fact that r(K1, G) = 1 and r(K2, G) = |V (G)| for any
graph G. To see the latter, let n = |V (G)| ≥ 2, and color the all edges of
Kn−1 blue, then there is neither red K2 nor blue G, so r(K2, G) ≥ n. For
the inverse inequality, consider any coloring of edges of Kn, if there are red
edges, we have a red K2, otherwise, all edges of Kn are blue, thus we have
a blue Kn hence a blue G, so r(K2, G) ≤ n.

If G1 is subgraph of G and H1 is a subgraph of H, then it is easy to
see that r(G1,H1) ≤ r(G,H). Call a graph empty graph if its edge set is
empty. An empty graph of order m is the complementary graph of Km. If
G is not an empty graph, then r(Km, G) = m.

Proposition 1.2 For any graphs G and H, r(G,H) = r(H, G).

Proof. Denote by N for r(G,H). There is a coloring of edges of KN−1

with red and blue such that there is neither red G nor blue H. For each
edge, switch its color to the other. In the new coloring, there is neither red
H nor blue G, so r(H, G) ≥ N = r(G,H). Similarly r(G,H) ≥ r(H, G). 2

Generally, in multi-color Ramsey number r(G1, . . . , Gk), Gi and Gj are
exchangeable, namely

r(· · · , Gi, · · · , Gj , · · ·) = r(· · · , Gj , · · · , Gi, · · ·).
It is trivial to see

rk(· · · , Gi−1,K2, Gi+1, · · ·) = rk−1(· · · , Gi−1, Gi+1, · · ·).
In the two-coloring of the edge set of a complete graph with colors red

and blue, we often denote the subgraph spanned by all red edges including
all isolated vertices by 〈R〉, or simply R. Similarly, 〈B〉 or B is the subgraph
spanned by all blue edges including isolated vertices. In a specific two-
coloring of the edge set of G, for any vertex u, we thus can say that it
has red degree degR(u), blue degree degB(u), red neighborhood NR(u) and
blue neighborhood NB(u), respectively.

In order to verify that r(G,H) ≥ N + 1 for some N , one must have an
edge coloring of KN in red and blue, such that there is neither a monochro-
matic red G nor a monochromatic blue H. Since the two monochromatic
graphs, which contain all vertices, can be referred as F and F , respectively,
so verifying r(G,H) ≥ N +1 is the same to find a graph F of order N such
that F does not contains G and F does not contain H. Such graph F of
order N = r(G,H)− 1 is called a Ramsey graph for r(G,H).
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Note that in fact any graph F can yield a lower bound, good or bad,
for a Ramsey number. For example, if ω(F ) = m, and α(F ) = n, then we
have r(m + 1, n + 1) ≥ |V (F )| + 1. However, it is very difficult to find a
good lower bound for most Ramsey numbers.

1.2 Existence and Upper Bounds

In 1930 Frank Ramsey, in a fundamental paper on mathematical logic, gave
a result whose special case can be stated in graph language as follows.

Theorem 1.1 (Ramsey,1930) Let k ≥ 2 and let n1, . . . , nk be positive
integers. The Ramsey number r(n1, · · · , nk) exists, and if ni ≥ 2 for all
i ≤ k, then

r(n1, · · · , nk) ≤
k∑

i=1

r(· · · , ni−1, ni − 1, ni+1, · · ·)− k + 2.

Proof. The proof is by induction on n1 + · · ·+ nk. As we shall prove the
inequalities, it will follow that r(n1, · · · , nk) exists. Since r(n1, · · · , nk) = 1
if ni = 1 for some i ≤ k and

rk(· · · , ni−1, 2, ni+1, · · ·) = rk−1(· · · , ni−1, ni+1, · · ·),
and r(2, n) = r(n, 2) = n, we may assume that

Ni = r(· · · , ni−1, ni − 1, ni+1, · · ·)
exists for any i ≤ k, and ni ≥ 2. Let

N =
k∑

i=1

Ni − k + 2

and consider a coloring of the edges of KN with colors {1, 2, . . . , k}. We
have to show that in this coloring there is some i the subgraph spanned by
all edge in color i contains Kni

. To this end, let v be vertex of this colored
KN , and let degi(v) be the degree in color i. Clearly there is some i so that
degi(v) ≥ Ni since otherwise degi(v) ≤ Ni − 1 then

N − 1 =
k∑

i=1

degi(v) ≤
k∑

i=1

(Ni − 1) = N − 2

leading to a contradiction. By symmetry we may assume that i = 1, thus
vertex v has N1 neighbors connected by edges in the first color. Consider the
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complete graph KN1 spanned by these N1 vertices. If KN1 has a complete
Kn1−1 monochromatic in color 1, we are done since which forms a red Kn1

with vertex v. Otherwise, by the definition N1, the graph KN1 contains a
monochromatic Knj

for some j ≥ 2. 2

For a graph G of order at least two, denote by G′ for a graph obtained by
deleting one vertex from G. With a similar proof, we have a generalization
of Theorem 1.1.

Theorem 1.2 Let k ≥ 2 be an integer and let G1, . . . , Gk be graphs. Then
the Ramsey number r(G1, · · · , Gk) exists, and if each Gi has at least two
vertices, then

r(G1, . . . , Gk) ≤
k∑

i=1

r(· · · , Gi−1, G
′
i, Gi+1, · · ·)− k + 2.

The popularization of Ramsey’s Theorem began with its rediscovery in
a classic paper of Paul Erdős and George Szekeres in 1935.

Theorem 1.3 (Erdős-Szekeres,1935) For any integers m ≥ 2 and n ≥
2, Ramsey number r(m,n) exists, and it satisfies

r(m,n) ≤ r(m− 1, n) + r(m,n− 1)

and

r(m,n) ≤
(

m + n− 2
m− 1

)
.

Proof. The first inequality is a special case of Theorem 1.1. Then by the
first inequality we have

r(m,n) ≤ r(m− 1, n) + r(m,n− 1)

≤
(

m + n− 3
m− 2

)
+

(
m + n− 3

m− 1

)

=
(

m + n− 2
m− 1

)
.

2

The first inequality in the following theorem is a special case of Theorem
1.1. We shall prove the theorem with emphasis on the condition for the
strict inequality, which is needed for exact values of small Ramsey numbers.
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Theorem 1.4 Let G and H be graphs with at least two vertices. Then

r(G,H) ≤ r(G′,H) + r(G,H ′).

If both r(G′,H) and r(G,H ′) are even, then

r(G,H) ≤ r(G′,H) + r(G,H ′)− 1.

Proof. Let N = r(G′,H) + r(G,H ′). In any red-blue coloring of edges
of KN , a vertex v has either red degree at least r(G′,H) or blue degree
at least r(G,H ′). Suppose degR(v) ≥ r(G′,H), then NR(v) must contain
a red G′ or a blue H. Together with v, this either yields a red G or a
blue H. The case degB(v) ≥ r(G,H ′) is similar, thus the first inequality
follows. For the second inequality, suppose to the contrary, r(G,H) = N =
r(G′,H)+r(G,H ′), which is even, then there is a coloring of edges of KN−1,
such that there is neither red G nor blue H. For any vertex v, we have
degR(v) ≤ r(G′,H)− 1 and degB(v) ≤ r(G,H ′)− 1. However

degR(v) + degB(v) = N − 2 = (r(G′,H)− 1) + (r(G,H ′)− 1),

hence

degR(v) = r(G′,H)− 1 and degB(v) = r(G,H ′)− 1

for any vertex v. Consider the number of edges of R, which is

e(R) =
1
2
(N − 1)(r(G′,H)− 1).

But the right hand side is not an integer since both N − 1 and r(G′,H)− 1
are odd, yielding a contradiction. 2

1.3 A Two-Step Recursive Upper Bound

The following is a two-step recursive upper bound, due to Li, Rousseau and
Zang (2004), in which G′′ is a graph obtained by deleting two vertices from
G.

Theorem 1.5 Let G and H be graphs of order at least three, and let A =
r(G′′,H) and B = r(G,H ′′). Then

r(G,H) ≤ A + B + 2 + 2
√

(A2 + AB + B2)/3.

In particular, r(G,G) ≤ 4r(G,G′′) + 2.
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Proof. Let N = r(G,H)− 1. Then there is a coloring of the edges of KN

in colors red and blue in which there is neither a red G nor a blue H. Let
(Er, Eb) denote the corresponding partition of the edge set of KN . Denote
by V the vertex set of the colored complete graph KN , and let Fr = (V, Er)
and Fb = (V, Eb) denote the red and blue subgraphs, respectively. The
number of monochromatic triangles in the two-colored KN is

M =
1
3

( ∑

uv∈Er

|Nr(u) ∩Nr(v)|+
∑

uv∈Eb

|Nb(u) ∩Nb(v)|
)

,

where Nr(u) and Nb(u) are neighborhoods of u in Fr and Fb, respectively.
Since an edge uv ∈ Er and a red copy of G′′ in Nr(u) ∩Nr(v) yield a red
K2 + G′′ hence a red G, we have |Nr(u) ∩Nr(v)| ≤ r(G′′,H)− 1 = A− 1.
Similarly, |Nb(u) ∩ Nb(v)| ≤ r(G,H ′′) − 1 = B − 1 for an edge uv ∈ Eb.
Therefore we have the following upper bound for M :

M ≤ (A− 1)|Er|+ (B − 1)|Eb|
3

.

As observed by Goodman (1959), since the number of non-monochromatic
triangles is 1

2

∑
v∈V dr(v)db(v), so

M =
(

N

3

)
− 1

2

∑

v∈V

dr(v)(N − 1− dr(v)),

where dr(v) = |Nr(v)|. Suppose d1, d2, . . . , dN are any real numbers satis-
fying

∑N
i=1 di = s. Then Cauchy’s inequality,

(
N∑

i=1

xiyi

)2

≤
(

N∑

i=1

x2
i

)(
N∑

i=1

y2
i

)

by taking yi = 1, gives N
∑N

i=1 d2
i ≥ (

∑N
i=1 di)2 = s2, with equality if and

only if d1 = d2 = · · · = dN = s/N . Hence

N∑

i=1

di(N − 1− di) = (N − 1)s−
N∑

i=1

d2
i ≤ (N − 1)s− s2

N
.

Since
∑

v∈V dr(v) = 2|Er|, application of the above inequality gives the
following lower bound for M :

M ≥
(

N

3

)
− |Er|

(
N − 1− 2|Er|

N

)

=
N(N − 1)(N − 5)

24
+

2
N

(
|Er| − 1

2

(
N

2

))2

.
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This inequality is strict unless 2|Er|
N is an integer and dr(v) = 2|Er|

N for each
v ∈ V . Set

|Er| = 1
2

(
N

2

)
+ x and |Eb| = 1

2

(
N

2

)
− x,

where |x| ≤ 1
2

(
N
2

)
. Then the two bounds for M give

N(N − 1)(N − 5)
24

+
2x2

N
≤ (A− 1)|Er|+ (B − 1)|Eb|

3

=
N(N − 1)(A + B − 2)

12
+

(A−B)x
3

.

Equivalently,

N(N − 1)[N − (2A + 2B + 1)]
24

≤ (A−B)x
3

− 2x2

N
.

Maximizing the right-hand side on variable x ∈ (−∞,∞) without consid-
ering the constraint on x, the maximum value is taken at x = (A−B)N

12 and
we have

(N − 1)[N − (2A + 2B + 1)] ≤ (A−B)2

3
,

which gives N − 1 ≤ A + B + 2
√

(A2 + AB + B2)/3 as required. 2

The following is a result often used in estimating small Ramsey numbers.

Corollary 1.1 (Walker,1968) Let n ≥ 3 be an integer, then

r(n, n) ≤ 4r(n− 2, n) + 2.

1.4 Hypergraph and Infinite Version ?

We shall conclude this chapter with hypergraph and infinite versions of
Ramsey theorem.

A hypergraph G on vertex set V is a pair (V, E), where the edge set E
is a family of subsets of V . Let V (r) be the family of all r−subsets of V .
If E ⊆ V (r), then G is called r−uniform. Thus a 2−uniform hypergraph
is just a graph. When E = V (r), we say that G is complete, denoted by
K

(r)
n , where n = |V |. If all elements in V (r) are colored in k colors, a subset

X ⊆ V is said to be monochromatic when any element in X(r), not element
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of X itself, has the same color. That is to say, the subset X induces a
monochromatic complete sub-hypergraph of G.

Define r
(r)
k (n1, . . . , nk) to be the minimum integer N such that every

coloring of V (r) with |V | = N in colors {1, . . . , k}, then for some i, there
exists X ⊆ V with |X| = ni that induces a monochromatic K

(r)
ni in color i.

Write r
(r)
k (n) for r

(r)
k (n, . . . , n), r(r)(m,n) for r

(r)
2 (m,n) and rk(n1, . . . , nk)

for r
(2)
k (n1, . . . , nk). Note that r(1)(m,n) = m + n− 1 and for r ≥ 2,

r(r)(m,n) =
{

max{m,n} if r = min{m,n},
min{m,n} if r > min{m,n}.

Theorem 1.6 Let r,m, n ≥ 2 be integers. Then r(r)(m,n) exists that sat-
isfies

r(r)(m,n) ≤ r(r−1)
(
r(r)(m− 1, n), r(r)(m,n− 1)

)
+ 1.

Proof. From the fact that r(1)(m,n) = m + n − 1 and the upper bound
that r(2)(s, t) ≤ r(2)(s−1, t)+ r(2)(s, t−1) in the section 2, we see that the
assertion holds for r = 2. For r > 2, we assume that r(r−1)(s, t) exists.

Let V be a set with N = r(r−1)
(
r(r)(m− 1, n), r(r)(m,n− 1)

)
+ 1 ver-

tices. For a given coloring c : V (r) → {red, blue}, a vertex v ∈ V and
X = V \ {v}, define a coloring

c̄ : X(r−1) → {red,blue}, c̄(S) = c(S ∪ {v})
for S ∈ X(r−1) as S ∪ {v} ∈ X(r). From the definition of r(r−1)(s, t) and

|X| = r(r−1)
(
r(r)(m− 1, n), r(r)(m,n− 1)

)
,

we see that either X contains a subset Y with |Y | = r(r)(m − 1, n) such
that Y (r−1) is completely red in c̄, or X contains a subset Z with |Z| =
r(r)(n,m − 1) such that Z(r−1) is completely blue in c̄. Without loss of
generality, we assume that the former is the case. We shall show that Y
contains either a subset A with |A| = m such that A(r) is completely red
in c or subset B with |B| = n such that B(r) is completely blue in c.

We now have Y ⊆ X = V \ {v} with |Y | = r(r)(m− 1, n). Consider the
restriction of the coloring c of V (r) on Y (r). From the definition, we know
that either Y contains a subset B with |B| = n such that B(r) is completely
blue in c, we thus are done, or Y contains a subset A0 with |A0| = m − 1
such that A

(r)
0 is completely red in c. Set A = A0 ∪ {v}, then |A| = m

since v 6∈ A. For any T ∈ A(r), if v 6∈ T , then T ∈ A
(r)
0 and hence c(T ) is

red. Otherwise, S = T \ {v} ∈ A
(r−1)
0 ⊆ Y (r−1), so c̄(S) is red since Y (r−1)
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is completely red in c̄. The definition of c̄ implies that c(T ) is red since
c(T ) = c̄(S), thus A(r) is completely red in c. 2

The following is an infinite version of Ramsey theorem.

Theorem 1.7 Let V be an infinite set and let r and k be fixed positive
integers. If all elements in V (r) are colored in k colors, then V has an
infinite subset X such that all elements of X(r) have the same color.

Proof. The assertion is trivial for r = 1. We thus assume that r ≥ 2 and
the assertion holds for smaller values of r.

Consider any coloring c : V (r) → {1, 2, . . . , k}. Let V0 = V and pick
any v1 ∈ V0, and then set U1 = V0 \ {v1}. Define a coloring

c1 : U
(r−1)
1 → {1, 2, . . . , k}, c1(S) = c(S ∪ {v1})

for any S ∈ U
(r−1)
1 . By the induction hypothesis there exists an infinite

subset V1 ⊆ U1 such that all elements of V
(r−1)
1 have the same color in c1,

say k1. Hence any T ∈ (V1 ∪ {v1})(r) with v1 ∈ T has color k1 in c since
T \ {v1} ∈ V

(r−1)
1 has color k1 in c1 and c(T ) = c1(T \ {v1}). Pick any

v2 ∈ V1 and set U2 = V1 \ {v2}. Define a coloring

c2 : U
(r−1)
2 → {1, 2, . . . , k}, c2(S) = c(S ∪ {v2})

for any S ∈ U
(r−1)
2 . Then there exists an infinite subset V2 ⊆ U2 such

that all elements of V
(r−1)
2 have the same color in c2, say k2. Hence any

T ∈ (V2∪{v2})(r) with v2 ∈ T has color k2 in c. Continuing the process we
have a sequence of infinite nested sets: V0 ⊇ V1 ⊇ V2 ⊇ . . ., and an infinite
sequence of distinct vertices v1, v2, v3, . . . with vi ∈ Vi−1 and vi 6∈ Vi, and
a sequence of colors k1, k2, . . . such that any T ∈ (Vi ∪ {vi})(r) with vi ∈ T
has color ki in c.

Since the infinite sequence of k1, k2, . . . takes only k different values,
there exists a subsequence kn1 , kn2 , . . ., taking a constant, say k′. Set
X = {vn1 , vn2 , . . .}, which is an infinite subset of V . For any T ∈ X(r)

with T = {vm1 , . . . , vmr}, mi ∈ {n1, n2, . . .} and m1 < m2 . . . < mr, we
have vm2 , . . . , vmr

∈ Vn1 , hence T ∈ (Vm1 ∪ {vm1})(r) with vm1 ∈ T thus
c(T ) = km1 = k′. Therefore all elements of X(r) have color k′ in coloring
c, completing the proof. 2

The hypergraph version of Ramsey theory can be deduced from its in-
finite version.
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Lemma 1.1 Let V1, V2, . . . be an infinite sequence of pairwise disjoint sets
with 0 < |Vi| < ∞, and let G be the graph on V = ∪i≥1Vi. Suppose that
each vertex in Vi has at least one neighbor in Vi−1. Then G contains an
infinite path v1v2 . . . with vi ∈ Vi for all i ≥ 1.

Proof. For any vertex vn ∈ Vn, let f(vn) be one of neighbors of vn. There
is a path of form as vnvn−1 . . . v1 with vi ∈ Vi and vi−1 = f(vi). Let P be
the set of all such paths, then P contains infinite paths of finite lengths.
Since V1 is a finite set, there is a vertex v1 ∈ V1 that is the end of infinite
paths. Let P1 ⊆ P be the set of all such paths. Among all vertices of
V2 that in some path of P1, there is v2 that is contained in infinite many
paths of P1 since V2 is finite and P1 is infinite. Let P2 ⊆ P1 be the set
of paths that contains vertices v1 and v2, then P2 contains infinite many
paths. Continue the process, we find v1, v2, . . . with vn ∈ Vn for all n ≥ 1
such that they form a path of G. 2

The least integer N in the following theorem is r
(r)
k (n), which has been

introduced earlier, where r is the uniformity of the hypergraph and k is
number of colors. As usual, we write [N ] for the set {1, 2, . . . , N} and N
for {1, 2, . . .}.

Theorem 1.8 Let r and k be given positive integers. Then for each n ≥ 1
there is an integer N ≥ r such that if all elements of [N ](r) are colored in
k colors, then there is S ⊆ [N ] with |S| = n such that all elements of S(r)

are in the same color.

Proof. Note that if the assertion does not hold for some n, then it does
not hold for any large values of n. So we may assume that for some fixed
n and for any N ≥ r, there is a “bad” coloring c : [N ](r) → [k] such that
if S ⊆ [N ] with |S| = n, the S(r) is not monochromatic in c. Denote by
VN for the set of all such bad colorings on [N ](r), then 0 < |VN | < ∞. For
N > r and c ∈ VN , the restriction of c on [N − 1](r) is an element of VN−1

since it is bad. From Lemma 1.1, there is an infinite sequence cr, cr+1, . . . of
bad colorings with cN ∈ VN that is the restriction of cN+1 on [N ](r). For all
N ≥ m ≥ r, any coloring cN agrees on [m](r). So if X ∈ N (r), then cN (X)
coincides for all N > max X. We define the this common value cN (X) as
c(X) hence define a coloring c : N (r) → [k]. Then c is a bad coloring on
N (r). In fact, for any Y ⊆ N with |Y | = n, then Y ⊆ [N ] for some large
N ≥ r. So all elements of Y (r) cannot have the same color since c coincides
with the bad coloring cN on [N ](r). We thus reach a contradiction and
finish the proof. 2
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Exercises

1.1 Prove Theorem 1.2.

1.2 Prove

r(Km + Kn,Kp + Kq) ≤
(

m + p− 1
m

)
n +

(
m + p− 1

p

)
q.

(A. Thomason, 1982.)

1.3 Let G be a graph of order of N . Prove that the number of triangles
contained in G and G ‘is

(
N

3

)
− 1

2

∑

v∈V (G)

d(v)(N − 1− d(v)).

(R. Goodman, 1959.)

1.4 Let k ≥ 2. Prove that

r(n1 + 1, · · · , nk + 1) ≤ (n1 + · · ·+ nk)!
n1! · · ·nk!

.
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Chapter 2

Small Ramsey Numbers

2.1 Ramsey Folklore

What are exact values of r(m,n)? To answer this is more challenging than
to prove the existence of them. As mentioned in Chapter 1, if N = r(G,H),
there exists a graph F of order N − 1 that contains no subgraph G and F
contains no H, F is then called Ramsey graph or extremal graph for r(G,H).
To illustrate the idea, we shall find the first four nontrivial classical Ramsey
numbers, which are folklore in graph Ramsey theory.

Theorem 2.1 Exact values of four Ramsey numbers are as follows.

r(3, 3) = 6, r(3, 4) = 9, r(3, 5) = 14, r(4, 4) = 18.

Proof. By the upper bound in Theorem 1.3 in Chapter 1, we have r(3, 3) ≤(
4
2

)
= 6. More direct proof is easy. Let F be a graph of order 6 and

v ∈ V (F ). Then v has at least three neighbors in F or in F , say, three
neighbors S = {v1, v2, v3} in F . If any two vertices in S are adjacent, then
these two vertices and v form a triangle. Otherwise, S induces an triangle
in F . Thus r(3, 3) ≤ 6. To show r(3, 3) > 5, just note C5 = C5, which
contains no K3. So C5 is an extremal graph of r(3, 3).

Since both r(3, 3) = 6 and r(2, 4) = 4 are even, by Theorem 1.4 in
Chapter 1, we have r(3, 4) ≤ 9. Also,

r(3, 5) ≤ r(2, 5) + r(3, 4) ≤ 14. (2.1)

To obtain a lower bound of r(3, 5), let us consider the graph G on
vertex set Z13 = {0, 1, 2, . . . , 12} (the integers modulo 13). Denote by
A = {1, 5, 8, 12} = {±1,±5}, which are non-zero cubic (mod 13) of Z13.

15
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Connect vertices i and j by an edge if and only if |i − j| ∈ A. It is easy
to check that G is triangle-free and α(G) = 4. Thus r(3, 5) ≥ 14 hence
r(3, 5) = 14. Furthermore the equality holds in (2.1) so r(3, 4) = 9.

From r(3, 4) = 9, we have r(4, 4) ≤ 2r(3, 4) = 18. To get a lower bound,
let us consider the graph with vertex set Z17 = {0, 1, . . . , 16}, in which i and
j are adjacent if and only if i − j ∈ {±1,±2,±4,±8}, the set of non-zero
quadratic (mod 17). This graph shows that r(4, 4) ≥ 18. We will see the
lower bound again by Paley graph later. 2

Greenwood and Gleason (1955) computed the four exact values as in
above theorem. They also found the right values of r(3, 3, 3) = 17, whose
right upper bounds can be obtained by Theorem 1.1 in Chapter 1. The
lower bound of r(3, 3, 3) will be in the next section, which is the only known
exact value among all nontrivial classical Ramsey number of three or more
colors. Graver and Yackel (1968) found that of r(3, 6) = 18 and r(3, 7) = 23.
No any other classic Ramsey number is found without aid of computers.
Using the computers, Grinstead and Roberts (1982) found that r(3, 8) is 28
or 29 addition to the exact value of r(3, 9) = 36; Mckay and Zhang (1992)
finally determined r(3, 8) = 28. MaKay and Radziszowki (1995) computed
r(4, 5) = 25.

For fixed integer k ≥ 2 and graphs Gi with small orders, the exact value
of r(G1, . . . , Gk) is called small Ramsey numbers. Radziszowski’s dynamic
survey (1994) offers up-to-date information on small Ramsey numbers. All
known non-trivial classical Ramsey numbers r(m,n) and some bounds at
present are listed in the following table.

m\n 3 4 5 6 7 8 9 10

3 6 9 14 18 23 28 36 40/43

4 18 25 35/41 49/61 56/84 69/115 92/149

5 43/49 58/87 80/143 101/216 121/316 141-442

6 102/165 111/298 127/495 169/780 178/1171

7 205/540 216/1031 232/1713 -/2826

8 282/1870 317/3583 -/6090

9 565/6588 580/12677

10 798/23556

Table 1 Some values and bounds of r(m, n).

The paucity of known exact values r(m,n) indicates the difficulty in this
area. Also this paucity stimulates our curiosity to find more classic Ramsey
numbers. The following story came from Ten lectures on the probabilistic
method by Spencer (1994).
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Erdős asks us to imagine an alien force, vastly more powerful than us,
landing the earth and demanding the value of r(5, 5) or they will destroy
our planet. In this case, he claims, we should marshall all our computers
and all our mathematicians and attempt to find the value. But suppose,
instead, that they ask for r(6, 6). In that case, we should attempt to destroy
the aliens.”

Perhaps as the improvement of computers and algorithms, the value of
r(5, 5) will be obtained in the near future. But for a bit larger n, the exact
value of r(n, n) is still far away from tractable. However, more “exact”
results are known on generalized Ramsey numbers. We will discuss some
of them later in this chapter.

2.2 Finite Field and r3(3)

In this section, we introduce a construction by a finite field. About finite
fields, one of basic facts is that there exists a q element field F (q) if and
only if q ia a prime power. A finite field F (q) is often called Galois field
so denoted by GF (q). For the simplicity, we use the notation F (q) or
Fq. When q = p is a prime, the addition and multiplication in F (p) are
more pleasing since they are arithmetic mod p. A bit later, we will see
the operations in F (pm) with m ≥ 2 are different (only in appearance
essentially). Set F ∗(q) = F (q)\{0}, then F ∗(q) is closed for multiplication.
In fact it is a multiplicative group. However, If q = pm is a power of prime
p and if x ∈ F (q), then px = 0, where px is the sum of x of p times. Any
element of F ∗(q) satisfies that the equation xq−1 = 1 (mod q), hence any
element of F (q) satisfies the equation xq = x (mod q).

Let us look a more specific case. The following Fermat theorem is well
known in elementary number theory.

Theorem 2.2 (Fermat Theorem) If prime p and positive integer a sat-
isfy (a, p) = 1, then ap−1 = 1 (mod p).

Set Zp = {0, 1, · · · , p − 1} and Z∗p = {1, 2, · · · , p − 1}. So the Fermat
theorem ensures that any x ∈ Z∗p satisfies xp−1 = 1 (mod p). Here Zp is
a field of order p, and it is the unique field of order p up to isomorphism.

Using finite field, Greenwood and Gleason in 1955 constructed a graph
giving the right lower bound of r3(3), in which more essential properties
of finite field F (pm) with m ≥ 2 are involved. This is the only graph
producing the right lower bound for rk(n) with k ≥ 3 and n ≥ 3. Let us
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begin with some basic properties involved in the construction. Of course,
we shall constrain ourselves with what are needed here.

Let F be a (finite or infinite) field. A polynomial

f(x) = a0x
m + a1x

m−1 + · · ·+ am

is called a polynomial on F if any coefficient ai ∈ F . Denote by F [x] for the
set of all polynomials on F . Then F [x] is a ring on ordinary addition and
multiplication of polynomials. The polynomial f(x) on a field F is called
primitive if it is irreducible and a0 = 1. We now define an equivalence
relation ≡ on F [x] for with g1(x) ≡ g2(x) if and only if f(x)|(g1(x)−g2(x)),
that is to say, the reminders of g1(x) and g2(x) are the same when they are
divided by f(x). Let

gi(x) = f(x)hi(x) + ri(x),

where hi(x), ri(x) ∈ F [x] with the degree of ri(x) is less m. Denote by
〈g(x)〉 for the equivalence class that contains g(x), then 〈gi(x)〉 = 〈ri(x)〉,
and g1(x) ≡ g2(x) if and only if r1(x) = r2(x). Let F [x]/(f(x)) be the
set of all equivalence classes. Operating addition and multiplication on
F [x]/(f(x)) in an obvious way, we have a filed called quotient field.

By identifying any element a ∈ F as the element 〈a〉 ∈ F [x]/(f(x)),
we see that F [x]/(f(x)) is an extension field of F , and any polynomial
g(x) on F is a polynomial on F [x]/(f(x)). In the extension field, the
polynomial f(x) is reducible. In fact, the element 〈x〉 is a root of f(x) in
F [x]/(f(x)). Denote the root by β, then F [x]/(f(x)) is a linear space with
basis {1, β, . . . , βm−1}, where m is the degree of f(x).

To make this construction clearer, let us look the complex field in an
algebraically constructive way. The polynomial f(x) = x2 + 1 is primitive
on real number field R. Denote the root of f(x) = x2 +1 by i, then i2 = −1
and any complex number can be expressed as a + bi with a, b ∈ R, where
a + bi is a signification of the element of 〈a + bx〉 of the quotient field
R[x]/(x2 + 1). Here {1, i} forms a basis of complex field over real field R.

Recall that for a prime p, Zp is a field in which the addition and multipli-
cation are operated on (mod p). From the previous discussion, we know
that a finite field GF (pm) of order pm can be isomorphic with Zp[x]/(f(x)),
where Zp[x] is the polynomial ring on Zp and f(x) is a primitive polynomial
on Zp of degree m. Note that the number of polynomials with degree less
than m is pm, which is exactly the order of Zp[x]/(f(x)) by the mentioned
reason.

Let β be a root of f(x), then the elements of GF (pm) can be expressed
as

0, β, β2, · · · , βq−1 = 1,
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where q = pm. The above expression is only convenient for multiplication as
βiβj = βi+j . However, the operations are on (mod f(x)). For example,
if xk = h(x)f(x) + r(x), where h(x), r(x) ∈ Zp[x] with the degree of r(x)
is at most m− 1, then βk = r(β). The uniqueness is the advantage of the
expression r(β) for βk.

We now consider F = GF (24), which is isomorphic to Z2[x]/(x4 +x+1)
since x4 + x + 1 is a primitive polynomial in Z2[x]. Let β be a root of
x4 + x + 1, then the elements of F may be identified as

{0, β, β2, . . . , β15 = 1},

in which 1, β, β2, β3 form a basis of F as a linear space on Z2.

0 = 0 β8 = 1 + β2

β = β β9 = β + β3

β2 = β2 β10 = 1 + β + β2

β3 = β3 β11 = β + β2 + β3

β4 = 1 + β β12 = 1 + β + β2 + β3

β5 = β + β2 β13 = 1 + β2 + β3

β6 = β2 + β3 β14 = 1 + β3

β7 = 1 + β + β3 β15 = 1

Table 2 The elements in a field GF (16)

Note that −f(β) = f(β) since −f(x) = f(x) in Z2[x]. Let A0 be the
set of all cubic residues of F ∗ = F \ {0}, then

A0 = {β3, β6, β9, β12, β15}
= {β3, β2 + β3, β + β3, 1 + β + β2 + β3, 1}.

It is easy to see that A0 is a subgroup of multiplicative group F ∗. Set

A1 = βA0 = {1 + β, 1 + β + β3, 1 + β + β2, 1 + β2 + β3, β}

and
A2 = β2A0 = {β + β2, 1 + β2, β + β2 + β3, 1 + β3, β2}.

The sets A0, A1, A2 are cosets of A0 in multiplicative group F ∗. A set
S ⊆ F ∗ is called sum-free if for any s, t ∈ S, s + t 6∈ S. Observe that A0 is
sum-free from the above table hence A2 and A3 are sum-free.

We now construct a complete graph on vertex set formed by elements
of F . Color the edge connecting vertices u and v with color i if u− v ∈ Ai.
Since u − v = u + v in F = GF (24), the order of difference is immaterial.
Also, u− v 6= 0 for distinct u and v, so all edges are colored in three colors.
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Lemma 2.1 There is no monochromatic triangle in the above construc-
tion.

Proof. For any three distinct vertices u, v, w, assume that the edges uv
and uw are colored in i, then v − u ∈ Ai, w − u ∈ Ai. Thus

w − v = (w − u) + (u− v) 6∈ Ai

since Ai is sum-free. 2

Theorem 2.3 r3(3) = 17.

Proof. The graph constructed above shows that r3(3) ≥ 17. The right
upper bound has been mentioned in Chapter 1 by

r(3, 3, 3) ≤ 3r(3, 3)− 3 + 2 = 17.

A direct proof is easy. For any edge coloring of K17, a vertex v is adjacent
to at least 6 vertices in one color among 16 other vertices. If there is an
edge among these 6 vertices is colored i, then we have a monochromatic
triangle in color i, otherwise all these edges must be in other two colors,
which yields also a monochromatic triangle since r(3, 3) = 6. 2

This construction also gives r(3, 6) ≥ 17 if we blend two of the colors,
which is close to the right value r(3, 6) = 18. The above construction can
be generalized as follows.

Let F = GF (q) be a Galois field of order q. If the multiplicative group
F ∗ = F \ {0} has a sum-free subgroup S that contains −1, then rk(3) > q,
where k = (q − 1)/|S|.

The subgroup S consisting of all kth power residues contains −1, where
k is odd. Finding such S that is sum-free with many elements as possible
seems to be reasonable.

2.3 Paley Graphs

We have seen some recursive bounds in last chapter. However they are
not effective on estimating larger classic Ramsey numbers. For the lower
bounds, the situation is even worse.

Property 2.1 Let m and ni be positive integers. Then

r(m,n1 + n2 − 1) ≥ r(m,n1) + r(m,n2)− 1.
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Proof. The proof is trivial. Let Gi be a graph of order r(m,ni) − 1 that
contain no Km and α(Gi) ≤ ni− 1. Then the graph G = G1 ∪G2 contains
no Km and α(G) ≤ n1 + n2 − 2, so the required inequality follows. 2

The following result is also trivial.

Property 2.2 Let mi and ni be positive integers. Then

r(m1m2 + 1, n1n2 + 1)
≥ [r(m1 + 1, n1 + 1)− 1] [r(m2 + 1, n2 + 1)− 1] + 1.

Proof. Let G be a graph of order N1 = r(m1+1, n1+1)−1 with ω(G) ≤ m1

and α(G) ≤ n1. Let H be a graph of order N2 = r(m2 + 1, n2 + 1) − 1
with ω(H) ≤ m2 and α(H) ≤ n2. One can “blow up” the graph G by H
as follows. For any vertex v of G, replace v by a copy of H, denoted it
by Hv. For any pair of vertices x and y from distinct copies Hu and Hv,
x and y are adjacent if and only if u and v are adjacent. Inside the same
copy Hv, the adjacency of H is preserved. Clearly, the clique number of
new graph is at most m1m2 and its independent number is at most n1n2.
So the claimed inequality follows. 2

On the other hand, we have been successful to obtain the right lower
bound of r3(3) by using finite field. Let us return to finite fields for help.

An element a ∈ F (q) is called a quadratic residue mod q if there exists
x ∈ F (q) such that a = x2 (mod q). A property of F (p) concerning
quadratic residue is the following theorem.

Theorem 2.4 (Euler) Let p be an odd prime. Any a ∈ F ∗(p) is a quadratic
residue mod p if and only if a(p−1)/2 = 1 (mod p); and it is a quadratic
non-residue mod p if and only if a(p−1)/2 = −1 (mod p). Furthermore,
half of elements in F ∗(p) are quadratic residue, and the other half are
quadratic non-residue.

Proof. Let p = 2k + 1 and let g(x) be a polynomial as

g(x) = x2k−2 + x2k−4a + · · ·+ x2ak−2 + ak−1,

where a ∈ F ∗(p). Then x2k − ak = (x2 − a)g(x). Thus

xp − x = (xp−1 − a(p−1)/2)x + (a(p−1)/2 − 1)x
= (x2 − a)xg(x) + (a(p−1)/2 − 1)x.

If a is a quadratic residue mod p, then a(p−1)/2 = 1 (mod p). On the
other hand, if a(p−1)/2 = 1 (mod p), then x2− a can divide xp− x, which
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has p roots in F (p), namely, all elements of F (p), thus g(x) has (at most
hence exactly) 2k − 2 roots and x2 − a has two roots in F (p), so a is a
quadratic residue mod p.

From the Fermat’s theorem, we have

(a(p−1)/2 + 1)(a(p−1)/2 − 1) = 0 (mod p).

By what just proved, we see that a is a quadratic non-residue mod p if and
only if a(p−1)/2 + 1 = 0 (mod p).

Consider the equation

xp−1 − 1 = 0 (mod p), (2.2)

which is equivalent to

x(p−1)/2 + 1 = 0 (mod p) or x(p−1)/2 − 1 = 0 (mod p). (2.3)

Each element of F ∗(p) is a solution of equation (2.2), so it is a solution of
one of equation system (2.3). But each of the equation system (2.3) has at
most (p − 1)/2 solutions so it has exactly (p − 1)/2 solutions, completing
the proof for the second part of the theorem. 2

Corollary 2.1 Let p be an odd prime. For any a, b ∈ F ∗(p), then the prod-
uct ab is a quadratic residue mod p if both a and b are quadratic residue
or both are non-residue; and ab is a quadratic non-residue mod p if one of
a and b is quadratic residue and other is a non-residue.

2

It seems to be necessary to discuss the density of primes. We know
that there are infinite many primes. As usual, let f(n) ∼ g(n) signify that
f(n)/g(n) → 1 as n → ∞, and let π(n) be the number of primes p with
p ≤ n, then π(n) ∼ n/ log n, called the prime number theorem. For any
pair of positive integers a and b with 0 < b ≤ a and (a, b) = 1, let us write

Za(b) = {ta + b : t ≥ 0}.

Dirichlet’s theorem tells us that Za(b) contains infinite many primes. De-
note by π(n; a, b) for the number of primes p ∈ Za(b) with p ≤ n. The
following result is usually called Siegel-Walfisz Theorem, in which φ(a) is
the number of integers b ∈ {1, 2, . . . , a} with (a, b) = 1.

Theorem 2.5 Let a and b be positive integers with 0 < b ≤ a and (a, b) =
1. Then

π(n; a, b) ∼ n

φ(a) log n
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as n →∞. Equivalently, the nth prime in Za(b) is asymptotically equal to
φ(a)n log n. Consequently, if p′ and p′′ are two consecutive primes in the
set Za(b), then p′ ∼ p′′ as p′ →∞.

By the facts that π(n) = π(n; 1, 1) and φ(1) = 1, we see that the prime
number theorem is a special case of the above theorem. In the following
corollary, we write pn for the nth prime.

Corollary 2.2 As n → ∞, π(n) ∼ n/ log n, which is equivalent to pn ∼
n log n. Consequently, pn ∼ pn+1.

Another way to describe the density is the estimate the difference pn+1−
pn. It has been shown that for some constant c with 0 < c < 1, pn+1−pn <
pc

n for all large n. At present, the best known value of c is less 11/20.
The first application of Theorem 2.5 is the case a = 4. Since φ(4) = 2,

so asymptotically, there are half primes p ≤ n in form p = 1 (mod 4) and
half that p ≤ n in form p = 3 (mod 4). The common asymptotical value
is n/(2 log n).

The Paley graph Gp is defined as follows. Let p = 1 (mod 4) be a
prime and let F (p) be a p element field. The vertex set of Gp is F (p), and
its edge set is formed by connecting two vertices x and y with an edge if and
only if x−y is a quadratic residue mod p. Note that if p = 4n+1 for some
integer n ≥ 1 hence x− y is a quadratic residue mod p if and only if y − x
is. Thus x and y are adjacent if and only if (x − y)(p−1)/2 = 1 (mod p),
and they are nonadjacent if and only if (x− y)(p−1)/2 = −1 (mod p).

As an example, it is easy to verify that G5 is C5, which is the Ramsey
graph for r(3, 3).

In this chapter, we only define the Paley graph for prime p so that the
proof is simplified. Also, their parameters such as clique numbers are easier
to find by computers. In fact, the Paley graph can be defined for any prime
power.

A graph G of order n is said to be a strongly regular graph with parame-
ters n, k, λ, µ, denoted by srg(n, k, λ, µ) in short, if it is k−regular, and any
pair of vertices have λ common neighbors if they are adjacent, or µ common
neighbors if they are not adjacent. It is easy to see that the complement of
an srg is also an srg.

Proposition 2.1 Let G be an srg(n, k, λ, µ), then its complement is also
an srg(n, k1, λ1, µ1) with

k1 = n− k − 1,
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λ1 = n− 2k + µ− 2,

µ1 = n− 2k + λ.

The union mKk is an srg(mk, k−1, k−2, 0), where µ = 0. On the other
hand, let G be an srg(n, k, λ, µ). If µ = 0, then G is a union of complete
graphs with the same order. A relation among the parameters is as follows.

Proposition 2.2 Let G be an srg(n, k, λ, µ), then

k(k − λ− 1) = µ(n− k − 1).

proof. Consider a vertex x and partition the other vertices into N(x) of
neighbors of x and M(x) of non-neighbors of x. By the definition, N(x)
contains k vertices, and M(x) contains n − k − 1 vertices. Each vertex of
N(x) is adjacent to λ vertices in N(x), and hence k−λ−1 vertices in M(x).
Each vertex in M(x) is adjacent to µ vertices in N(x). Counting the edges
between N(x) and M(x) in two ways, the required equality follows.

Theorem 2.6 Let p = 4n + 1 be a prime. Then the Paley graph Gp is an
srg(4n + 1, 2n, n− 1, n). Furthermore, it is self-complementary.

Proof. Let V (Gp) = {0, 1, . . . , p− 1}. Fix a vertex i, for any j ∈ V , j 6= i,
among all differences j − i, exact (p − 1)/2 of them are quadratic residue
mod p by Theorem 2.4, so the degree of i is 2n = (p − 1)/2 hence Gp is
2n−regular. Fix a ∈ F ∗(p) that is a quadratic non-residue mod p, define
a map φ as

φ : V (Gp) → V (Gp), φ(x) = ax.

From Corollary 2.1, it is easy to check that x − y is a quadratic residue
mod p if and only if φ(x)− φ(y) is a quadratic non-residue mod p, so it is
an isomorphism between Gp and Gp. Hence Gp is self-complementary.

Consider any edge ij of Gp. It is easy to know that the map

ψ : V (Gp) → V (Gp), ψ(x) = (x− i)/(j − i)

is an automorphism of Gp with ψ(i) = 0 and ψ(j) = 1. Hence the number
of common neighbors of i and j is as the same as that of 0 and 1. Similarly,
the number of common neighbors of any pair of non-adjacent vertices is the
same. So Gp is a strongly regular graph with order 4n + 1 and k = 2n. Set
the other parameters as λ and µ. Thus by Proposition 2.1, we know that
Gp is an

srg(4n + 1, 2n, µ− 1, λ + 1).

Since Gp is self-complementary, we have µ = λ + 1. Then by Proposition
2.2, we get λ = n−1 and µ = n, hence Gp is an srg(4n+1, 2n, n−1, n). 2
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Denote by Bn = K2 +Kn which contains n triangles sharing a common
edges. We call Bn as an n−book. Look back the Paley graph Gp with
p = 4n + 1, it contains no Bn and Gp contains no Bn since Gp is self-
complementary. This fact yields that r(Bn, Bn) ≥ 4n + 2. In fact the
equality holds for all n with 4n + 1 is a prime.

Theorem 2.7 (Rousseau-Sheehan,1978) Let m and n be positive inte-
gers that satisfies 2(m + n) + 1 > (n−m)2/3. Then

r(Bm, Bn) ≤ 2(m + n + 1),

and if 4n + 1 is a prime, then r(Bn, Bn) = 4n + 2.

Proof. From the facts that Km can be obtained from Bm by deleting two
vertices and r(Km, Bn) = m, and Theorem 1.5 in Chapter1, we have

r(Bm, Bn) ≤ m + n + 2 + 2
√

(m2 + mn + n2)/3.

To get the upper bound as desired, note that the Ramsey number is an
integer, we need only to verify that

2
√

(m2 + mn + n2)/3 < m + n + 1,

which is equivalent to 2(m + n) + 1 > (n − m)2/3, as given. The lower
bound for the equality is given by Paley graphs as mentioned . 2

2.4 Conjunction of Paley Graphs

Return to the classic Ramsey numbers, the interesting facts are that G5 =
C5 is the Ramsey graph for r(3, 3) and G17 is a Ramsey graph for r(4, 4).
Unfortunately, no other Paley graphs are found to be the “exact” Ramsey
graphs. However, they still give good lower bounds. Using the computers,
Shearer (1986) and Mathon (1987) independently calculated some α(Gp) =
ω(Gp) for small prime p listed in Table 3. Let k = α(Gp) = ω(Gp), then
r(k + 1, k + 1) ≥ p + 1. They found that some form of conjunction of two
copies of Gp can give r(k+2, k+2) ≥ 2p+3. (Mathon’s construction needs
to change slightly).

Theorem 2.8 Let p = 1 (mod 4) be a prime and let k = ω(Gp) = α(Gp).
Then r2(k + 2) ≥ 2p + 3.



26 CHAPTER 2. SMALL RAMSEY NUMBERS

Proof. Set the vertex sets of two copies of Gp to be

V = {0, 1, . . . p− 1} and V ′ = {0′, 1′, . . . , (p− 1)′},

respectively. Let Hp be the graph on vertex set V ∪ V ′ ∪ {λ, λ′}. Let λ
connect with V , and λ′ connect with V ′ completely. Then add the edges
connecting any two vertices x and y′, if and only if x and y are not adjacent
in Gp. Writing it in details, the edge set contains (λ, λ′) and

(x, λ), (x′, λ′), (x, x′), x ∈ V
(x, y), (x′, y′) (x, y) ∈ E(Gp)
(x, y′), (x′, y) (x, y) 6∈ E(Gp)

Note that all “crossing” edges of form (x, x′) are in the edge set of Hp.
Claim 1. ω(Hp) = ω(Gp) + 1 = k + 1. Let S be a maximum clique

of Hp. Clearly |S| ≥ 3. It is easy to see that |S| ≥ k + 1 since λ and a
maximum clique of Gp form a clique of size k+1. Also, if x ∈ S then x′ 6∈ S
since they do not have any common neighbor. We then need to verify that
|S| ≤ k + 1.

Case 1. λ ∈ S or λ′ ∈ S, say λ ∈ S. Then S \ {λ} is a clique of Gp thus
|S| ≤ k + 1

Case 2. Neither λ nor λ′ is in S. Assume

S = {x1, . . . , xm, y′1, . . . , y
′
n},

where xi, yj ∈ V and xi 6= yj for i 6= j. That means

• xi − xj and yi − yj are quadratic residue mod p;

• y′i − xj are quadratic non-residue mod p, that is to say, yi − xj are
quadratic residue mod p.

Then for any a ∈ V , the set {x1 − a, . . . , xm − a, (y1 − a)′, . . . , (yn − a)′} is
also a maximum clique of Hp. Hence we may assume that

S = {0, x2, . . . , xm, y′1, . . . , y
′
n},

and

• xi, xi − xj and yi − yj are quadratic residue mod p;

• yj and yj − xi are quadratic non-residue mod p.

Set
T = {1/x2, . . . , 1/xm, 1/y1, . . . , 1/yn},



2.4. CONJUNCTION OF PALEY GRAPHS 27

where 1/x is the inverse of x in field F (p). It then suffices to verify that T
is a clique of Gp for Claim 1. For any i 6= j,

(
1
xi
− 1

xj

)(p−1)/2

=
(xj − xi)(p−1)/2

(xixj)(p−1)/2
= 1 (mod p),

so 1/xi and 1/xj are adjacent in Gp since xi and xj are adjacent in Gp.
Similarly, 1/yi and 1/yj are adjacent in Gp. For any i and j, note xi − yj

and yj are quadratic non-residue mod p, then

(
1
xi
− 1

yj

)(p−1)/2

=
(yj − xi)(p−1)/2

(xiyj)(p−1)/2
=
−1
−1

= 1 (mod p),

so 1/xi and 1/yj are adjacent in Gp, as required.

Claim 2. α(Hp) = ω(Hp) = k + 1. Clearly α(Hp) ≥ k + 1 since a
maximum independent set in Gp and λ′ form an independence set of size
k + 1 in Hp. To verify the inverse inequality, let H be the graph obtained
from Hp by deleting crossing edges of form (x, x′) with x ∈ V and (λ, λ′). It
is easy to see that H is isomorphic to Hp by extending the self-isomorphism
of Gp and Gp. Thus

α(Hp) ≤ α(H) = ω(H) ≤ ω(Hp) = k + 1.

From Claim 1 and Claim 2, both Hp and Hp do not contain clique of size
k + 2, so r2(k + 2) ≥ |V (Hp)|+ 1, completing the proof. 2

In the following table, the entries in the first column are values of k =
ω(Gp) = α(Gp); the second column p1 and the third column p` are the first
and largest such prime p that ω(Gp) = k; the fourth column are number of
such primes p; and the last two columns are the lower bounds obtained by
Theorem 2.6 and Theorem 2.8, in which the better one of two lower bounds
is listed only, and r(k) = r2(k) = r(k, k).
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α(Gp) p1 p` n r(α + 1) ≥ p` + 1 r(α + 2) ≥ 2p` + 3
2 5 5 1 r(3) ≥ 6
3 13 17 2 r(4) ≥ 18
4 29 37 2 r(5) ≥ 38
5 41 101 6 r(6) ≥ 102 r(7) ≥ 205
6 97 109 2
7 113 281 10 r(8) ≥ 282 r(9) ≥ 565
8 173 373 7
9 229 797 15 r(10) ≥ 798 r(11) ≥ 1597
10 557 709 3 r(12) ≥ 1421
11 433 1277 32 r(13) ≥ 2557
12 613 1493 13 r(14) ≥ 2989
13 853 2741 53 r(15) ≥ 5485
14 1373 2801 17 r(16) ≥ 5605

Table 3 Independence numbers of small Gp

Note that the best known lower bounds of r2(n) for n ≥ 6 at present
come all from Table 3.

The lower bound r(12, 12) ≥ 1421 in last column can be improved as
r(12, 12) ≥ 1618 by using Property 2.1 twice and the fact r(11, 11) ≥ 1597.

It is time to propose a problem concerning the asymptotic behavior of
diagonal Ramsey numbers r2(n).

Problem 2.1 Prove or disprove that for any ε > 0 fixed, then

r2(n + 1) ≥ (2− ε)r2(n)

for all sufficiently large n.

Denote by Bm,n for the graph Km + Kn, in which n isolated vertices
are adjacent to each vertex of a Km. Thus B1,n = K1,n and B2,n = Bn.
We have shown that r(B2,n) ≤ 4n + 2. It is easy to see that r(B1,n) ≤
2r(Kn, B1,n) = 2n. The following is a conjecture of A. Thomason (1979).

Conjecture 2.1 For all positive integers m and n,

r(Bm,n) ≤ 2m(m + n− 2) + 2.

This conjecture is very hard even its special case. For example, it implies
that r(Km) has an upper bound (m− 1)2m−1 + 2 from the fact that

r(Km) ≤ r(Bm−2,m)
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since either m vertices induces an independent set or they contain an edge
which together with Km−2 yielding a Km.

2.5 Some Linear Formulas

As we have mentioned, more “exact” results have been obtained on gener-
alized cases. Some of them are formulas. But all these formulas are linear.

The first generalized Ramsey number was due to Gerencsér and Gyárfás
in 1966, who computed the Ramsey number r(Pm, Pn). However, the gen-
eral problem was anticipated in a paper of Erdős (1947), in which the right
upper bound for r(Pm, Pn) was determined.

Theorem 2.9 Let n ≥ m ≥ 1 be integers and let Pn be a path of length n.
Then

r(Pn, Pm) = n + b(m + 1)/2c.
Proof. We only write the proof of the diagonal case, the proof for general
case is similar. So we shall show

r(Pn, Pn) = n + b(n + 1)/2c.
The assertion is trivial for n = 1 and n = 2, so we assume n ≥ 3 and the
assertion holds for n − 1. The facts that the graph G = Kn ∪ K`, where
` = b(n − 1)/2c and its complement contain no Pn give r(Pn, Pn) ≥ N ,
where N = n + b(n + 1)/2c. Let us consider an edge coloring of KN in
red and blue. We shall show that there is a monochromatic path of length
n. If not, by assumption, we have a monochromatic, say red, path P of
length n − 1. Consider two disjoint blue paths Q1 and Q2 consisting of
edges between V (P ) and V (KN ) \ V (P ), such that their end-vertices are
in V (KN )\V (P ), and they do not contain end-vertices of P . Furthermore,
the sum of their lengthes are maximum. We shall prove that the following
claim by induction on n.

Claim. V (P ) ∪ V (Q1) ∪ V (Q2) = V (KN ).

It is easy to see that |(V (Q1)∪V (Q2))\V (P )| ≥ 2 since otherwise there
is at most one vertex outside V (P ) so |V (P )| ≥ N − 1 ≥ n + 1. Thus

|V (P ) ∪ V (Q1) ∪ V (Q2)| ≥ n + 2.

Suppose to the contrary, the claim is false, there is a vertex x ∈ V (KN )
with x 6∈ V (P ) ∪ V (Q1) ∪ V (Q2). From the structures of Q1 and Q2,

|V (P ) ∩ V (Qi)| = 1
2
(|V (Qi)| − 1) = |V (Qi) \ V (P )| − 1.
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Thus we have

|V (P ) \ (V (Q1) ∪ V (Q2))| ≥ n + 2− |(V (Q1) ∪ V (Q2)) \ V (P )|
> n + 2− |V (KN ) \ V (P )|
= n + 2− b(n + 1)/2c
= bn/2c+ 2.

Thus at least bn/2c+ 3 vertices of P , hence at least bn/2c+ 1 internal
vertices of P are not covered by Q1 ∪ Q2. This implies that there is an
internal edge uv of P such that u, v 6∈ V (Q1 ∪Q2).

One of edges xu and xv, say xu, must be blue as otherwise the length of
P can be increased by replacing uv by ux and xv. Denote by u0, v0, u1, v1, u2, v2

for the end-vertices of P, Q1, Q2, respectively. Then the edge u1v and vu2

must be blue by the same argument as above. Now

Q′1 = Q1 + u1v + vu2 + Q2,

and Q′2 = {x} are two paths with the sum of lengths greater than that
of Q1 and Q2 satisfying the same conditions, yielding a contradiction and
proving the claim.

Consider the four edges u0u1, u0u2, v0v1, v0v2. All of these are blue by
the maximality of P . Therefore the cycle

C = Q1 + u1u0 + u0u2 + Q2 + v2v0 + v0u2

is monochromatically blue. Since the vertices of C are in V (P ) and out of
V (P ) alternatively, the length of C is

2(N − n) = 2b(n + 1)/2c.
If n is odd, the length of C is n + 1, which gives an path of length n by
removing an edge of C. So we assume that n is even and the length of
C is n. If there is a blue edge between C and V (KN ) \ V (C), we can
find such blue path again. Thus we assume that all edges between C and
V (KN ) \ V (C) are red. The a red path with length 2b(n + 1)/2c ≥ n can
be found easily. This contradicts to the maximality of P , completing the
proof. 2

The following is an early result of Chvátal and Harary (1972).

Theorem 2.10 Let n ≥ 1 be an integer. Then

r(K1,n) =
{

2n− 1 if n is even
2n if n is odd.
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Proof. From the recursive bounds in Section 1, we have

r(K1,n) ≤ 2r(Kn,K1,n) = 2n.

For an even n, the above inequality is strict. Let G be the graph Kn−1∪
Kn−1. Then ∆(G) = n− 2 and ∆(G) = n− 1, which shows that r(K1,n) ≥
2n− 1 hence r(K1,n) = 2n− 1.

For an odd n, take disjoint vertex sets Vi for i = 1, 2, and Ui ⊆ Vi with
|Vi| = n − 1 and |Ui| = (n − 1)/2. Consider a graph on vertex set V1 ∪ V2

and one more vertex w. The edge set consists of all edges in V1 and V2, a
match between U1 and U2 of size (n−1)/2, and all edges connecting w and
V1 \ U1 and V2 \ U2. This is a regular graph of order 2n − 1 with degree
n− 1, which yields that r(K1,n) ≥ 2n hence r(K1,n) = 2n. 2

The above result was generalized by Burr and Roberts (1973).

Theorem 2.11 Let m and n be positive integers. Then

r(K1,m,K1,n) =
{

m + n− 1 if m and n are both even
m + n otherwise.

We need some lemmas for the proof of the above result. A factor of
a graph G is a spanning subgraph of G. If G1, . . . , Gk are pairwise edge-
disjoint factors of G such that E(G) = ∪k

i=1E(Gi) , then we say that G is
the edge sum of the factors G1, . . . , Gk. An r−regular factor of a graph G
is referred to as an r−factor. If there exists a factorization of G such that
each factor is a r−factor, then we say that G is r−factorable. A 1−factor
of a graph (of even order) is a perfect matching of the graph. A cycle of a
graph G containing all vertices is called a hamiltonian cycle.

Lemma 2.2 Let n ≥ 1 be integer. Then K2n is 1−factorable, and K2n+1

can be factored into n hamiltonian cycles.

Proof. The result is trivial for n = 1. Thus we assume that n ≥ 2. Set
V (K2n) = {v0, v1, . . . , v2n−1}. Arrange the vertices v1, v2, . . . , v2n−1 in a
regular (2n− 1)−gon, and place v0 in the center. Joint every two vertices
by a straight line segment. For i = 1, 2, . . . , 2n − 1, define the edge set
of the factor Fi to consist of the edge v0vi together with all those edges
perpendicular to v0vi. Then each Fi is a perfect matching and K2n is
factored into F1, . . . , F2n−1.

For the second assertion, set V (K2n+1) = {v0, v1, . . . , v2n}. Arrange
the vertices v1, v2, . . . , v2n in a regular 2n−gon, and place v0 in some other
convenient position. Joint every two vertices by a straight line segment
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producing a K2n+1. Define the edge set of the factor F1 to consist of edges
v0v1, v0vn+1, all edges parallel to v1v2 and all edges parallel to v2v2n. In
general, for i = 1, 2, . . . , n, define the edge set of the factor Fi to consist
of edges v0vi, v0vn+i, all edges parallel to vivi+1 and all edges parallel to
vi+1vi−1, where the subscripts are expressed modulo 2n. Then each Fi is a
hamiltonian cycle and K2n+1 is factored into F1, . . . , Fn. 2

Proof of Theorem 2.11. From the recursive upper bounds in Section
1, we have

r(K1,m,K1,n) ≤ r(Km,K1,n) + r(K1,m,Kn) = m + n,

and if m and n are both even, the inequality is strict. The upper bound
required follows.

If each of m and n is odd as is m + n − 1. By Lemma 2.2, the edge
set of the complete graph Km+n−1 can be partitioned into (m + n − 2)/2
hamiltonian cycles. Let R and B be the edge sums of (m−1)/2 and (n−1)/2
of these cycles, respectively. Then R is an (m − 1)−regular and B is an
(n− 1)−regular, which yields that r(K1,m,K1,n) ≥ m + n.

Assume that one of m and n is odd and one is even. Then m + n− 1 is
even. By Lemma 2.2, the complete graph Km+n−1 is 1−factorable. Let R
and B be the edge sums of m−1 and n−1 of these factors, respectively, so
that R is (m−1)−regular and B is (n−1)−regular. Thus r(K1,m,K1,n) ≥
m + n.

Finally, assume that both m and n are even. Then m + n − 2 is even
and Km+n−2 can be factored into m + n − 3 matchings. Let R and B be
the edge sums of m− 1 and n− 2 of these matchings, respectively, yielding
that r(K1,m,K1,n) ≥ m + n− 1 and completing the proof. 2

We have seen that r(Pm, Pn) = n + b(m + 1)/2c for n ≥ m and
r(K1,m,K1,n) = m + n + δ, where δ = 0 or δ = 1. It is believed that
r(T1+m, T1+n) is bounded between r(Pm, Pm) and r(K1,m, K1,n), where
T1+m is a tree of m edges. The upper bound can be deduced if a conjecture
of Erdős and Sós in 1963 is confirmed, which stated that a graph with N
vertices and more than (m−1)N/2 edges contains every tree with m edges.
The truth of this conjecture for the star K1,m is trivial and the case of a
path with m edges is covered by a well-known result of Erdős and Gallai
(1959), see Chapter 3 for more details.

The following result is due to Chvátal (1977), which stimulated gener-
alized Ramsey theory greatly.

Theorem 2.12 Let Tn be a tree on n vertices, then

r(Tn,Kk) = (k − 1)(n− 1) + 1.
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Proof. The complete (k − 1)−partite graph Kk−1(n− 1) yields the lower
bound r(Kk, Tn) ≥ (k − 1)(n − 1) + 1. To get the reverse inequality, we
use induction on n. Let G be a graph on N = (k − 1)(n− 1) + 1 vertices.
Suppose that G contains no Kk, that is to say, α(G) ≤ k − 1. We shall see
that G contains Tn. Let S ⊂ V (G) be an maximum independent set of size
` ≤ k − 1. Outside S, there are N − ` ≥ (k − 1)(n− 2) + 1 vertices, which
must contain Tn−1 by induction, where Tn−1 is a tree obtained from Tn

by deleting a vertex v of degree one. Let u be the vertex of Tn−1 adjacent
with v in Tn. Since S is maximum, so u has at least one neighborhood in
S, yielding Tn as claimed. 2

We shall return to the above result in Chapter 13. Let us conclude this
section with the following problem.

Problem 2.2 Let T1+m be a tree with m edges. Find a good expression for
r(T1+m, T1+n).

Exercises

2.1 Prove that r(C4, C4) = 6.

2.2 Prove that the Ramsey graph for r(3, 4) can be obtained from that
for r(3, 5) by deleting a vertex and its neighbors. When we can do so for
r(m,n− 1) from r(m,n)?

2.3 Prove Proposition 2.1.

2.3 Show that

r(T,Kn1 , · · · ,Knk
) = (m− 1)(r(Kn1 , · · · ,Knk

)− 1) + 1,

where T is a tree of order m.

2.4 Let ` = r(Kn,Kn−2). Show r(Kn,Kn) ≤ r(B`, B`) hence Walker’s
bound r(Kn,Kn) ≤ 4r(Kn,Kn−2) + 2.

2.5 Show the line graph of Kn with n ≥ 4, denoted by T (n), is an
srg(

(
n
2

)
, 2(n− 2), n− 2, 4). Using T (6) and T (7), show that r(B2, B5) = 16

and r(B4, B6) = 22. (Rousseau-Sheehan,1978.)

2.5 Show the line graph of Kn,n with n ≥ 2, denoted by L(n), is an
srg(n2, 2(n−2), n−2, 2). Using L(4), show that r(B3, B5) = 17. (Rousseau-
Sheehan,1978.)
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Chapter 3

Bounding Independence
Numbers

3.1 Turán Lower Bounds

By the definition of Ramsey numbers, we see that r(H, Kn) is the min-
imum integer N such that any H−free graph G of order N satisfies that
α(G) ≥ n, where a graph is H−free means the graph contains no H as a
subgraph. So it is important to get some bounds on independence num-
bers, in particular, that of H−free graphs. A well-known lower bound is as
follows.

Theorem 3.1 (Turán’s Lower Bound) Let G be a graph of order N
with average degree d, then

α(G) ≥ N

1 + d
.

This result is commonly called the Turán lower bound since it can be
an easy corollary of a famous theorem of Turán, see Chapter 8. However, a
slightly stronger form was first explicitly given by Wei and Caro. An elegant
probabilistic proof due to Alon and Spencer (1992) will be in Chapter 4.

Theorem 3.2 (Caro and Wei) Let G be a graph of order N , then

α(G) ≥
∑

v∈V (G)

1
1 + deg(v)

.

35
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The first proof. Let G be a graph on vertex set {1, 2, . . . , N} and
denote by di as the degree of vertex i. We will use induction on N . Let H
be the subgraph from G by deleting vertex i and its neighbors. It is clear

α(G) ≥ 1 + α(H)

for any vertex i. (There must be some vertex i such that the equality
holds). Assume that d1 is the minimum degree and vertices {2, . . . , k} are
all neighbors of the vertex 1, where k = 1 + d1. Let

f(G) =
∑

v∈V (G)

1
1 + deg(v)

=
N∑

i=1

1
1 + di

.

By the induction α(H) ≥ f(H), thus if we can prove 1 + f(H) ≥ f(G),
then

α(G) ≥ 1 + α(H) ≥ 1 + f(H) ≥ f(G),

we are done. The assertion 1 + f(H) ≥ f(G) is

1 +
1

1 + d′k+1

+ . . . +
1

1 + d′N
≥ 1

1 + d1
+ . . . +

1
1 + dN

,

where d′i signifies the degree of vertex i in H. Since d′i ≤ di, it suffices to
verify that

1 +
1

1 + dk+1
+ . . . +

1
1 + dN

≥ 1
1 + d1

+ . . . +
1

1 + dN
.

Equivalently,

1 ≥ 1
1 + d1

+ . . . +
1

1 + dk
.

This is clear since d1 ≤ di and k = 1 + d1. 2

In the algorithm employed in the above proof, we delete a vertex of
minimum degree and it neighborhood in each step. In the following proof,
another algorithm will be used, in which only a vertex of maximum degree
is deleted until we obtain a graph without any edge.

The second proof. Let V (G) = {1, 2, . . . , N}. Let G1 be the subgraph
from G by deleting a vertex of maximum degree of the graph. Assume this
vertex is 1, say. Let

f(G) =
∑

v∈V (G)

1
1 + deg(v)

=
N∑

i=1

1
1 + di

.
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It is clear the statement is true for an empty graph. We shall show that
f(G) increases when a vertex of maximum degree is deleted unless no edge
left. Assume the neighborhood of vertex 1 is {2, . . . , k} with k = 1+d1 ≥ 2.
We will show f(G1) ≥ f(G). That is,

1
1 + d′2

+ . . . +
1

1 + d′k
+

1
1 + dk+1

+ . . .
1

1 + dN

≥ 1
1 + d1

+ . . . +
1

1 + dN
,

where d′i signifies the degree of vertex i in G1. Note that di = d′i + 1, so we
shall prove,

1
d2

+ . . . +
1
dk

≥ 1
1 + d1

+
1

1 + d2
+ . . . +

1
1 + dk

.

Equivalently,

1
d2(1 + d2)

+ . . . +
1

dk(1 + dk)
≥ 1

1 + d1
,

which can be seen easily since di(1 + di) ≤ d1(1 + d1).
Suppose that after deletions of ` steps we obtain an empty graph G`,

then

α(G) ≥ α(G1) ≥ · · · ≥ α(G`) = f(G`) ≥ f(G`−1) ≥ · · · ≥ f(G),

completing the proof. 2

Note In the procedure of the proofs, we only need to delete the vertex
whose degree is no more than (no less than) that of its neighbors.

The Turán’s lower bound α(G) ≥ N/(1 + d) is sharp on graphs of
unions of complete graph with the same order; its discrete form α(G) ≥∑

1/(1+dv) is sharp on union of complete graphs (not necessary the same
order). The latter is stronger than the former since

∑
1/(1+dv) > N/(1+d)

if G is not regular.

Proof of Theorem 3.1. Note that the function g(x) = 1/(x + 1) is
convex since g′′(x) > 0 for x ≥ 0. Using Jensen’s inequality for a convex
function g,

1
N

N∑

i=1

g(xi) ≥ g

(
1
N

N∑

i=1

xi

)
,

then Theorem 3.1 follows from Theorem 3.2.
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We now introduce the concept of asymptotic formula. Let f(x) and
g(x) be two functions. If f(x)/g(x) → 0 as x → ∞, we write f(x) =
o(g(x)). For example, log x = o(xδ) for any δ > 0, where log x to stand
for the logarithmic function on natural base e. So f(x) = o(1) signify that
f(x) → 0 as x → ∞, that is, f(x) is a small term tending to zero as
x → ∞. Using ε−language, f(x) = o(1) means that for any ε > 0, there
exists an X = X(ε) > 0 such that if x > X, then |f(x)| < ε. We often
ignore the existence of the large X by saying that for large x or simply
x → ∞ instead. When f(x) = (1 + o(1))g(x), we say that g(x) is an
asymptotic formula of f(x), denoted by f(x) ∼ g(x) sometimes. When we
write f(x) ≤ (1 + o(1))g(x) or f(x) ≥ (1− o(1))g(x), the term o(1) stands
for a positive term tending to zero. But in an asymptotic equality such as
f(x) = (1 + o(1))g(x), the small term o(1) is not necessarily positive.

For two functions f(x) and g(x), we write f(x) = O(g(x)) if there
exists a positive constant c such that f(x) ≤ cg(x) for all large x, and
write f(x) = Ω(g(x)) if g(x) = O(f(x)). We write f(x) = Θ(g(x)) if
f(x) = O(g(x)) and f(x) = Ω(g(x)). If both f(x) and g(x) are positive,
then f(x) = Θ(g(x)) means that there exist positive constants c1 and c2

such that for all large x,

c1g(x) ≤ f(x) ≤ c2g(x).

In this case, we say that f(x) has order g(x). As an asymptotic formula or
order of f(x), the function g(x) should be simple.

In order to investigate the asymptotic behavior of a nonlinear Ramsey
function, it is often impossible to find its formula. It is even very difficult
to find the correct order.

Let us look back the upper bound r(m,n) ≤ (
m+n−2

m−1

)
obtained in Chap-

ter 1. For fixed m and n → ∞, the upper bound is asymptotically equal
to nm−1

(m−1)! and its order of magnitude is nm−1. We of course have a weaker
bound r(m,n) ≤ nm−1. This can be proved by the lower bound of inde-
pendence number just proved. To get this, we use induction on m start-
ing at m = 2. Assume it holds for m − 1, then for a graph G of order
N = r(m,n) − 1 which contain no Km and α(G) ≤ n − 1. Let v ∈ V (G).
Easy to see deg(v) ≤ r(m− 1, n)− 1 hence the average degree d of G is no
more than r(m− 1, n)− 1. By Turán’s theorem,

n− 1 ≥ α(G) ≥ N

1 + d
≥ r(m,n)− 1

r(m− 1, n)
.

Then

r(m,n) ≤ (n− 1)r(m− 1, n) + 1 ≤ (n− 1)nm−2 + 1 ≤ nm−1.
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This bound is weaker than Erős-Szekeres bound in Chapter 1. Why? This
is because we did not consider the structures of the graph. As a further
step, we shall pay attention to the neighborhoods of the graphs in the next
section.

3.2 Triangle-free Graphs

From the argument in last section, it is expected that the upper bound of
Ramsey function can be improved if a better lower bound of independence
number is employed. Let us gain an overview of the technique employed by
Ajtai, Komlós and Szemerédi. In order to produce a larger independent set
in a greedy algorithm, we hope to delete less vertices and more edges in each
step so that the remaining graph is more sparse. To obtain some criterion,
we define Q(v) to be the number of edges that incident with a neighbor
of v, and Q0(v) =

∑
u∈N(v) deg(u). Note that if we delete a vertex v and

its neighbors, we delete exactly Q(v) edges. Clearly Q(v) ≤ Q0(v), and in
a triangle-free graph Q(v) = Q0(v) for any vertex v. We will establish a
criterion R(v) for choosing v to satisfy R(v) ≥ 0. Before this, let us have a
property of Q0(v).

Lemma 3.1 Let G = (V, E) be any graph with average degree d. Then the
average value of Q0(v) over v ∈ V is at least d2.

Proof. Denote by N for the order of G. Then

1
N

∑

v∈V

Q0(v) =
1
N

∑

v∈V

∑

u∈N(v)

deg(u)

=
1
N

∑

u∈V

deg(u)
∑

v∈N(u)

1 =
1
N

∑

u∈V

deg2(u)

≥
(

1
N

∑

u∈V

deg(u)

)2

= d2.

In the last line we have used the Jensen’s inequality for the convex function
f(x) = x2. 2

Ajtai, Komlós and Szemerédi(1980) defined a vertex v to be a groupie
if the average degree of its neighbors is at least the average degree of G.

Lemma 3.2 Every graph has a groupie.
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Proof. For a graph G = (V, E) with average degree d, we need to find a
vertex v ∈ V so that

Q0(v)− d deg(v) ≥ 0.

This is clear since the average value of the left hand side is at least zero
from Lemma 3.1. 2

By deleting groupies recursively, they proved that for any triangle-free
graph G of order N and average degree d,

α(G) ≥ cN
log d

d
, (3.1)

where c = 1/100, and log x = loge x is the natural logarithmic function as
mentioned. Ajtai, Erdős, Komlós and Szemerédi (1980,1981) conjectured
in 1981 that the best constant is 1−o(1), where the small term o(1) tends to
zero as d →∞. By adding the details to the proof for (3.1), Griggs (1983)
improved the constant to 1/2.4. These results considerably improved the
Turán inequality when d is large. Now, let N = r(3, n) − 1, there is a
triangle-free graph G on N vertices that contains no independence number
n− 1. Since each neighborhood of a triangle-free graph is an independent
set, thus α(G) ≥ ∆(G) ≥ d, where d is the average degree of G. Thus
n− 1 ≥ cN log(n−1)

n−1 , it follows by

r(3, n) = N + 1 ≤
(

1
c

+ o(1)
)

n2

log n
,

as n → ∞. This bound is much stronger than
(
n+1

2

)
= 1

2n(n + 1), which
we have obtained in Chapter 1. A deep result of Kim (1995) proved that

r(3, n) ≥
(

1
162

− o(1)
)

n2

log n
.

This fact and the argument just mentioned imply that one cannot expect
to improve lower bound (3.1) more than a multiplicative constant even just
for triangle-free graphs.

The method of Ajtai, Komlós and Szemerédi(1980) is now called “semi-
random method” or “nibble method”, in which they selected their objects
in many small “nibbles” rather than a big “bite”, and then analyzed how
the nibbles change the structure of the remainder. It was the method that
Kim made an elaborate use in his random structure to obtain his lower
bound of r(3, n).

In order to find a larger independent set, the key step is to determine
the vertex, which together with its neighbors, will be deleted. We now
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look how Shearer (1983) determined this vertex for triangle-free graphs.
Suppose that f(x) is the function for which we want to prove

α(G) ≥ Nf(d)

for a triangle-free graph G. Naturally, we assume that f(x) is positive,
decreasing, and more importantly, f(x) ≥ c log x/x for some constant c >
1/100 when x is sufficiently large. Let P (v) denote deg(v) + 1 and Q(v)
denote the number of edges incident with v or one of neighbors of v. Let
H denote the graph obtained from G by deleting v and its neighbors. Note
we delete exactly Q(v) = Q0(v) edges since G is triangle-free. Then H has
N − P (v) vertices and Nd/2−Q(v) edges. So its average degree is

dH =
Nd− 2Q(v)
N − P (v)

.

By induction,

α(G) ≥ 1 + α(H) ≥ 1 + [N − P (v)]f(dH).

We do not know which of d and dH is bigger. That is why the algorithm
of Ajtai et. al. deletes a groupie and its neighbors. However we can swap
f(dH) with f(d), if we further assume that f(x) is convex so that we can
use the fact

f(x) ≥ f(d) + f ′(d)(x− d).

Thus we have

1 + [N − P (v)]f(dH) ≥ Nf(d) + R(v)

where
R(v) = 1− P (v)f(d) + [dP (v)− 2Q(v)]f ′(d).

The only thing left to prove is R(v) ≥ 0 for some v. To find such vertex v,
let us look the average of R(v) as follows.

1
N

∑
v

R(v) ≥ 1− (d + 1)f(d) + [d(d + 1)− 2d2]f ′(d)

= 1− (d + 1)f(d)− d(d− 1)f ′(d),

where we used the fact that the average of Q(v) is at least d2 by Lemma
3.1 and the assumption that f ′(x) < 0. So we need that the function f(x)
satisfies the following differential equation

x(x− 1)f ′(x) + (x + 1)f(x) = 1.
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Solving this differential equation, Shearer thus obtained that

f(x) =
x log x− x + 1

(x− 1)2
.

Luckily enough, f(x) is positive, decreasing and convex. Moreover, f(x) ∼
log x/x as x →∞.

3.3 Graphs with Sparse Neighborhoods

Since the improvements of Griggs and Shearer are only for triangle-free
graphs, so their improvements can be applied only for r(3, n) in Ramsey
theory. We should do more. Our function is the solution of the differential
equation

x(x−m)f ′(x) + (x + 1)f(x) = 1.

We shall adopt such a form of the solution that we can prove its increasing
and convex property.

For m ≥ 1 and x ≥ 0, set

fm(x) =
∫ 1

0

(1− t)1/m

m + (x−m)t
dt.

Our aim is to prove that α(G) ≥ Nfm+1(d) for any graph G with order N
and average degree d, in which each subgraph induced by a neighborhood
has a maximum degree at most m. This result appeared in Li, Rousseau
and Zang (1996, 2001). In order to prove, we need some analytic properties
of the function involved.

Lemma 3.3 For m ≥ 1 and x ≥ 0, the function

fm(x) =
∫ 1

0

(1− t)1/m

m + (x−m)t
dt

satisfies the differential equation

x(x−m)f ′m(x) + (x + 1)fm(x) = 1. (3.2)

Moreover, fm(x) is completely monotonic on [0,∞), that is to say, (−1)kf
(k)
m (x) >

0 for all k ≥ 0 and x ≥ 0. In particular, fm(x) is positive, decreasing, and
convex.



3.3. GRAPHS WITH SPARSE NEIGHBORHOODS 43

Proof. By differentiating under the integral and then integrating by parts,
we have

x(x−m)f ′m(x)

= −x(x−m)
∫ 1

0

(1− t)1/mt

(m + (x−m)t)2
dt

= x

∫ 1

0

(1− t)1/mt
d

dt

(
1

m + (x−m)t

)
dt

= −x

∫ 1

0

(
1− t

m(1− t)

)
(1− t)1/m

m + (x−m)t
dt

= −xfm(x) +
∫ 1

0

(1− t)1/m

m

[
1

1− t
− m

m + (x−m)t

]
dt

= −xfm(x) + 1− fm(x).

Hence (3.2) follows. The complete monotonicity of fm(x) can be seen by
repeated differentiating under the integral. 2

Corollary 3.1 The following two statements hold.

fm(x)
{ ≤ 1/(x + 1) if x ≤ m;
≥ 1/(x + 1) if x ≥ m.

For m ≥ 1, fm(x) ≥ log(x/m)−1
x .

Proof. By the lemma, the function fm(x) satisfies the differential equation

x(x−m)f ′m(x) + (x + 1)fm(x) = 1,

and f ′m(x) ≤ 0. So

x(x−m)f ′m(x)
{ ≥ 0 if x ≤ m;
≤ 0 if x ≥ m.

The first statement follows.
To just the second statement for the case x > m, note that

fm(x) ≥
∫ 1

0

(1− t)dt

m + (x−m)t

=
x log(x/m)− (x−m)

(x−m)2

>
log(x/m)− 1

x
.
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The last inequality holds since it amounts to

(2x−m) log(x/m) > x−m

or
(2t− 1) log t > t− 1

for t > 1. Set g(t) = (2t− 1) log t− t + 1. Then g′(t) = 2 log t− 1/t + 1 and
g′′(t) = 2/t + 1/t2. From g(1) = g′(1) = 0 and g′′(t) > 0, it follows that
g(t) > 0 for t > 1. 2

By simple integrating, we see

f1(x) =
x log x− x + 1

(x− 1)2
,

which is the function that Shearer found and applied to triangle-free graph.
The following property is not necessary for the proof, but it is helpful for
us to understand the function series fm.

Lemma 3.4 For fixed x ≥ 0, fm(x) is decreasing on m, that is

fm(x) ≥ fm+1(x).

Proof. We have

fm(x) =
∫ 1

0

(1− t)1/mdt

m + (x−m)t
=

∫ 1

0

t1/mdt

mt + x(1− t)
.

By setting t = um,

fm(x) =
∫ 1

0

mumdu

mum + x(1− um)
.

To prove that fm(x) decreases with increasing m, it suffices to show that if
0 ≤ r < s, then

rur

rur + x(1− ur)
>

sus

sus + x(1− us)
, 0 < u < 1.

Equivalently, (s− r)ur+s + rur − sus > 0 for 0 < u < 1. Setting s = r + δ,
the inequality to be proved becomes

δur+δ + r − (r + δ)uδ > 0, 0 < u < 1.

Let g(u) = δur+δ + r − (r + δ)uδ. Note g(1) = 0 and

g′(u) = δ(r + δ)uδ−1(ur − 1) < 0, 0 < u < 1,

completing the proof. 2

In conclusion, we have the following lemma.
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Lemma 3.5 Let fm(x) be the function defined in Lemma 3.3 for x ≥ 0
with m ≥ 1. Then fm(0) = 1 and

x log x− x + 1
(x− 1)2

≥ fm(x) >
log(x/m)− 1

x
(x > 0).

In particular, for any fixed m ≥ 1, as x →∞,

fm(x) ∼ log x

x
.

Now we come to the our main result in this section.

Theorem 3.3 Let G be a graph with N vertices and average degree d. If
any subgraph induced by a neighborhood has the maximum degree at most
a, then

α(G) ≥ Nfa+1(d).

Proof. We prove by induction on N , the number of vertices of G. If
N ≤ a + 2, then d ≤ a + 1. By the corollary, we have 1/(d + 1) ≥ fa+1(d).
It follows from Turán’s theorem that α(G) ≥ N

d+1 ≥ Nfa+1(d). So we
suppose N > a + 2 hereafter. By the preceding argument, we may also
assume d > a + 1. We shall let Gv stand for the subgraph of a graph G
induced by the neighborhood of v. In case some vertex v of G has degree
N−1, by virtue of Turán’s theorem, we have α(Gv) ≥ N−1

a+1 as the maximum
degree of Gv is at most a. It follows that

α(G) ≥ α(Gv) ≥ N − 1
a + 1

≥ N

a + 2
= Nfa+1(a + 1) ≥ Nfa+1(d).

So we suppose henceforth that

the maximum degree of G is at most N − 2.

For each v ∈ V (G), let P (v) denote deg(v) + 1 and let Q(v) denote the
number of edges of G that are incident with either v or one of its neighbors.
Since the average degree of Gv is at most a, Gv contains at most a

2 deg(v)
edges. It follows that

Q(v) ≥ Q0(v)− a

2
deg(v),

where Q0(v) =
∑

u∈N(v) deg(u). Consequently, the average value of Q
satisfies

1
N

∑

v∈V

Q(v) ≥ d2 − ad

2
,
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where the fact that the average of Q0(v) is at least d2 is from Lemma 3.1.
Set

R(v) = 1 + [P (v)d− 2Q(v)]f ′a+1(d)− P (v)fa+1(d).

Note that the coefficient of Q(v) is positive since f ′a+1(d) < 0. Then

1
N

∑

v∈V

R(v) ≥ 1 + [(d + 1)d− 2d2 + ad]f ′a+1(d)− (d + 1)fa+1(d)

= 1− d(d− a− 1)f ′a+1(d)− (d + 1)fa+1(d)
= 0.

Hence there exists a vertex v0 ∈ V (G) such that R(v0) ≥ 0. LetR(v0) = R̂,
P (v0) = P̂ and Q(v0) = Q̂. Then

R̂ = 1 + (P̂ d− 2Q̂)f ′a+1(d)− P̂ fa+1(d) ≥ 0.

Delete v0 and its neighbors from G, in view of that the maximum degree
of G is at most N − 2, we obtain a nontrivial graph H with N − P̂ vertices
and Nd/2− Q̂ edges. Note that any subgraph induced by a neighborhood
of H has a maximum degree at most a, so by induction hypothesis,

α(H) ≥ (N − P̂ )fa+1

(
Nd− 2Q̂

N − P̂

)
.

Clearly α(G) ≥ 1 + α(H). Since fa+1 is convex, fa+1(x) ≥ fa+1(d) +
f ′a+1(d)(x− d) for all x ≥ 0. Combining these two facts, we obtain

α(G) ≥ 1 + α(H)

≥ 1 + (N − P̂ )fa+1

(
Nd− 2Q̂

N − P̂

)

≥ 1 + (N − P̂ )

{
fa+1(d) + f ′a+1(d)

(
P̂ d− 2Q̂

N − P̂

)}

= 1 + (N − P̂ )fa+1(d) + (P̂ d− 2Q̂)f ′a+1(d)

= Nfa+1(d) + R̂

≥ Nfa+1(d).

This completes the proof. 2

Remark. Like the Turán lower bound, which has discrete form, the
Theorem 3.3 has discrete form as

α(G) ≥
∑

v∈V (G)

fa+1(dv).
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See Li, Rousseau and Zang (2002), and Li and Zang (2005).
In application, we also need some generalization of Theorem 3.3. The

condition that any neighborhood has maximum degree at most m is equiv-
alent that the graph does not contain Bm+1 = K1 + K1,m+1, which is a
star of m + 1 edges.

Lemma 3.6 Let G be a connected graph with n ≥ 3 vertices. If for all
distinct nonadjacent vertices u and v,

deg(u) + deg(v) ≥ k,

where k < n, then G contains a path of length k.

Proof. Let P : u0, u1, . . . , um be a longest path of length m in G. Since P
is a longest path, each of u0 and um is adjacent only to vertices of P .

If u0 and ui are adjacent, 1 ≤ i ≤ m, then we assume that ui−1 and um

are non-adjacent; for otherwise the cycle

C : u0u1 . . . ui−1umum−1 . . . , uiu0

of length m+1 is present in G. If m+1 = n, then m ≥ k , we are done. So
the cycle C cannot contain all vertices of G. There exists a vertex w not
on C adjacent with a vertex of C; however, this implies that G contains a
path of length m + 1, which is impossible. Similarly, u0 and um are non-
adjacent in G. Furthermore, for each vertex of {u1, u2, . . . , um} adjacent
to u0 there is a vertex of {u0, u1, . . . , um−1} not adjacent with um. Thus
deg(um) ≤ m− deg(u0) so that

m ≥ deg(u0) + deg(um) ≥ k.

2

Corollary 3.2 Let G be a connected graph with n vertices and minimum
degree at least k

2 , where k < n, then G contains a path of length k.

2

Lemma 3.7 Let G be a graph of order N that contains no a path of length
k ≥ 1. Then it has at most k−1

2 N edges.

Proof. We fix k and apply induction on N . The assertion is clearly true if
N ≤ k. Assume now that N > k and the assertion holds for smaller values
of N .
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If G is disconnected, then the induction hypothesis implies the result.
Now, if G is connected, then it has a vertex x of degree at most (k −
1)/2.Thus the number of edges of G is

deg(x) + e(G− x) ≤ k − 1
2

+
k − 1

2
(n− 1) =

k − 1
2

n.

2

Lemma 3.8 A graph G with average degree d contains a subgraph in which
every vertex has degree (in the subgraph) at least d/2.

Proof. It is trivial for d ≤ 2, so assume d > 2. If the minimum degree of
G is at least d/2, we are at home. Otherwise, there are some vertex, say v,
whose degree is less than d/2, delete it from G. Then the average degree
of the remaining graph is at least

2
n− 1

(
nd

2
− d

2

)
= d.

Repeat Procedure if necessary till we obtain the graph with minimum de-
gree at least d/2. 2

Lemma 3.9 A graph G of order N with e(G) > (m− 1)N edges contains
every tree with m edges.

Proof. Now our graph has average degree more than 2(m−1) so it contains
a subgraph, denoted by H, whose minimum degree is more than m−1. Let
Tm+1 be a tree of m edges. Suppose that Tk is contained in H that is the
subtree of Tm+1. If k < m + 1, there is a vertex, say v, from which we can
obtain a larger subtree of Tm+1 by joining it with any vertex of H out of
Tk. This can always be done since deg(v) ≥ m. 2

Conjecture 3.1 (Erdős-Sós) A graph G of order N with e(G) > m−1
2 N

edges contains every tree with m edges.

Now we generalize our main result in this section. Note the condition
that N(v) has a maximum degree at most m controls the number of edges
in N(v) which are counted twice in summation

∑
wv∈E(G) deg(w). Now,

the condition that N(v) contains no Tm+1 can do the same thing.

Theorem 3.4 Let Tm+1 be a tree with m edges and let G be a graph with
N vertices and average degree d. If each neighborhood of G does not contain
Tm+1, then

α(G) ≥ N f2m−1(d).

If Tm+1 is a star or a path, then f2m−1(d) can be replaced by fm.
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Note that if Erdős-Sós conjecture holds, then for any tree Tm+1, the
function f2m−1(d) can be replaced by fm. However, by the property of fm,
the difference between fm(x) and f2m−1(x) is slight.

We conclude this section with a conjecture of Ajtai, Erdős Komlós and
Szemerédi(1981), which says that the independence numbers of Kk−free
graphs have the lower bound similar with that of triangle-free graphs.

Conjecture 3.2 Let k ≥ 3 be a fixed integer. There exists a constant
c = c(k) > 0 such that if G is a Kk−free graph with order N and average
degree d > 0, then

α(G) ≥ cN
log d

d
.

Shearer in 1995 proved that α(G) ≥ cN log d
d log log d for the graphs described

in above conjecture. To confirm the conjecture, a factor log log d in the
denominator needs to be taken away.

3.4 r(k, n) with Large n

Now we study the asymptotic upper bound for r(k, n) with k ≥ 2 fixed
and n →∞.

Recall the function in last section,

fa(x) =
∫ 1

0

(1− t)1/adt

a + (x− a)t
≥ log(x/a)− 1

x
, (3.3)

and for a graph G of order N and average degree d in which each subgraph
induced by a neighborhood has a maximum degree at most a, then α(G) ≥
Nfa+1(d).

Theorem 3.5 Let k ≥ 2 be fixed. Then for all large n,

r(k, n) ≤ (1 + o(1))
nk−1

(log n)k−2
.

Proof We prove by induction on k. For k = 2, it follows the trivial case
r(2, n) = n.

For the case k = 3. Let G be graph of order N = r(3, n) − 1 which
contains no triangles and α(G) < n. Since G is triangle-free, each subgraph
induced by a neighborhood is empty thus its average degree is zero. Let
d be average degree of G, since each neighborhood is an independence set,
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n > α(G) ≥ d. By inequality that has been just mentioned with noting
that a = 0,

n− 1 ≥ Nf1(d) ≥ Nf1(n) ≥ N
log n− 1

n
.

Then r(3, n)− 1 < n(n−1)
log n−1 , follows by r(3, n) ≤ (1 + o(1)) n2

log n .
Suppose the statement holds for 2, 3, . . . , k. We proceed to the induction

step. Let G be a graph of order N = r(k + 1, n)− 1 such that G contains
no Kk+1 and that α(G) ≤ n− 1. Then for each vertex v of G, we have

• the degree of v is at most r(k, n)− 1, and
• the maximum degree of Gv is at most r(k − 1, n)− 1,
where Gv is the subgraph induced by the neighborhood of v.

Thus, it follows that

n > α(G) ≥ Nfm(r(k, n)− 1) ≥ Nfm(r(k, n)), (3.4)

where m = r(k− 1, n). (Note that both r(k, n) and m go to ∞ as n →∞).
Now let ε be an arbitrary number with 0 < ε < 1. Then there exists an
M > 0 such that fm(x) > (1− ε) log(x/m)/x whenever x/m > M . Let us
decompose the set of large natural numbers into {n′} and {n′′} so that

r(k, n′)
r(k − 1, n′)

> (n′)1−ε

and
r(k, n′′)

r(k − 1, n′′)
≤ (n′′)1−ε.

Thus log{ r(k,n′)
r(k−1,n′)} ≥ (1 − ε) log n′. Without loss of generality, we may

suppose that for all n′, (n′)1−ε > M . So, by (3.4), we have

n′ > Nfm(r(k, n′)) ≥ (1− ε)N
log(r(k, n′)/m)

r(k, n′)
≥ (1− ε)2N log n′

r(k, n′)
,

where m = r(k−1, n′). Hence N ≤ n′
(1−ε)2

r(k,n′)
log n′ , and the desired inequality

for r(k+1, n′) follows from the induction hypothesis on r(k, n′). Recall the
corollary in the last section, fm(x) ≥ 1/(1 + x) if x ≥ m. So

n′′ > Nfm(r(k, n′′)) ≥ N/(1 + r(k, n′′)),

where m = r(k − 1, n′′) < r(k, n′′). Hence

N ≤ n′′[1 + r(k, n′′)] ≤ n′′[1 + (n′′)1−εr(k − 1, n′′)].
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The desired inequality for r(k+1, n′′) follows from the induction hypothesis
on r(k − 1, n′′) since (n′′)2−ε < (n′′/ log n′′)2 for large n′′. This completes
the proof the theorem. 2

From the Chapter 2,

r(K1,`,Kn) = r(K1 + `K1,Kn) = `(n− 1) + 1 ∼ `n.

Starting at this result similarly with the proof of above Theorem we can
obtain the following result.

Theorem 3.6 For any fixed k, ` ≥ 1

r(Kk + `K1,Kn) ≤ (` + o(1))
nk

(log n)k−1

as n →∞. Furthermore

r(Kk + nK1,Kn) ≤ (1 + o(1))
nk+1

(log n)k−1
.

Bollobás and Erdős asked whether or not r(Kk +K1,`,Kn) really grows
linearly with `. We cannot solve this problem. However, we will prove

r(Kk + nK1,Kn) ≥ c
nk+1

(log n)k

in a later chapter. So the second upper bound in above theorem is very
close to the right order of magnitude.

Let us propose a problem which is a special form of a conjecture of
Erdős’, see Alon and Spencer (1992).

Conjecture 3.3 Prove the order of r(k, n) is nk−1

(log n)k−2 as k ≥ 2 fixed and
n →∞.

We will show that r(k, n) ≥ c(k)(n/ log n)(k+1)/2. For r(3, n) Kim
showed that r(3, n) ≥ cn2/ log n, thus the above conjecture is true for
k = 3. Further more, the upper bound n2/ log n of r(3, n) may be very
close to the truth. The comparison of the value r(3, n) and n2/ log n is in
the following table.

n 3 4 5 6 7 8 9 10 11 12
r(3, n) 6 9 14 18 23 28 36 40/43 46/51 52/59

n2/ log n 8.2 11.5 15.5 20.1 25.2 30.8 36.9 43.4 50.5 57.9
Error(%) 36.5 28.2 11.0 11.6 9.5 9.9 2.4

Table 1 Values r(3, n) and n2/ log n
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Problem 3.1 Prove or disprove that the asymptotic formula of r(3, n) is
n2/ log n.

Exercises

3.1 Show if G is a graph of order N and average degree d, then

α(G) ≥ (1− d/2)N.

(This is slightly stronger than Turán bound for d < 1.)

3.2 It is well known that a linear first-order differential equation dy
dx =

p(x)y + q(x) has a unique solution

y = eφ(x)

(
y0 +

∫ x

x0

q(t)e−φ(t)dt

)

satisfying y0 = y(x0), where φ(x) =
∫ x

x0
p(t)dt. Solve the equation in

Lemma 3.3 this way, try to show that the function is decreasing and convex.
Explain why we shall adopt the form of the solution as an integral on
parameter.

3.3 Show that r(3, n) < n2/ log(n/e).

3.4 Using Kim’s result that r(3, n) ≥ cn2/ log n, show that r(4, n) ≤
(1 + o(1))r(3, n)n/ log n.

3.5 Complete the proof of Theorem 3.6.

3.6 Prove that there exists some constant c > 0 such that for any regular
graph G on n vertices with girth at least 6, then its independence number
is at least c(n log n)2/3.
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Chapter 4

Basic Probabilistic
Method

4.1 Random Graphs

Probabilistic method is a powerful tool in Ramsey theory. In fact, the
graph Ramsey theory is the birthplace of random graphs. The main reason
is that there are many problems in Ramsey theory that traditional combi-
natorial methods do not work well. The standard texts on random graphs,
we refer the books Random Graphs by Bollobás (2001), Probabilistic Method
by Alon and Spencer (1998), and Random Graphs by Jason, ÃLuczak, and
Ruciński. Random graphs began with some sporadic papers of Erdős in
the 1940s and 1950s, in which he used random methods to show the ex-
istence of graphs with seemingly contradictory properties. A paper “On
the Evolution of Random Graphs” of Erdős and Rényi in 1960 was very
important for the development of the theory of random graphs. Among
all these results, Erdős gave an exponential lower bound for the diagonal
Ramsey number r(n, n). Today random methods have been used in many
other areas.

Every probability space whose points are graphs gives a notion of a
random graph. For a family of graphs G = {G1, G2, · · ·} with probabilities
Pr(Gi) such that 0 ≤ Pr(Gi) ≤ 1 and

∑
i≥1 Pr(Gi) = 1, we have a prob-

ability space of random graphs. Each Gi is called a random graph of G
with probability Pr(Gi). We shall consider the probability space consists
of graphs on a fixed set V = [n] = {1, 2, . . . , n}, where the vertices in V
are distinguishable, so edges on V are distinguishable, too. Note that the

55
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complete graph Kn on set V = [n] has
(

n

1

)
+

(
n

2

)
2 + · · ·+

(
n

k

)
2(k

2) + · · ·+
(

n

n

)
2(n

2)

subgraphs. The general term corresponds the subgraphs that have exactly
k vertices, and the last term 2(n

2) corresponds all spanning subgraphs.
Let us label all edges of Kn on vertex set [n] as e1, e2, . . . , em, where

m =
(
n
2

)
. Note the number of graphs on vertex set [n] is 2m since the edges

are distinguishable. The space G(n; p1, . . . , pm) is defined for 0 ≤ pi ≤ 1 as
follows. To get a random element of this space, one selects the ith edge ei

independently, with probability pi. Putting it another way, the ground set
of G(n; p1, . . . , pm) is the set of all 2m graphs on V = [n], and the probability
of a graph H with vertex set V (H) = [n] and edge set E(H) = {ej : j ∈ S}
is

(Πj∈Spj) (Πj 6∈S(1− pj)) ,

where S ⊆ {1, . . . , m} is the index set of edges of H. That is to say, each
of the edges of H has to be selected and none of the edges of H is allowed
to be selected. Write qj = 1− pj and G(p1, . . . , pm) for a random element
in G(n; p1, . . . , pm), then

Pr(G(p1, . . . , pm) = H)) = (Πj∈Spj) (Πj 6∈Sqj) .

Since the vertices (and edges) are distinguishable, G(p1, . . . , pn) = H is
not equivalent to that G(p1, . . . , pn) is isomorphic to H. To see that
G(n; p1, . . . , pn) is true a probability space, let us verify that

∑

H

Pr(G(p1, . . . , pn) = H)) =
∑

S⊆[m]

(Πj∈Spj) (Πj 6∈Sqj)

= Πm
j=1(pj + qj)

= 1.

We shall concentrate on the case p1 = p2 = · · · = pm = p, for which the
probability space G(n; p1, . . . , pm) is written as G(n, p).

In G(n, p) the probability of a graph H on [n] with k edges is pk(1 −
p)m−k: each of the k edges of H has to be selected and none of the edges
of H is allowed to be selected. Write Gp for a random element of G(n, p),
then

Pr(Gp = H) = pe(H)qm−e(H).

In the space G(n, 0), the probability that the empty graph Kn appears is
one, and the probability that any other graph appears is zero. Similarly, in
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the space G(n, 1), the only graph that appears is Kn. Other than these two
extremal cases, 0 < p < 1, any graph on vertex set [n] can appear with a
positive probability. As p increases from 0 to 1, random graph Gp evolves
from empty to full.

In their original paper in 1960, Erdős and Rényi let G(n, e) be the ran-
dom graph with vertex set V = [n] and precisely e edges. For 0 ≤ e ≤ m =(
n
2

)
with e fixed, the space G(n, e) consists of all

(
m
e

)
spanning subgraphs

with exactly e edges: which can be turned into a probability space by tak-
ing its elements to be equiprobable. Thus, write Ge for a random graph in
the space G(n, e), for a fixed graph H on vertex set [n], then

Pr[Ge = H] =
(

m

e

)−1

,

where the event Ge = H means that Ge is precisely H, but not isomorphic
to H in general.

It is interesting, as expected, that for e ∼ p
(
n
2

)
the spaces G(n, e) and

G(n, p) are close to each other. In most proofs for existence, the calculations
are easier in G(n, p) than in G(n, e). So we will work on the probability
model G(n, p) exclusively.

Note Another point of view may be convenient in which one colors all
edges of the complete graph Kn with probability p, randomly and inde-
pendently. Thus random graph Gp is viewed as a random coloring of edge
set of Kn. The coloring of edge set of Kn is also said a coloring of Kn in
short. Recalling the definition of Ramsey numbers, we see why the relation
between random method and Ramsey theory is so natural and tight.

In Ramsey theory, we need to consider the probability that a given
subgraph appears. Let F be a given graph on k vertices, and let S ⊆
[n] with |S| = k. The event ∪SAS signify that F appears in Gp as a
subgraph, its probability is hard to calculate since the events AS have a
complex interaction. It is often to bound above this probability by the
expectation of the number of copies of F in the random graph. To get
the expectation, let us look the number of copies of F in Kk first. This is
closely related to the automorphism group of F . Recall a permutation (or
a bijection) φ of V (F ) is called an automorphism of F when uv ∈ E(F )
if and only if φ(u)φ(v) ∈ E(F ). It is straightforward to verify the set of
all automorphisms of F forms a group under the operation of composition.
This group is called the automorphism group of F , denoted by A(F ). For
example, A(Kk) is the symmetric group Sk of order k!, and A(Ck) is the
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dihedral group Dk of order 2k. The following results are simple consequence
of the definitions.

• For any graph F and its complement F , A(F ) = A(F ).
• For any graph F on k vertices, the order of A(F ) is a divisor of k!,

and it is k! if and only if F is isomorphic to Kk or Kk.

In random graph space, the graphs are labelled. Two graphs F1 and
F2 are called identical if V (F1) = V (F2) and E(F1) = E(F2). Clearly,
identical graphs are isomorphic, but the inverse statement is not generally
true. For example, given a labelling of a star K1,k as V = {u, v1, . . . , vk}
with the center u and E = {uv1, . . . , uvk}. Exchanging the labels of any
pair vertices vi and vj will yield identical graphs.

Theorem 4.1 Let F be a graph of order k. Then the number of copies of
F from a set of k labels such that no two resulting graphs are identical is
k!/|A(F )|.

Proof. Let {v1, v2, . . . , vk} be the set of labels. Certainly there are k!
labelings of F from this set of labels with the number of resulting labelled
graphs that may be identical. Let F1, F2, . . . , Fk! be the labelled graphs
obtained from F , the relation “Fi is identical to Fj” is an equivalence re-
lation. For a given labelled graph Fi, each automorphism gives rise to a
labelled graph that is identical to Fi, and conversely. Hence each equiva-
lence class so determined contains A(F ) elements, thus implying that there
are k!/A(F ) equivalent classes in all. This proves the theorem. 2

In random graph space G(n, p), we need to consider the number of copies
of F in a labelled complete graph.

Corollary 4.1 Let F be a graph of order k. Then the number of copies of
F in a labelled complete graph of order k is k!/|A(F )|.

Now let S ⊆ [n] with |S| = k and let XS be the number of copies of F
on S. Then X =

∑
S XS is the number of copies of F in Gp. Then

E(XS) =
k!

|A(F )|p
e(F ),

and

E(X) =
(

n

k

)
k!

|A(F )|p
e(F ) =

(n)k

|A(F )|p
e(F ),

where (n)k = n(n− 1) · · · (n− k + 1) is the falling factorial.
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Similar formulas hold for the number of induced subgraphs. Let Y be
the number of induced F in Gp, then

E(Y ) =
(n)k

|A(F )|p
e(F )q(

k
2)−e(F ).

Let AS signify the event that the subgraph induced by S in Gp contains
F as a subgraph, then

Pr(AS) ≤ k!
|A(F )|p

e(F ).

Hence

Pr(F ⊂ Gp) = Pr(∪AS) ≤
(

n

k

)
k!

|A(F )|p
e(F ) =

(n)k

|A(F )|p
e(F ), (4.1)

where the upper bound is exactly E(X). This can be seen by the fact that
X takes only nonnegative integral values and

Pr(∪AS) = Pr(X ≥ 1) =
∑

i≥1

Pr(X = i)

≤
∑

i≥1

iPr(X = i) = E(X).

It seems to be necessary to point out that F is not a random element in
G(n, p) and the above discussion is about appearance of F as a subgraph.

It is worth remarking that p = p(n) is often a function. The space
G(n, p) is of great interest for fixed values of p as well; in particular,
G(n, 1/2) could be viewed as the space of order n: it consists of all 2m

graphs on [n], and the probability of any graph is equiprobable. This is
just a classical probability space. Thus Gn,1/2 is also obtained by picking
any of the 2m graphs on [n] at random with probability 2−m. No matter
how p is fixed or a function, we tend to be interested in what happens as
n →∞.

Now we have obtained a space of random graphs, every graph invariant
becomes a random variable; the nature of such a random variable depends
crucially on the space. For instant, the number Xk(G) of complete graphs
of order k in G is a random variable on our space of random graphs.

To be proficient in the probabilistic method one must have a feeling for
asymptotic calculation. For the sake of convenience, we state some simple
inequalities that will be used in the calculations. The following precise
formula is called Stirling formula.
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Lemma 4.1 For all n ≥ 1,

n! =
√

2πn
(n

e

)n

exp{ 1
12n + θ

},

where 0 < θ = θn < 1. Thus
√

2πn
(n

e

)n

< n! <
√

2πn
(n

e

)n

e1/12n,

and
n! = (1 + o(1))

√
2πn

(n

e

)n

>
(n

e

)n

.

2

Lemma 4.2 For any positive integers N ≥ n,
(

N

n

)
≤ Nn

n!
≤

(
eN

n

)n

.

If N = N(n) and n = o(N), then
(

N

n

)1/n

∼ eN

n

as n →∞.

Proof. The first two inequalities are immediate, which implies an upper
bound

(
N
n

)1/n ≤ eN
n . We need a lower bound for the asymptotical equality.

Then the Stirling’s formula gives
(

N

n

)
=

N !
n!(N − n)!

∼
√

2πN√
2πn

√
2π(N − n)

(
N

N − n

)N (
N − n

n

)n

∼ 1√
2πn

(
N

N − n

)N (
N − n

n

)n

,

where we use the condition n = o(N). Also we have
(

N

N − n

)N

=
(

1 +
n

N − n

)N

≥ (e− o(1))n,

hence (
N

n

)1/n

≥ (e− o(1))
N − n

n
∼ eN

n
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as desired. 2

The following simple fact from calculus is often used.

Lemma 4.3 For any 0 ≤ x ≤ 1 and k ≥ 0,

(1− x)k ≤ e−kx.

We have obtained an upper bound of r(n, n) in Chapter 1. This and
Stirling’s formula give

r(n, n) ≤
(

2n− 2
n− 1

)
= (1 + o(1))

4n−1

√
πn

.

Hence
lim

n→∞
r(n, n)1/n ≤ 4.

We do not have any general lower bound for r(n, n) yet.

4.2 Elementary Examples

In the original proof of the exponent lower bound for r(n, n) in 1947, Erdős
did not use the formal probabilistic language. So his paper has been con-
sidered as an informal starting point of random graphs. But in two papers
published in 1959 and 1961, in which he gave a lower bound c(n/ log n)2

for r(3, n), he even wrote probabilities in the titles.

Theorem 4.2 As n →∞,

r(n, n) ≥ (1− o(1))
n

e
√

2
2n/2.

Proof. Consider the random graphs in G(N, 1/2), or color KN randomly
and independently with probability p = 1/2.

Let S be a set of n vertices. Let AS be the event that S is monochro-
matic. Then

Pr[AS ] = 2
(

1
2

)(n
2)

= 21−(n
2),

as for S to hold all
(
n
2

)
edges must be colored the same. Consider the

event
⋃

AS over all n−set on [N ]. It is difficult to find value for Pr[∪AS ]
as AS may have a complex interaction. We use the simple fact that the
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probability of a disjunction is at most the sum of the probability of the
events. Thus

Pr[∪AS ] ≤
∑

Pr[AS ] =
(

N

n

)
21−(n

2).

If this is less than one, then event B =
⋂

AS has positive probability.
Therefore B is not the null event. Thus there is a point in the probability
space for which B holds. But a point in the probability space is precisely a
coloring of the edges of KN . And the event B is precisely that under this
coloring there is no monochromatic Kn. Hence r(n, n) > N .

We need to find the maximum possible N such that

(
N

n

)
21−(n

2) <

(
eN

n

)n 2
2n(n−1)/2

= 2

(
e
√

2N

n2n/2

)n

< 1,

only need
e
√

2N

n2n/2
< 1.

For any ε > 0, if n is sufficiently large, the possible N that ensures the
above inequality would be

N =
⌊
(1− ε

2
)

n

e
√

2
2n/2

⌋
.

Therefore r(n, n) > N > (1− ε) n
e
√

2
2n/2, that is

r(n, n) ≥ (1− o(1))
n

e
√

2
2n/2,

completing the proof. 2

Theorem 4.3 Let m,n and N be positive integers. If for some 0 < p < 1,
(

N

m

)
p(m

2 ) +
(

N

n

)
(1− p)(

n
2) < 1,

then r(m,n) > N .

Proof. Consider random graphs Gp in G(N, p). Let S be a set of m
vertices and let AS be the event that S induces a complete graph. Then
Pr[AS ] = p(m

2 ), and

Pr[∪AS ] ≤
∑

Pr[AS ] =
(

N

m

)
p(m

2 ).
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Let T be a set of n vertices and let BT be the event that T induces an
independent set. Then

Pr[∪BS ] ≤
∑

Pr[BS ] =
(

N

n

)
p(n

2).

Thus
Pr[(∪AS) ∪ (∪ST )] < 1.

So there exists a graph on N vertices such that there is neither an induced
Km nor an induced Kn, thus r(m,n) > N . 2

The above result is ineffective in bounding r(3, n). We now examine
the lower bound of r(4, n). We shall give details in calculation for choosing
a suitable value of p and N as large as possible for large n. To make the
condition in Theorem 4.3 satisfied, we roughly estimate

(
N
n

)
as (eN/n)n,

and (1− p)(
n
2) as e−p(n

2), hence
(
N
n

)
(1− p)(

n
2) as

(
eN

n

)n

exp
{
−p

(
n

2

)}
=

(
eN

nep(n−1)/2

)n

.

We have known that r(4, n) ≤ (1 + o(1))n3/(log n)2, thus ep(n−1)/2 =
na+o(1) for some constant a, so we take p = (c1 log n)/(n− 1). Then

(
N

4

)
p6 ∼ 1

24
N4

(
c1 log n

n

)6

∼ c6
1

24

(
N

(
log n

n

)3/2
)4

< 1,

so N ∼ c2(n/ log n)3/2 for some constant c2.
Formally, we let p = (c1 log n)/(n−1) and N = bc2(n/ log n)3/2c, where

c1 and c2 are positive constants to be chosen satisfying that c6
1c

4
2 < 24.

Then (
N

4

)
p6 <

N4

24
p6 ≤ c6

1c
4
2

24

(
n

n− 1

)6

≤ c3 < 1

for large n, where c3 is a constant. For the second term, we estimate that
(

N

n

)
<

(
eN

n

)n

and 1− p < e−p,

thus (1− p)(
n
2) < e−pn(n−1)/2 = n−c1n/2 and

(
N

n

)
(1− p)(

n
2) <

(
eN

n

)n

n−c1n/2 =
(

eN

n1+c1/2

)n

.
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In order to make the above tending to zero, we have to take c1 ≥ 1. On
the other hand, in order to take c2 as large as possible with c6

1c
4
2 < 24, we

have to take c1 as small as possible. So it has to be c1 = 1.
Now, we may hope to optimize the constant c2. Since we need only

c2 < 241/4, so c2 = 241/4 − ε will be ok. Thus we have

r(4, n) ≥ (241/4 − o(1))
(

n

log n

)3/2

.

Hereafter we will choose p with some foresight. For general m ≥ 4, by
taking p = (m− 3) log n/(n− 1), the similar calculation yields

r(m,n) ≥ c

(
n

log n

)(m−1)/2

.

Note It is often to replace log n/(n−1) in the expression of p by log n/n.
Strictly speaking, only if f(n)− g(n) → 0, we have ef(n) ∼ eg(n). But the
replacement works. When we use p = log n/n in above calculation for the
lower bound of r(4, n),

(
N

n

)
(1− p)(

n
2) <

(
eN

n

)n

n−(n−1)/2 =
(

eN

n3/2

)n

n1/2 → 0.

Also, when N = bf(n)c or N = df(n)e and f(n) → ∞, we often ignore
the fact that f(n) may not be an integer by simply taking N = f(n) if this
does not affect the proof essentially.

We have seen that the property of Gp is sensitive with the value of p. To
ensure that Gp contains no Km (with a positive probability, more precisely,
or

(
N
m

)
p(m

2 ) is small), it is better to take smaller p. But it is better to take a

bigger p to ensure that there is no induced Kn (i.e,
(
N
n

)
(1− p)(

n
2) is small).

Our task is to balance both sides to obtain a larger N as possible.

We shall improve the obtained lower bounds for r(n, n) and r(m,n) by
the proofs so called deletion method.

Theorem 4.4 As n →∞,

r(n, n) ≥ (1− o(1))
n

e
2n/2.

Proof. Consider the random graphs in G(N, 1/2). Let X be the number
of clique or independent set of size n. Then

X =
∑

XS ,
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the sum over all n−set S, where XS is the indicator random variable of the
event AS that S is a clique or independent. That is

XS =
{

1 if S induces Kn or Kn

0 otherwise.

Therefore

E[XS ] = Pr[AS ] = 2
(

1
2

)(n
2)

.

By linearity of expectation

E[X] =
∑

E[XS ] =
(

N

n

)
21−(n

2).

There is a point in the probability space for which X does not exceed its
expectation. That is, there is a graph with at most

(
N

n

)
21−(n

2)

S that induces a Kn or a K̄n. Fix that graph. For each such S select a
point x ∈ S arbitrarily and delete it from the vertex set. The remaining
point V ∗ have neither Kn nor K̄n. Thus

r(n, n) ≥ |V ∗| ≥ N −
(

N

n

)
21−(n

2).

The remaining proof is to find N such that |V ∗| as large as possible. By
taking N = n2n/2

e , then

(
N

n

)
21−(n

2) ≤
(

eN

n

)n 2
2n(n−1)/2

=

(
e
√

2N

n2n/2

)n

≤ 2n/2

which is o(N). Thus

r(n, n) ≥ |V ∗| ≥ N − o(N) = (1− o(1))N = (1− o(1))
n

e
2n/2

completing the proof. 2

Theorem 4.5 For any positive integer m,n and N , and any real number
0 < p < 1,

r(m,n) > N −
(

N

m

)
p(m

2 ) −
(

N

n

)
(1− p)(

n
2).
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Proof. Note that in Gp in G(N, p) the expectation of the number of clique
of size m is

(
N
m

)
p(m

2 ), and expectation of number of independent sets of size

n is
(
N
n

)
(1 − p)(

n
2). By the same argument in the proof for Theorem 4.4

gives the required lower bound. 2.

Theorem 4.6 Let integer m ≥ 3 be fixed. Then for some constant c =
c(m) > 0,

r(m,n) ≥ c

(
n

log n

)m/2

for all large n.

Proof. Setting N = a(n/ log n)m/2 and p = (m−2) log n/(n−1) such that

a− (m−2)(
m
2 )

m! am > 0, this is possible since am = o(a) as a → 0+. Then

N1 =
(

N

m

)
p(m

2 ) ∼ (m− 2)(
m
2 )am

m!

(
n

log n

)m/2

,

and

N2 =
(

N

n

)
(1− p)(

n
2) <

(
eN

n

)n

e−pn(n−1)/2 =
(

eN

nm/2

)n

→ 0.

So if c < a− (m−2)(
m
2 )am

m!

r(m,n) ≥ N −N1 −N2 > c

(
n

log n

)m/2

.

To get the constant c optimal, let cm be the maximum value of a − (m −
2)(

m
2 )am/m!, then r(m,n) ≥ (cm − o(1))(n/ log n)m/2, where c3 =

√
2/3

and c4 = 3
4 (3/32)1/3. 2

Similarly,

r(Cm,Kn) > N − (m− 1)!
(

N

m

)
pm −

(
N

n

)
(1− p)(

n
2).

In fact, we have the following lower bound for r(F, Kn).
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Theorem 4.7 Let F be a graph with m ≥ 3 vertices and e(F ) ≥ m edges.
Then

r(F, Kn) ≥ c

(
n

log n

)e(F )/(m−1)

,

for all n ≥ 1, where c = c(F ) > 0 is a constant. In particular,

r(Cm,Kn) ≥ c

(
n

log n

)m/(m−1)

.

Proof. We just need to find such constant c > 0 that the lower bound
holds for all large n. So we always assume that n is sufficiently large. Set
s = e(F ), and

N = a

(
n

log n

)s/(m−1)

and p = 2
(

s

m− 1
− 1

)
log n

n− 1
,

where a is a positive constant satisfying

c =
1
2

[
a− 2sam

(
s

m− 1
− 1

)s]
> 0.

This is possible since am = o(a) as a → 0+. In a random graph Gp ∈
G(N, p), let N1 and N2 be the the expected numbers of F and induced Kn,
respectively. Then

N1 ≤ m!
(

N

m

)
ps ∼ Nmps

∼ 2sam

(
s

m− 1
− 1

)s (
n

log n

)s/(m−1)

,

and

N2 =
(

N

n

)
(1− p)(

n
2) <

(
eN

n

)n

e−pn(n−1)/2

=
(

eN

ns/(m−1)

)n

→ 0.

There exists a graph on N vertices from which we can delete at most N1+N2

vertices to get a graph containing no F and no induced Kn. Thus

r(F, Kn) > N −N1 −N2

≥ (2c− o(1))
(

n

log n

)s/(m−1)

> c

(
n

log n

)s/(m−1)
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for all large n, as desired. 2

Note that the order of the lower bound in above theorem is higher than
linear, together with Chvatál linear formula of r(Tm,Kn) in Chapter 2, we
have the following conclusion.

Corollary 4.2 For a fixed connected graph G, r(G,Kn) can have a linear
upper bound if and only if G is tree.

Let A be a property of graphs. When the probability that graphs hold-
ing A appear in G(N, p) tends to one, we say that almost all graphs have
the property A, or almost surely, all graphs in G(N, p) have property A. In
Theorem 4.2, we in fact proved the following result.

Theorem 4.8 Let ε > 0 and N =
⌊

(1−ε)n

e
√

2
2n/2

⌋
. Then almost all graphs

G in G(N, 1/2) satisfy that = ω(G) < n and α(G) < n.

That is to say, all most graphs in G(N, 1/2) yield the lower bound
r(n, n) ≥ (1 − o(1)) n

e
√

2
2n/2. Can we construct one (in fact, one family

of graphs)? Unfortunately, nobody can give a constructive proof of a lower
bound like r(n, n) ≥ an for any constant a > 1. This reveals that finite
discrete structures are much more complicated than they seem to be. The
graphs of large order we can image must have some uniform description,
but typical random graphs do not have such description. This is not very
unusual cases. Most real numbers that we can write down are rational,
which are recycling. However, almost all real numbers are of irrational.

We have a brief remark on “almost all” arguments in the proofs of several
theorems in this section. They are in fact weighted counting arguments. The
probability space we are dealing is finite, which can be defined as a finite
set Ω together with nonnegative weights on the elements that sum to 1. An
event A is a subset of Ω. The probability Pr(A) is the sum of the weights
of the elements of A. In particular, in the space G(N, p), the graphs with
around p

(
N
2

)
edges have larger weights.

In this chapter we have
√

2 ≤ limr(n, n)1/n ≤ limr(n, n)1/n ≤ 4.

There is a big gap between the lower bound and the upper bound. It is
likely that in fact, lim r(n, n)1/n = 2, but both the lower bound

√
2 and

the upper bound 4 has been standing for more than half century without
improvement.
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4.3 Label Vertices Randomly

We have proved in Chapter 3 that for any graph G = (V, E),

α(G) ≥
∑

v∈V

1
1 + d(v)

. (4.2)

This result has an elegant probabilistic proof due to Alon and Spencer
(1992) as follows.

Proof of (4.2). Label vertices in V (G) randomly. Define a set

I = {v ∈ V : `(v) < `(w) for any w ∈ N(v)},

where `(v) is the label of v. Note that I is a random set. Let Xv be the
indicator random variable for v ∈ I and X =

∑
v∈V Xv, clearly X = |I|.

For each v,

E(Xv) = Pr[v ∈ I] =
1

1 + d(v)
,

since v ∈ I if and only if v is the least element among v and its neighbors.
Hence

E(X) =
∑

v∈V

1
1 + d(v)

and so there exists a specific ordering < with

|I| ≥
∑

v∈V

1
1 + d(v)

.

It is clear that I is an independent set thus α(G) ≥ |I|. 2

Shearer (1998) extended the idea in the above proof to obtain a result
as follow. Let m ≥ 2 be a fixed integer, then there exists a constant
c = c(m) > 0 such that if G is a graph that contains no C3, C5, . . . , C2m+1,
then

α(G) ≥ c

(∑

v∈V

d(v)1/(m−1)

)(m−1)/m

.

However, we need such result that can apply to graphs that have only one
forbidden odd cycle.

Let us introduce some notions before presenting results. Given a graph
G = (V, E), set

Ni(v) = {w ∈ V : d(w, v) = i},
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which is the set of all the vertices of distance i from vertex v in G, and
set di(v) = |Ni(v)|. Thus d1(v) = d(v). We do not distinguish the subset
Ni(v) and the subgraph of G induced by Ni(v) when there is no danger of
confusion. The graph G is called (m, k)−colorable if Ni(v) is k−colorable
for any vertex v and any i ≤ m, that is, there is an assignment of k colors
on vertices of Ni(v) so that no two adjacent vertices receive the same color.

Lemma 4.4 Let G = (V, E) be a (1, k)−colorable graph. Then

α(G) ≥ 1
k

∑

v∈V

d1(v)
1 + d1(v) + d2(v)

.

Proof. Randomly label the vertices of G with a permutation of inte-
gers 1, 2, . . . , N , where N = |V |. Let X be the set of all the vertices v
such that the minimum label on the vertices in {v} ∪ N1(v) ∪ N2(v) is
on a vertex in N1(v). Then the probability that X contains a vertex v

is d1(v)
1+d1(v)+d2(v) . So the expected size of X is

∑
v∈V

d1(v)
1+d1(v)+d2(v) . It fol-

lows that for certain fixed permutation of integers from 1 to N , we have
|X| ≥ ∑

v∈V
d1(v)

1+d1(v)+d2(v) . We aim to prove that there is an independent
set in this X with size at least |X|/k.

To this end, we define a relation R on X as follows. Let u, v ∈ X. Call
u and v satisfy the relation R if the minimum label on {u}∪N1(u)∪N2(u)
is precisely the same as that on the vertices in {v}∪N1(v)∪N2(v). Clearly
R is an equivalence relation, and thus X can be partitioned into certain
equivalence classes X1, X2, . . . , Xp for some positive integer p. For each
1 ≤ i ≤ p, by the definition of relation R, all vertices in Xi share a neighbor
vi in common, in which for any u ∈ Xi, the label of vi is the minimum label
on vertices in {u} ∪N1(u)∪N2(u). Hence Xi ⊆ N1(vi) and clearly vi 6= vj

for i 6= j. We claim that there is no edge between Xi and Xj whenever
1 ≤ i 6= j ≤ p. To justify it, assume the contrary: some wi ∈ Xi is adjacent
to some wj ∈ Xj . Since wi ∈ X and since vj ∈ N1(wi) ∪ N2(wi), by the
definition of X we see that the label on vi is less than that on vj . Similarly,
by considering wj , we conclude that the label on vj is less than that on vi,
yielding a contradiction.

Since Xi ⊆ N1(vi) for each 1 ≤ i ≤ p is k−colorable there is an inde-
pendent set Yi in Xi with |Yi| ≥ |Xi|/k. It follows from the above claim
that ∪p

i=1Yi is an independent set with size at least
∑p

i=1 |Xi|/k = |X|/k,
as desired. 2

Note For a triangle-free graph G, the proof is easier since X itself is
independent, so there is no need to introduce the equivalence relation.
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Lemma 4.5 Let G = (V, E) be an (m, k)− colorable graph. Then for any
1 ≤ ` ≤ m + 1, we have

α(G) ≥ 1
2k

∑

v∈V

1 + d1(v) + · · ·+ d`−1(v)
1 + d1(v) + · · ·+ d`(v)

.

Proof. The proof goes along the same line as that of the preceding lemma,
so we only give a sketch here.

Randomly label the vertices of G with a permutation of the integers
1, 2, . . . , N , where N = |V |. Let X be the set of all the vertices v such that
the minimum label on the vertices in ∪`

j=0Nj(v) is on a vertex ∪`−1
j=0Nj(v).

Then for certain fixed permutation of the integers from 1 to N , we have

|X| ≥
∑

v∈V

1 + d1(v) + · · ·+ d`−1(v)
1 + d1(v) + · · ·+ d`(v)

.

We aim to prove that there is an independent set in this X with size at
least |X|/(2k).

To this end, define an equivalence relation R on X such that u and v
satisfy R if the minimum label on the vertices in ∪`

j=0Nj(u) is precisely the
same as that on the vertices in ∪`

j=0Nj(v). Then X can be partitioned into
certain equivalence classes X1, X2, . . . , Xp for some integer p ≥ 1. It can
be shown that for each 1 ≤ i ≤ p, there exists a vertex vi such that

• the distance between each vertex in Xi and vi is at most `− 1; and
• vi is the vertex with the minimum label in ∪`

j=0Nj(v) for each v ∈ Xi.
Based on these vi, we can deduce that there is no edge between Xi and

Xj whenever 1 ≤ i 6= j ≤ p. Now partition each Xi into subsets Xi,j ,
1 ≤ j ≤ `− 1, such that the distance between every vertex in Xi,j and vi is
j. Since each Xi,j contains an independent set Yi,j of size at least |Xi,j |/k,
where 1 ≤ i ≤ p and 0 ≤ j ≤ ` − 1. Thus one of ∪p

i=1 ∪odd j Yi,j and
∪p

i=1 ∪even j Yi,j is an independent set with size at least 1
2k ∪p

i=1 ∪`−1
j=0Xi,j =

|X|
2k , completing the proof. 2

Note For a graph G that contains no C3, C5, . . . , C2m+1, it is (m, 1)−colorable.

Theorem 4.9 Let m ≥ 2 and k ≥ 1 be integers and let G = (V, E) be an
(m, k)−colorable graph, then

α(G) ≥ 1
k2(m−1)/m

(∑

v∈V

d(v)1/(m−1)

)(m−1)/m

.
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Proof. Applying Lemma 4.4 and Lemma 4.5 repeatedly, we have

α(G) ≥ 1
k(m− 1)

∑

v∈V

(
d1(v)

1 + d1(v) + d2(v)

+
1 + d1(v) + d2(v)

2(1 + d1(v) + d2(v) + d3(v))

+ · · ·+ 1 + d1(v) + · · ·+ dm−1(v)
2(1 + d1(v) + · · ·+ dm(v))

)
.

Since the arithmetic mean is no less than the geometric mean, we obtain

α(G) ≥ 1
k2(m−2)/(m−1)

∑

v∈V

(
d1(v)

1 + d1(v) + · · ·+ dm(v)

)1/(m−1)

.

By the condition that Ni(v) is k−colorable, there is an independent set
in Ni(v) with size αi(v) ≥ di(v)/k, and by the fact that there is no edge
between Ni(v) and Nj(v) whenever i− j = 0 (mod 2),

2α(G) ≥ 1 + α1(v) + · · ·+ αm(v)

≥ 1
k

[1 + d1(v) + · · ·+ dm(v)].

Therefore

α(G) ≥ 1
k2(m−2)/(m−1)

∑

v∈V

(
d1(v)

2kα(G)

)1/(m−1)

,

the desired statement follows. 2

Note The theorem 4.9 is sharp for graph G = Kn,n for which k = 1.

4.4 Odd Cycle vs. Large Kn

Erdős, Faudree, Rousseau and Schelp (1978) proved that

r(C2m+1,Kn) ≤ cn1+1/m,

where c = c(m) > 0 is a constant. We will improve their bound. A relation
they established can be stated as follows.
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Lemma 4.6 Let m ≥ 1 be an integer and let G = (V, E) be a graph that
contains no C2m+1. Then it is (m, 2m− 1)−colorable.

Proof. For a fixed vertex v, we need to verify that Ni(v) is (2m −
1)−colorable. The proof is based on the construction of a spanning tree
T , of the component of G that contains v. As the construction going on,
we label all vertices of G, which yields an order < on V (G). First of all,
for any u ∈ Ni(v) and w ∈ Nj(v) with i < j, we define u < w. We label
the vertices in N1(v) in an arbitrary way. Assuming that the vertices in
Ni(v) have been labelled, such that Ni(v) = {u1, u2, . . . , u`}, where uj has
label j, we then proceed to Ni+1(v) as follows. Take the vertex u1 ∈ Ni(v),
label all neighbors of u1 in Ni+1(v) arbitrarily, say w1, . . . , wr, and each
is labelled as its index, and make w1, . . . , wr adjacent with u1 in T . Then
consider neighbors of u2 in Ni+1(v)\{w1, . . . , wr}, which have no label yet,
label them arbitrarily as {wr+1, wr+2 . . . , }, and make them adjacent to u2

in T . Goes this way unless all vertices in Ni+1(v) have a label, and each is
adjacent with exactly one vertex of Ni(v) in T . Clearly, if vertices y and z
in Ni+1(v) are adjacent in T to vertices u and v in Ni(v), respectively, and
if u < v, then y < z.

Assign each edge uv a direction from u to v if u < v. We now claim
that there is no directed path of length 2m− 1 in Ni(v). Let

d∗ = max
j

dT (vj , vj+1) = dT (vs, vs+1).

Consider the relationship between the construction of T and the labelling
of N1(v), . . . , Ni(v), we know that in fact d∗ = dT (vr, vt) for any r ≤ s <
s + 1 ≤ t. Moreover, for i ≤ m, whatever the value of d∗, if there exists a
directed path (vr, vr+1, . . . , vt) in Ni(v) of length 2m− 1, then the unique
path connecting some vk and v` (r ≤ k < ` ≤ t) in T with the path would
form a cycle C2m+1. Since G contains no C2m+1, so the subgraph induced
by Ni(v), i ≤ m, in which each edge has direction from smaller vertex to
bigger vertex, contains no directed path of length 2m− 1.

We now assign each vertex u ∈ Ni(v) with a color that is the maximum
length of directed sub-path beginning from u in Ni(v). Clearly, any two
adjacent vertices receive distinct colors. Since the maximum length of di-
rected path in Ni(v) is at most 2m− 1, thus Ni(v) is (2m− 1)−colorable.
2

Combining the above lemma and Theorem 4.9 in last section, we have
the following result.
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Theorem 4.10 Let m ≥ 2 be an integer. If a graph G = (V, E) is
C2m+1−free, then

α(G) ≥ 1
(2m− 1)2(m−1)/m

(∑

v∈V

d(v)1/(m−1)

)(m−1)/m

.

In particular, if G is C5−free, then α(G) ≥
√

Nd/18, where N is the order
of G and d is its average degree.

2

Remark 1 If G is regular of degree d, then

α(G) ≥ c(m)N1−1/md1/m,

which is also valid for m = 1 with c(1) = 1. So Theorem 4.10 can be
referred as a generalization of a trivial fact that the independence number
of a triangle-free graph is at least its average degree.

Remark 2 From the proof of Lemma 4.6, we see that if a graph G of
order N is C2m−free, then it is (m− 1, 2m− 2)−colorable. So we have

α(G) ≥ c

(∑

v∈V

d(v)1/(m−2)

)(m−2)/(m−1)

. (4.3)

However, it will be shown that the average degree of G is at most cN1/m in
Chapter8. From a result in Chapter 3, we then have α(G) ≥ cN1−1/m log N .
If G is regular, the above Theorem 4.10 just yields α(G) ≥ cN1−1/m. So
the inequality (4.3) for C2m−free graphs is weaker than that given by the
main result in Chapter.

We now improve the upper bound c(m)n1+1/m of Erdős et. al (1978)
of r(C2m+1,Kn) in following theorem. This improvement is independently
due to Li and Zang (2001,2003), and Sudkov (2002).

Theorem 4.11 Let m ≥ 1 be an fixed integer. Then for all sufficiently
large n,

r(C2m+1,Kn) ≤ c

(
nm+1

log n

)1/m

,

where c = c(m) > 0 is a constant.
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Proof. Case 1. m = 1. The desired upper bound for r(C3,Kn) = r(3, n)
has obtained in Chapter 3.

Case 2. m ≥ 2. Suppose that G is a C2m+1−free graph on N =
r(C2m+1,Kn)− 1 vertices with α(G) ≤ n− 1. We aim to show that there

exists some constant c = c(m) > 0 so that r(C2m+1,Kn) ≤ c
(

nm+1

log n

)1/m

holds for all sufficiently large n. Set

X = {v ∈ V (G) : d(v) > n1/m(log n)(m−1)/m}.

We consider two subcases depending on |X|.
Subcase 2.1. |X| ≥ N/2. By Theorem 4.10,

n > c1

(∑

v∈V

d(v)1/(m−1)

)(m−1)/m

≥ c1

(∑

v∈X

d(v)1/(m−1)

)(m−1)/m

≥ c1

[
N

2

(
n1/m(log n)(m−1)/m

)1/(m−1)
](m−1)/m

≥ c2N
(m−1)/mn1/m2

(log n)(m−1)/m2
,

yielding N + 1 ≤ c3n
1+1/m/(log n)1/m, where c1 and henceforth ci are

positive constants depending on m only.
Subcase 2.2. |X| < N/2. Denote by H for the subgraph of G induced

by V \X. Then the order of H is at least N/2, and the average degree d of
H is at most n1/m(log n)(m−1)/m. By Theorem 3.4 in Chapter 3, for large
n,

n > c4
N

2
log d

d

> c5N
log n

n1/m(log n)(m−1)/m

= c5N
(log n)1/m

n1/m
,

yielding N + 1 ≤ c6n
1+1/m/(log n)1/m.

Now set c = max{c3, c6}. Then in both subcases we have

r(C2m+1,Kn) = N + 1 ≤ c
n1+1/m

(log n)1/m
,
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completing the proof. 2

The above proof is due to Li and Zang that contains a probabilistic
algorithm (in proof of Theorem 4.9). The following proof is due to Sudakov
that in fact contains a deterministic algorithm.

The Second Proof of Theorem 4.11. Let

N =
⌊

an1+1/m

(log n)1/m

⌋
, and d = bn1/m(log n)(m−1)/m.

where a = a(m) and b = b(m) are constants to be chosen. Let G be a graph
of order N that contains no C2m+1. We aim to verify that α(G) ≥ n, which
implies that r(C2m+1,Kn) ≤ N . Starting with G′ = G and I = ∅. If G′ has
a vertex of degree greater than d we do the following iterative procedure,
otherwise, we stop.

Pick a vertex v with d(v) = d1(v) > d. Since

dm+1(v) = d1(v)
d2(v)
d1(v)

· · · dm+1(v)
dm(v)

≤ N,

there exists some i, 1 ≤ i ≤ m, such that

di+1(v)
di(v)

≤
(

N

d

)1/m

≤
(

an

b log n

)1/m

.

Take the smallest i with this property, then

di−1(v)
di(v)

≤
(

d

N

)1/m

< 1

for large n. By Lemma 4.6, Ni(v) is (2m− 1)−colorable hence it contains
an independent set I ′ of size |I ′| ≥ di(v)/(2m − 1). Enlarge I to I ∪ I ′

and remove Ni−1(v) ∪ Ni(v) ∪ Ni+1(v) from G′. The number of removed
vertices is

di−1(v) + di(v) + di+1(v) =
(

di−1(v)
di(v)

+ 1 +
di+1(v)
di(v)

)
di(v)

≤
(

2 +
(

an

b log n

)1/m
)

di(v)

≤ (2m− 1)

((
2 +

an

b log n

)1/m
)
|I ′|

= A|I ′|
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for any large n, where A = (2m− 1)
(

2 +
(

an
b log n

)1/m
)

. Clearly all neigh-

bors of I ′ have been removed thus I is an independent set after each step,
and the ratio between the number of removed vertices and |I| is at most A.

Let G1 = (V1, E1) be a graph in the end of the process, and G2 =
(V2, E2) be the graph induced by all removed vertices V2 = V \ V1. We
distinguish two cases depending on |V2|.

Case 1. |V2| > N/2. G2 has an independent set I of size at least

|I| > N/2
A

≥ (1− o(1))n
a

2(2m− 1)

(
b

a

)1/m

> n

for large n if a and b satisfy

a

2(2m− 1)

(
b

a

)1/m

> 1 (4.4)

Case 2. |V2| ≤ N/2. In this case, |V1| > N/2. Since no vertices in
G1 has degree greater than d, so the average degree of G1 is at most d,
and each subgraph induced by a neighbor of G1 does not contain a path
of length 2m − 1 since G1 does not contain C2m+1. By Theorem 3.4 in
Chapter 3, we have

α(G) ≥ α(G1) ≥ N

2
log(d/(2m))− 1

d
≥ a

2bm
n > n,

if a and b satisfy
a

2bm
> 1. (4.5)

To obtain the desired constants a and b, let us look at the case where
the equality holds for (4.4) and (4.5). then a/b = 2m and a = 2(2m −
1)(2m)1/m. To get what we want, just perturb this solution a little bit,
When a and b are slightly larger, such that both (4.4) and (4.5) are satisfied.
Thus for all sufficiently large n,

r(C2m+1,Kn) ≤ (1 + o(1))2(2m− 1)(2m)1/m

(
nm+1

log n

)1/m

,

completing the proof. 2

From the above proof, r(C5,Kn) ≤ (12 + o(1))n3/2/
√

log n. Since the
above proof uses just “half” of the information, so perhaps the following
slightly better bound for m = 2 with a short proof is more pleasing.
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Theorem 4.12 Let n ≥ ee2
. Then

r(C5,Kn) ≤ 6
n3/2

√
log n

.

Proof. Let G be a graph on N = r(C5,Kn) − 1 vertices that contains no
C5 and α(G) ≤ n− 1. We consider two cases depending on the value of d,
the average degree of G.

Case 1. d > 3
√

n log n. By Theorem 4.10, we have α(G) ≥
√

Nd/18.
It follows that n− 1 >

√
3N

√
n log n/18, implying

N + 1 ≤ 6(n− 1)2√
n log n

+ 1 ≤ 6n3/2

√
log n

.

Case 2. d ≤ 3
√

n log n. Since G is C5−free, each neighborhood of G
does not contain any path of length 3, according to Theorem 3.4 in Chapter
3, we have

n− 1 ≥ N
log(3

√
n log n/3)− 1

3
√

n log n
≥ N

√
log n

6
√

n
.

It follows that

N + 1 ≤ 6(n− 1)
√

n√
log n

+ 1 ≤ 6n3/2

√
log n

,

completing the proof. 2

4.5 Pick Vertices Randomly

To illustrate the method, this section contains two results with proofs of
picking vertices randomly. The first is weaker than that α(G) ≥ N/(d+1),
which we have obtained. The second may be related to Ramsey graphs for
r(3, n).

Theorem 4.13 Let G be a graph with N vertices and average degree d ≥ 1,
then

α(G) ≥ N

2d
.

Proof. We want to find in G an independent set at least N/(2d) vertices.
We begin by picking a set at random. Let S be a random subset of V (G)



4.5. PICK VERTICES RANDOMLY 79

where each vertex of G belongs to S with probability 1/d independently.
That is to say, S is defined by

Pr[v ∈ S] =
1
d
,

where all these events are mutually independent over v ∈ V (G). Let X(S)
be the number of vertices in S and let Y (S) be the number of edges in the
subgraph induced by S. Note that for one of the Nd/2 edges of G, the
probability is p2 = 1/d2 that both of its vertices belong to S. By linearity
of expectation,

E(X) = Np =
N

d
and E(Y ) =

Nd

2
p2 =

N

2d
,

so
E(X − Y ) = E(X)− E(Y ) =

N

2d
.

Thus there exists a set S satisfying

X(S)− Y (S) ≥ N

2d
.

Now S is not quite what we want as the subgraph of G induced by S may
have edges. However, if we delete one vertex from each edge, then at most
Y (S) vertices are deleted, we obtain a new set with at least N/(2d) vertices
and whose induced subgraph has no edges. 2

This simple proof can give a nontrivial result for hypergraphs. Let
G = (V, E) be a r−uniform hypergraph of order N . A subset S ⊆ V is
called an independent set if it does not contain any edge of G. The degree
dv of a vertex v ∈ V is the number of edges that contains v. Let d be
the average degree of G, then Nd =

∑
v∈V dv = r|E|. Denote by α(G) for

the independence number of G. Then for any hypergraph G with average
degree d ≥ 1,

α(G) ≥
(

1− 1
r

)
1

d1/(r−1)
.

The proof is similar. Define a random subset S ⊆ V by Pr(v ∈ S) = p
for some 0 ≤ p ≤ 1 with all these events are mutually independent over
v ∈ V . For the similarly defined X(S) and Y (S), there exists a subset S
with

X(S)− Y (S) ≥ E(X)− E(Y ) = Np− Nd

r
pr.

The desired lower bound follows by taking p = 1/d1/(r−1).
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A dominating set of a graph G = (V, E) is a set U ⊆ V such that
U ∪N(U) = V , where N(U) = ∪u∈UN(u). The domination number is the
is the smallest cardinality among all dominating sets of G. Let β(G) denote
the domination number of G. Clearly

α(G) ≥ β(G)

since any maximal independent set is a dominating set. We would like to
ask what G look like if G is triangle-free and α(G) and β(G) are close?

Recall that in Chapter 3, we have that for any triangle-free graph G
with N vertices and average degree d, then

α(G) ≥ Nf(d),

where f(x) ∼ log x/x as x → ∞. A similar bound for domination number
du to Alon (1990) is as follows, in which the involved function has the same
asymptotical form.

Theorem 4.14 Let G be a graph with N vertices and minimum degree
δ ≥ 1, then

β(G) ≤ N
1 + log(δ + 1)

δ + 1
.

Proof. Let us pick a vertex v of G with probability p randomly and
independently, where p = log(δ + 1)/(δ + 1). Let X be the random set of
picked vertices and let Y = V \ (X ∪N(X)). The set X ∪ YX is clearly a
dominating set of G which can be picked with the cardinality as small as
its expected number. The expected values of |X| is Np. A vertex v belongs
to Y if and only if neither v nor any neighbor belongs to X, so

E(|Y |) =
∑

v∈V

(1− p)1+d(v) ≤ N(1− p)1+δ.

Thus
E(|X|+ |Y |) ≤ N

[
p + (1− p)1+δ

]
.

Since
(1− p)δ+1 ≤ e−p(δ+1) = e− log(δ+1) =

1
δ + 1

,

then we have

E(|X|+ |Y |) ≤ N
1 + log(δ + 1)

δ + 1
,

as desired. 2
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A triangle-free graph G is called maximal or critical when adding any
edge would yield a triangle. Form the definition, there must exist a Ramsey
graph on N = r(3, n) − 1 vertices which is maximally triangle-free with
α(G) ≤ n− 1. Thus β(G) ≤ n− 1 since β(G) ≤ α(G) holds for any graph.
We shall conclude this chapter with the following problem.

Problem 4.1 Does there exist a family {Gn} of graphs satisfying the fol-
lowing conditions:

(1) Each Gn is maximally triangle-free, and ∆(G) ∼ δ(G) ∼ n;
(2) α(Gn) ≤ cβ(Gn) for some constant c.

The first condition is natural but the second is crucial. We are expecting
that the existence of above family would yield good lower bound for r(3, n).

4.6 Independence and Chromatic Number ?

We have obtained some lower bounds for independence numbers of graphs
with some forbidden subgraphs. However, it is often that a lower bound
of independence number is associated with an upper bound of chromatic
number. With the naive relation

α(G)χ(G) ≥ N

for any graph G of order N , any upper bound of χ(G) gives a lower bound
of α(G). Let the maximum degree, minimum degree and average degree of
G be ∆, δ, d, respectively. Then χ(G) ≤ ∆ + 1 implies that α(G) ≥ N

1+∆ .
In fact, we have a stronger form α(G) ≥ N

1+d , and we do not expect that
d+1 becomes an upper bound of χ(G) since the edges may be concentrated
in a small subset. We list these associated bounds in the following table
for those readers who may have interests, and most of these bounds have
proved by probabilistic method. In the table, o(1) is a small term tending
to zero as the corresponding parameter ∆, or δ, or d tending to infinity.

Condition Lower bound of α(G) Upper bound of χ(G)
general N/(d + 1) ∆ + 1
no C3 (1− o(1))N log d/d C∆/ log ∆

∆(N(v)) < m (1− o(1))N log(d/m)/d C∆/ log(∆/m)
no C3, C4 (1− o(1))N log d/d (1 + o(1))∆/ log ∆
no C2m+1 cN1−1/mδ1/m
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Table: Lower bound of Independence Number and the associated upper
bound of chromatic number

The upper bound of chromatic number for triangle-free graphs is due to
Johansson (1986); that for graphs with each neighborhood has a bounded
maximum degree is due to Alon, Krivelevich and Sudakov (1999); that
for graph with forbidden subgraphs C3 and C4 is due to Kim (1995). A
good source for these bounds of chromatic numbers proved by probabilistic
method is the book Graph Coloring and the Probabilistic Method by Molloy
and Reed (2002).

Problem 4.2 Can the constant C in upper bound of χ(G) for graphs with
sparse neighborhoods in above table be improved as 1 + o(1)?

Problem 4.3 Prove or disprove χ(G) ≤ C
(

N
δ

)1/m
for graphs G contain-

ing no C2m+1.

Exercises

4.1 Show that the complement Gp of a random graph Gp is exactly Gq,
where q = 1− p.

4.2 Give a graph F of order at least two such that A(F ) is a singleton.

4.3 Verify Theorem 4.1 for graph F = K1,3.

4.4 Let v be a fixed vertex of G(n, p) and let d(v) be the degree of v.
Compute the probability of the event d(v) = k and its expectation and
variance.

4.5 For distinct vertices u and v, show

Pr(d(u) ≤ k1, d(v) ≤ k2) ≤ Pr(d(u) ≤ k1) Pr(d(v) ≤ k2).

4.6 (1) Show that the probability that a fixed subset S of G(n, 1/2) is
contained in the neighborhood of a vertex is (n− |S|)2−|S|.

(2) Show that almost every graph G in G(n, 1/2) has ∆(G) ≥ n/2+
√

n
and δ(G) ≤ n/2−√n.

4.7 Try to obtain asymptotically optimal constants in Theorem 4.7.
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4.8 Denote by Wm for K1 + Cm. Using that fact that r(Cm,Kn) is
super-linear on n, show

r(Wm,Kn) ≤ c r(Cm,Kn)
n

log n
,

where c = c(m) is a constant.

4.9 Call a term 1/(1 + dv) in α(G) ≥ ∑
v 1/(1 + dv) as the ratio of

independence. Using this concept, explain Lemmas 4.4 and 4.5 intuitively.
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Chapter 5

Concentration

5.1 The Chernoff’s Inequality

The probability space we consider in graph Ramsey theory has only finite
many possible outcomes, and the random variable is often nonnegative.
Let X be a random variable, the expected value of X is defined to be
E(X) =

∑
i ai Pr(X = ai), where the summation is taken over all values ai

that X can take.

Theorem 5.1 (Markov’s Inequality) Let a > 0 and let X be a nonneg-
ative random variable, then

Pr(X ≥ a) ≤ E(X)
a

.

Proof. Suppose that {ai} is the set of all values that X takes. Then

E(X) =
∑

i

ai Pr(X = ai)

≥
∑

ai≥a

ai Pr(X = ai)

≥ a
∑

ai≥a

Pr(X = ai) = aPr(X ≥ a),

as required. 2

In particular, if X only takes nonnegative integer values and E(X) < 1,
then we have Pr(X ≥ 1) < 1 hence Pr(X = 0) > 0. This is exactly what
we used to get a lower bound of r(n, n) in the last chapter.

81
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For a positive integer k, the kth moment of a real-valued random variable
X is defined to be E(Xk), and so the first moment is simply the expected
value. Denote by µ = E(X), and define the variance of X as E((X − µ)2),
and denote by σ2 for the variance. Call σ as the standard deviation of X.

Theorem 5.2 (Chebyshev’s Inequality) Let X be a random variable
and let a be a positive number, then

Pr(|X − µ| ≥ a) ≤ σ2

a2
.

Proof. By Markov’s inequality, for any a > 0,

σ2 = E((X − µ)2))
≥ a2 Pr((X − µ)2 ≥ a2)
= a2 Pr(|X − µ| ≥ a).

It follows by the required statement. 2

In important, the second moment E(X2) is second to the first moment
E(X).

Lemma 5.1 (Second Moment Method) If X is a random variable, then

Pr(X = 0) ≤ σ2

µ2
=

E(X2)− µ2

µ2
,

where µ = E(X). In particular, Pr(X = 0) → 0 if E(X2)/µ2 → 1.

The proof follows from Chebyshev’s Inequality and the trivial fact that
Pr(X = 0) ≤ Pr(|X − µ| ≥ µ) immediately. Intuitively, if σ grows more
slowly than µ grows, than Pr(X = 0) → 0 since σ “pulls” X close to µ.

The Chebshev’s inequality is in fact the Markov’s inequality on random
variable |X − µ|. However, Chebshev’s inequality states the probability
of a random variable X apart from E(X) is bounded. When this is the
case, we say that X is concentrated. A concentration bounds is used to
show that a random variable is very close to its expected value with high
probability, so it behaves approximately as one may “expect” it to. When
Sn is the sum of n independent variables, each variable equals to 1 with
probability p and −1 with probability 1−p, respectively, the bound can be
sharper. Such random variables are bounded in Chernoff’s inequality. Most
of the results in this chapter may be found in, or immediately derived from,
the seminal paper of Chernoff (1952). While our proofs are self-contained.
A set of random variables X1, X2, . . . are said to be mutually independent
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means each Xi is independent of any Boolean expression formed from other
(Xj)′s. In any form of Chernoff bounds, we assume that

Assumption A : On the independence of variables in Chernoff bound
Let X1, X2, . . . be mutually independent variables and they have the same
binomial distribution. Set

Sn =
n∑

i=1

Xi.

All concentration bounds in the remaining part of this section are Chernoff
bounds of different forms, which estimate the probability of

Pr(Sn ≥ n(µ + δ)),

where µ = E(Xi). The symmetric bound on Pr(Sn ≤ n(µ − δ)) can be
obtained similarly.

Theorem 5.3 Under Assumption A, suppose

Pr(Xi = 1) = Pr(Xi = −1) =
1
2

for i = 1, 2, . . .. Then for any δ > 0,

Pr(Sn ≥ nδ) < exp{−nδ2/2},

and for any a > 0,

Pr(Sn ≥ a) < exp{−a2/(2n)}.

Proof. Let λ > 0 be arbitrary. Then

E(eλXi) =
eλ + e−λ

2
.

Note that

E(eλSn) = E(eλX1)E(eλX2) . . . E(eλXn)

=
(

eλ + e−λ

2

)n

=




∞∑

j=0

λ2j

(2j)!




n

<




∞∑

j=0

1
j!

(
λ2

2

)j



n

= enλ2/2,
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where we use the fact that (2j)! ≥ 2jj! for all j ≥ 0 with strict inequality
when j ≥ 2. Now by Markov’s inequality,

Pr(Sn ≥ nδ) = Pr(eλSn ≥ eλnδ)

≤ E(eλSn)
eλnδ

< exp{n(λ2/2− λδ)},

for all λ > 0. Setting λ = δ, we obtain the desired result. 2

For large n, the central limit theorem implies that Sn is approximately
normal with zero mean and standard deviation

√
n. For any fixed u,

lim
n→∞

Pr(Sn ≥ u
√

n) =
∫ ∞

u

1√
2π

e−t2/2dt < e−u2/2.

However, the Chernoff bound holds for all positive n and a.
Since Xi is often an indicator variable of some random event, so Xi

takes 1 when the event appears and 0 otherwise. The following form of
Chernoff bound may be used in more cases.

Theorem 5.4 Under Assumption A, suppose

Pr(Xi = 1) = Pr(Xi = 0) =
1
2

for i = 1, 2, . . .. Then for any δ > 0,

Pr(Sn ≥ n(1 + δ)/2) < exp{−nδ2/2},

or
Pr(Sn ≥ n(1/2 + δ) < exp{−2nδ2}.

Proof. Set Yi = 2Xi − 1 and Tn =
∑n

i=1 Yi = 2Sn − n. Then

Pr(Yi = 1) = Pr(Yi = −1) =
1
2
,

and {Yi} satisfies Assumption A. Note that Tn ≥ nδ if and only if Sn ≥
n(1 + δ)/2. Applying Theorem 5.3 to {Yi} and Tn, we have

Pr(Sn ≥ n(1 + δ)/2) = Pr(Tn ≥ nδ) < exp{−nδ2/2}

as claimed. 2
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Under Assumption A, suppose

Pr(Xi = 1) = p, and Pr(Xi = 0) = 1− p

for i = 1, 2, . . .. Then we say that the sum Sn =
∑n

i=1 Xi has binomial dis-
tribution, denoted by B(n, p). Involved in Theorem 5.4 is special binomial
distribution B(n, 1/2). For general case , the calculation is slightly more
complicated, but the technique is the same. As usual, denote by q for 1−p.

Theorem 5.5 Under Assumption A, suppose

Pr(Xi = 1) = p and Pr(Xi = 0) = q

for i = 1, 2, . . .. Then there exists δ0 = δ0(p) > 0 so that if 0 < δ < δ0, then

Pr(Sn ≥ n(p + δ)) < exp{−nδ2/(3pq)}.

Proof. Denote by a for p + δ. By the same argument as used before,

Pr(Sn ≥ na) = Pr(eλSn ≥ eλna)

≤ 1
eλna

E(eλSn)

=
1

eλna
(peλ + q)n

= (peλ(1−a) + qe−λa)n

for all λ > 0. Let c = 1−a = q− δ > 0. By taking λ = log(aq/cp), we have

min
λ>0

(peλc + qe−λa) = e−λa(peλ + q)

=
(

cp

aq

)a
q

c
=

(p

a

)a (q

c

)c

.

Setting 0 < δ < 1− p, and expanding in powers of δ, with the fact that

log(1 + x) = x− x2

2
+

x3

3
+ O(x4),

we find

log
(p

a

)a

= (p + δ) log
(

1− δ

p + δ

)

= −δ − δ2

2(p + δ)
− δ3

3(p + δ)2
+ o(δ3),
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and

log
(q

c

)c

= (q − δ) log
(

1 +
δ

q − δ

)

= δ − δ2

2(q − δ)
+

δ3

3(q − δ)2
+ o(δ3).

Adding them by terms,

−δ2

2

(
1

p + δ
+

1
q − δ

)
=

−δ2

2

(
1

p(1 + δ/p)
+

1
q(1− δ/q)

)

=
−δ2

2

(
1
pq
− (q − p)δ

p2q2
+ o(δ)

)

=
−δ2

2pq
+

(q − p)δ3

2p2q2
+ o(δ3),

and

δ3

3

(
1

(q − δ)2
− 1

(p− δ)2

)
=

δ3

3

(
1
q2
− 1

p2
+ o(1)

)

=
−(q − p)δ3

3p2q2
+ o(δ3),

we have

log
[(p

a

)a (q

c

)c]
=
−δ2

2pq
+

(q − p)δ3

6p2q2
+ o(δ3) <

−δ2

3pq
.

Thus
Pr(Sn ≥ n(p + δ)) < exp{−nδ2/(3pq)},

completing the proof. 2

From above proof for p > q and Theorem 5.4 for p = q = 1/2, we see
that if p ≥ 1/2, the bound can be slightly better as

Pr(Sn > n(p + δ)) < exp{−nδ2/(2pq)}.

We now write out a symmetric form for Theorem 5.5, for Theorem 5.3
and Theorem 5.4, we omit them.

Theorem 5.6 Under Assumption A, suppose

Pr(Xi = 1) = p and Pr(Xi = 0) = q
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for i = 1, 2, . . .. Then there exists δ0 = δ0(p) > 0 so that if 0 < δ < δ0, then

Pr(Sn ≤ n(p− δ)) < exp{−nδ2/(3pq)}.
Therefore

Pr(|Sn − np| > nδ)) < 2 exp{−nδ2/(3pq)}.

From the above proof, we have

Pr(Sn ≥ na) ≤ exp
{

n

(
a log

p

a
+ (1− a) log

q

1− a

)}
.

Set k = na, since a = p + δ > p then k > np , and

Pr(Sn ≥ k) ≤ exp
{

n

(
(k/n) log

p

k/n
+ (1− k/n) log

q

1− k/n

)}
.

Let H(x) signify the entropy function

H(x) = x log
p

x
+ (1− x) log

q

1− x
,

then
Pr(Sn ≥ k) ≤ exp{nH(k/n)},

which is valid also for k = np since H(p) = 0. The following form of
Chernoff’s inequality was used by Beck (1983).

Theorem 5.7 Under Assumption A, suppose

Pr(Xi = 1) = p and Pr(Xi = 0) = q

for i = 1, 2, . . .. If k ≥ np, then

Pr(Sn ≥ k) ≤
(np

k

)k
(

nq

n− k

)n−k

.

Consequently,

Pr(Sn ≥ k) ≤
(npe

k

)k

.

Proof. The right hand side of the first inequality is just exp{nH(k/n)}.
For the second inequality, simply note that

(
nq

n− k

)n−k

≤
(

n

n− k

)n−k

=
(

1 +
k

n− k

)n−k

< ek.
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Thus the required result follows. 2

We conclude this section with bounding Pr(Sn ≥ k) by Pr(Sn = k).
Denote by b(j;n, p) for the probability of Pr(Sn = j), i.e.,

b(j;n, p) = Pr(Sn = j) =
(

n

j

)
pj(1− p)n−j .

Theorem 5.8 ? Under Assumption A, suppose

Pr(Xi = 1) = p and Pr(Xi = 0) = q

for i = 1, 2, . . .. If k ≥ np, then

Pr(Sn ≥ k) ≤ b(k;n, p)
(k + 1)(1− p)

(k + 1)− (n + 1)p
,

and if k ≤ np,

Pr(Sn ≤ k) ≤ b(k;n, p)
(n− k + 1)p
(n + 1)p− k

.

Proof. To prove the first result, note that for any j ≥ k,

b(j + 1;n, p)
b(j;n, p)

=
(n− j)p

(j + 1)(1− p)

≤ (n− k)p
(k + 1)(1− p)

.

Denote by r for (n−k)p
(k+1)(1−p) , then

Pr(Sn ≥ k) =
n∑

j=k

b(j;n, p)

≤ b(k;n, p)[1 + r + r2 + · · ·]
= b(k;n, p)

1
1− r

= b(k;n, p)
(k + 1)(1− p)

(k + 1)− (n + 1)p
.

A similar proof holds for the second bound. 2

When p is sufficiently small, we can deal with factor (1−p)k in b(k;n, p)
as follows.
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Property 5.1 ? If 0 ≤ p ≤ 1/2, then

exp(−kp2) ≤ ekp(1− p)k ≤ exp(−1
2
kp2).

In particular, if kp2 = o(1), then (1− p)k ∼ e−kp.

Proof. Note that for |x| < 1, log(1− x) = −(x + x2

2 + x3

3 + · · ·), thus

log(ekp(1− p)k) = kp− k

(
p +

p2

2
+

p3

3
+ · · ·

)

= −k

(
p2

2
+

p3

3
+ · · ·

)

≤ −kp2

2
.

To obtain the second bound, note that 2(1− p) ≥ 1,

log(ekp(1− p)k) = −k

(
p2

2
+

p3

3
+ · · ·

)

≥ −k

2
(
p2 + p3 + · · ·)

=
−kp2

2(1− p)
≥ −kp2,

the required bound follows. 2

5.2 Chernoff Bound for Different Distribu-
tions ?

In applications, we may need to consider a sum of random variables such
as X =

∑n
i=1 Xi, where Xi may have different distributions.

Theorem 5.9 Let X1, . . . , Xn be mutually independent random variables
such that for 1 ≤ i ≤ n, Pr[Xi = 1] = pi and Pr[Xi = 0] = 1 − pi, where
0 < pi < 1. Then for X =

∑n
i=1 Xi, and for δ > 0,

Pr[X > (1 + δ)µ] <

(
eδ

(1 + δ)1+δ

)µ

,
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where µ = E[X] =
∑n

i=1 pi. In particular, for 0 < δ ≤ 1

Pr[X > (1 + δ)µ] < exp
(
−δ2µ

4

)
.

A more general form of the above theorem is a Chernoff bound for
weighted random variables in different distributions as follows.

Theorem 5.10 Let X1, . . . , Xn be mutually independent random variables
such that for 1 ≤ i ≤ n, Pr[Xi = 1] = pi and Pr[Xi = 0] = 1 − pi, where
0 < pi < 1. Then for X =

∑n
i=1 wiXi, where w1, . . . , wn are positive

constants, and for δ > 0,

Pr[X > (1 + δ)µ] <

(
eδ

(1 + δ)1+δ

)µ/w

,

where µ = E[X] =
∑n

i=1 wipi, and w = max{wi : 1 ≤ i ≤ n}. In particular,
for 0 < δ ≤ 1

Pr[X > (1 + δ)µ] < exp
(
−δ2µ

4w

)
.

Remark. If µ/w →∞ as n →∞, then Pr[X > (1 + δ)µ] → 0.

We need a simple lemma as follows.

Lemma 5.2 For any real numbers 0 < p, w ≤ 1, and t > 0,

p(etw − 1) + 1 < exp(wp(et − 1)).

Proof. Set
f(t) = exp(wp(et − 1))− p(etw − 1)− 1.

Then f(0) = 0 and

f ′(t) = exp(wp(et − 1))wpet − wpetw

≥ wp(et − etw) ≥ 0,

and for small t, f ′(t) > 0, which yield the required statement.

Proof of Theorem 5.10. We shall separate the proof for the first
bound into two cases depending on the value of w.

Case 1: w = 1.
For any real number t > 0,

Pr[X > (1 + δ)µ] = Pr[exp(tX) > exp(t(1 + δ)µ)].
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Applying the Markov inequality gives

Pr[X > (1 + δ)µ] ≤ E[exp(tX)]
exp(t(1 + δ)µ)

.

From the assumption on independency of X1, . . . , Xn and Lemma 5.2, we
have

E[exp(tX)] = E[exp(
n∑

i=1

twiXi)] = E[Πn
i=1 exp(twiXi)]

= Πn
i=1E[exp(twiXi)] = Πn

i=1[pi exp(twi) + 1− pi]
= Πn

i=1[pi(exp(twi)− 1) + 1] < Πn
i=1[exp(wipi(et − 1))

= exp

(
n∑

i=1

wipi(et − 1)

)
= exp((et − 1)µ).

Therefore

Pr[X > (1 + δ)µ] <
exp((et − 1)µ)
exp(t(1 + δ)µ)

=
(
exp(et − 1− t(1 + δ))

)µ
.

Then the first bound with w = 1 follows by taking t = log(1+δ) > 0, where
the logarithmic function is on natural base.

Case 2: w 6= 1.
Set w′i = wi/w, X ′ =

∑n
i=1 w′iXi = X/w, and µ′ = E[X ′] =

∑n
i=1 w′ipi =

µ/w. Then w′ = max{w′i : 1 ≤ i ≤ n} = 1. Applying what just proved in
case 1 on X ′, we obtain

Pr[X > (1 + δ)µ] = Pr[X ′ > (1 + δ)µ′]

<

(
eδ

(1 + δ)1+δ

)µ′

=
(

eδ

(1 + δ)1+δ

)µ/w

,

completing the proof for the first bound.

To obtain the second bound, note that for any 1 ≥ δ > 0,

(1 + δ) log(1 + δ) > δ + δ2/4,

thus

eδ

(1 + δ)1+δ
=

eδ

exp((1 + δ) log(1 + δ))

<
eδ

exp(δ + δ2/4)
= exp(−δ2/4),

as desired.
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Corollary 5.1 Let Y1, . . . , Yn be mutually independent random variables
such that for 1 ≤ i ≤ n, Pr[Yi = wi] = pi and Pr[Yi = 0] = 1 − pi, where
0 < pi < 1, and w1, . . . , wn are positive constants. Then for Y =

∑n
i=1 Yi,

and for δ > 0,

Pr[Y > (1 + δ)µ] <

(
eδ

(1 + δ)1+δ

)µ/w

,

where µ = E[Y ] =
∑n

i=1 wipi, and w = max{wi : 1 ≤ i ≤ n}.

5.3 Lower Bounds of rk(Km,n) and r(Km,n, Kn)

Recall that rk(G) is the smallest integer N such that in any k−coloring
of edges of KN , there is a monochromatic G. Chung, Erdős, and Graham
(1975) propose a problem to determine rk(Km,n). We now give a lower
bound for it as k and m are fixed and n →∞.

Theorem 5.11 (Li, Tang and Zang) For any fixed positive integers k
and m, as n →∞,

rk(Km,n) ≥ (1− o(1))kmn.

Proof. Fix ε > 0, we turn to show that rk(Km,n) ≥ (km − ε)n for large
enough n. To this end, set

N = b(km − ε/2)nc −m.

Since for all sufficiently small (independent of n) δ > 0,

n ≥ N + m

km − ε/2
>

N

km −
√

δ
> (k−m + δ)N = (p + δ)N,

where p = k−m, we can fix a small δ > 0 which meets the requirement of
Theorem 5.5. Now let us randomly and independently color the edges of
KN+m with k colors, such that each edge is assigned in each color with
probability 1/k. Consider a fixed color, say color A, and an arbitrary but
fixed set U of m vertices. Let v1, v2, . . . , vN be the N vertices outside U . For
each j, define a random variable Xj such that Xj = 1 if the edges between
vj and U are all in color A and 0 otherwise. Then Pr(Xj = 1) = k−m = p.
Set SN =

∑N
i=1 Xj . Clearly SN has the binomial distribution B(N, p) and

the event SN ≥ n means that there is a monochromatic Km,n in color A
(in which U is the m-vertex part). Hence

Pr(∃ monochromatic Km,n) ≤ k

(
N + m

m

)
Pr(SN ≥ n).
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By virtue of Chernoff bound (Theorem 5.5)

Pr(SN ≥ n) ≤ Pr(SN ≥ (p + δ)N) ≤ exp{−Nδ2/(3pq)}.
So the probability that there exists monochromatic Km,n tends to zero as
N →∞, which guarantees the existence of an edge-coloring of KN+m with
no monochromatic Km,n. Hence rk(Km,n) > N + m > (km − ε)n for all
sufficiently large n. 2

In Chapter 3, we proved that for any fixed m ≥ 1,

r(Km + Kn,Kn) ≤ (1 + o(1))
nm+1

(log n)m−1
.

We will see that the upper bound is very close to truth. In fact, an ap-
plication of Chernoff bound will yield a lower bound of r(Km,n,Kn) as
follows.

Theorem 5.12 (Li and Rousseau, 1997) Let integer m ≥ 2 be fixed.
Then there exists a constant c = c(m) > 0 such that

r(Km,n,Kn) ≥ c
nm+1

(log n)m
.

Proof. The lower bound is obtained through a simple application of Cher-
noff bound (Theorem 5.7). With

N =
⌊

nm+1

3(2m log n)m

⌋
,

let G(N, p) be a random graph of order N and edge probability p =
(2m log n)/n. The probability that m chosen vertices in G(N, p) are con-
necting with another fixed vertex is pm. So the probability that they have
at least n common neighbors is Pr(S ≥ n), where S has the binomial dis-
tribution B(N −m, pm). Then n > Npm and Theorem 5.7 yields

Pr(Km,n ⊆ G(N, p)) ≤
(

N

m

)(
(N −m)pme

n

)n

<
Nm

m!

(
Npme

n

)n

< c1
nm(m+1)

(log n)m2

(e

3

)n

,

where c1 = c1(m) > 0 is a constant. Hence Pr(Km,n ⊆ G(N, p)) → 0. At
the time, by standard estimates that

(
N
n

) ≤ (Ne/n)n and 1− p < e−p, we
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obtain a bound of the probability that G(N, p) has an independent set of
size at least n as follows

Pr(α(G(N, p)) ≥ n) ≤
(

N

n

)
(1− p)n(n−1)/2

≤
(

Ne

n
e−p(n−1)/2

)n

≤
(

c2

3(2m log n)m

)n

,

where c2 = c2(m) > 0 is a constant, so Pr(α(G(N, p)) ≥ n) → 0. Hence the
probability that G(N, p) contains neither Km,n as a subgraph nor an inde-
pendent set of size n is positive (in fact, close to 1). Thus r(Km,n,Kn) > N .
2.

We shall review to this problem in Chapter 8, where we will show that
the lower bound in above theorem is the right order of r(Km,n,Kn).

Exercises

5.1 Let X be a random variable, the its variance σ2 = E(|X − µ|) and
expectation µ = E(X) satisfy

σ2 = E(X2)− µ2.

5.2 With p = (1−ε) log n/n, how large can m be such that almost every
graph in G(n, p) has at least m isolated vertices.

5.3 What is the asymptotically optimal constant in Theorem 5.12 from
the proof?
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Chapter 6

Some Properties of
Random Graphs ?

6.1 Some Behavior of Almost All Graphs

We digress a bit from extremal graphs to random graphs in this chapter.
We do so for the beauty of the results and for the better understanding the
nature of the existence given by the “almost all” arguments.

Given a graph property A, it is often associated with a family Q of
graphs as

Q = Q(A) = {G : G has A}.
Slightly abusing notation, we do not distinguish the property A and the
family Q if no danger of confusion. We say that almost all (a.a.) graphs in
G(n, p) have property Q if limn→∞ Pr[Gp ∈ Q] = 1. In this case we also say
that almost surely that Gp ∈ G(n, p) has property Q. We always suppose
that n is large. We begin at a classic result of Erdős that almost all graphs
seem to behave strangely even though they are sparse.

We will use S|G signify for the subgraph of G induced by vertex set S,
and d(G) for the average degree of G.

Theorem 6.1 (Erdős,1962) For all k ≥ 1, there exist positive constants
c and ε such that almost all graphs in G(n, p) with p = c/n satisfy that
d(G) ≥ k and χ(G) ≥ k, and yet d(S|G) < 3 and χ(S|G) ≤ 3 for any vertex
subset S with |S| ≤ εn.

Proof. In order to simply the notation, we will prove that d(G) ≥ k − 1
instead of d(S|G) ≥ k. Let

97
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H(x) = − log xx(1− x)1−x, 0 < x < 1,

and let constants c and ε satisfy

c > 2k2H(1/k) and
c3/2e5/2

33/2
ε1/2 < 1.

Set p = c/n and consider G = Gp in G(n, p). We show that all most graphs
in this space satisfy the conditions in Theorem. If d(G) ≤ k−1 or χ(G) ≤ k,
then α(G) ≥ n/k. The expected numbers of such independent sets is

(
n

n/k

)
(1− p)(

n/k
2 ).

From m! ∼ √
2πm(m/e)m, we estimate that

(
n

n/k

)
=

n!
(n/k)!(n− n/k)!

∼ k√
2πn(k − 1)

(
(1/k)1/k(1− 1/k)1−1/k

)−n

< exp{nH(1/k)},
and

(1− p)(
n/k
2 ) ≤ exp{−pn

2k
(
n

k
− 1)} = exp{− cn

2k2
(1− o(1))}.

Therefore,
(

n

n/k

)
(1− p)(

n/k
2 ) ≤ exp

{
−n

(
c

2k2
−H(

1
k

)− o(1)
)}

,

which tends to zero by the condition satisfied by c.
Suppose some set S with t ≤ εn vertices such that d(S|G) > 3 or

χ(S|G) ≥ 4, we claim that that S|G would have at least 3t/2 edges. The
claim is trivial if d(S|G) > 3. If χ(S|G) ≥ 4, then we would have a minimal
such set S. For any v ∈ S, there would be a (proper) 3−coloring of S \{v}.
If v has two or fewer neighbors in S|G then it would be extended to a
3−coloring of S. Hence the minimum degree of S|G is at least 3 and it
follows by the claim. The probability that some t ≤ εn vertices have at
least 3t/2 edges is less than

∑

4≤t≤εn

(
n

t

)( (t
2

)

3t/2

) ( c

n

)3t/2

=
∑

4≤t≤n1/4

+
∑

n1/4<t≤εn

= s1 + s2.
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We bound (
n

t

)
≤

(en

t

)t

and
( (t

2

)

3t/2

)
≤

(
et

3

)3t/2

.

So each term is at most

(en

t

)t
(

et

3

)3t/2 ( c

n

)3t/2

=
(

c3/2e5/2t1/2

33/2n1/2

)t

.

Hence the first summation

s1 ≤ n1/4

(
c3/2e5/2n1/4

33/2n1/2

)4

→ 0.

Each term in the second summation is at most

(
c3/2e5/2t1/2

33/2n1/2

)t

≤
(

c3/2e5/2

33/2
ε1/2

)n1/4

.

Let δ be the bracketed term c3/2e5/2

33/2 ε1/2, then δ < 1 by the choice of ε.
Thus the second summation

s2 ≤ εnδn1/4 → 0.

So almost surely no such set S exists, completing the proof. 2

By the last theorem, we know that in random graphs, the neighbors
of an average vertex distribute evenly in every part of the vertex set. So
their clique numbers and independence numbers are small, and chromatic
number are big. Let us enjoy a result of Erdős style that he used this central
observation to disprove a conjecture with almost all graphs.

A suspended path in graph G is a path (x0, x1, . . . , xk) in which x1, . . . , xk−1

have degree two in G. A graph H is a subdivision of G if H is obtained from
G replacing edges of G by suspended paths, that is to say, H is obtained by
adding vertices on the edges of G. Hajos conjectured that every graph G
with χ(G) ≥ r contains a subdivision of Kr. Catlin disproved the conjec-
ture by a constructive proof, but Erdős’s disproof was more powerful. Let
γ(G) denote the largest r such that G contains a subdivision of Kr. Hojas
conjecture is equivalent to that γ(G) ≥ χ(G).

Theorem 6.2 Almost all graphs Gp ∈ G(n, 1/2) satisfy

χ(G) ≥ n

2 log2 n
, and γ(G) ≤

√
6n.
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Proof. Set k = b2 log2 nc. Since

Pr(α(G) ≥ k) ≤
(

n

k

)
2−(k

2) <

(
e
√

2n

k2k/2

)k

→ 0,

and the fact
α(G)χ(G) ≥ n

for any graph G, the first statement follows immediately. Set r = d√6ne.
Then n ≤ r2/6. There are

(
n

r

)
≤

(en

r

)r

≤
(er

6

)r

potential Kr subdivisions, one for each r−element subset of V (G). If we
fix such a subset X, then we notice that since each subdivided edge has
to use a distinct vertex of V (G) \X. There are

(
r
2

)
suspended pathes in a

subdivision, and at most n − r of them are of length two or more, which
are “really” subdivided edges. So the number of edges in subgraph induced
by X is at least

(
r

2

)
− (n− r) ≥

(
r

2

)
+ r − r2

6
≥ 2

3

(
r

2

)

edges. But the number of edges in subgraph induced by X, denoted by
e(X), has binomial distribution B(N, 1/2), where N =

(
r
2

)
. From Chernoff

bound in Chapter 5,

Pr(e(X) ≥ N(1 + δ)/2) ≤ exp{−Nδ2/2},
by taking δ = 1/3 hence 2

3

(
r
2

)
=

(
r
2

)
(1 + δ)/2, we have

Pr
(

e(X) ≥ 2
3

(
r

2

))
≤ exp{−Nδ2/2} = exp

{
− 1

18

(
r

2

)}
.

Thus we bound the probability that our random graph G contains a sub-
division of Kr as follows.

Pr(γ(G) ≥ r) ≤
∑

X

Pr
(

e(X) ≥ 2
3

(
r

2

))

≤
(

n

r

)
exp

{
− 1

18

(
r

2

)}

=
(

er exp{−(r − 1)/36}
6

)r

,
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which tends to zero as n →∞. 2

Since for almost all G,

χ(G)− γ(G) ≥ n

2 log2 n
−
√

6n →∞

as n →∞, so Hajos conjecture is false, and almost all graphs in G(n, 1/2)
are counterexamples. Further more, the gap between the truth and the
conjecture is big.

For fixed 0 < p ≤ 1, most graphs in G(n, p) are dense. One of the
most striking phenomena on parameter concentration was discovered by
Bollobás and Erdős (1976) for dense random graphs. Let d = d(n, p) be
the maximum integer with

(
n

d

)
p(d

2) ≥ log n.

So d ∼ 2 log1/p n for fixed 1 > p > 0. Then

Pr [d ≤ ω(Gp) ≤ d + 1] → 1.

Namely, the clique numbers of a.a. graphs in G(n, p) are concentrated at two
values. Since the complementary space of G(n, p) is G(n, q) with q = 1− p,
so the independence numbers of a.a. graphs in G(n, p) are concentrated
at two values, which are asymptotically 2 log1/q n. Bollobás (1988) proved
that the trivial inequality α(G)χ(G) ≥ n becomes an asymptotical equality
by determining the chromatic number for Gp ∈ G(n, p) by showing

Pr

(
n

2 log1/q n
< χ(Gp) < (1 + ε)

n

2 log1/q n

)
→ 1

where 1 > p > 0 and ε > 0 are fixed.

We shall see that almost all graphs are nearly regular.

Theorem 6.3 Let 0 ≤ p ≤ 1 be fixed. Then almost all graphs G in G(n, p)
satisfy that

∆(G) ∼ δ(G) ∼ (n− 1)p.

Proof. Let G be a random graph in G(n, p) and let v ba a fixed vertex
of G. Then deg(v) has binomial distribution B(n− 1, p). From Chernoff’s
Theorems in Chapter 5, we have

Pr(|deg(v)− (n− 1)p| > (n− 1)ε) < 2 exp{−(n− 1)ε2/(2pq)},
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which tends to zero as n →∞. 2

6.2 Threshold Functions

We have seen that random graphs in G(n, p) behave sensitively on p = p(n).
A monumental discovery of Erdős and Rényi (1960) was that many natural
graph theoretic properties become true in a very narrow range of p = p(n).

A property Q is said to be monotone increasing if G has Q, then any
graph from G by adding new edges has Q. The monotone decreasing prop-
erty can be defined similarly. Thus the property of being connected is
monotone increasing and that of being triangle-free is monotone decreas-
ing. As mentioned in Section 1, a property Q is associated with a family of
graphs. We call this family to be monotone increasing if so is Q. Also we
do not distinguish the property and its associated family.

Lemma 6.1 Let Q be a monotone increasing property, then Pr(Gp ∈ Q)
is an increasing function on p.

Proof. Let 0 ≤ p1(n) ≤ p2(n) ≤ 1, we shall verify

Pr(Gp1 ∈ Q) ≤ Pr(Gp2 ∈ Q).

Let
Q = {H1,H2, . . . , H`}

be the family of all spanning graphs on vertex set [n] that have property. For
1 ≤ j ≤ `, we have Pr(Gp ⊃ Hj) = pe(Hj) hence Pr(Gp 6⊃ Hj) = 1− pe(Hj).
By the fact that Q is increasing, we obtain

Pr(Gp 6∈ Q) = Π`
j=1(1− pe(Hj)),

yielding that
Pr(Gp ∈ Q) = 1−Π`

j=1(1− pe(Hj)).

The desired inequality follows since p1 ≤ p2. 2

Let Q be a monotone increasing property. Erdős and Rényi defined a
function f(n) with 0 ≤ f(n) ≤ 1 as threshold function for Q if

lim
n→∞

Pr[Gp ∈ Q] =
{

0 if p = f(n)/ω(n)
1 if p = f(n)ω(n),

where 0 < ω(n) < 1/f(n) is a function which tends to infinity with n, as
slowly as desired. For example, if f(n) = log n/n, we may take ω(n) =
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log log n. Note that if f(n) is a threshold function for Q, so is cf(n) with
c > 0.

Obviously, the definition of f(n) being a threshold function for a mono-
tone increasing property Q is equivalent to

lim
n→∞

Pr[Gp ∈ Q] =
{

0 if p ¿ f(n)
1 if p À f(n),

where p ¿ f(n) means p = o(f(n)).
The definition of the threshold function for a monotone decreasing prop-

erty is similar. The definitions means the situation whether or not a.a. Gp

have Q changes suddenly even though p = p(n) changes slightly in the
moment.

Let X = X(G) be a non-negative integral parameter of graph G. Since

Pr(X ≥ 1) =
∑

k≥1

Pr(X = k) ≤ E(X),

so E(X) → 0 implies that a.a. graphs in G(n, p) satisfy X = 0. And in
many cases E(X) → ∞ implies that a.a graphs in G(n, p) satisfy X ≥ 1,
which can be shown by Chebyshev’s inequality often. For example, let X
be the number of triangles in Gp ∈ G(n, p). Then

E(X) =
(

n

3

)
p3 ∼ 1

6
(np)3.

As we will see in the next theorem that f(n) = 1/n truly is a threshold
function for triangle-freeness. Let p = c/n and let c → 0 and c → ∞ sig-
nify ω(n) in the denominator and numerator in the definition, respectively.
When c reaches and passes 1, the structure of Gp radically. This is called
the double jump because the structure of Gp is significantly different for
c ¿ 1, c ∼ 1 and c À 1.

Let us recall the Second Moment Method in last chapter.

Lemma 6.2 (Second Moment Method) If X is a random variable, then

Pr(X = 0) ≤ E(X2)− µ2

µ2
,

where µ = E(X). In particular, Pr(X = 0) → 0 if E(X2)/µ2 → 1.

A graph G with average degree d is called balanced if no subgraph of it
has average degree greater than d. Complete graphs, cycles and trees are
balanced.
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Theorem 6.4 Let F be a balanced graph with k ≥ 2 vertices and ` ≥ 1
edges and let Q be the property that a graph contains F as a subgraph. Then
f(n) = 1/nk/` is a threshold function for Q.

Proof. To simplify the notation, we shall use p = γ
nk/` with γ → 0 and

γ → ∞ as before. Let X = X(G) be the number of copies of F contained
in G = Gp ∈ G(n, p). Denote by a for the number of graphs isomorphic to
F on fixed k labelled vertices. Then

µ = E(X) =
(

n

k

)
ap`.

With the simple facts that 1 ≤ a ≤ k!, k and ` are fixed, we have E(X) ≤
nkp` = γ` and E(X) ∼ a

k!n
kp` = a

k!γ
`. Thus

c1γ
` ≤ c2n

kp` ≤ µ = E(X) ≤ γ`,

where c1 and c2 henceforth ci are positive constants.
When γ → 0, by Markov’s inequality,

Pr(Gp ∈ Q) = Pr(X ≥ 1) ≤ E(X) → 0.

We then want to show that Pr(Gp ∈ Q) = Pr(X ≥ 1) → 1 as γ →∞. We
turn to the Second Moment Method for help since the Markov’s inequality
does not work in this case.

For any k labelled vertices in [n], we have a = k!/|A|, where A is the
automorphism group of F . Then there are total of a

(
n
k

)
potential copies of

F on [n]. Denote by
F = {F1, F2, . . .}

for the family of these copies. Denote by Fi ∪ Fj for the graph with vertex
set V (Fi)∪V (Fj) and edge set E(Fi)∪E(Fj). The two critical observations
are that most pairs Fi and Fj have no vertices in common, and if they have
s ≥ 1 common vertices and t edges, then t/s ≤ `/k since F is balanced.

Let Xi be the indicator function of Fi, then

E(Xi) = Pr(Xi = 1) = Pr(G ⊃ Fi).

Since X =
∑

i Xi, thus

E(X2) =
∑

i,j

E(XiXj) =
∑

i,j

Pr(G ⊃ Fi ∪ Fj),

where the sum is taken over all pairs {i, j} with Fi, Fj ∈ F . Set

As =
∑

|V (Fi)∩V (Fj)|=s

Pr(G ⊃ Fi ∪ Fj),
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where the sum is taken over all pairs Fi and Fj as they have s vertices in
common. Then E(X2) =

∑k
s=0 As. Note that if V (Fi) ∩ V (Fj) = ∅, then

Pr(G ⊃ Fi ∪ Fj) = Pr(G ⊃ Fi) Pr(G ⊃ Fj)

since the independency of the events. We thus have the fact A0 < µ2 which
follows from

A0 =
∑

V (Fi)∩V (Fj)=∅
Pr(G ⊃ Fi ∪ Fj)

=
∑

V (Fi)∩V (Fj)=∅
Pr(G ⊃ Fi) Pr(G ⊃ Fj)

<

(∑

i

Pr(G ⊃ Fi)

)2

=

(∑

i

E(Xi)

)2

= E2(X) = µ2.

For s ≥ 1 it is expected that As is much less than µ2. Fix Fi, counting Fj

that has s common vertices with Fi which contains at most t ≤ s`/k since
F is balanced, we have

∑

j: |V (Fi)∩V (Fj)|=s

Pr(G ⊃ Fi ∪ Fj)

≤
∑

0≤t≤s`/k

(
k

s

)(
n− k

k − s

)
p2`−t

≤ c3n
k−s

∑

0≤t≤s`/k

p2`−t

since k, s, ` are fixed and t is bounded. From the fact that there are a
(
n
k

)
elements in F , we obtain

As ≤ a

(
n

k

)
c3n

k−s
∑

0≤t≤s`/k

p2`−t

≤ c4n
2k−s

∑

0≤t≤s`/k

p2`−t ≤ c4(nkp`)2n−s
∑

0≤t≤s`/k

p−t

≤ c5γ
2`n−s

ps`/k
=

c5γ
2`

(np`/k)s
≤ c6γ

2`

γs`/k
≤ c7µ

2

γs`/k
,

where we used the fact that nkp`, γ` and µ have the same order. So for
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s ≥ 1, we have As/µ2 ≤ c7/γs`/k, and

E(X2)
µ2

=
A0 +

∑k
s=1 As

µ2
≤ 1 +

k∑
s=1

c7

γs`/k
≤ 1 +

c8

γ`/k
.

By the Second Moment Method,

Pr(X = 0) ≤ Pr(|X − µ| ≥ µ) ≤ σ2

µ2

=
E(X2)− µ2

µ2
≤ c8

1
γ`/k

,

which tends to zero as γ →∞. 2

In traditional definition of threshold function f(n) of Erdős and Rényi
p1/p2 → 0 with p1(n) = f(n)/ω(n) and p2(n) = f(n)ω(n). In many case
this is not necessary. Perhaps it is just needed that p1 is slightly less than
p2. A more precise definition of threshold function is as follows.

Let Q be a monotone increasing property of graphs. A function p` =
p`(n) is called a lower threshold function (ltf) if almost no graphs in G(n, p`)
have Q; a function pu = pu(n) is called an upper threshold function (utf) if
almost all graphs in G(n, pu) have Q.

A realistic situation is very interesting. In a conference, a pair of mathe-
maticians unknown each other can found a common mathematician friend,
even they are regular, and none of them is familiar with many mathemati-
cians. The following result called distance two theorem gives us a good
explanation for this small world phenomenon.

Theorem 6.5 For any function ω(n) →∞ with ω(n) < log n, set

p` =

√
2 log n− ω(n)

n
, and pu =

√
2 log n + ω(n)

n
.

Then p` and pu are ltf and utf for the property of graph having distance
two.

Proof. Enumerate of all pairs of vertices {u, v} of G(n, p) as e1, e2, . . . , em

with m =
(
n
2

)
. For ek = {u, v}, let d(u, v) be the distance between u and

v. Define

Xk = Xk(G) =
{

0 d(u, v) ≤ 2
1 otherwise,

and X =
∑m

k=1 Xk. A non-complete graph G has distance two if and only
if X = 0. Since the event d(u, v) ≥ 3 for a pair of non-adjacent vertices is
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equivalent to that neither u nor v is adjacent to any other n − 2 vertices,
so

E(Xk) = Pr(Xk = 1) = (1− p)(1− p2)n−2.

Set µ = E(X), then

µ = E(X) =
(

n

2

)
(1− p)(1− p2)n−2.

(i) Let p = pu =
√

(2 log n + ω(n))/n. We have

µ ∼ n2

2
(1− p2)n ∼ n2

2
e−np2

=
1
2
e−ω(n) → 0.

Thus Pr(X ≥ 1) ≤ E(X) → 0, which proves that a.a. graphs in G(n, p)
have distance two.

(ii) Let p = p` =
√

(2 log n− ω(n))/n. Suppose that ω(n) < log log n
without loss of generality since the property of distance two is monotone
increasing. Consider

E(X2) =
∑

i,j

E(XiXj) = A0 + A1 + A2,

where As =
∑
|ei∩ej |=s E(XiXj), in which the sum is taken over all pairs

{i, j} with ei and ej having s vertices in common. Clearly

µ = E(X) ∼ n2

2
e−np2

=
eω(n)

2
→∞,

and

A0 =
∑

|ei∩ej |=0

E(XiXj) ≤
(

n

2

)(
n− 2

2

)
(1− p2)2(n−2) < µ2.

Also

A2 =
m∑

k=1

E(Xk) = µ.

We now estimate A1 that should not be big since A0 counts most of pairs.
For ei = {u, v} and ej = {v, w} with |ei∩ej | = 1, the event d(u, v) ≥ 3 and
d(v, w) ≥ 3 is equivalent to the following events happen:

B1 : u and v, v and w are non-adjacent;
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B2 : none of vertices other than u, v, w is adjacent to all of the three
vertices.

B3 : none of distinct vertices is adjacent to both u and v, another is
not adjacent to both v and w;

We have

A1 =
∑

|ei∩ej |=1

E(XiXj) = Pr(B1B2B3) ≤ Pr(B3)

= 3
(

n

3

)
(1− p2)2n−7

∼ n3

2
(1− p2)2n ∼ n3

2
e−2np2

=
1
2n

e2ω(n) → 0.

Hence
σ2 = E(X2)− µ2 = A0 + A1 + A2 − µ2 < µ + 1,

which and the Second Moment Method yield

Pr(X = 0) ≤ Pr(|X − µ| ≥ µ) ≤ σ2

µ2
→ 0,

proving that almost no graphs in G(n, p) has distance two with p = p`. 2

The further solution for diameter of random graphs is as follows. Let
diam(G) be the diameter of G and let d ≥ 2 be an integer. If

p = n1/d−1(log(n2/x))1/d,

then
Pr(diam(Gp) = d) → e−x/2

and
Pr(diam(Gp) = d + 1) → 1− e−x/2

an n → ∞. See Bollobás (2001) for details. The above limit distribution
implies that

p`,u = n1/d−1(2 log n± ω(n))1/d

are ltf and utf of graphs being distance d.
The distance two graphs are of interest in graph Ramsey theory. Let

Gn be a Ramsey graph of order n = r(3, k) − 1. We suppose that Gn is
edge maximal for triangle-freeness. Then Gn is a distance two graph. Since
the order of n is k2/ log k, so the maximum degree of Gn is bounded above
by k ≤ c

√
n log n. It is likely that the minimum degree of Gn has order√

n log n hence the order of its edge density is
√

log n/n as that in above
theorem.



6.2. THRESHOLD FUNCTIONS 109

Problem 6.1 Let Gn be a Ramsey graph of order n = r(3, k) − 1 that is
edge maximal. Determine the orders of the minimum and maximum degrees
of Gn as k →∞.

The following result gives a precise form of the threshold functions for
the property of being connected. The deeper version of the result will be
in the next section.

Theorem 6.6 Let ω(n) →∞ be a function with ω(n) < log n. Set

p` =
log n− ω(n)

n
and pu =

log n + ω(n)
n

.

Then p` and pu are ltf and utf for graph in G(n, p) with the property of
being connected.

Proof. Let Q be the family of connected graphs. Since Q is monotone
increasing, we may assume that ω(n) ≤ log log n without loss of generality.
Let Xk = Xk(G) be the number of components of G ∈ G(n, p) that have
exactly k vertices. We first prove that p = p` is a ltf for Q. Denote by µ
for E(X1). Note that (1− p)n ∼ e−np since np2 → 0, we have

µ = E(X1) = n(1− p)n−1

∼ n(1− p)n ∼ ne−np = eω(n) →∞.

This may indicate that Pr(X1 = 0) → 0 and Pr(X1 ≥ 1) → 1, so a.a.
graphs have isolated vertices hence they are disconnected. In order to use
the Second Moment Method, we need to estimate the variance σ2(X1) hence
E(X2

1 ). We first have

E[X1(X1 − 1)] = n(n− 1)(1− p)2n−3,

which is the expected number of order pairs of isolated vertices. There
are n(n − 1) ordered pairs of vertices, and such a pair are isolated if and
only if they are neither adjacent each other nor adjacent to any other n− 2
vertices, which count 2n− 3 edges. Then

E(X2
1 ) = E[X1(X1 − 1)] + E(X1)

= µ + n(n− 1)(1− p)2n−3.

We thus have

σ2(X1) = E[(X1 − µ)2] = E(X2
1 )− µ2

= µ + n(n− 1)(1− p)2n−3 − n2(1− p)2n−2

≤ µ + pn2(1− p)2n−3.
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Since p = (log n− ω(n))/n with log log n ≥ ω(n) →∞ and 1− p ≤ e−p,

pn2(1− p)2n−3 ≤ (1 + o(1))(log n)ne−2np

= (1 + o(1))(log n)ne−2 log n+2ω(n)

= (1 + o(1))
log n

n
e2ω(n) → 0.

We thus obtain
σ2(X1) ≤ µ + 1.

This and the Second Moment Method give

Pr(Gp ∈ Q) ≤ Pr(X1 = 0) ≤ Pr(|X1 − µ| ≥ µ) ≤ σ2

µ2
→ 0,

proving that p` is a ltf for property of being connected.
Now let p = pu = (log n + ω(n))/n. Note that if G is not connected

then it must contains a component of order at most bn/2c. So

Pr(Gp 6∈ Q) = Pr



bn/2c∑

k=1

Xk ≥ 1


 ≤ E



bn/2c∑

k=1

Xk


 =

bn/2c∑

k=1

E(Xk).

Since if a set with k vertices induces a component, then any vertex in it is
not adjacent to any vertex out of it. Thus

E(Xk) ≤
(

n

k

)
(1− p)k(n−k),

where we ignore condition that the set is connected. Therefor,

Pr(Gp 6∈ Q) ≤
bn/2c∑

k=1

(
n

k

)
(1− p)k(n−k).

Let us split the sum into two parts S1 and S2. Note that ek2p → 1 uniformly
for k ≤ n3/4, and e−knp = (n−1e−ω(n))k, we have

S1 =
∑

1≤k≤n3/4

(
n

k

)
(1− p)k(n−k)

≤
∑

1≤k≤n3/4

(en

k

)k

e−knpek2p

≤ (1 + o(1))
∑

1≤k≤n3/4

e(1−ω(n))k

kk
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≤ (1 + o(1))
∑

1≤k≤n3/4

e(1−ω(n))k

≤ (1 + o(1))e1−ω(n) → 0.

Note that for n3/4 < k ≤ n/2, we have
(
n
k

) ≤ (en/k)k ≤ (en1/4)k and

(1− p)k(n−k) ≤ (1− p)kn/2 ≤ e−knp/2 <
1

nk/2
,

hence

S2 =
∑

n3/4<k≤bn/2c

(
n

k

)
(1− p)k(n−k)

≤
∑

n3/4<k≤n/2

( e

n1/4

)k

≤ (1 + o(1))
( e

n1/4

)n3/4

→ 0.

Thus S1 + S2 → 0, proving that a.a. graphs in G(n, p) are connected. 2

6.3 Poisson Limit

In order to show that a.a graphs in G(n, p) are disconnected for p = (log n−
ω(n))/n, we in fact have proved that a.a. graphs in G(n, p) have isolated
vertices. We shall have some deeper results in this section. Let us begin
with a basic identity called inclusion-exclusion formula.

In a probability space Ω, let X1, X2, . . . , X` be 0-1 random variables
and set

X = X1 + X2 + · · ·+ X`.

As usual, denote by [`] for {1, 2, . . . , `}. Define S0 = 1 and

Sr =
∑

[`](r)

Pr(Xi1 · · ·Xir
= 1),

where the sum is taken over elements {i1, . . . , ir} ∈ [`](r), the family of all
r−subsets of [`]. Note the elements ω such that Xi1 · · ·Xir

= 1 are what
such that Xi1 = 1, . . . , Xir

= 1, and Sr = 0 for r > `. For general r,

Sr =
∑

ω∈Ω

(
X(ω)

r

)
Pr(ω)
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as an element ω of the sample space for which X(ω) = t contributes to
(

t
r

)
of the terms defining Sr. Here and in what follow, we write the formulas
appropriate for finite sample space. Following standard notation, we define
falling factorials by (X)0 = 1 and

(X)r = X(X − 1) · · · (X − r + 1).

Then

Sr =
∑

ω∈Ω

(X)r

r!
Pr(ω) =

E((X)r)
r!

.

The quantity E((X)r) is called the rth factorial moment of X.

Theorem 6.7 (Inclusion-Exclusion Formula) For each integer k ≥ 0,

Pr(X = k) =
∑

r≥0

(−1)r

(
k + r

r

)
Sk+r.

Moreover, for each integer m ≥ 0,

2m−1∑
r=0

(−1)r

(
k + r

r

)
Sk+r ≤ Pr(X = k) ≤

2m∑
r=0

(−1)r

(
k + r

r

)
Sk+r.

Proof. It is easy to see

Pr(X = 0) = Pr(X1 = 0, . . . , X` = 0)
= 1− Pr(∃ i,Xi = 1) = S0 − S1 + S2 − · · · .

For general k, using

Sk+r =
∑

ω∈Ω

(
X(ω)
k + r

)
Pr(ω),

and interchanging orders of the summation, we obtain

∑

r≥0

(−1)r

(
k + r

r

)
Sk+r =

∑

ω∈Ω





∑

r≥0

(−1)r

(
k + r

r

)(
X(ω)
k + r

)

 Pr(ω).

For a fixed ω hence fixed X = X(ω), note that

∑

r≥0

(−1)r

(
k + r

r

)(
X

k + r

)
=

(
X

k

) ∑

r≥0

(−1)r

(
X − k

r

)
.
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If X < k, all terms vanish. If X = k, then one term (r = 0) contributes
and the sum is 1. Finally, if X > k, the sum vanishes since

∑

r≥0

(−1)r

(
X − k

r

)
= (1− 1)X−k = 0.

Thus ∑

r≥0

(−1)r

(
k + r

r

)(
X

k + r

)
=

{
1 if X = k
0 otherwise,

and ∑

r≥0

(−1)r

(
k + r

r

)
Sk+r =

∑

ω∈Ω

δk X(ω) Pr(ω) = Pr(X = k),

where δij is the Kronecker delta. To verify the second result, note for all
s ≥ 0 and n ≥ 1,

s∑
r=0

(−1)r

(
n

r

)
= (−1)s

(
n− 1

s

)
,

which can be proved easily by induction on s, hence

s∑
r=0

(−1)r

(
k + r

r

)(
X

k + r

)
=

(
X

k

) s∑
r=0

(−1)r

(
X − k

r

)

=





0 if X < k
1 if X = k

(−1)s
(
X
k

)(
X−k−1

s

)
if X > k.

We thus have
s∑

r=0

(−1)r

(
k + r

r

)
Sk+r

=
∑

ω∈Ω

{
s∑

r=0

(−1)r

(
k + r

r

)(
X(ω)
k + r

)}
Pr(ω)

=
∑

X(ω)=k

Pr(ω) +
∑

X(ω)>k

(−1)s

(
X

k

)(
X − k − 1

s

)
Pr(ω)

= Pr(X = k) + (−1)s
∑

X(ω)>k

(
X

k

)(
X − k − 1

s

)
Pr(ω).

In the last line elements ω such that X(ω) > k make a positive or negative
contribution depending on whether s is even or odd. 2
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Suppose that we have defined a sequence of probability spaces and that
in the space Ω = Ωn we have the preceding situation with ` = `(n). If
E((X)r) → µr as n → ∞, we can make a precise statement about the
limiting distribution of X =

∑`
i=1 Xi. In probability theory, we call a

random variable Y to have Poisson distribution if it takes non-negative
integral values and Pr(Y = k) = µk

k! e
−µ for some constant µ > 0, which is

the expectation of Y (and the variance of Y ).

Theorem 6.8 (Poisson Limit) Suppose that there is a positive number
µ such that

lim
n→∞

Sr =
µr

r!
,

which is equivalent to limn→∞E((X)r)) = µr, for each fixed integer r ≥ 0.
Then

lim
n→∞

Pr(X = k) =
µk

k!
e−µ.

Namely, the limiting distribution of X is Poisson with mean µ.

Proof. Refer to the inequalities in the last theorem we have

1
k!

2m−1∑
r=0

(−1)r E((X)k+r)
r!

≤ Pr(X = k) ≤ 1
k!

2m∑
r=0

(−1)r E((X)k+r)
r!

.

Note that if m is fixed, we can make the limit n →∞ term by term to get

1
k!

2m−1∑
r=0

(−1)r µk+r

r!
≤ lim

n→∞
Pr(X = k) ≤ 1

k!

2m∑
r=0

(−1)r µk+r

r!
.

Since m is arbitrary, the result follows. 2

Theorem 6.9 For any fixed real number x, let

p =
log n + x

n
,

and let X be the number of isolated vertices in a graph of G(n, p), then

lim
n→∞

Pr[X = k] =
µk

k!
e−µ,

where µ = e−x. In particular, the limiting probability that graph in G(n, p)
has no isolated vertices is exp(−e−x).
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Proof. Define Xi as an indicator that the vertex i is an isolated vertex,
and define X =

∑n
i=1 Xi. Then X counts the number of isolated vertices

in Gp and
S1 = E(X) = n(1− p)n−1 → e−x

as n →∞. More generally,

Sr =
(

n

r

)
(1− p)r(n−r)+(r

2) ∼ nr

r!
(1− p)rn → µr

r!
,

where µ = e−x. The limiting distribution of X follows from Poisson limit
theorem as desired. 2

Corollary 6.1 Suppose log n ≥ ω(n) → ∞. Then p` = log n−ω(n)
n and

pu = log n+ω(n)
n are ltf and utf for graph in G(n, p) having no isolated ver-

tices, respectively.

We shall show that for the same p = (log n + x)/n,

lim
n

Pr(Gp has no isolates) = lim
n

Pr(Gp is connected) = exp(−e−x).

So in almost every graph when the last isolated vertex disappears, the
graph Gp becomes connected in the evolution of random graph as x in-
creases. Sightly before it is connected, a giant component with only a
bounded number vertices outside has formed. In fact, the giant component
are formed by larger components and the smaller components have bigger
chances to survive.

Theorem 6.10 For any fixed real number x, let

p =
log n + x

n
,

and let A denote the event that outside of at most one non-trivial compo-
nent, all vertices are isolated. Then

lim
n→∞

Pr(A) = 1

and
lim

n→∞
Pr[Gp is connected] = exp(−e−x).
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Proof. We begin by identifying the following events in G(n, p).
A: Outside of at most one non-trivial component, Gp has only isolated

vertices.
B: Gp has no isolated vertices.
C: Gp is connected.
Then C = A ∩B and

Pr(B) = Pr(C) + Pr(Ā ∩B).

To prove that Pr(C) → exp(−e−x) as n → ∞, it suffices to show that
Pr(Ā) → 0 since we have known that Pr(B) → exp(−e−x). Let X ⊆ [n] be
the vertex set of the largest component of G and let Y = V \X. We do not
distinguish a vertex set and the subgraph induced by this set if no danger
of confusion. If Ā holds, then for some X ⊆ [n] with |X| ≥ 2,

1. X is connected;

2. Y contains edge;

3. There is no X − Y edges.

Note that these events are independent. Let the probabilities of the events
1, 2 and 3 be denoted PX , PY and PXY , respectively and let |X| = k and
|Y | = m = n− k. By distinguishing that k ≤ bn/2c or m ≤ bn/2c, we have

Pr(Ā) ≤
bn/2c∑

k=2

(
n

k

)
PXPXY +

bn/2c∑
m=2

(
n

m

)
PY PXY . (6.1)

To bound Pr(Ā), we use the following facts:

1. PX ≤ kk−2pk−1;

2. PY = 1− (1− p)(
m
2 )

3. PXY = (1− p)mk.

The first fact follows since X must contain one of the kk−2 possible spanning
trees. Consider then first term on the right hand side of (6.1), we have

bn/2c∑

k=2

(
n

k

)
PXPXY ≤

bn/2c∑

k=2

(
n

k

)
kk−2pk−1(1− p)k(n−k).

The term corresponding to any fixed k ≥ 2 can be bounded above as

c1n
kpk−1(1− p)kn ≤ c1n

kpk−1e−knp

= c1e
−kxpk−1 → 0,
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where c1 henceforth ci are positive constants. For any k ≤ n/2,

(1− p)n−k ≤ e−(n−k)p ≤ e−np/2 =
e−x/2

√
n

.

Thus
(

n

k

)
kk−2pk−1(1− p)k(n−k) ≤

(en

k

)k

kk−2pk−1

(
e−x/2

√
n

)k

=
1

k2p

(
enp

e−x/2

√
n

)k

≤ n

log n + x

(
c2 log n√

n

)k

.

It follows that
bn/2c∑

k=2

(
n

k

)
PXPXY ≤ o(1) +

∑

k≥4

n

log n + x

(
c2 log n√

n

)k

→ 0

as n →∞. Now setting

K = b 4
√

nc, and M = d2√n exp(1− x/2)e,
we shall separate the second term on the right hand side of (6.1) into three
parts by K and M . Using the facts that

PXY = (1− p)m(n−m) ≤ e−m(n−m)p ≤ e−mnp/2 =
(

e−x/2

√
n

)m

for m ≤ bn/2c and
(

n
m

) ≤ (en/m)m, we have

bn/2c∑

m=M

(
n

m

)
PY PXY ≤

bn/2c∑

m=M

(
n

m

)
PXY

≤
∑

m≥M

(
ene−x/2

m
√

n

)m

≤
∑

m≥M

1
2m

=
1

2M−1
→ 0

since M →∞ as n →∞. On the other hand, if m < M , we have emp ≤ 2
for all large n since mp ≤ Mp → 0, so

PXY = (1− p)m(n−m) ≤ (
e−npemp

)m ≤
(

2e−x

n

)m

.
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It follows that
M−1∑

m=K

(
n

m

)
PY PXY ≤

M−1∑

m=K

(
n

m

)
PXY

≤
∑

m≥K

(2e−x)m

m!
→ 0

since the sum in the last line is the tail of a convergent series.
Finally, for all m < K,

PY ≤ 1− (1− p)(
K
2 ),

which tends to zero uniformly on m < M , and it follows that

K−1∑
m=2

(
n

m

)
PY PXY = o

(
K−1∑
m=2

(
n

m

)
PXY

)
≤ o


∑

m≥2

(2e−x)m

m!


 → 0.

Combining the results, we find that Pr(Ā) → 0, completing the proof. 2

Corollary 6.2 Suppose that log n ≥ ω(n) → ∞. Then p` = log n−ω(n)
n

and pu = log n+ω(n)
n are ltf and utf for graph in G(n, p) of being connected,

respectively.

Exercises

6.1 Explain the neighbors of a vertex of a random graph are likely to be
“spreading” by Theorem 6.1.

6.2 A historic result of Erdős (1959) is that for any k and `, there is
a graph G with girth g(G) > ` and χ(G) > k. Prove this result by the
following steps.

(1) Fix 0 < θ < 1/`, let p = nθ−1. Consider random graphs in G(n, p).
Let X be the number of cycles of length at most ` in G. Show that Pr(X ≥
n/2) = o(1) by E(X) = o(1).

(2) Set m = 3n1−θ log n. Show Pr(α(G) ≥ m) = o(1).
(3) For any graph G with X(G) < n/2 and α(G) < m, delete a ver-

tex from each cycle of length at most `. The resulting graph G∗ satisfies
χ(G∗) ≥ nθ/(6 log n).
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6.3 Prove that p = n−1/ρ(H) is a threshold function for the appearance
of H as a subgraph of Gp, where ρ(H) = max{e(F )/|V (F )| : F ⊆ H}.
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Chapter 7

Local Lemma

7.1 The Lovász Local Lemma

Let A1, A2, . . . , An be the events in a probability space (Ω,F ,Pr). In com-
binatorial application such as a coloring of edges of KN , any Ai is a “bad”
event. We wish to show Pr(∩Ai) > 0 so there is a point (coloring) which
is good. In proofs in Chapter 4 for lower bound of r(m,n), AS is the event
that S is monochromatic for an n−set S. The event AS is “bad”. Then
∩AS is the event in which none of n−sets is monochromatic. Pr(∩AS) > 0
means that there must be a coloring in which no “bad” thing happens.
That is, there is a edge coloring of KN , which determines a graph G such
that G contains no Kn and whose complement contains no Kn either.

It is a trivial fact if A1, A2, . . . , An satisfy
n∑

i=1

Pr(Ai) < 1, (7.1)

then
Pr(∩Ai) > 0. (7.2)

On the other hand, if A1, . . . , An are mutually independent events and
Pr(Ai) = xi < 1 for i ≥ 1 then (7.2) holds as

Pr(∩Ai) =
n∏

i=1

(1− xi) > 0.

with no further restriction on probabilities Pr(Ai).
The local lemma may be understood in term of taking advantage of par-

tial independence of the events A1, A2, . . . , An so that (7.2) can be ensured

121
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with far weaker bounds on the probabilities Pr(Ai) than that are needed
for (7.1).

The argument to follow uses conditional probability. Recall that for
events A and B with Pr(B) > 0, the conditional probability Pr(A|B) is
given by

Pr(A|B) =
Pr(A ∩B)

Pr(B)
.

If A and B are independent then Pr(A|B) = Pr(A). Two events A and B
are independent if and only if Pr(A ∩B) = Pr(A) Pr(B).

A graph D on vertices [n] = {1, 2, . . . , n} (the set of indices for the
events Ai) is called dependency graph for events A1, A2, . . . , An if for all
i, event Ai is mutually independent of all Aj with {i, j} 6∈ E(D). That
is, Ai is independent of any Boolean function of these Aj . This is slightly
stronger than that Ai is dependent with Aj for {i, j} ∈ E(D) even though
they are same condition in most of applications in graph Ramsey theory.

The following is the general form of the Lovász Local Lemma given by
Spencer (1977), whose original form was in Erdős and Lovász (1975).

Theorem 7.1 Let A1, A2, . . . , An be the events in the probability space
(Ω,F ,Pr) and suppose that there exist real numbers x1, x2, . . . , xn such that
0 < xi < 1 and for (i = 1, 2, . . . , n),

Pr(Ai) ≤ xiΠ{i,j}∈E(D)(1− xj).

Then
Pr(∩n

i=1Ai) ≥ Πn
i=1(1− xi) > 0.

Note. If i is an isolated vertex in D, that is, the event Ai is mutually
independent of all other events, then {j : {i, j} ∈ E(D)} = ∅. In this case
Πj∈∅(1− xj) = 1 as usual.

Proof. The desired result follows directly from the following claim.
Claim. For S ⊂ [n], set

CS = ∩j∈SAj .

(For the case S = ∅, we take CS to be Ω). If i 6∈ S, then

Pr(Ai|CS) ≤ xi.

Proof of the claim. The proof is by induction on |S| for fixed i with
i 6∈ S. If |S| = 0 the desired result is immediate since the hypothesis of the
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local lemma yields

Pr(Ai|CS) = Pr(Ai|Ω) = Pr(Ai)
≤ xiΠ{i,j}∈E(D)(1− xj)
≤ xi.

Now assume that |S| ≥ 1 and form a partition S = (S1, S2), where

S1 = {j ∈ S : {i, j} ∈ E(D)} and S2 = S \ S1.

Noticing that CS = CS1 ∩ CS2 , we write

Pr(Ai|CS) =
Pr(Ai ∩ CS)

Pr(CS)
=

Pr(Ai ∩ CS1 |CS2)
Pr(CS1 |CS2)

, (7.3)

and bound the numerator and denominator separately. First, since Ai and
CS2 are independent,

Pr(Ai ∩ CS1 |CS2) ≤ Pr(Ai|CS2)
= Pr(Ai)
≤ xiΠj∈S1(1− xj).

To bound the denominator of (7.3), we use the induction hypothesis. If
|S1| = 0 then CS1 = Ω and

Pr(CS1 |CS2) = Pr(Ω|CS2) = 1

and the claim follows. Otherwise, suppose S1 = {j1, j2, . . . , jr}, where
r ≥ 1. Let D0,D1, . . . ,Dr be the events defined recursively by

D0 = CS2 = ∩j∈S2Aj

and for k = 1, 2, . . . , r,

Dk = Dk−1 ∩Ajk
=

(∩j∈S2Aj

) ∩ (∩k
t=1Ajt

)
.

They start with D0 = CS2 and end with Dr = CS . Note that for each
k = 0, 1, . . . , r − 1, the event Dk has a form of CT for some set T ⊆ S
with |T | < |S| and the fact that Pr(Aj |Dk) = 1 − Pr(Aj |Dk) . Using the
induction hypothesis on CT repeatedly, we have

Pr(CS1 |CS2) =
Pr(CS)
Pr(D0)

=
Pr(Dr)
Pr(D0)

=
Pr(Dr)

Pr(Dr−1)
· · · Pr(D1)

Pr(D0)

= Pr(Ajr |Dr−1) · · ·Pr(Aj1 |D0)
= (1− Pr(Ajr |Dr−1)) · · · (1− Pr(Aj1 |D0))
≥ Πj∈S1(1− xj).
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Combining this with what proved we have established the claim.

Note that ∩n
i=k+1Ai has a form of CS with k 6∈ S. In view of the claim

just established,

Pr(∩n
i=1Ai) = Pr(A1| ∩n

i=2 Ai) Pr(∩n
i=2Ai)

= Pr(A1| ∩n
i=2 Ai) Pr(A2| ∩n

i=3 Ai) · · ·Pr(An|Ω)
= (1− Pr(A1| ∩n

i=2 Ai)) · · · (1− Pr(An|Ω))
≥ Πn

i=1(1− xi).

This completes the proof of the local lemma. 2

The original local lemma in Erdős and Lovász (1975) appeared in a form
like the following one, which is now called the symmetric form.

Theorem 7.2 If each of the events of A1, . . . , An has probability p or less
and each vertex in the dependence graph has degree at most d and if

e(d + 1)p < 1,

where e is natural logarithm base, then Pr(∩n
i=1Ai) > 0, and if d ≥ 1,

Pr(∩n
i=1Ai) ≥

(
d

1 + d

)n

> 0.

Proof. As remarking at the beginning of this chapter, the result is im-
mediate if d = 0 with no further restriction on Pr(Ai). Otherwise, taking
xi = 1/(1 + d) for 1 = 1, 2, . . . , n, we have

Pr(Ai) ≤ xiΠ{i,j}∈E(D)(1− xj),

since the left hand side is at most p and the right side is at least

1
d + 1

(
1− 1

d + 1

)d

>
1

e(d + 1)
.

To see that the last inequality truly holds, it suffices to assume that for
d ≥ 1, use the fact that (1 + 1/d)d < e. Thus the conclusion of the local
lemma holds and this yields

Pr(∩n
i=1Ai) ≥ Πn

i=1(1− xi) =
(

d

d + 1

)n

> 0.

2

We also need the following form of local lemma due to Spencer who used
it to obtain his lower bound for non-diagonal classic Ramsey numbers. This
form is slightly more convenient for some applications.
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Theorem 7.3 (Spencer,1977) Let A1, A2, . . . , An be events in a prob-
ability space. If there exist positive numbers y1, y2, . . . , yn such that for
i = 1, 2, . . . , n,

yi Pr(Ai) < 1,

and

log yi ≥ −
∑

ij∈E(D)

log(1− yj Pr(Aj)),

then Pr(∩Ai) > 0.

Proof. We may suppose that for each i the probability Pr(Ai) is positive.
Let xi be as in the general form of the local form and set

yi =
xi

Pr(Ai)

for i = 1, 2, . . . , n. The hypothesis of the local lemma

Pr(Ai) ≤ xiΠ{i,j}∈E(D)(1− xj)

will take the form

yi ≥ Π{i,j}∈E(D)
1

1− yj Pr(Aj)
.

So taking logarithms, we get

log yi ≥ −
∑

{i,j}∈E(D)

log(1− yj Pr(Aj)) (7.4)

for i = 1, 2, . . . , n. Thus if there exist positive numbers y1, y2, . . . , yn such
that

yi Pr(Ai) < 1,

and (7.4) holds, then

Pr
(∩n

i=1Ai

)
> 0.

2
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7.2 Applications of the Local Lemma

Local lemma is one of important mathematical contributions of Lovász.
It has a lot applications in recent years. The following theorem improves
Theorem 3 in Chapter 4 with another factor

√
2. This is negligible when

viewed in the light of the gap between the upper bound and lower bounds,
but we do what we can. The progress on this difficult problem has been
slow. For comment, see Spencer (1987).

Theorem 7.4 As n →∞,

r(n, n) ≥ (1− o(1))
√

2
e

n2n/2.

Proof. Consider the random graph space G(N, 1/2) or consider to color
each edge of KN with probability 1/2, randomly and independently. Let S
be a subset of size n of V (KN ) and let AS signify the event “S is monochro-
matic”, S ranging over the n−subsets. Define a graph D with vertex set
consisting all such S and connect vertices S and T in D if and only if
|S ∩ T | ≥ 2. Then AS is mutually independent of all AT with T not ad-
jacent to S, since the AT give information only about edges outside of S.
Hence D is a dependency graph. We apply the local lemma with

p = Pr(AS) = 21−(n
2).

And for any S, its degree d in D can be bounded as

d = |{T : |S ∩ T | ≥ 2} <

(
n

2

)(
N

n− 2

)
.

If ep(d + 1) < 1 then Pr(∩AS) > 0 thus r(n, n) > N . So we want

e

(
n

2

)(
N

n− 2

)
21−(n

2) < 1.

As we did it before, the left hand side is less than

en2

2

(
eN

n− 2

)n−2 2
2n(n−1)/2

,

which is
en2

2

(
n

n− 2

)n−2 (
eN√

2n2n/2

)n−2

.

For any ε > 0, if we take N = d(1 − ε)
√

2
e n2n/2e, then the above tends to

zero. 2
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We now apply the local lemma to give a lower bound of r(m,n), which
improves that obtained in Chapter 4.

Theorem 7.5 (Spencer, 1977) For any fixed integer m ≥ 3, there exists
a constant c = c(m) > 0 such that

r(m,n) ≥ (c− o(1))
(

n

log n

)(m+1)/2

,

as n →∞.

Proof: Let us color the edges of KN in red and blue randomly and in-
dependently, in which each edge is colored red with probability p and
blue with probability q = 1 − p. For each subset S of vertices of KN

with |S| = m, let AS signify the event that S spans a monochromatic
red Km. For each subset T of vertices of KN with |T | = n, let BT

signify the event that T spans a monochromatic blue graph Kn. Then
P (AS) = pm(m−1)/2 and P (BT ) = qn(n−1)/2. Denote by (N)m for the
falling factorial N(N − 1) · · · (N −m + 1) and by `m for

(
N
m

)
= (N)m/m!.

There are `m events of form AS and `n events of form BT . Obviously,
two events are dependent if and only if their subgraphs have edges in com-
mon. Hence, each A event is mutually independent of all but at most(
m
2

)
(N − 2)m−2 < m(m−1)

2 Nm−2 other A events and mutually independent
of all but at most `n of the B events; each B event is mutually indepen-
dent of all but at most

(
n
2

)
(N − 2)m−2 < n(n−1)

2 Nm−2 of the A events and
mutually independent of all but at most `n other B events.

We aim to prove that there exist positive numbers a and b satisfying
Spencer form of Local Lemma, namely, ape(Km) < 1 and bqe(Kn) < 1 hold
with yi = a for each A event and yi = b for each B event. Specifically,

log a ≥ −e(Km)Nm−2 log(1− ape(Km))− `n log(1− bqe(Kn)), (7.5)

log b ≥ −e(Kn)Nm−2 log(1− ape(Km))− `n log(1− bqe(Kn)). (7.6)

If such a and b are available, then there exists a two-coloring of KN in
which there is neither red Km nor blue Kn; in other words r(m,n) > N .
To this end, set β = 2

m+1 > 0 and set

p = c1N
−β ,

a = c2,

b = exp
{
c3N

β(log N)2
}

,

n = c4N
β log N,
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where c1, c2, c3 and c4 are constants to be chosen. Observe that

`n =
(N)n

n!
≤ Nn = exp

{
c4N

β(log N)2
}

.

Using the basic inequality 1− x < e−x for x > 0, we have (1− x)k < e−kx

for k > 0 and

qe(Kn) = (1− p)e(Kn)

≤ exp
{
−(1− o(1))

n2

2
p

}

= exp
{
−(

1
2
− o(1))c1c

2
4N

β(log N)2
}

.

Thus

`nbqe(Kn) ≤ exp
{[

c4 + c3 − (
1
2
− o(1))c1c

2
4

]
Nβ(log N)2

}
.

If we choose the constants c1, c2, c3 and c4 such that

c3 <
1
2
c1c

2
4 − c4, (7.7)

then `nbqe(Kn) → 0 as n →∞ hence as N →∞. So bqe(Kn) → 0, and from
the fact log(1− x) ∼ x as x → 0, the second terms in the right sides of the
inequalities (7.5) and (7.6)

`n log(1− bqe(Kn)) ∼ `nbqe(Kn) → 0.

Clearly
Nm−2ape(Km) = c

e(Km)
1 c2N

−β → 0

as N →∞, so ape(Km) → 0 and

−e(Km)Nm−2 log(1− ape(Km)) ∼ e(Km)Nm−2ape(Km) → 0.

Thus (7.5) is satisfied for all large n hence for all large N if we choose

a = c2 > 1. (7.8)

Finally, note that the first term in (7.6)

−e(Kn)Nm−2 log(1− ape(Km)) ∼ e(Kn)Nm−2ape(Km)

∼ n2

2
Nm−2ape(Km)

=
1
2
c
e(Km)
1 c2c

2
4N

β(log N)2.



7.2. APPLICATIONS OF THE LOCAL LEMMA 129

Thus (7.6) is satisfied for large n hence for all large N if we choose

c3 >
1
2
c
e(Km)
1 c2c

2
4. (7.9)

To get the desired constants c1, c2, c3, c4, let us first look at the case where
the equality holds for (7.7), (7.8), and (7.9), then c2 = 1 and

1
2
c1c

2
4 − c4 = c3 =

1
2
c
e(Km)
1 c2

4.

Therefore

c4 =
2

c1 − c
e(Km)
1

.

Since the function f(x) = x−xe(Km) is concave on [0, 1] and f(0) = f(1) =
0, f achieves a positive maximum value at some xm ∈ (0, 1), which can be
determined by setting f ′(xm) = 0. So the minimum value of c4, denoted
by c4, occurs at c1 = xm. To get what we want, just perturb this solution
a little bit. With c1 is slightly less than xm and c4 slightly greater than c4,
we have

1
2
c1c4 − 1 >

1
2
c
e(Km)
1 c4.

Thus we can choose appropriate c2 > 1 and c3 such that

1
2
c1c

2
4 − c4 > c3 >

1
2
c
e(Km)
1 c2c

2
4.

So the inequalities (7.7), (7.8) and (7.9) are satisfied simultaneously. We
then conclude that r(m,n) > N . Since n = c4N

β log N , log n ∼ β log N .
Thus

N =
(

n

c4 log N

)1/β

> (c− o(1))
(

n

log n

)(m+1)/2

,

where

c =
(

f(xm)
2

β

)1/β

=
(

f(xm)
m + 1

)(m+1)/2

,

which is independent of n. This completes the proof. 2



130 CHAPTER 7. LOCAL LEMMA

7.3 A Generalization for
Large Dense Graphs

The present section is devoted to generalize the result to the Ramsey num-
bers involving large dense graphs. We shall first prove the following theo-
rem, which yields not only Spencer’s lower bound of r(Km,Kn) but also the
Erdős-Faudree-Rousseau-Schelp(1987) and Krivelevich(1995) lower bound
of the form r(F, Kn). We need to say a bit on automorphism group of
a graph G on n vertices. It is straightforward to verify that ( under the
operation of composition) the set of all automorphisms of G forms a group,
denoted by A(G) and referred to as the automorphism group of G. Clearly,
|A(G)| ≤ n! and the equality holds if and only if G = Kn or G = Kn.

Theorem 7.6 (Li and Zang, 2003) Let integer m ≥ 3 be fixed, and let
constants δ > 0 and α ≥ 0 be fixed. Let {Gn} be a family of graphs, in
which Gn has n vertices and

e(Gn) ≥ (δ − o(1))
n2

(log n)α

edges as n →∞. If F is a graph on m vertices, then there exists a constant
c = c(m, δ) > 0 such that

r(F, Gn) ≥ (c− o(1))
(

n

(log n)α+1

)(e(F )−1)/(m−2)

.

Proof: Clearly, it suffices to consider the case in which e(F ) ≥ 2 and
e(Gn) ∼ δn2/(log n)α. Let us color the edges of KN randomly and inde-
pendently, where each edge is colored red with probability p and colored
blue with probability q = 1−p. For each subgraph S of KN that is isomor-
phic to F , let AS be the event that S spans a monochromatic red graph
F . For each subgraph T of KN that is isomorphic to Gn, let BT be the
event that T spans a monochromatic blue graph Gn. Then P (AS) = pe(F )

and P (BT ) = qe(Gn). Since F has m vertices, there are (N)m/|A(F )|
events of form AS . Similarly, there are (N)n/|A(Gn)| events of form BT .
Obviously, two events are dependent if and only if the corresponding sub-
graphs have edges in common. Hence, each A event is mutually indepen-
dent of all but at most e(F )(N − 2)m−2 < e(F )Nm−2 other A events and
mutually independent of all but at most `(Gn) of the B events, where
`(Gn) = (N)n/|A(Gn)|; each B event is mutually independent of all but
at most e(Gn)(N − 2)m−2 < e(Gn)Nm−2 of the A events and mutually
independent of all but at most `(Gn) other B events. It is trivial that
`(Gn) < Nn.
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We aim to prove that there exist positive numbers a and b satisfying
Spencer form of local lemma, namely, ape(F ) < 1 and bqe(Gn) < 1 such that

log a ≥ −e(F )Nm−2 log(1− ape(F ))− `(Gn) log(1− bqe(Gn)),

log b ≥ −e(Gn)Nm−2 log(1− ape(F ))− `(Gn) log(1− bqe(Gn)).

To this end, set β = m−2
e(F )−1 > 0 and set

p = c1N
−β

a = c2

b = exp
{
c3N

β(log N)α+2
}

n = c4N
β(log N)α+1,

where c1, c2, c3 and c4 are constants to be chosen. We omit the details of
the proof which are similar to that in the last section. 2

Corollary 7.1 For fixed m ≥ 3 as n →∞,

cm

(
n

log n

)(m+1)/2

≤ r(m,n) ≤ (1 + o(1))
nm−1

(log n)m−2
,

where cm = c(m) > 0 is constant.

Note Only for the case m = 3, the lower bound was improved by Kim
(1995) with a log n factor so that the exact order of magnitude of r(3, n) is
known to be n2/(log n).

The following result improves the lower bound obtained by deletion
method as r(Cm,Kn) ≥ c(n/ log n)m/(m−1).

Corollary 7.2 Let integer m ≥ 3 be fixed. Then there exists constant
c = c(m) > 0 so that

r(Cm,Kn) ≥ c

(
n

log n

)(m−1)/(m−2)

for all large n.

Corollary 7.3 For any fixed integers k ≥ m ≥ 2, there exist constant
c = c(m, k) > 0 so that

r(Km,k,Kn) ≥ c

(
n

log n

)(mk−1)/(m+k−2)

for all large n.
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We will prove that r(Km,k,Kn) ≤ c
(

n
log n

)m

later. Note that the ex-
ponent (mk− 1)/(m + k− 2) in the lower bound can be arbitrarily close to
the exponent m in the upper bound for fixed large k.

Exercises

7.1 Let Ω = {1, 2, 3, 4} and let the probability of a singleton is 1/4. Set
events Ai = {i, 4} for i = 1, 2, 3. Show A1, A2, A3 are pairwise independent
but not mutually independent. How we consider the mutual independency
of the events in graph for using Local Lemma?

7.2 Using the Local Lemma, give a lower bound for r(Kn,n), compare
it with that by basic probabilistic method.

7.3 Give a lower bound and an upper bound for r(K3,Kn,n).

References
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Chapter 8

Turán Numbers

8.1 Turán Number of H with χ(H) ≥ 3

For a graph H, the Turán number, denoted by ex(n;H), is defined as the
maximum number of edges in a graph on n vertices that does not contain
the given graph H.

Let χ(H) = k ≥ 3 and let n =
∑k−1

i=1 ni such that |ni − nj | ≤ 1. Thus
ni is either b n

k−1c or d n
k−1e. We call the complete (k − 1)−partite graph

K(n1, . . . , nk−1) as the Turán graph of order n, and denote by tk−1(n) for
the number of edges of it. Simple calculations show that

k − 2
k − 1

(
n

2

)
≤ tk−1(n) ≤ (k − 2)n2

2(k − 1)
.

Write n = s(k−1)+r where 0 ≤ r < k−1. In Turán graph K(n1, · · · , nk−1),
there are k − 1− r parts of size s = bn/(k − 1)c = (n− r)/(k − 1) and the
remaining r parts of size s + 1. It is easy to verify

tk−1(n) =
(k − 2)n2 − r(k − 1− r)

2(k − 1)
.

Clearly
ex(n;H) ≥ tk−1(n)

since the Turán graph does not contain H as χ(H) = k. We shall show
that the equality holds strictly if H is a complete graph and asymptotically
if H is a general graph. We begin with a slightly less precise theorem with
a proof extended from Mantel ingenious argument for k = 3 in 1907.

133
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Theorem 8.1 Let n and k be positive integers with k ≥ 2. Then

tk−1(n) ≤ ex(n;Kk) ≤ (k − 2)n2

2(k − 1)
.

Furthermore both inequalities become equalities if n is a multiple of k − 1.

Proof. The first inequality follows from the fact that the Turán graph does
not contains Kk, and the second is equivalent to show that if a graph G

of order n contains no Kk, then |E(G)| ≤ (k−2)n2

2(k−1) . Assign to each vertex
v ∈ V (G) a weight w(v) ≥ 0 so that

∑
v∈V (G) w(v) = 1. Let

S(w) =
∑

uv∈E(G)

w(u)w(v),

where the sum is taken over unordered pairs of end vertices of all edges.
Suppose that w has been chosen so as to maximize S as Smax. Then for
uv 6∈ E(G) we may claim that either w(u) = 0 or w(v) = 0. To see this,
we suppose that ∑

x∈N(u)

w(x) ≥
∑

y∈N(v)

w(y).

Then
S(w) = w(u)

∑

x∈N(u)

w(x) + w(v)
∑

y∈N(v)

w(y) + S1,

where S1 is independent of w(u) and w(v). If w(u) and w(v) were both
positive, we could increase w(u) by some amount, and decrease w(v) by the
same amount, and S would increase, this is impossible. This claim means
that the vertices x with w(x) > 0 belong to some clique of G. Label all
these positive weights as w1, w2, . . . , wt, where t is the order of the clique.
Then

S(w) =
∑

i<j

wiwj =
1
2




(
t∑

i=1

wi

)2

−
t∑

i=1

w2
i


 =

1
2

[
1−

t∑

i=1

w2
i

]

with
∑t

i=1 wi = 1. From Cauchy-Schwarz inequality,

1 =
t∑

i=1

wi · 1 ≤
√√√√

t∑

i=1

w2
i

t∑

i=1

1 =

√√√√t
t∑

i=1

w2
i ,

we get the minimum value of
∑t

i=1 w2
i to be 1/t as wi’s are equal, so

Smax =
t− 1
2t

.
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On the other hand, by assigning w(x) = 1/n to each vertex x of G we get
S = |E(G)|/n2, thus

|E(G)|
n2

≤ t− 1
2t

≤ k − 2
2(k − 1)

since t ≤ k − 1, and the desired upper bound follows immediately.
If n is a multiple, then tk−1(n) = (k − 2)n2/(2(k − 1)) hence both

inequalities in the theorem become equalities. 2

Corollary 8.1 Let n and k be positive integers with k ≥ 2. Then

ex(n;Kk) ≤ (k − 2)n2

2(k − 1)
.

As mentioned in Chapter 3, we shall show that the Turán lower bound
on independence number of graph G with n vertices and average degree d

α(G) ≥ n

1 + d
(8.1)

can be implied easily from above corollary. The short proof is as follows.

Proof of (8.1) by Corollary 8.1. Let us consider the complement
graph G of G. Denote by d for its average degree, then d + d = n− 1. Set
k = α(G)+1, then k = ω(G)+1 and G contains no Kk. Applying Theorem
8.1 to G, we have

nd

2
= |E(G)| ≤ (k − 2)n2

2(k − 1)
,

yielding k − 1 ≥ n/(n− d) hence

α(G) = ω(G) = k − 1 ≥ n

n− d
=

n

1 + d
,

as desired. 2

In Chapter 3, we deduced (8.1) directly from a slightly stronger bound
as

α(G) ≥
∑

v∈V (G)

1
1 + deg(v)

. (8.2)

This bound in fact implies Corollary 8.1, too.
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Second Proof of the upper bound in Theorem 8.1. First note a
well known result that for positive numbers a1, . . . , an as

a1 + · · ·+ an

n
≥ (a1 · · · an)1/n ≥ n

a−1
1 + · · ·+ a−1

n

.

If G does not contain Kk, then k − 1 ≥ ω(G) = α(G). Applying (8.2)
to G, we have

k − 1 ≥ α(G) ≥
∑

v∈V (G)

1
1 + degG(v)

=
∑

v∈V (G)

1
n− deg(v)

≥ n2

∑
v∈V (G)(n− deg(v))

=
n2

n2 − 2|E(G)| .

It follows that |E(G)| ≤ (k−2)n2

2(k−1) as required. 2

When n is not a multiple of k − 1, the lower bound in Theorem 8.1 is
still an equality, but the upper bound is not.

Theorem 8.2 Let k and n be integers with k ≥ 2 and

n = s(k − 1) + r,

where 0 ≤ r < k − 1. Then

ex(n;Kk) = tk−1(n) =
(k − 2)n2 − r(k − 1− r)

2(k − 1)
.

Furthermore, if a graph with n vertices and ex(n;Kk) edges that contains
no Kk, then it is the Turán graph.

Proof. From the fact ex(n;K2) = 0, we may assume that k ≥ 3. We
shall use induction on s = bn/(k − 1)c. The case s = 0 corresponds to
n = r < k − 1, and in this case it is obvious since ex(n;Kk) =

(
n
2

)
. The

equality holds and the graph makes the equality is Kn. Now we assume
that s ≥ 1 and G is a graph with n = s(k− 1) + r vertices that contains no
Kk. It suffices to prove |E(G)| ≤ tk−1(n).

We may suppose that G has the maximum possible number of edges
subject to this condition. Then G must contain Kk−1 as a subgraph, oth-
erwise we could add an edge and the resulting graph would still not contain
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Kk. Pick such a Kk−1 on vertex set X, let Y = V (G) \X. Slightly abus-
ing notation, we use Y for the subgraph of G induced by Y . Then Y has
n − k + 1 = (s − 1)(k − 1) + r vertices, and by induction, the number of
edges in Y satisfies

|E(Y )| ≤ tk−1(n− k + 1)

=
(k − 2)(n− k + 1)2 − r(k − 1− r)

2(k − 1)

= tk−1(n)− (k − 2)(n− k + 1)−
(

k − 1
2

)
.

Since G contains no Kk, no vertex in Y is adjacent to all the vertices of X.
Thus

|E(G)| ≤ |E(Y )|+ (k − 2)(n− k + 1) +
(

k − 1
2

)
≤ tk−1(n),

completing the induction.
If G has tk−1(n) edges, an inductive argument shows that Y must have

tk−1(n−k+1) edges and each vertex in Y must be adjacent to k−2 vertices
of X. It follows that G is the Turán graph. 2

Since ex(n;H) ≥ tk−1(n) for a graph H with χ(H) = k, so a graph F
with n vertices and tk−1(n) edges need not contain H or Kk. However, one
more edge in F will force it to contain a Kk. A deep result of Erdős and
Stone, published in 1946, that if ε > 0 is fixed, then εn2 more edges ensure
that F contains not only Kk, but a Kk(t) with any large t hence any fixed
graph H as n is large. The Erdős-Stone theorem is a fundamental theorem
in extremal graph theory. Sharpening this result, Bollobás and Erdős in
1973 proved that the speed of t → ∞ can be at least c ε log n as n → ∞,
where c = c(k) is a constant.

Lemma 8.1 Let k ≥ 2 be an integer and let 1 > ε > 0. Then there is an
integer n0 = n0(k, ε) such that if F is a graph of order n ≥ n0 with

δ(F ) ≥
(

k − 2
k − 1

+ ε

)
n,

then F contain a Kk(t) for some t ≥ ε log n
2k−2 (k−2)!

.

Proof ?. We use the induction on k. Suppose k = 2. Let F be a graph
with n vertices and minimum degree at least εn that does not contain a
K2(t) with t = dε log ne. As before, we say that a set S is covered by a
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vertex x if x is adjacent to every vertex in S. Every vertex of F covers at
least

(
εn
t

)
sets of t vertices, and no set of t vertices is covered by t vertices.

Therefore,

n

(
εn

t

)
≤ (t− 1)

(
n

t

)
.

This inequality is invalid for t = dε log ne with large n, since then

(t− 1)
(
n
t

)

n
(
εn
t

) <
(t− 1)nt

n(εn)t(1− 1/(εn)) . . . (1− (t− 1)/(εn))

<
t

nεt(1− t/(εn))t
<

2t

nεt
=

2t

n
(1/ε)t

<
2t

n
eε log n log(1/ε) ≤ 2ε log n

n
n1/e → 0,

where we use the facts that (1 − t/(εn))t → 1 and ε log(1/ε) ≤ 1/e < 1.
This contradiction proves the assertion for k = 2, so we assume that k ≥ 2
and assertion is valid for k. Let F be a graph with n vertices and minimum
degree at least (k−1

k + ε)n. Note that the existence of such a F implies
0 < ε < 1/k. Since

δ(F ) ≥
(

k − 1
k

+ ε

)
n >

(
k − 2
k − 1

+
1

k(k − 1)

)
n,

by the induction hypothesis F contains a Kk(t′) on vertex set X with
t′ = dc(k) log ne vertices in each class, where

c(k) =
1/(k(k − 1))
2k−2 (k − 2)!

=
1

2k−2 k!
.

Let Y be the set of vertices in V (F ) \X adjacent to at least (k−1
k + ε

2 )|X|
vertices of X. We shall prove that

|Y | ≥ εn.

To see this, let us consider number of edges between X and V (F ) \ X,
denoted by f . Clearly, each vertex in X is adjacent to at least δ(F )−|X|+1
vertices in V (F ) \X, so

f > |X|
(

(
k − 1

k
+ ε)n− |X|

)
.

Also, for a vertex v ∈ (V (F ) \X) \ Y , it is adjacent at most (k−1
k + ε

2 )|X|
vertices in X, so

f ≤ |X||Y |+ (n− |X| − |Y |)
(

k − 1
k

+
ε

2

)
|X|
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< |X||Y |+ (n− |Y |)
(

k − 1
k

+
ε

2

)
|X|.

The above lower bound and upper bound of f give that

(2− kε)|Y |+ 2k|X| > kεn.

Since |X| = kt′ = o(n), so for large n we have

|Y | ≥ (kε− o(1))n
2− kε

>
kεn

2
≥ εn.

Set

t =
⌈

ε log n

2k−1 (k − 1)!

⌉
≤

⌈
kεt′

2

⌉
.

Then
⌈(

k − 1
k

+
ε

2

)
|X|

⌉
=

⌈
(k − 1)t′ +

kε

2
t′
⌉

= (k − 1)t′ + t.

That is to say that each vertex in Y is adjacent to at least (k − 1)t′ + t
vertices in X, showing that each such vertex covers at least one Kk(t) in

existing Kk(t′). There are
(
t′

t

)k
such Kk(t) in this Kk(t′), so there is a set

Z ⊆ Y with |Z| ≥ |Y |/(
t′

t

)k
, such that every vertex of Z covers the same

Kk(t). To complete the proof, we have to verify that |Z| ≥ t. Note the facts
that

(
t′

t

) ≤ (et′/t)t from the Stirling’s formula, and t/(et′) > kε/(2e) ≥ ε/e,

|Z| ≥ ε n

(
t

et′

)tk

≥ ε n
( ε

e

)tk

≥ ε n exp
(

kε log n log(ε/e)
2k−1 (k − 1)!

)
.

Note that k ≤ (k − 1)! 2k−1 and ε log(ε/e) > log(1/2e)/2 = −1 + η > −1
since ε < 1/2, where η = log(e/2)/2 > 0. We thus have |Z| ≥ ε nη >
log n ≥ t for large n, hence we get a subgraph Kk+1(t) in F , completing
the induction on k + 1 hence the proof. 2

The condition on minimum degree should be weakened to one on the
number of edges of a graph.

Lemma 8.2 Let c, ε be positive real numbers and let n > 3/ε be an integer.
If F is a graph with n vertices and at least (c+ ε)

(
n
2

)
edges, then it contains

a subgraph H with n′ ≥ ε1/2n vertices and δ(H) ≥ cn′.
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Proof. The condition e(F ) ≥ (c+ε)
(
n
2

)
implies that 0 < ε < c+ε ≤ 1. If the

assertion is not valid, then there is a sequence of graphs {Gi : ` ≤ j ≤ n},
where ` = bε1/2nc and the order of Gj is j, such that

G = Gn ⊇ Gn−1 ⊇ · · · ⊇ G`+1 ⊇ G`

and the only vertex of Gj not in Gj−1 has degree less than cj in Gj for
n ≥ j ≥ ` + 1. Then

e(G`) > (c + ε)
(

n

2

)
−

n∑

j=`+1

cj

= ε

(
n

2

)
+ c

(
` + 1

2

)
− cn

> ε

(
n

2

)
>

(
`

2

)
,

since
(
`+1
2

) ≥ n with ε1/2n− 1 < ` ≤ ε1/2n, 0 < ε < 1 and n ≥ 3/ε. This is
a contradiction. 2.

Theorem 8.3 Let k ≥ 2 be an integer and let ε > 0. Then there is n0 =
n0(k, ε) such that if F is a graph of order n ≥ n0 with

e(F ) ≥
(

k − 2
k − 1

+ ε

)(
n

2

)
,

then F contains Kk(t) for some t ≥ ε log n
2k (k−2)!

.

Proof. If n > 3/ε, by Lemma 8.2, F has a subgraph H of order n′ ≥ ε1/2n
and δ(H) ≥ (k−2

k−1 + ε
2 )n′. By Lemma 8.1, if n is sufficiently large, then F

contains a Kk(t) for some t satisfying

t ≥ (ε/2) log n′

2k−2 (k − 2)!
≥ ε log n

2k (k − 2)!
,

as desired. 2

The following corollary is the original Erdős-Stone theorem.

Corollary 8.2 Let H be a fixed graph with χ(H) = k ≥ 2. Then

ex(n;H) =
(

k − 2
k − 1

+ o(1)
)(

n

2

)

as n →∞.

The different proofs for the above corollary can be found in Erdős and
Stone(1946), and Erdős and Siminovits(1966), or Ertremal Graph Theory
by Bollobás (1978).
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8.2 Bipartite Cases–Upper Bounds

This asymptotical formula of ex(n;H) in the last section is also valid for
a graph H with χ(H) = 2 . But it does not tell too much, by which we
just know that ex(n;H) = o(n2). The story for bipartite graphs is totally
different. We shall discuss the upper bounds of bipartite Tur’an numbers
in this section and next section, and we will discuss their lower bounds in
next chapter. The following result of Kövári, Sós and Turán (1954) used a
powerful double counting argument in the proof.

Theorem 8.4 Let t ≤ s be positive integers. Then

ex(n;Kt, s) ≤ 1
2
[(s− 1)1/tn2−1/t + (t− 1)n]. (8.3)

Proof. Let G be a graph of order n that contains no Kt, s. Let us say that
a set is covered by a vertex v if v is joined to every vertex of the set. Since
G does not contain Kt, s, every t−set (i.e., a set with t elements) is covered
by at most s−1 vertices. Therefore, if G has degree sequence d1, d2, . . . , dn,
then

n∑

i=1

(
di

t

)
≤ (s− 1)

(
n

t

)
.

Without loss of generality we assume di ≥ t since otherwise
(
di

t

)
= 0. Let

g(x) =
x(x− 1) . . . (x− t + 1)

t!
,

then g(x) is convex for x ≥ t. Therefore we have

n
d(d− 1) . . . (d− t + 1)

t!
≤ (s− 1)

n(n− 1) . . . (n− t + 1)
t!

where d is the average degree of G. Thus (d−t+1)t ≤ (s−1)nt−1. Therefore
we have

e(G) =
nd

2
≤ 1

2
[(s− 1)1/tn2−1/t + (t− 1)n]

as claimed. 2

Remark: The upper bound in above theorem can be improved slightly
by using (

d− t + 1
n− t + 1

)t

≤ d(d− 1) · · · (d− t + 1)
n(n− 1) · · · (n− t + 1)

,
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which implies

ex(n;Kt, s) ≤ 1
2
[(s− 1)1/tn(n− t + 1) + (t− 1)n].

We shall improve the upper bound for ex(n;C4) in above theorem
slightly, so that it almost agrees with a lower bound in Chapter 9. The
following result is due to Kövári, Sós, and Turán (1954), and due to Reiman
(1958).

Theorem 8.5 Let n ba a positive integer, then

ex(n;C4) ≤ n

4
(1 +

√
4n− 3).

Proof. Let G a graph of order n containing no C4, from what we have

∑

v∈V (G)

(
d(v)
2

)
≤

(
n

2

)

or ∑

v∈V (G)

d2(v) ≤ n(n− 1) +
∑

v∈V (G)

d(v).

Applying the Cauchy-Schwarz inequality, we have


 ∑

v∈V (G)

d(v)




2

≤ n
∑

v∈V (G)

d2(v)

hence 
 ∑

v∈V (G)

d(v)




2

≤ n2(n− 1) + n
∑

v∈V (G)

d(v).

Denote by x = 1
2

∑
v∈V (G) d(v) for the number of edges of G, then

4x2 ≤ n2(n− 1) + 2nx.

Solving the corresponding quadratic equation in x we obtain

x ≤ n

4
(1 +

√
4n− 3),

yielding the inequality as required. 2
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Let us turn to the the problem of Zarankiewicz. Denote by G(m,n)
for a bipartite graph with m vertices in the first class and n vertices in
the second. Define z(m,n; s, t) to be the maximum number of edges in a
G(m,n) which does not contain Ks,t with s vertices in the first class and t
in the second. The argument in the proof of the above theorem can apply
to obtain the following upper bound.

z(m,n; s, t) ≤ (s− 1)1/tnm1−1/t + (t− 1)m. (8.4)

Lemma 8.3 For any positive integers n, s and t,

ex(n;Kt, s) ≤ 1
2
z(n, n; s, t).

Proof. Let G = (V, E) be a graph with |V | = n and |E| = e(G) =
ex(n;Kt,s) edges that does not contain Kt,s. Construct a bipartite graph
H as follows. Take two disjoint copies of V (G), say

V ′ = {v′1, . . . , v′n} and V ′′ = {v′′1 , . . . v′′n}.

The graph H has bipartition (V ′, V ′′), and x′ix
′′
j is an edge of H if and only

if xixj is an edge of G. Note v′i and v′′i are not connected. Clearly dG(xi) =
dH(x′i) = dH(x′′i ), thus e(H) = 2e(G), and since G does not contain Kt,s

hence H does not contain Kt, s. So Z(n, n; s, t) ≥ e(H) = 2e(G). 2

For fixed s ≥ t ≥ 2 and large n, the asymptotic form of upper bound
(8.3) is

ex(n;Kt, s) ≤
(

1
2

+ o(1)
)

(s− 1)1/tn2−1/t.

This result has not been improved for more than a half century. Füredi did
it for fixed s ≥ t ≥ 3 in 1996.

Theorem 8.6 Let m ≥ s ≥ 1 and n ≥ t ≥ 1 be integers. Then

z(m,n; s, t) ≤ (s− t + 1)1/tnm1−1/t + tn + tm2−2/t,

and hence

ex(n;Kt, s) ≤ 1
2

(
(s− t + 1)1/tn2−1/t + tn + tn2−2/t

)
.
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Proof. The case t = 1 is trivial, and t = 2 is known in (8.4) so we assume
that s ≥ t ≥ 3. Let G be a bipartite graph with bipartition

V = {1, 2, . . . , m} and V ′ = {1′, 2′, . . . , n′},

which does not contain Kt,s with s vertices in V and t vertices in V ′. In
case that there are some i ∈ V such that d(i) < t or some j′ ∈ V ′ such that
d(j′) < t, the validity of the theorem can be verified by the induction on
m + n. By deleting such vertex i or j′, we know that the number of edges
of G is at most

z(m− 1, n; s, t) + t− 1 or z(m,n− 1; s, t) + t− 1

which are less than that desired. We now suppose that d(i) ≥ t for any i ∈ V
and d(j′) ≥ t for any j′ ∈ V ′. Fix t−2 vertices 1 ≤ i1 < i2 < · · · < it−2 ≤ m
in V . Consider all t−subsets of N(i1) ∩ . . . ∩N(it−2) in V ′. Any such set
T in V ′ is covered by at most s− t + 1 further more N(k) (with k ∈ V ) by
the property of G. We obtain

∑
k 6=i1,···,it−2

(|N(i1)∩···∩N(it−2)∩N(k)|
t

)

≤ (s− t + 1)
(|N(i1)∩···∩N(it−2)|

t

)
,

where the first summation is over k 6= i1, . . . , it−2. We now need following
lemma in which the function

(
x
t

)
on x ≥ 0 is defined as

(
x

t

)
=

{
x(x− 1) · · · (x− t + 1)/t! x ≥ t− 1

0 0 ≤ x < t− 1.

Lemma 8.4 Let p, t ≥ 1 be integers, and c, x0, x1, . . . , xt ≥ 0 be real num-
bers. If

p∑

i=1

(
xi

t

)
≤ c

(
x0

t

)
,

then
p∑

i=1

xi ≤ x0c
1/tp1−1/t + (t− 1)p.

Proof of the lemma. Let σ =
∑p

i=1 xi. We suppose σ > (t − 1)p.
From the convexity of the function

(
x
t

)
, we have p

(
σ/p

t

) ≤ ∑p
i=1

(
xi

t

)
. Hence

p

c
≤ x0(x0 − 1) · · · (x0 − t + 1)

(σ/p)(σ/p− 1) · · · (σ/p− t + 1)
≤

(
x0

σ/p− t + 1

)t

,
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the desired inequality follows immediately. 2

Now, using the lemma with p = m − t + 2, c = s − t + 1, and x0 =
|N(i1) ∩ · · ·N(it−2)|, we have

∑
k 6=i1,...,it−2

|N(i1) ∩ · · · ∩N(it−2) ∩N(k)|
≤ (s− t + 1)1/t(m− t + 2)1−1/t|N(i1) ∩ · · · ∩N(it−2)|

+(t− 1)(m− t + 2).

Summing up both sides over i1, · · · , it−2, the left hand side is
∑

i1<···<it−2

∑

k 6=i1,···,it−2

|N(i1) ∩ · · · ∩N(it−2) ∩N(k)|

= (t− 1)
n∑

j=1

(
d(j′)
t− 1

)
.

And for the right hand side,

∑

i1<···<it−2

|N(i1) ∩ · · · ∩N(it−2)| =
n∑

j=1

(
d(j′)
t− 2

)
.

We thus obtain

(t− 1)
∑n

j=1

(
d(j′)
t−1

)

≤ (s− t + 1)1/t(m− t + 2)1−1/t
∑n

j=1

(
d(j′)
t−2

)

+(t− 1)(m− t + 2)
(

m
t−2

)
.

We will derive a lower bound for the left hand side in the new inequality.
Denote by yj for d(j′). One has

[yi(yi − 1) · · · (yi − (t− 3))− yj(yj − 1) · · · (yj − (t− 3))]
×[(yi − (t− 2))− (yj − (t− 2))] ≥ 0,

which yields
[(

yi

t− 2

)
−

(
yj

t− 2

)]
[(yi − (t− 2))− (yj − (t− 2))] ≥ 0.

Therefore
(

yi

t−2

)
(yj − (t− 2)) +

(
yj

t−2

)
(yi − (t− 2))

≤ (
yi

t−2

)
(yi − (t− 2)) +

(
yj

t−2

)
(yj − (t− 2))

= (t− 1)
[(

yi

t−1

)
+

(
yj

t−1

)]
.
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Adding up over pairs of (yi, yj) = (d(i′), d(j′)) for all 1 ≤ i, j ≤ n, we have



n∑

j=1

(
d(j′)
t− 2

)





n∑

j=1

(d(j′)− (t− 2))


 ≤ n(t− 1)

n∑

j=1

(
d(j′)
t− 1

)
.

Combining this with what obtained, we have

1
n

(∑n
j=1

(
d(j′)
t−2

))(∑n
j=1(d(j′)− (t− 2))

)

≤ (s− t + 1)1/t(m− t + 2)1−1/t
∑n

j=1

(
d(j′)
t−2

)

+(t− 1)(m− t + 2)
(

m
t−2

)
.

Thus
∑n

j=1 d(j′)− n(t− 2)

≤ (s− t + 1)1/t(m− t + 2)1−1/tn

+(t− 1)(m− t + 2)
n( m

t−2)∑n

j=1 (d(j′)
t−2 )

.

Since e(G) =
∑n

j=1 d(j′), we have

e(G) ≤ (s− t + 1)1/tnm1−1/t + tn + tm
n
(

m
t−2

)
∑n

j=1

(
d(j′)
t−2

) .

If the last fraction is at most m1−2/t, the the above inequality implies what
required for e(G). Otherwise, we have

n∑

j=1

(
d(j′)
t− 2

)
<

n

m1−2/t

(
m

t− 2

)
.

Apply Lemma 8.4 again with p = n, c = n/m1−2/t, x0 = m, and xi = d(i′),
and replacing t by t− 2, we then have

n∑

j=1

d(j′) < m
( n

m1−2/t

)1/(t−2)

n1−1/(t−2) + (t− 3)n

= nm1−1/t + (t− 3)n.

The result follows immediately. 2
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Corollary 8.3 Let integers s ≥ t ≥ 1 be fixed and n →∞. Then

ex(n;Kt, s) ≤
(

1
2

+ o(1)
)

(s− t + 1)1/tn2−1/t.

We now discuss a relation between ex(n;G) and rk(G), where G is a
bipartite graph. Note if ex(n;G) ≤ (c + o(1))n2−1/t for some constants
c > 0 and t ≥ 1, then G must be a bipartite graph.

Theorem 8.7 If ex(n;G) ≤ (c+o(1)) 1
2n2−1/t as n →∞, where c > 0 and

t ≥ 1 are constants, then

rk(G) ≤ (1 + o(1))(ck)t

as k →∞.

Proof. Setting n = rk(G)−1, then there is k−coloring of edges of Kn such
that there is no monochromatic G. By consider each subgraph induced by
edges in a single color and the definition of Turán number, we have

(
n

2

)
≤ k ex(n;G) ≤ (c + o(1))

k

2
n2−1/t,

which yields n ≤ (1 + o(1))(ck)t hence the required inequality. 2

Corollary 8.4 Let s ≥ t ≥ 2 be fixed integers and let k →∞, then

rk(Kt, s) ≤ (1 + o(1))(s− t + 1)kt.

The idea in proof of the following result is due to N. Alon, see Chung
and Graham(1999).

Theorem 8.8 If for large n, ex(n;G) ≥ c1n
2−1/t, where c1 > 0 is a con-

stant and t ≥ 1 is a fixed integer, then there exists a constant c2 > 0 such
that

rk(G) ≥ c2

(
k

log k

)t

,

as k →∞.

Proof. Set c2 = (c1/t)t, and set n = bc2(k/ log k)tc. Let H denote a
graph on n vertices with e(H) = ex(n;G) edges containing no G. Let
H1,H2, . . . , Hk be k copies of H placed randomly and independently in
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the complete graph Kn on n vertices. For each edge {u, v} of Kn, the
probability that the edge is not covered by any graph Hi is precisely

p =
(

1− e(H)/
(

n

2

))k

.

If
(
n
2

)
p < 1, then there is a choice of placing these Hi so that their union

covers all edges of Kn. By referring each edge in Hi as one in color i, then
any edge of Kn is colored in at least one color. Keep one color for each
edge and delete other colors if the edge got more than one colors, then the
edges of Kn is colored in k colors, and there is no monochromatic G. Thus
rk(G) > n. Now using 1− x < e−x for x > 0, we have

(
1− e(H)/

(
n

2

))k

≤
(

1− 2t
log k

k

)k

≤
(

1
k

)2t

,

which yields (
n

2

)
p ≤ c2

2

2

(
k

log k

)2t (
1
k

)2t

→ 0,

the required bound follows. 2

It is a widespread belief that the order n2−1/t in the upper bound of
ex(n;Kt, s) is sharp as s ≥ t ≥ 2 fixed and n →∞. If so, then the order of

rk(Kt, s) is between
(

k
log k

)t

and kt from the above results. However, when

we have a construction to give a lower bound of form ex(n;Ks, t) ≥ c1n
2−1/t,

we often get a lower bound of form rk(Ks, t) ≥ c2k
t. This situation happens

repeatedly in the next chapter.
We conclude this section by remarking that if χ(G) ≥ 3, then rk(G) is

much greater than any polynomial function of k as k →∞.

Theorem 8.9 Let G be a graph with χ = χ(G) ≥ 3, then there exists a
constant c > 0 such that

rk(G) ≥ c(χ− 1)k

for any integer k ≥ 2.

Proof. We in fact will prove

rk(G) ≥ c(χ− 1)k + 1

with c = (r2(G) − 1)/(χ − 1)2 by introduction on k. For k = 2, we have
nothing to do. For k ≥ 3, set N = rk−1(G)− 1. Suppose all edges of KN is
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colored in k − 1 colors so that contains no monochromatic G. Take χ − 1
disjoint copies of the colored KN , and connect these copies completely by
edges in a new color. Then we have a complete graph of order (χ − 1)N
whose edges are colored in k colors, in which there is no monochromatic G,
thus by introduction

rk(G)− 1 ≥ (χ− 1)(rk−1(G)− 1)
≥ c(χ− 1)k,

as desired. 2

Therefore rk(G) can be bounded above by a polynomial of k if and only
if G is a bipartite graph.

8.3 Upper Bound of ex(n; C2m)

In this section, we shall give the following result due to Erdős (1965), who
published it without proof, and due to Bondy and Simonovits (1974), who
published a proof.

Theorem 8.10 Let m ≥ 2 be a fixed integer. Then

ex(n;C2m) ≤ 10mn1+1/m

for n ≥ 10m2
.

Let us first recall a result in Chapter 3 as follows.

Lemma 8.5 Let G be a graph with average degree d. Then there is a
subgraph H of G such that δ(H) ≥ d/2.

The next result is similar, in addition to be used here, which has its
own interest.

Lemma 8.6 For any graph G, there is a subgraph H of G such that H is
bipartite and e(H) ≥ e(G)/2.

Proof. For a subset S of V (G), write S̄ = V (G) \ S. Let e(S, S̄) be the
number of edges between S and S̄. Maximizing e(S, S̄) over all proper
subsets S of V (G), we obtain a spanning bipartite subgraph H on vertex
classes S and S̄ with e(H) = e(S, S̄). Then for any vertex v, say v ∈ S, at
least half of neighbors of v are in S̄ since otherwise removing v from S to
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S̄ would increase e(S, S̄), contradicting to the maximality of e(S, S̄). This
follows by e(H) ≥ e(G)/2.

The Lemma has a simple proof by probabilistic method. Let S be a
random set of V (G) defined by Pr(v ∈ S) = 1/2, independently. Then it is
easy to know that the probability of any edge is an edge between S and S
is 1/2. Thus the expectation of e(S, S̄) is e(G)/2, implying that there is a
S such that e(S, S̄) ≥ e(G)/2. 2

Now we shall prove the bipartite version of Theorem 8.10 first. To do
this, We shall have more preparative lemmas. Let t ≥ 1 be an integer. A
coloring of vertices of a graph G, not necessarily proper, is called t-periodic
if the pair of end vertices of any path of length t have the same color. So
in any 1−periodic coloring, all vertices in a connected graph G have the
same color. For t ≥ 2, if G has enough edges, the number of colors used in
a t−periodic coloring is small.

Lemma 8.7 Let t ≥ 1 be a integer, and let G be a connected graph of order
n. If e(G) ≥ 2tn, then the number of colors in any t−periodic coloring of
G is at most two.

Proof. We separate the proof into several short steps. We first prove
that G contains two adjacent vertices joined by two internal vertex-disjoint
paths, each of length at least t. We shall call this subgraph as a θ−graph
intuitively.

Step 1: δ(G) ≥ 2t. We can find such a theta−graph in the following
way. Let x1x2 · · ·xm be a longest path. Then x1 is adjacent only to vertices
of this path, xi1 , xi2 , . . . , xir

, say, where

2 = i1 < i2 < · · · < ir, r ≥ 2t.

The cycle x1x2 · · ·xi2tx1 and the edge x1xit form the desired θ−graph.
Step 2: δ(G) < 2t. Since e(G) ≥ 2tn, so the average degree of G is at

least 4t. From Lemma 8.5, G contains a subgraph H with δ(H) ≥ 2t. Then
from step 1, H contains desired θ−graph.

Step 3: Any θ−graph has three cycles. Denote by C1, C2, C3 for these
cycles with lengths `1 ≤ `2 ≤ `3, respectively, then

`1 + `2 − `3 = 2.

The restrictions of the t−periodic coloring of G to the θ−graph and to each
cycle Ci are also t−periodic. Let ti ≥ 2 be the smallest integer such that
the coloring of Ci is ti−periodic for i = 1, 2, 3. Clearly ti|`i and any period
on one cycle induces the same period on the other two cycles and hence
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t1 = t2 = t3. Let t̄ be the same value of ti, then t̄|`i hence t̄|2 so t̄ = 2,
implying that the number of colors in the θ−graph is at most two.

Step 4: Since G is connected, any vertex of G is jointed to some vertex
in the θ−graph by a path of length kt, probably using some vertices in the
θ−graph. Thus both of the end vertices of the path have the same color.
Hence the number of colors in G is at most two from step 3. 2

Lemma 8.8 Let G be a bipartite graph of order n ≥ 10m with δ(G) ≥
5mn1/m. Then G contains C2m.

Proof. Fix a vertex x of G and let

Vi = {v ∈ V (G) : d(v, x) = i},

which is the set of vertices at distant i from x. Since G is bipartite, each
Vi is an independent set.

Suppose that G contains no C2m. We show that

|Vi| ≥ n1/m|Vi−1| (8.5)

for 1 ≤ i ≤ m, which leads to the contradiction that |V (G)| > n since
|Vm| ≥ n.

We shall prove (8.5) by induction on i. This is trivial for i = 1 since
δ(G) ≥ 5mn1/m. Suppose (8.5) holds for smaller value of i.

Let H be the subset of G induced by Vi−1 ∪ Vi and let H1,H2, . . . , Hq

be the components of H. Write Wj = V (Hj) ∩ Vi−1.
A path x1x2 · · ·xk in G is called monotonic if d(xi, x) is monotonic. This

means that a monotonic path passes through each of some consecutive sets
Vj , Vj+1, . . . , Vj+k exactly once.

We shall show that e(H1) < 4m|V (H1)|. This is trivial if W1 has just
one vertex hence H1 is a star. We thus assume that W1 has at least two
vertices. Let p < i − 1 be the smallest index such that there is a vertex
a ∈ Vp and there are two monotonic paths P1, P2 joining a to W1 which
have just the vertex a in common.

We then show that each vertex of W1 is jointed to a by a monotonic
path. This is clear it a = x. Otherwise, for y ∈ W1, there is a monotonic
path P3 joining y to x. By the minimality of p, P3 must interest P1 or P2,
say P1, at some vertex z. The path consisting of the section of P3 between
y and z and the section of P1 between z and a is a monotonic path from y
to a.

We now assign colors red and blue to the vertices of W1 in such a way
that if two vertices have different colors, then they are joined to a by internal
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disjoint monotonic paths. This can be done as follows. Each vertex of W1

that can be joined to a by a monotonic path disjoint from P2 is colored
red; all other vertices of W1 are colored blue. To see this is the required
coloring, let x1 and x2 be vertices of W1 colored red and blue, respectively.
Let P ′1 be a monotonic path from x1 to a disjoint from P2, and let P ′2 be
a monotonic path from x1 to a. Moving along P ′2 from x2 towards a, let v
be first vertex of (P ′1 ∪ P2) \ {a} encountered. Such a vertex v exists since
x2 is colored blue. Also we see that v cannot belong to P ′1 for otherwise
the section of P ′2 between x2 and v together with the section of P ′1 between
v and a would constitute a monotonic path from x2 to a disjoint from P2,
contradicting the assumption that x2 is colored blue. But then v ∈ P2 and
we have a monotonic path x2P

′
2vP2a disjoint from P ′1.

We now color the vertices of H1 in Vi green and show that this coloring
of H1 is t−periodic with t = 2(m − i + p + 1). For, since t is even, if one
end vertex of a path of length t in H1 is green, the so is the other. Also,
there can be no path of length t joining a red and a blue vertex, because,
if a red x1 were joined to a blue x2 by such a path, this path together with
vertex-disjoint monotonic paths from x1 to a and x2 to a would form a
C2m. Therefore, the coloring of H1 is indeed t−periodic. Since there colors
are used in the coloring, Lemma 8.7 implies that

e(H1) < 2t|V (H1)| < 4m|V (H1)|.

Similarly we have that e(Hj) < 4m|V (Hj)| for j = 1, 2, . . . , q hence

e(H) < 4m|V (H)|.

Let H ′ be the subgraph of G induced by Vi−2 ∪ Vi−1. The same argument
gives

e(H ′) < 4m|V (H ′)|.
Clearly, since δ(G) ≥ 5mn1/m,

e(H) + e(H ′) ≥ 5mn1/m|Vi−1|.

Combining these inequalities, we get

4m(|Vi−1|+ |Vi|+ |Vi−1|+ |Vi−2|)
= 4m(|V (H)|+ |V (H ′)|) > e(H) + e(H ′) ≥ 5mn1/m,

which implies that

|Vi| > 1
4m

[(5mn1/m − 8m)|Vi−1| − 4m|Vi−2|].
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Using the induction hypothesis,

|Vi−1| ≥ n1/m|Vi−2|.
we obtain

|Vi| >
1

4m

(
5mn1/m − 8m− 20m2

5mn1/m

)
|Vi−1|

>
1

4m
(5mn1/m − 9m)|Vi−1|

> n1/m|Vi−1|
as desired. 2

Proof of Theorem 8.10. Let G be a graph of order n ≥ 10m2
with

e(G) ≥ 10mn1+1/m. The Lemma 8.6 implies that there is a spanning
subgraph H of G such that H is bipartite and e(H) ≥ 5mn1+1/m. The
average degree of H is at least 10mn1/m. From Lemma 8.5, there is a
subgraph F of H satisfying that δ(F ) ≥ 5mn1/m. Let n0 be the order of
F , then

n0 > δ(F ) ≥ 5mn1/m > n1/m ≥ 10m,

and δ(F ) ≥ 5mn
1/m
0 . Thus by Lemma 8.8, the bipartite graph F contains

C2m, so does G. This proves the theorem. 2

8.4 r(Kt, s, Kn) and r(C2m, Kn) with n Large

We have seen that for a fixed graph G, r(G,Kn) is linear on n if and only
if G is a forest. We prove an asymptotic upper bound of r(Kt, s,Kn) as
n →∞ in this section, see Li and Zang (2003).

Recall the main result in Chapter 3 that for any graph G of order N
with average degree d,

α(G) ≥ Nfm(d), (8.6)

if the subgraph of G induced by any neighborhood contains no star or path
of m edges, and f(x) = fm(x) > (log(x/m)− 1)/x for x > 0.

Theorem 8.11 For any fixed integers s ≥ t ≥ 2, as n →∞,

r(Kt, s,Kn) ≤ (1 + o(1))(s− t + 1)
(

n

log n

)t

.
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Proof. Let N = r(Kt, s,Kn)− 1 and let G be a graph on N vertices with
no Kt, s whose independence number is at most n−1. By the upper bound
of Turán numbers in Section 2, we have

d(G) ≤ (1 + o(1))(s− t + 1)1/tN1−1/t, (8.7)

where d(G) is the average degree of G.
Let v be an arbitrary vertex of G and let Gv be the subgraph of G

induced by the neighborhood of v and let ∆(Gv) be the maximum degree
of Gv. Then

∆(Gv) ≤ s− 1 if t = 2 (8.8)

and
∆(Gv) ≤ r(Kt−2,s,Kn)− 1 if t ≥ 3. (8.9)

Indeed, for t = 2, (8.8) follows instantly from the fact that G contains no
K2, s. For t ≥ 3, suppose to the contrary that the degree of some vertex u in
Gv is at least r(Kt−2, s,Kn). Since G contains no Kn, Gu∩Gv must contain
Kt−2, s, which together with u and v yield a Kt, s in G, a contradiction.

Now let us apply induction on t ≥ 2.
For t = 2, in view of (8.7) and (8.8), from (8.6) we have,

n > Nfs(d(G))

≥ (1− o(1))
N log(

√
(s− 1)N/s)√

(s− 1)N

= (1− o(1))

√
N

s− 1
log N

2
.

It follows that N ≤ (s− 1 + o(1))(n/ log n)2 since otherwise, there exists a
constant δ > 0 such that N ≥ (s− 1 + δ)(n/ log n)2 for infinitely many n,
which will lead a contradiction.

Let us proceed to the induction step. Recall (8.7) and (8.9), by the
main theorem with a = r(Kt−2,s,Kn) and d = d(G) we have n > Nfa(d).
It follows that

n ≥ (1− o(1))
(

N

s− t + 1

)1/t

log
N1−1/t

r(Kt−2,s,Kn)
. (8.10)

Now we distinguish between two cases according to the value of t.
Case 1. t = 3. Our proof begins at Chvátal’s discovery on r(T,Kn)

mentioned in Chapter 2,

r(K1,s,Kn) = s(n− 1) + 1.
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So the inequality (8.10) becomes

n ≥ (1− o(1))
(

N
s−2

)1/3

log N2/3

s(n−1)+1

= (1− o(1))
(

N
s−2

)1/3

log N2/3

n .
(8.11)

For any fixed 0 < ε < 1, divide the natural number set into two sets
S = {n′} and T = {n′′} such that

N2/3

n
≥ (n′)1−ε and

N2/3

n′′
< (n′′)1−ε.

We suppose both sizes of S and T are infinite without loss of generality.
For large n ∈ S, from (8.11), we have

n ≥ (1− o(1))(1− ε)
(

N

s− 2

)1/3

log n,

which follows by N ≤ 1
(1−2ε)3 (s − 2)(n/ log n)3. On the other hand, for

large n ∈ T , we have directly

N ≤ n3−3ε/2 = o

(
n

log n

)3

.

Since ε > 0 can be arbitrarily small, we get the desired statement.
Case 2. t ≥ 4. Our proof goes as follows. For any fixed 0 < ε < 1,

divide the natural number set into two sets S = {n′} and T = {n′′} such
that

N1−1/t

r(Kt−2,s,Kn′)
≥ (n′)1−ε and

N1−1/t

r(Kt−2,s,Kn′′)
< (n′′)1−ε.

Let n be any sufficiently large integer. If n ∈ S then from (8.10) we have

n ≥ (1− ε− o(1))
(

N

s− t + 1

)1/t

log n.

By letting ε → 0, we get the desired statement. If n ∈ T then, by definition
of T and the induction hypothesis on r(Kt−2,s,Kn), we have N1−1/t <
n1−εc (n/ log n)t−1 with some constant c > 0, which yields

N ≤ c′
(

n

log n

)t−εt/(t−1)

= o

(
n

log n

)t

.
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So the desired statement follows. 2

Combining the above theorem and the lower bounds obtained in Chapter
5, we have

c

(
n

log n

)(st−1)/(s+t−2)

≤ r(Kt,s,Kn)

≤ (1 + o(1))(s− t + 1)
(

n

log n

)t

.

Note that the exponent (st− 1)/(s+ t− 2) in the lower bound can be arbi-
trarily close to the exponent t in the upper bound when s is large but fixed.
So it is natural to ask if the order of upper bound is sharp. Assuming yes,
we shall be able to establish a somehow unexpected result: asymptotically,
all the extremal graphs for r(Kt, s,Kn) come from those for ex(Kt, s;N).
Thus it is very interesting to estimate the independence numbers of known
extremal graphs for ex(n;Kt, s). No doubt, this assumption is a bold ad-
venture.

Proposition 1 For any fixed integers s ≥ t ≥ 2, if there exists a constant
c > 0 such that

r(Kt, s,Kn) ≥ (c− o(1))
(

n

log n

)t

(8.12)

as n →∞, then

ex(Kt, s;N) ≥ 1
2
(c− o(1))1/tN2−1/t (8.13)

for all sufficiently large N of the form N = r(Kt, s,Kn)− 1. Furthermore,
the extremal graphs yielding (8.12) also yield (8.13).

Proof. To prove it, assume the contrary: there exists δ > 0 such that
ex(Kt, s;N) ≤ 1

2 (c−δ)1/tN2−1/t for infinitely many n, where N = r(Kt, s,Kn)−
1. Imitating the proof of (8.10), we have

n ≥ (1− o(1))
(

N

c− δ

)1/t

log
N1−1/t

r(Kt−2,k,Kn)
,

which implies N ≤ (c− δ + o(1))
(

n
log n

)t

, contradicting (8.12). 2

The main idea for the proof of the above theorem is simple: if the
average degree of a graph is small, its independence number must be big.
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The main result in last section ex(C2m;N) ≤ c(m)N1+1/m will be used
to improve the result of Erdős, Faudree, Rousseau and Schelp (1978) that
r(C2m,Kn) ≤ cnm/(m−1) with a factor log n.

Theorem 8.12 For any fixed m ≥ 2, there exists constant c = c(m) > 0
such that for all sufficiently large n,

r(C2m,Kn) ≤ c

(
n

log n

)m/(m−1)

.

Proof. Let G be a graph of order N = r(C2m,Kn)− 1 which contains
no C2m and α(G) < n. For any vertex v of G, consider the subgraph Gv

induced by the neighborhood of v. The subgraph Gv does not contain path
P2m−2 since G does not contain C2m, where P2m−2 is a path of 2m−2 edges.
Also since ex(C2m;N) ≤ c1N

1+1/m for some constant c1 = c1(m) > 0 thus
the average degree of G is at most 2c1N

1/m. Note that for fixed a, the
function fa(x) is asymptotic equal to log x/x as x →∞. Apply (8.6) once
again,

n > α(G) ≥ (1− o(1))N
log 2c1N

1/m

2c1N1/m

> c2N
1−1/m log N

for some constant c2 > 0. Now if for any large c > 0, there are infinitely
many n such that N ≥ c(n/ log n)m/(m−1), then log N ≥ c3 log n, where
c3 > 0 is a constant increasing as c increasing, and

n ≥ c2c
(m−1)/m n

log n
c3 log n = c2c3c

(m−1)/mn

which would lead a contradiction if c is large and n →∞.

Using the similar proof we can have that for any fixed integers k ≥ 2,
and s ≥ t ≥ 2,

rk(Kt, s, · · · ,Kt, s,Kn) ≤ c

(
n

log n

)t

,

where c = c(k, t, s) > 0 is a constant. We conclude this section with the
following problems.

Problem 8.1 For fixed s ≥ t ≥ 2, determine if the order of r(Kt, s,Kn) is
(n/ log n)t. If yes, does it grow linear on s?
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8.5 Involving Kt,n with Large n

We cannot solve the problem proposed at the end of the last section. The
following result seems to support for a positive solution.

Theorem 8.13 Let t ≥ 2 be fixed. Then for all large n,

c
nt+1

(log n)t
≤ r(Kt, n,Kn) ≤ (1 + o(1))

nt+1

(log n)t
,

where c = c(t) > 0 is a constant. In particular, the order of r(Kt, n,Kn) is
nt+1/(log n)t.

Proof. The lower bound was proved in Chapter 5. The proof for the upper
bound is the similar to that for Theorem 8.11, we thus omit it. 2

The above result can be generalized as follows with proof by induction
on t = 2 starting at r(K2, n,Kn).

Theorem 8.14 Let H be a graph on t ≥ 2 vertices that is not complete.
Then the order of r(H + Kn,Kn) is nt+1/(log n)t as n →∞.

2

We conjecture the above result may hold for any graph H of order t ≥ 2.
To confirm this, one needs only to verify it holds for H = K2 by the same
proof.

We now discuss asymptotic formula of k−color Ramsey number rk(Km,n)
as k and m fixed and n →∞.

Theorem 8.15 Let integers k ≥ 2 and m ≥ 2, and real ε > 0 be fixed.
Then

(1− ε)kmn ≤ rk(Km, n) ≤ km(n− 1) + m(km− k + 1) + 1,

for all sufficiently large n.

Proof. The lower bound appeared in Chapter 5. For the upper bound we
first show that rk(Km,n) ≤ (1+o(1))km(n−m+1). Set N = rk(Km,n)−1.
By definition, there is a k-coloring of the edges of KN which contains no
monochromatic Km,n. So there are at most ex(N ;Km, n) edges in each
single color, using Theorem 8.6, we thus have

(
N

2

)
≤ k ex(N ;Km,n)

≤ k

2
z(N, N ;m,n)

≤ k

2
[(n−m + 1)1/mN2−1/m + mN + mN2−2/m].
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Suppose m and k are fixed. Clearly N → ∞ as n → ∞. Now take δ > 0
such that (1 + δε)m < 1 + ε/2. Then for all large N , we deduce that
N2 ≤ (1 + δε)k(n−m + 1)1/mN2−1/m, which yields rk(Km,n) = N + 1 ≤
(1 + ε/2)km(n−m + 1) + 1 < (1 + ε)km(n−m + 1), as desired. Combining
the lower bound and the upper bound, we know

N ∼ kmn ∼ km(n− 1) as n →∞. (8.14)

To get a slightly better upper bound, note that (by upper bound of Turán
number in Section 2)

(
N

2

)
≤ k ex(Km,n;N) ≤ k

2
[(n− 1)1/mN2−1/m + (m− 1)N ],

So N2 ≤ k(n− 1)1/mN2−1/m + (km− k + 1)N , and hence

N1/m ≤ k(n− 1)1/m +
km− k + 1

N1−1/m

= k(n− 1)1/m

(
1 +

km− k + 1
kN

(
N

n− 1

)1/m
)

.

Using the fact (1 + x)m = 1 + mx + O(x2) as x → 0, it follows that

N ≤ km(n− 1)

(
1 +

km− k + 1
kN

(
N

n− 1

)1/m
)m

≤ km(n− 1)

(
1 +

m(km− k + 1)
kN

(
N

n− 1

)1/m

+
O(1))
N2

)

= km(n− 1) + km−1m(km− k + 1)
(

N

n− 1

)1/m−1

+ o(1).

By (8.14), the second term in the last line tends to m(km − k + 1). Thus
rk(Km,n) = N + 1 ≤ km(n − 1) + m(km − k + 1) + 1 + o(1). Clearly the
term o(1) can be omitted for large n, this completes the proof. 2

For m = k = 2, we have (1−o(1))4n ≤ r(K2,n) ≤ 4n+3. This should be
improved. The following result is due to Exoo, Harborth and Mengersent
(1991).

Theorem 8.16 For n ≥ 2, r(K2,n) ≤ 4n− 2. If 4n− 3 is a prime power,
r(K2,n) = 4n− 2.
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Proof. We prove r(K2,n) ≤ 4n − 2 first. Suppose, to the contrary, this is
not valid. Then for N = 4n − 2, there is a red-blue edge coloring of KN

on vertex V that contains no monochromatic K2,n. We now estimate the
number of red edges between NR(v) and NB(v) for v ∈ V . Set

A(v) =
∑

x∈NR(v)

|NR(x) ∩NB(v)|.

Since for x ∈ NR(v)

dB(v) = |NR(x) ∩NB(v)|+ |NB(x) ∩NB(v)|,

and |NB(x) ∩NB(v)| ≤ n− 1, so |NR(x) ∩NB(v)| ≥ dB(v)− n + 1. Hence

A(v) ≥ dR(v)(dB(v)− n + 1).

On the other hand,

A(v) =
∑

x∈NB(v)

|NR(x) ∩NR(v)| ≤ dB(v)(n− 1).

Therefore, dR(v)(dB(v)− n + 1) ≤ dB(v)(n− 1), which yields

dR(v)dB(v) ≤ (n− 1)(4n− 3). (8.15)

For any vertex set U ⊆ V , consider the sum
∑

x,y∈U,x6=y |NB(x) ∩NB(y)|,
in which each vertex z ∈ V is counted

(|NB(z)∩U |
2

)
times, thus we have

∑

z∈V

(|NB(z) ∩ U |
2

)
≤

(|U |
2

)
(n− 1). (8.16)

Since either dR(v) ≥ 2n − 1 or dB(v) ≥ 2n − 1, we suppose that dR(v) ≥
2n− 1 without loss of generality.

Case 1. dR(v) = 2n−1. Then dB(v) = 2n−2 so that (8.15) is violated.
Case 2. dR(v) ≥ 2n. Take a subset U ⊆ NR(v) with |U | = 2n. Then

for any z ∈ U , |NB(z) ∩ U | ≥ n since otherwise |NR(z) ∩ U | ≥ n hence z
and v, together with their common red neighbors, would form a red K2,n.
Similarly, for any z ∈ V \ U , |NB(z) ∩ U | ≥ n + 1. So the left hand
side of (8.16) is at least n(n − 1)(2n + 1). But the right hand side is just
n(n− 1)(2n− 1), which is a contradiction, proving the upper bound.

If q = 4n− 3 = 4(n− 1) + 1 is a prime power, then the Paley graph of
order q constructed in Chapter 2 is a strongly regular graph with parameters
(4n−3, 2n−2, n−2, n−1). This graph and its complement do not contain
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K2,n since it is self-complementary. Thus r(K2,n) ≥ 2n−2, completing the
proof. 2

It would be interesting to look back the process of studying the behavior
of r(Km,n) for fixed m, which may offer an epitome of solving a class of
Ramsey problems.

For m = 1, the proof in Chapter 2 is easy, and we get a formula for all
r(K1,n), which is 2n for odd n and 2n− 1 for even n.

For m = 2, the proof is less easy. We use some technique to obtain an
upper bound and use Paley graph to obtain a lower bound for some n. We
get a formula 4n− 2 just for infinitely many n.

For general m, the proof is not trivial. We apply a result on Turán
number of Km,n to obtain an upper bound and use probabilistic method to
obtain lower bound which is non-constructive. We get only an asymptotic
formula 2mn as n →∞.

A natural problem on rk(Bm,n) related to results in this chapter is
as follows, which is easier that the conjecture of Thomason mentioned in
Chapter 2.

Problem 8.2 Prove or disprove rk(Bm,n) ∼ kmn as n → ∞ for fixed m
and k. What can we say for the case k →∞ if m and n are fixed?

The second problem may be very hard. We will see how far one is away
from determining the order of rk(K3) as k →∞.

Exercises

8.1 Let G and H be graphs of order n. Prove that G contains a subgraph
with at least e(G)e(H)/

(
n
2

)
edges that is isomorphic to a subgraph of H.

(See proof of Theorem 8.8.)

8.2 Let G be a graph with n vertices and m edges. Considering random
bipartition of V (G) of sizes bn/2c and dn/2e, show G has a bipartite graph
with at least 2mbn2/4c/n(n− 1) edges.

8.3 Complete the proof of Theorem 8.14. Where is the incompleteness
of graph H used?

8.4 Show that if G is a bipartite d−regular graph of order n containing
neither C4 nor C6, then d ≤ n1/3 + 1.
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P. Erdős and M. Simonovits (1966), A limit theorem in graph theory,
Studia Sci. Math. Hungar. 1, 51-57.
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Chapter 9

Constructions Forbidding
Bipartite Graph

9.1 Constructions Forbidding C4

The starting point of problem involving complete bipartite graph is usu-
ally K2,2 = C4. We begin with a construction of Erdős-Rényi (1962) and
Brown(1966), which contains no C4.

Let F = F (q) be the Galois field with q elements. Define an equivalence
relation ≡ on F 3 \ {(0, 0, 0} by letting (a1, a2, a3) ≡ (b1, b2, b3) if there is
λ ∈ F ∗ = F\{0} such that (a1, a2, a3) = λ(b1, b2, b3). Let 〈a1, a2, a3〉 denote
the equivalence class of (a1, a2, a3), and let V be the set of all equivalence
classes.

Define a graph Gq with vertex set V by letting distinct vertices 〈a1, a2, a3〉
and 〈x1, x2, x3〉 be adjacent if

a1x1 + a2x2 + a3x3 = 0.

Clearly,

|V | = q3 − 1
q − 1

= q2 + q + 1.

For a vertex 〈a1, a2, a3〉, since a1x1 + a2x2 + a3x3 = 0 has q2 − 1 solutions
forming q + 1 vertices, it has degree q if a2

1 + a2
2 + a2

3 = 0, or degree q + 1
otherwise.

Lemma 9.1 Let q = pm with prime p and odd m. Then there are precisely

163
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q2 solutions (x1, x2, x3) of the equation

x2
1 + x2

2 + x2
3 = 0

in F (q), and hence precisely q +1 vertices in Gq of degree q and q2 vertices
of degree q + 1.

Proof. Label the vertex set of Gq as

V (Gq) = {A,B, · · · , X, · · · , Y, · · · , Z}

in some order. We write X ⊥ Y if and only if

x1y1 + x2y2 + x3y3 = 0,

where X = 〈x1, x2, x3〉 and Y = 〈y1, y2, y3〉 . Let n = q2 + q + 1 and define
an n× n real matrix M = (mij) by

mij =
{

1 if X ⊥ Y ,
0 otherwise,

where X and Y represent the ith vertex and the jth vertex, and X and Y
are associated with the ith row and jth row in M , respectively. Note the
diagonal elements of M are different from that in the adjacency matrix of
Gq. We have mii = 1 if X ⊥ X, that is, X lies on the conic x2

1+x2
2+x2

3 = 0.
All that remains to show is that

tr(M) = q + 1,

where tr(M) =
∑n

i=1 mii is the trace of M . We know that the trace equals
the sum of eigenvalues.

Fact 1. Any row of M contains precisely q + 1 ones hence q + 1 is an
eigenvalue of M .

This is because ML = (q + 1)L, where L = (1, 1, . . . , 1)T .

Fact 2. For i 6= j, there is exactly one column with 1 in the both ith
row and jth row.

Suppose that X and Y represent ith row and jth row, respectively.
Then there is a unique row, say kth row, corresponding to the solution
(w1, w2, w3) of the equation system

{
x1w1 + x2w2 + x3w3 = 0,
y1w1 + y2w2 + y3w3 = 0.
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That is to say, mik = mjk = 1. Note that M is symmetric, so we see that
only in kth column, the elements in both ith row and jth row are 1.

Using these two facts, we have

M2 =




q + 1 1 · · · 1 1
1 q + 1 · · · 1 1
...

...
1 1 · · · 1 q + 1


 = qI + J,

where I is the identity matrix and J is the all-ones-matrix. It is easy to see
J has the eigenvalues n = q2+q+1 (of multiplicity 1) and 0 (of multiplicity
n−1 = q2+q). This follows by that M2 has the eigenvalues q+n = (q+1)2

(of multiplicity 1) and q (of multiplicity n− 1 = q2 + q).
Since M is symmetric and hence diagonalizable into




λ1

λ2

. . .
λn


 ,

where λ1, . . . , λn are eigenvalues of M . This implies that M2 is diagonal-
izable into 



λ2
1

λ2
2

. . .
λ2

n


 ,

implying that λ2
1 = (q+1)2 and λ2

2 = . . . = λ2
n = q, in which the eigenvalues

may be relabelled. So λ1 = q + 1 as q + 1 is an eigenvalue of M , and
λi = ±√q for i = 2, . . . , n. Let s and t be the numbers of eigenvalues of M
equal to

√
q and −√q, respectively. Then s + t = n− 1 and

tr(M) = (q + 1) + (s− t)
√

q.

Since the trace is an integer and q = pm with m odd, we must have s = t
hence tr(M) = q + 1, completing the proof. 2

Remark. In fact for any prime power q, the assertion in above lemma
holds.

Lemma 9.2 The order of the graph Gq is q2 + q + 1 and

e(Gq) =
1
2
q(q + 1)2

for odd prime power q.



166CHAPTER 9. CONSTRUCTIONS FORBIDDING BIPARTITE GRAPH

We now come to the point to see that Gq contains no C4.

Theorem 9.1 The graph Gq contains no C4.

Proof. Suppose to the contrary that Gq contains C4, then there are two
distinct vertices 〈a1, a2, a3〉 and 〈b1, b2, b3〉 such that

{
a1x1 + a2x2 + a3x3 = 0
b1x1 + b2x2 + b3x3 = 0

has nonzero solutions that form two distinct vertices. This is impossible as
(a1, a2, a3) and (b1, b2, b3) are linearly independent that the above equation
system has exactly q − 1 solutions forming only one vertex. 2

Denote by n = q2 + q + 1. Then q = (
√

4n− 3 − 1)/2. Thus for
n = q2 + q + 1,

ex(n;C4) ≥ 1
4
(n− 1)(1 +

√
4n− 3).

This is very close to the upper bound ex(n;C4) ≤ 1
4n(1+

√
4n− 3) obtained

in last chapter. We will show the lower bound gives the quality for infinite
many n = q2 + q + 1 in next section. Before this, we shall obtain an
asymptotic formula of ex(n;C4).

Theorem 9.2 As n →∞,

ex(n;C4) ∼ 1
2
n3/2.

Proof. The desired upper bound has been proved in the last chapter. For
any large n, let pk be the maximum prime satisfying that

p2
k + pk + 1 ≤ n < p2

k+1 + pk+1 + 1.

Then pk ∼
√

n since p2
k ∼ p2

k+1 from a result in Chapter 2. So

ex(n;C4) ≥ ex(p2
k + pk + 1;C4) ≥ 1

2
p3

k ∼
1
2
n3/2

by the construction mentioned. The required inequality follows. 2

Lemma 9.3 All vertices of degree q in graph Gq are independent.
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Proof. Suppose that 〈a1, a2, a3〉 and 〈b1, b2, b3〉 are distinct vertices of
degree q in G. Then the vectors (a1, a2, a3) and (b1, b2, b3) are linearly
independent in F 3. Therefore, the dimension of the subspace S of F 3

consisting of all solutions (x1, x2, x3) of the equation system
{

a1x1 + a2x2 + a3x3 = 0
b1x1 + b2x2 + b3x3 = 0

is one. If 〈a1, a2, a3〉 and 〈b1, b2, b3〉 are adjacent, then both (a1, a2, a3) and
(b1, b2, b3) would be in S, a contradiction. 2

Since there are exactly q + 1 vertices of degree q in Gq, these vertices
form an independent set, so α(Gq) ≥ q + 1. Using the main result in
Chapter 3, one has α(Gq) ≥ (1− o(1))q log q as q →∞. It is interesting to
determine whether this is an asymptotical equality.

Among all graphs of the same order that contain no C4, the extremal
graphs for ex(n;C4) have the largest average degree. So they are expected
to give good lower bounds for r(C4,K1, n) if they are near regular. We
now apply the above constructions to give such Ramsey lower bounds. The
following results are due to Parsons (1975).

Lemma 9.4 Let q be a prime power, then

r(C4,K1, q2) ≥ q2 + q + 1,

r(C4,K1, q2+1) ≥ q2 + q + 2.

Proof. Denote by Gq the graph we just constructed. Then Gq has q2+q+1
vertices. It contains no C4 and its minimum degree is q, so the maximum
degree of Gq is q2. This proves the second lower bound in the lemma.

For the first lower bound, let v be a vertex of degree q in the graph Gq,
by Lemma 9.3, each neighbor of v has degree q + 1. Deleting the vertex
v, we obtain a graph with q2 + q vertices and minimum degree q, so its
complement has a maximum degree q2 − 1. This proves the first lower
bound. 2

Lemma 9.5 Let n ≥ 2 be an integer. Then

r(C4,K1,n) ≤ n +
√

n− 1 + 2.

Proof. Let N = r(C4,K1,n) − 1 and let G be a graph of order N that
contains no C4 and its complement G has the maximum degree at most
n − 1. Since it is easy to see that r(C4,K1,2) = 4 and r(C4,K1,3) = 6, so
we suppose that n ≥ 3 and N ≥ 5. The fact ∆(G) ≤ n− 1 implies that for
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any vertex v of G, deg(v) ≥ N − n. Since the fact G 6⊇ C4 implies that for
any distinct vertices u and v of G, |N(u) ∩N(v)| ≤ 1, we thus have

∑

w∈V (G)

(
deg(w)

2

)
≤

(
N

2

)
. (9.1)

This and deg(w) ≥ N − n give

N2 − 2(n + 1)N + n2 + n + 1 ≤ 0. (9.2)

The above inequality becomes an equality if and only if G is regular with
degree N − n and any pair of vertices have exactly one common neighbor.
We now need the following result known as “the Friendship Theorem” of
Erdős, Rényi and Sós (1966). We shall attach a proof as the last section
of this chapter. Call the graph Fk = K1 + kK2 as Friendship graph or a
k−fan, which consists of k triangles with a vertex in common.

Lemma 9.6 (Friendship Theorem) Let G be a graph with N vertices
such that any pair of vertices is joined by exactly one path of length two in
G. Then N = 2k + 1 and G = Fk.

Return to our current proof. If the inequality (9.1) is an equality, then
by Lemma 9.6, G = Fn, but G is regular, contradicting to n ≥ 3. So this
is not the case hence the inequality (9.2) is strict, thus

N2 − 2(n + 1)N + n2 + n + 2 ≤ 0,

yielding r(C4,K1,n) = N + 1 ≤ n +
√

n− 1 + 2. 2

Theorem 9.3 Let q be a prime power, then

r(C4,K1, q2) = q2 + q + 1.

2

Remark. A careful analysis shows r(C4,K1, q2+1) = q2 + q +2, so both
lower bounds in Lemma 9.4 are equalities.

The following construction of Lazebnik and Woldar (2000) yields a lower
bound for rk(C4).

Theorem 9.4 Let k be a prime power. Then

rk(C4) ≥ k2 + 2.
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Proof. Let F (k) be the field of k elements and let V = F (k) × F (k). We
shall color the edges of Kk2+1 on vertex set V ∪ {u} with k colors so that
there is no monochromatic C4. We will do so for all edges in V first. Let
e be an edge with end vertices (a1, a2) and (b1, b2) in V . We assign e with
color

α = a1b1 + a2 + b2.

We claim that there is no monochromatic C4. Since otherwise, suppose
that (a1, a2), (b1, b2), (c1, c2), and (d1, d2) are four consecutive (distinct)
vertices of a C4 in some color α. then

α = a1b1 + a2 + b2 = b1c1 + b2 + c2

= c1d1 + c2 + d2 = d1a1 + d2 + a2,

yielding (a1 − c1)(b1 − d1) = 0. So either a1 = c1 or b1 = d1, which imply
either (a1, a2) = (c1, c2) or (b1, b2) = (d1, d2), a contradiction.

It remains to color the edges of form {u, v} with v = (a1, a2) ∈ V . For
such an edge, we assign it with color a1, the first coordinate of v. Suppose
that there is a monochromatic C4 in color α, which must contain the vertex
u. Let (α, a2), (b1, b2) and (α, c2) be the other three vertices in the C4, so

α = αb1 + a2 + b2 = αb1 + b2 + c2.

Thus a2 = c2, which implies that the vertices (α, a2) and (α, c2) are iden-
tical, a contradiction. This completes the proof. 2

Combining the upper bound on rk(Kt, s) in the last chapter and what
in above theorem, we obtain the asymptotic formula of rk(C4) as follows.

Theorem 9.5 As k →∞, rk(C4) ∼ k2.

9.2 Exact Values of ex(n; C4)

We have obtained that ex(n;C4) ∼ n3/2/2. It is hopeless to find all exact
values of ex(n;C4) because of the difficulty of constructions for the lower
bounds and estimating for exact upper bounds. However, it is possible to
be lucky to find such values for some special values of n.

Recall the graph Gq constructed by Erdős and Rényi in last section that
has n = q2 + q + 1 vertices and q(q + 1)2/2 edges. Each vertex v of Gq has
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degree q or q + 1. There are exactly q + 1 vertices of degree q, and exactly
q2 vertices of degree q + 1.

The graph Gq and the upper bound obtained in last chapter give

1
4
(n− 1)(1 +

√
4n− 3) ≤ ex(n;C4) ≤ 1

4
n(1 +

√
4n− 3)

with n = q2 + q + 1. That is

1
2
q(q + 1)2 ≤ ex(n;C4) ≤ 1

2
(q2 + q + 1)(q + 1).

Erdős, Rényi and Sós (1966) proved that the second inequality is strict,
and Erdős (1966) conjectured that the first inequality is an equality. This
conjecture was confirmed by Füredi in 1996, who obtained a partial answer
for q = 2k in 1983.

Theorem 9.6 Let q > 13 be a prime power, and let n = q2 + q + 1, then

ex(n;C4) =
1
2
q(q + 1)2.

To avoid some burden with extra background for the proof, we only
introduce the proof of Füredi for the special case where q is a power of 2.

Lemma 9.7 Let q ≥ 2 be an even integer and let G be a C4−free graph of
order q2 + q + 1 with ∆(G) ≤ q + 1. Then any vertex of degree q + 1 is
adjacent to at least one vertex of degree of q or less. Consequently, G has
at least q + 1 vertices of degree q or less.

Proof. Let v ∈ V (G) be a vertex with deg(v) = q + 1. In the subgraph of
G induced by N(v), there is no vertex with degree two or more, thus

|E(N(v))| ≤
⌊

q + 1
2

⌋
=

q

2

since q is even. Noticing that any pair of vertices in N(v) have the unique
neighbor in common, namely {v}, and V (G) \ (N(v)∪ {v}) contains q2− 1
vertices, so we have

∑

x∈N(v)

deg(x) ≤ deg(v) + 2|E(N(v))|+ |V (G) \ (N(v) ∪ {v})|

≤ (q + 1) + q + (q2 − 1) = (q + 1)2 − 1.
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Thus there exists at least one vertex x ∈ N(v) with deg(x) ≤ q as claimed.
Set S = {x ∈ V (G) : deg(x) ≤ q}. Then any vertex x ∈ S can be a
neighbor of at most q vertices. From what has just proved, we get

⋃

x∈S

(N(x) ∪ {x}) = V (G),

thus (q + 1)|S| ≥ q2 + q + 1, which implies that |S| ≥ q + 1. 2

Lemma 9.8 Let G be a C4−free graph on q2 + q + 1 vertices with ∆(G) ≥
q + 2, where q is an even integer. Then e(G) ≤ q(q + 1)2/2.

Proof. Set
V = V (G) = {v1, v2, . . . , vn},

where n = q2 + q + 1, and deg(v1) = ∆ = ∆(G) ≥ q + 2. Since G contains
no C4, so

|N(vi) \N(v1)| ≥ |N(vi)| − 1 = deg(vi)− 1

for 2 ≤ i ≤ n. Then
(

n−∆
2

)
≥ ( number of pairs of V \N(v1))

≥
∑

2≤i≤n

(number of pairs of N(vi) ∩ (V \N(v1))

≥
∑

2≤i≤n

(
deg(vi)− 1

2

)
.

Suppose to the contrary, e(G) > q(q + 1)2/2. Since q(q + 1)2 is an integer
thus e(G) ≥ q(q + 1)2/2 + 1, that is, 2e(G) ≥ (n− 1)(q + 1) + 2. Using the
Jensen inequality, we have

(
n−∆

2

)
≥ (n− 1)

(∑
2≤i≤n(deg(vi)− 1)/(n− 1)

2

)

= (n− 1)
(

[2e(G)− (n− 1)−∆]/(n− 1)
2

)

≥ (n− 1)
(

[(n− 1)q + 2−∆]/(n− 1)
2

)
.

This yields

(n−1)(n−∆)(n−∆−1) ≥ [(n−1)q+2−∆][(n−1)(q−1)+2−∆]. (9.3)
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However, the fact ∆q > (q + 2)q − 1 = n + q − 2 for ∆ ≥ q + 2 implies

(n− 1)q + 2−∆ > (q + 1)(n−∆), (9.4)

and the fact ∆(q − 1) ≥ (q + 2)(q − 1) = n− 3 implies

(n− 1)(q − 1) + 2−∆ ≥ q(n−∆− 1). (9.5)

Multiplying the expressions on the left-hand sides and on the right-hand
sides, respectively, we have an inequality contradicting to (9.3). 2

Proof of Theorem 9.6 for case q = 2k. The graph Gq gives that
ex(n;C4) ≥ q(q + 1)2/2. On the other hand, if G is a C4−free graph of
order n = q2 + q + 1 with q a power of 2, by Lemma 9.8, we may assume
that ∆(G) ≤ q+1. By Lemma 9.7, there are at least q+1 vertices of degree
q or less. Hence

2e(G) ≤ (q + 1)n− (q + 1) = q(q + 1)2,

the desired equality follows immediately. 2

9.3 Constructions with Forbidden K2,s+1

The following construction is due to Füredi (1996), and Axenovich, Füredi
and Mubayi (2000), which gives a lower bound for rk(K2, s+1) hence that
for ex(n,K2, s+1). Recall the Siegel-Walfisz theorem in Chapter 2, which
ensures that abound 1/φ(s) primes have the form ks + 1 for k ≥ 0, where
φ(s) is the number of integers in {1, 2, . . . , s} that are prime with s.

Theorem 9.7 For any fixed integer s ≥ 1, rk(K2, s+1) ∼ s k2 as k →∞.

Proof. The upper bound is in the last Chapter. We need to show that

rk(K2, s+1) ≥ (1− o(1))s k2

as k → ∞. Let q be a prime power such that k = (q − 1)/s is an integer.
Set n = (q − 1)2/s = sk2. We will color all edges of Kn with slightly more
than k colors such that there is no monochromatic K2, s+1.

Let F = F (q) be the q−element finite field, and let h ∈ F be an element
of order s, and

H = {1, h, · · · , hs−1}.
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Denote the cosets of H by

H1,H2, · · · ,Hk,

which partition F ∗ = F \ {0}. We introduce an equivalence relation “ ≡ ”
in F ∗ × F ∗ as (a1, a2) ≡ (x1, x2) if (a1, a2) = ht(x1, x2) for some 0 ≤ t ≤
s− 1. It is easy to verify that the relation is an equivalence relation. The
equivalence class represented by (a1, a2) is denoted by 〈a1, a2〉. Let V be
the set of all equivalence classes and n = |V | = sk2. Consider the complete
graph Kn with vertex set V . Color the edge joining two vertices 〈a1, a2〉
and 〈x1, x2〉 with color i if a1x1 + a2x2 6= 0 and a1x1 + a2x2 ∈ Hi. Clearly
the definition for the coloring is compatible with the equivalence class, that
is to say, a1x1 + a2x2 ∈ Hi, (a1, a2) ≡ (b1, b2) and (x1, x2) ≡ (y1, y2) imply
b1y1 + b2y2 ∈ Hi. Note that the edges of form {〈a1, a2〉, 〈x1, x2〉} with
a1x1 + a2x2 = 0 are still uncolored.

Let Gi denote the graph induced by all edges in color i. We shall show
that Gi contains no K2, s+1. Let 〈a1, a2〉 and 〈b1, b2〉 be a pair of distinct
vertices. Consider the equation system

{
a1x1 + a2x2 = u
b1x1 + b2x2 = v.

(9.6)

We claim the system has at most one solution (x1, x2) for every u, v ∈ Hi.
Indeed, the solution is unique if the determinant of the system is not 0.
Otherwise, there exists λ ∈ F ∗ such that (b1, b2) = λ(a1, a2). If the system
(9.6) has solution (x1, x2), then λu = v hence λ = v/u ∈ H, contradicting
to the fact that (a1, a2) and (b1, b2) are not equivalent. Finally, there are s2

possibilities for u, v ∈ Hi in (9.6). The set of solutions form s equivalence
classes hence s vertices. So there are at most s vertices 〈x1, x2〉 joined
simultaneously to 〈a1, a2〉 and 〈b1, b2〉.

Now turn to the uncolored edges {〈a1, a2〉, 〈b1, b2〉} with a1b1+a2b2 = 0.
Let G0 be the graph induced by these edges. We are going to color the edges
of G0 by an additional O(

√
k) colors. Since the equation

a1x1 + a2x2 = 0

has q−1 solutions forming k = (q−1)/s equivalence classes hence k vertices,
thus vertex 〈a1, a2〉 of G0 has degree k if a2

1 + a2
2 6= 0 and degree k − 1 if

a2
1 + a2

2 = 0. Let {〈a1, a2〉, 〈b1, b2〉} be an edge of G0, then a1b1 + a2b2 = 0.
Set

V1 = {〈x1, x2〉 : a1x1 + a2x2 = 0}
and

V2 = {〈y1, y2〉 : b1y1 + b2y2 = 0}.
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Then 〈a1, a2〉 ∈ V2 and 〈b1, b2〉 ∈ V1, and |V1| = |V2| = k. For any 〈x1, x2〉 ∈
V1 and 〈y1, y2〉 ∈ V2, we have

x1y1 + x2y2 = x1y2

(
y1

y2
+

x2

x1

)

= x1y2

(
−b2

b1
− a1

a2

)

= −x1y2

a2b2
(a1b1 + a2b2)

= 0.

So V1 and V2 are completely connected in G0. If V1 ∩V2 = ∅, they induce a
complete bipartite graph Kk,k that is not connecting to any other vertex of
G0 since the maximum degree of G0 is k. If V1 ∩ V2 6= ∅, 〈z1, z2〉 ∈ V1 ∩ V2,
then we see that z2

1 + z2
2 = 0 and the degree of 〈z1, z2〉 in G0 is k− 1. Since

it is adjacent to all other vertices in V1 and V2, so V1 = V2 and it induces
a complete graph Kk. As any vertex in V1 = V2 has degree k − 1, so any
vertex in this complete graph is not connecting to any other vertex of G0.
Therefore, G0 is a union of Kk,k and Kk.

From Theorem 9.5, rk(C4) ∼ k2, we can color the edges of K2k with
at most (1 + o(1))

√
2k <

√
3k colors such that there is no monochromatic

C4 hence no monochromatic K2, s+1. Let pk be the kth prime such that
(pk − 1)/s is an integer, and let nk = (pk − 1)/s + b3

√
(pk − 1)/sc, then

by what has been proved, rnk
(K2, s+1) ≥ (1 − o(1))s n2

k. For any n with
nk ≤ n < nk+1, then n ∼ nk as n →∞, thus

rn(K2, s+1) ≥ rnk
(K2, s+1) ≥ (1− o(1))s n2

k = (1− o(1))s n2,

as desired. 2

By counting the edges in a single color, say, that in G1, we obtain the
asymptotic formula of ex(n;K2,s+1) as follows.

Corollary 9.1 For any fixed integer s ≥ 1,

ex(n;K2, s+1) ∼ 1
2
√

sn3/2

as n →∞.
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9.4 Orders of ex(n; C2m) for m = 2, 3, 5

In the last chapter, we proved that for m ≥ 2

ex(n;C2m) ≤ 10mn1+1/m.

This upper bound has the right order for m = 2. We shall prove that its
order is also right for m = 3 and m = 5.

Theorem 9.8 There exist some constant c = c(m) > 0 such that

ex(n;C2m) ≥ cn1+1/m

for m = 2, 3, 5.

The following constructions for the desired lower bounds is due to
Wenger (1991). The same lower bound for ex(n;C6) has obtained by Ben-
son (1966). Let p be a prime number. Construct a bipartite graph Hm(p)
as follows on vertex classes X and Y , where both X and Y are copies of
Fm(p). Thus |X| = |Y | = pm. For a vertex A ∈ X and a vertex B ∈ Y
with

A =




a1

a2

...
am


 and B =




b1

b2

...
bm


 ,

they are adjacent if

B =




b1

b2

...
bm−1

bm




=




a1

a2

...
am−1

0




+ bm




a2

a3

...
am

1




.

For every A ∈ X, the value bm uniquely determines a neighbor of A, so
each vertex in X has degree p. Hence Hm(p) has 2pm vertices and at least
pm+1 edges.

Remark The construction of Lazebnik and Woldar in Section 1 has
some similarity with the above construction for m = 2.
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Before giving some properties of Hm(p), let define generalized Vander-
monde matrix on F (p) as follows. For m ≥ k ≥ 2 and ai ∈ F (p), set

Mm = Mm(a1, a2, . . . , ak) =




1 1 · · · 1
a1 a2 · · · ak

· · · · · ·
am−1
1 am−1

2 · · · am−1
k




as an m × k matrix on F (p). Note that Mk is the commonly defined the
Vandermonde matrix and

det(Mk) = Π1≤i<j≤k(aj − ai).

So Mk is singular if and only if there are some i 6= j such that ai = aj .
However, we need a more specific property of the Vandermonde matrix.

Lemma 9.9 If p ≥ m ≥ k ≥ 2 and if the ith column of the Vandermonde
matrix Mm is a linear combination of the others, then there exists j 6= i
such that ai = aj.

Proof. Without loss of generality, we assume that the last column is a
linear combination of the other columns.

Case 1. a1, a2, . . . , ak−1 are pairwise distinct. Define a polynomial P (x)
of degree k − 1 as

P (x) = det(Mk(a1, . . . , ak−1, x)) = c(x− a1)(x− a2) · · · (x− ak−1),

where c = Π1≤i<j≤k−1(aj − ai) 6= 0. Since kth column is a combination of
the first k− 1 columns, so M(a1, . . . , ak−1, ak) is singular hence P (ak) = 0.
Thus there is some ai with 1 ≤ i ≤ k − 1 such that ak = ai as claimed.

Case 2. There exist ai and aj with 1 ≤ i 6= j ≤ k − 1 such that
ai = aj . Without loss of generality, we assume that ai and aj are the
unique pair which are equal. Thus we can find at least two a′j ∈ F (p) such
that a1, . . . , aj−1, a

′
j , aj+1, . . . , ak−1 are pairwise distinct. It is easy to see

that the last column in the following Vandermonde matrix

Mm(a1, . . . , aj−1, a
′
j , aj+1, . . . , ak)

is still a linear combination of the other columns. From that proved in Case
1, either ak = ai for some 1 ≤ i ≤ k − 1 or ak = a′j . The latter is not true
since there are different choices for a′j . 2

Lemma 9.10 Let p be a prime and m and k be integers with p ≥ m ≥
k ≥ 2. If Hm(p) contains a cycle C2k = (A1, B1, A2, B2, · · · , Ak, Bk) with
Ai ∈ X and Bi ∈ Y , then for each Bi, there exists a Bj with j 6= i such
that bi m = bj m, where bi m and bj m are the mth (last) coordinates of Bi

and Bj, respectively.
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Proof. Let A,B and A′ be three consecutive vertices in the cycle C2k with
B ∈ Y . By the definition of adjacency we have




a1 − a′1
...

am−1 − a′m−1

0


 = −bm




a2 − a′2
...

am − a′m
0


 ,

which gives ai − a′i = −bm(ai+1 − a′i+1) = (−bm)m−i(am − a′m) hence



a1 − a′1
a2 − a′2

...
am−1 − a′m−1

am − a′m




= (am − a′m)




(−bm)m−1

(−bm)m−2

...
−bm

1




.

Clearly am 6= a′m since otherwise A and A′ are the same vertex. By taking
A,B and A′ as Ai, Bi and Ai+1, respectively, and by writing xi = ai m −
ai+1 m, and ci = −bi m, we obtain

Ai −Ai+1 = xi




cm−1
i

cm−2
i
...
ci

1




,

and xi 6= 0. From the trivial fact that
∑k

i=1(Ai − Ai+1) is a zero vector,
where Ak+1 is A1, we have




cm−1
1 cm−1

2 · · · cm−1
k

cm−2
1 cm−2

2 · · · cm−2
k

· · · · · ·
c1 c2 · · · ck

1 1 · · · 1







x1

x2

...
xk


 =




0
0
...
0


 .

Note that the left-hand side matrix is a Vandermonde matrix, and the ith
column is a linear combination of the others since xi 6= 0. Thus ci = cj

hence bi m = bj m for some j 6= i by Lemma 9.9. 2

Lemma 9.11 If two distinct vertices in the same vertex class of Hm(p)
have a neighbor in common, then they have different mth (last) coordinates.
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Proof. If two distinct vertices A,A′ ∈ X have a neighbor B ∈ Y in
common, the proof of the Lemma 9.10 gives the assertion. If two distinct
vertices B,B′ ∈ Y have a common neighbor A ∈ X, then the assertion
can be seen easily by the definition of adjacency, since otherwise B and B′

would be the same vertex in Y of Hm(p). 2

Corollary 9.2 Let p ≥ m be a prime number. Then Hm(p) contains no
C4 for m ≥ 2, and Hm(p) contains neither C4, nor C6 for m ≥ 3; and
Hm(p) contains neither C4, nor C6, nor C10 for m ≥ 5.

Proof. Suppose m ≥ 2. If Hm(p) contains a cycle C4 = (A1, B1, A2, B2)
with Ai ∈ X and Bi ∈ Y . By Lemma 9.10, b1 2 = b2 2. However, both B1

and B2 are adjacent to A1, which contradicts to Lemma 9.11.
Suppose m ≥ 3. If Hm(p) contains a cycle C6 = (A1, B1, A2, B2, A3, B3)

with Ai ∈ X and Bi ∈ Y . By Lemma 9.10, b1 3 = b2 3 or b1 3 = b3 3.
However, B1 and B2 have a neighbor A2 in common, and B1 and B3 have
a neighbor A1 in common, which contradict to Lemma 9.11.

Suppose m ≥ 5. If Hm(p) contains a cycle C10 = (A1, B1, · · · , A5, B5)
with Ai ∈ X and Bi ∈ Y . By Lemma 9.10, there exist three distinct
vertices Bi, Bj and Bk such that bi 5 = bj 5 = bk 5. Two of these vertices
must be consecutive in the cyclic sequence B1, B2, . . . , B5, B1, so they have
a neighbor in common, which contradicts to Lemma 9.11. 2

Proof of Theorem 9.8. Note that Hm(p) has n = 2pm vertices and
(1− o(1))p1+1/m = (1− o(1))(n/2)1+1/m edges. The proof of Theorem 9.8
is then immediate from the above corollary and a result in last section on
the gaps of consecutive prime numbers. 2

It is not difficult to find that H4(p) contains C8, and H6(p) contains C12.
However, We believe the answer of the following problem is affirmative.

Problem 9.1 Prove or disprove that ex(n;C2m) = Θ(n1+1/m) as m ≥ 2
fixed and n →∞.

9.5 Constructions with Forbidden K3,3

We now turn to discuss ex(n;K3, 3) and rk(K3, 3). The following construc-
tion is due to Brown (1966).
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Let p be an odd prime, and let α ∈ F ∗(p) = F (p) \ {0} be a fixed
quadratic non-residue if p = 1 (mod 4), and a quadratic residue if p = 3
(mod 4) in F (p). Set V = F 3(p). We shall call x, a ∈ V as points or vectors
and write them as x = (x1, x2, x3) and a = (a1, a2, a3). For x ∈ V , define

N(x) = {y ∈ V :
3∑

i=1

(xi − yi)2 = α}.

Note that y ∈ N(x) if and only if x ∈ N(y). We construct a graph G on
vertex set V by connecting a pair of vectors x and y if and only if y ∈ N(x).
The degree of each vertex x is p2−p by admitting without proof a theorem
of Lebesgue that N(x) contains p2− p vertices. So the order of G is p3 and
the number of edges of G is (p5 − p4)/2.

We shall prove that G contains no K3,3. Suppose to the contrary, G
contain a K3,3 with bipartition a, a′, a′′ and b, b′, b′′. Thus w = b, b′, b′′ are
three solutions of the equations

3∑

i=1

(ai − wi)2 =
3∑

i=1

(a′i − wi)2 =
3∑

i=1

(a′′i − wi)2 = α,

which yields




2(a1 − a′1)w1 +2(a2 − a′2)w2 +2(a3 − a′3)w3 =
∑

(a2
i − a′2i )

2(a′1 − a′′1)w1 +2(a′2 − a′′2)w2 +2(a′3 − a′′3)w3 =
∑

(a′2i − a′′2i )
2(a′′1 − a1)w1 +2(a′′2 − a2)w2 +2(a′′3 − a3)w3 =

∑
(a′′2i − a2

i )

Set a matrix A as

A =




a1 − a′1 a2 − a′2 a3 − a′3
a′1 − a′′1 a′2 − a′′2 a′3 − a′′3
a′′1 − a1 a′′2 − a2 a′′3 − a3


 =




a− a′

a′ − a′′

a′′ − a


 ,

then we have

2A




w1

w2

w3


 =




∑
(a2

i − a′2i )∑
(a′2i − a′′2i )∑
(a′′2i − a2

i )


 . (9.7)

Clearly, the rank of the matrix A is one or two.
For fixed vectors c, d ∈ V = F 3(p) with d is not a zero vector, we shall

call the set of points
{c + td : t ∈ F (p)}

as a line of V . In particular, when c is a zero vector, the line passes through
the origin.
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Lemma 9.12 Let S be a subset of V with at least two points. Then the
points in S are collinear if and only if there is some c ∈ V , such that the
rank of {x− c : x ∈ S} is one; that is to say, {x− c : x ∈ S} are collinear
passing through the origin.

Claim 1 If the rank of A is one, then vectors a, a′, a′′ are collinear, and
if the rank of A is two, then b, b′, b′′ are collinear.

If fact, if the rank of A is one,

rank




a− a′

a′ − a′′

a′′ − a


 = rank




a− a′

a′ − a′′

0


 = rank




a− a′′

a′ − a′′

0


 = 1.

So the points a, a′, a′′ are collinear from Lemma 9.12 (with c = a′′). Suppose
that the rank of A is two, and suppose that c is a solution of equation (9.7).
Then b− c, b′ − c, b′′ − c are solutions of equation 2Aw = 0, thus the rank
of them must be one since the rank of 2A is two. So b, b′, b′′ are collinear
from the lemma 9.12.

The fact that G contains no K3, 3 will follows the following claim.

Claim 2 No three points in N(x + c) are collinear for any x, c ∈ V .
In fact, if a line {c+ td : t ∈ F (p)} meets N(x+ c) at least three points,

then the line {td : t ∈ F (p)} meets N(x) at least three points. Thus

3∑

i=1

(xi − tdi)2 = α,

which yields a quadratic equation in t as
(∑

d2
i

)
t2 − 2

(∑
dixi

)
t +

∑
x2

i = α.

This equation has three solutions in t only if
∑

d2
i = 0,

∑
dixi = 0,

∑
x2

i = α.

Since d 6= (0, 0, 0), we assume that d1 6= 0 without loss of generality. Then

d2
1α = d2

1

∑
x2

i

= (−d2x2 − d3x3)2 + d2
1(x

2
2 + x2

3)
= (d2x2 + d3x3)2 − (d2

2 + d2
3)(x

2
2 + x2

3)
= −(d3x2 − d2x3)2.
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This contradicts the choice of α since −1 is a quadratic residue as p = 1
(mod 4), and a quadratic non-residue otherwise.

Brown did not known that his construction is in fact asymptotically
sharp when the paper appeared in 1966. Combining his construction and
Füredi’s upper bound in 1996 proved in the last chapter, we have an asymp-
totic formula of ex(n;K3, 3).

Theorem 9.9 As n →∞, ex(n;K3, 3) ∼ 1
2n5/3.

However, Brown’s construction cannot give a good lower bound for
rk(K3, 3). The following construction is due to Kollár, Rónyai and Szabó
(1996), and Alon, Rónyai and Szabó (1999), which yields both asymptotic
formulas of ex(n;K3, 3) and rk(K3, 3).

Let q be a prime power. For any X ∈ F (q2), set N(X) = X1+q. Note
that the roots of the polynomial xq − x are precisely the elements of F (q).
Since Xq2

= X for X ∈ F (q2) and

N(X)q = (X1+q)q = XqXq2
= XqX = N(X),

we infer that N(X) ∈ F (q) for any X ∈ F (q2). Clearly, N is a multiplicative
function: if A,B ∈ F (q2), then N(AB) = N(A)N(B). We then define a
graph H as follows. The vertex set V (H) is F (q2) × F ∗(q). Two distinct
vertices (A, a) and (B, b) in V (H) are connected if and only if N(A+B) =
ab. The order of H is q3 − q2. If (A, a) and (B, b) are adjacent, then
(A, a) and B 6= −A determine b. Thus a vertex (A, a) has degree q2 − 1 if
N(2A) 6= a2, and degree q2 − 2 otherwise.

Lemma 9.13 The graph does not contain K3, 3 as a subgraph.

Proof. The lemma is a direct consequence of the following statement: if
(D1, d1), (D2, d2), (D3, d3) are distinct vertices in V (H), then the system
of equations 




N(X + D1) = xd1,
N(X + D2) = xd2,
N(X + D3) = xd3

(9.8)

has at most two solutions (X, x) ∈ F (q2)× F ∗(q).
If the system (9.8) has one solution (X, x), then

• X 6= −Di for any i = 1, 2, 3,

• Di 6= Dj for i 6= j.
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The former is true, because xdi 6= 0; and so is the latter since if Di = Dj ,
then di = dj hence (Di, di) = (Dj , dj). From the system (9.8) and the
property that N is multiplicative, we have





N
(

X+D1
X+D3

)
= d1

d3
,

N
(

X+D2
X+D3

)
= d2

d3
,

which yields




N
(

X+D1
(X+D3)(D1−D3)

)
= d1

d3N(D1−D3)
,

N
(

X+D2
(X+D3)(D2−D3)

)
= d2

d3N(D2−D3)
.

Denote by bi for di/(d3N(Di−D3)), Ai for 1/(Di−D3), and Y for 1/(X +
D3), then {

N(Y + A1) = b1,
N(Y + A2) = b2.

Note that (A + B)q = Aq + Bq, so N(Y + Ai) = (Y + Ai)(Y q + Aq
i ) hence

{
(Y + A1)(Y q + Aq

1) = b1,
(Y + A2)(Y q + Aq

2) = b2.
(9.9)

We now refer unknown Y and Ai and bi as elements of F (q2). Consider
the system of equations

{
(x1 − a11)(x2 − a12) = b1,
(x1 − a21)(x2 − a22) = b2

(9.10)

with a11 6= a21 and a12 6= a22, where aij , bi ∈ F (q2). We claim that the
system has at most two solutions (x1, x2) ∈ F 2(q2). In fact, from the
system we get

(a11 − a21)x2 + (a12 − a22)x1 + a21a22 − a11a12 = b2 − b1.

By expressing x1 in terms of x2 and substituting it into one equation in
system (9.10), we obtain a quadratic equation in x2 with a nonzero leading
coefficient. This has at most two solutions in x2 and each determines a
unique x1. The claim follows.

Setting x1 = Y , x2 = Y q, we see the system (9.9) has at most two solu-
tions in unknown Y . These solutions are corresponding with the solutions
(X, x) of system (9.8), so the proof is finished. 2

It is just one more step to obtain an asymptotic formula of rk(K3, 3).
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Theorem 9.10 As k →∞,

rk(K3, 3) ∼ k3.

Proof. The upper bound rk(K3, 3) ≤ (1+o(1))k3 comes from last chapter.
For a lower bound, let q be a prime power. For a complete graph on vertex
set V = F (q2)×F ∗(q), color the edge connecting (A, a) and (B, b) by color
N(A + B)/ab if A + B 6= 0. It can be verified as the proof for Lemma 9.13
that there is no monochromatic K3, 3 in edges that have been colored. The
uncolored edges form (q2−1)/2 pairwise disjoint complete bipartite graphs.
In fact, for any fixed A ∈ F (q2),

V1 = {(A, x) : x ∈ F ∗(q)} and V2 = {(−A, y) : y ∈ F ∗(q)}

form such a complete bipartite graph on 2(q − 1) vertices for A 6= 0 or
a complete graph on q − 1 vertices for A = 0. Using the same technique
recursively, we can color the edges of each such bipartite graph (in fact
the complete graph the same vertex set) with at most (1 + o(1))(2q)1/3

additional colors. Since the uncolored copies of graph are pairwise disjoint,
we can use the same set of new colors for each of them. The total number
of colors is q + o(q), implying the required lower bound, in view of known
results about the density of primes, mentioned in Chapter 2. 2

The above construction can be generalized as follows. Let V (H) =
F (qt−1) × F ∗(q) for t ≥ 3. Two distinct vertices (A, a) and (B, b) are
adjacent if and only if N(A + B) = ab, where

N(X) = X1+q+···+qt−2
.

In this way, the same authors obtained that for any fixed t ≥ 3 and s ≥
(t− 1)! + 1, the order of ex(n;Kt,s) is n1−1/t, and the order of rk(Kt,s) is
kt. In particular, for s ≥ t = 3, the generalization yields

(1− o(1))
1
2

(
s− 1

2

)1/3

n5/3 ≤ ex(n;K3,s)

≤ (1 + o(1))
1
2
(s− 2)1/3n5/3,

and
(1− o(1))

s− 1
2

k3 ≤ rk(K3,s) ≤ (1 + o(1))(s− 2)k3.

A natural problem is as follows.
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Problem 9.2 Determine the orders of ex(n;Kt, t) and rk(Kt, t) for fixed
t. Is the former n2−1/t? Is the latter kt?

Another problem is related to the constructions in this chapter.

Problem 9.3 Estimate the upper bounds of the independence numbers of
the graphs constructed in this chapter. How far away are they from the
lower bounds given by the main theorem in Chapter 3?

9.6 Friendship Theorem

We now prove Friendship Theorem that we have used. The theorem states
that if in a group of people any pair of persons have precisely one common
friend, then there is always a person (the “politician”) who is everyone’s
friend.

Theorem 9.11 Let G be a graph of order n in which any two vertices have
precisely one common neighbor. Then there n = 2m + 1 for some integer
m and G = K1 + mK2 is a fan.

Proof. If n ≤ 3, then G is K1 or K3, so we assume that n ≥ 4. It suffices
to show that G has a vertex adjacent to all other vertices. Suppose to the
contrary that the assertion is false and G is a counterexample. To arrive
at a contradiction, we separate the proof into several parts.

Claim 1. The graph G contains no C4 as a subgraph.

This is clear since otherwise a pair of vertices in a C4 have two common
neighbors.

Claim 2. The graph G is k−regular with k ≥ 3.

We first show that any two non-adjacent vertices have the same degree.
Let u and v be a pair of non-adjacent vertices of G with d(u) = k. Clearly
k ≥ 2 since any vertex must be a vertex of a triangle. Suppose N(u) =
{w1, w2, . . . , wk}. Exactly one of wi, say w2, is the common neighbor of u
and v. The vertices u and w2 have the unique common neighbor, say w1.
By Claim 1, w1 and v are not adjacent, and neither w1 nor w2 is adjacent
to any vertex in {w3, . . . , wk}. However, for i ≥ 2, v and wi have a common
neighbor, say zi 6∈ {w1, w2, . . . , wk}. By Claim 1 again, all z2, . . . , zk are
distinct so d(v) ≥ k = d(u) since N(v) ⊇ {w2, z2, . . . , zk}. Furthermore
d(u) ≥ d(v) by symmetry hence d(u) = d(v) = k.
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If k = 2, then d(u) = d(v) = d(w1) = d(z2) = 2 and V (G) =
{u, v, w1, w2, z2}, with w2 is adjacent to any other vertices, which is not
the case. Thus k ≥ 3. To finish the proof of Claim 2, we need to show
that any pair of adjacent vertices have the same degree. It suffices to show
that d(w1) = d(w2) = k. Since wi and v are not adjacent with i = 1, 3, so
d(wi) = d(v) = k by what just proved. Also, w2 and w3 are not adjacent,
so d(w2) = d(w3) = k. This proves Claim 2.

Claim 3. The order n of G satisfies that n = k2 − k + 1.

Observing that in the sum
∑

wi∈N(u) d(wi) = k2, each vertex x other
than u is counted exactly once since x and u have precisely one common
neighbor, and u is counted k times. This proves Claim 3.

To derive a contradiction needed, we consider the adjacency matrix
A = (dij) of G. By Claim 1 and Claim 2, any row of A has exactly k 1′s,
and any two rows have exactly one common coordinate, so

A2 =




k 1 · · · 1 1
1 k · · · 1 1
...

...
1 1 · · · 1 k


 = (k − 1)I + J,

where I is the identity matrix and J is the matrix of all 1′s. It is easy to
see J has the eigenvalues n (of multiplicity 1) and 0 (of multiplicity n− 1).
This follows by that A2 has the eigenvalues k − 1 + n = k2 (of multiplicity
1) and k − 1 (of multiplicity n− 1).

Since A is a real symmetric and hence diagonalizable into



λ1

λ2

. . .
λn


 ,

where λ1, . . . , λn are eigenvalues of A. This implies that A2 is diagonalizable
into 



λ2
1

λ2
2

. . .
λ2

n


 ,

implying that λ2
1 = k2 and λ2

2 = . . . = λ2
n = k− 1, in which the eigenvalues

may be relabeled. So λ1 = ±k, and λi = ±√k − 1 for i = 2, . . . , n. More
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precisely speaking, λ1 = k as k is an eigenvalue of A since AL = kL with
L = (1, 1, . . . , 1)T . Let s and t be the numbers of eigenvalues of A equal
to
√

k − 1 and −√k − 1, respectively. Then s + t = n − 1. Denote by
tr(A) =

∑n
i=1 aii for the trace of A, which is zero, then

λ1 + λ2 + · · ·+ λn = tr(A) = 0.

Thus
k + s

√
k − 1− t

√
k − 1 = 0,

which implies s 6= t and
√

k − 1 = k/(t− s) is rational, so it is an integer.
Write h =

√
k − 1, then

h(t− s) = k = h2 + 1.

So h divides h2 + 1, hence h = 1 so k = 2, contradicting to Claim 2. This
completes the proof. 2

Exercises

9.1 Using the constructions in the proofs of Theorem 9.4 and Theorem
9.7, respectively, give lower bounds of ex(n;C4) for infinite many n.

9.2 Give a lower bound and an upper bound for r(K3,3,K1,n).

9.3 Prove rk(K3,s) ≥ (1/2− o(1))(s− 1)k3 for fixed s ≥ 3.
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Chapter 10

Constructions from
Hypergraphs

10.1 Oddtowm-Theorem

To illustrate the methods, we introduce some algebraic constructions for
two-coloring Ramsey numbers r(m,n). We select these topics from a planned
book by Babai and Frankl: Linear Algebra Methods in Combinatorics with
Applications to Geometry and Computer Science, re-originated in Lecture
Notes by Gyárfas. These results on Ramsey numbers are much weaker than
that obtained from probabilistic methods. We still do so with two reasons.
The first reason is that these methods are developing gradually and they
are promising. The second is that some constructions may be good enough
but we cannot estimate their parameters currently. For example, the graph
Gq of order n = q2 +q+1 constructed by Erdős and Rényi that contains no
C4, which is discussed in last chapter, may have given a better lower bound
of r(C4,Kn) than c(n/ log n)3/2 by probabilistic method, but we cannot
estimate its independence number α(Gq) with a good upper bound. The
current best upper bound duo to Alon (1986) is α(Gq) ≤ cq3/2 ∼ cn3/4

hence the constructive lower bound of r(C4,Kn) is Ω(n4/3) from Gq. The
best lower bound of α(Gq) is (1−o(1))q log q, which is perhaps much closer
to the truth.

Recall a hypergraph H on vertex set V 6= ∅ is a pair (V, E), where the
edge set E is a family of subsets of V . All hypergraphs are simple in this
book, that is to say, any pair of edges are distinct as subsets of V (no
multiedges). We assume that e 6= ∅ for all e ∈ E . Let V (r) be the set of
all r−subsets of V . If E ⊆ V (r), then the hypergraph is called r−uniform.

189
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Most of selected proofs use the following simple fact: if x1, x2, . . . , xm are
linearly independent in a linear space, then m is at most the dimension of
the space.

In the following result, the vertex set consists of all residents in a town,
named Oddtown, and edge set consists of all clubs in the town. The citizens
form these clubs by some rules, from which the name of the town came.
These rules are a bit odd.

Theorem 10.1 (Oddtown-theorem) Assume a hypergraph H = (V, E)
has the following properties:

1. |e| is odd for all e ∈ E;
2. |e ∩ f | is even for all e, f ∈ E with e 6= f .

Then |E| ≤ |V |.
Proof. Assume |V | = n and E = {e1, e2, . . . , em}. View ei as a 0−1 vector,
namely as a row vector with n components,

ei = (ei1, ei2, · · · , ein),

where

eij =
{

1 if vj ∈ ei,
0 if vj 6∈ ei.

Then all these row vectors form an m×n matrix M , which is the incidence
matrix of H. Since all ei are elements of the linear space of n−component
vectors over the field F2 = {0, 1}, the inner product in the space for x =
(x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) is

x · y = x1y1 + x2y2 + · · ·+ xnyn.

Then the two conditions can be nicely expressed by

ei · ej =
{

1 if i = j,
0 if i 6= j.

Claim. e1, e2, . . . , em are linear independent.
The proof of the claim is simple. Assume

λ1e1 + λ2e2 + · · ·+ λmem = 0,

where λi ∈ F2 for 1 ≤ i ≤ m. Multiplying both sides of the above equation
by ei yields λi = 0 and the claim is proved.

Thus the conclusion m ≤ n follows from the claim immediately. 2
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Theorem 10.2 (Fisher Inequality,1940) Assume H = (V, E) is a hy-
pergraph for which there is a constant λ ≥ 0 such that any pair of distinct
edges e and f satisfy |e ∩ f | = λ. Then

|E| ≤ |V |.

Proof. Let |V | = n and E = {e1, e2, . . . , em}. There are several cases to
consider.

Case 1. λ = 0. It is trivial to see m ≤ n.
Case 2. λ ≥ 1 and there is an edge, say em, with |em| = λ. Then em ⊆ ei

and ei∩ej = em for any i 6= j. Set e′i = ei\em, then E ′ = {e′1, e′2, . . . , e′m−1}
is an edge set and the hypergraph H′ = (V \ em, E ′) satisfies the condition
in case 1. Thus m− 1 ≤ n− λ thus m ≤ n.

Case 3. λ ≥ 1 and any edge contains at least λ + 1 vertices. As in the
proof of Oddtown-theorem, ei is viewed as a row vector of the incidence
matrix of H. But now we consider ei as an element of the linear space
of n−component vectors over R (real numbers). In this space, the inner
product will be

ei · ej =
{

λ + µi if i = j
λ if i 6= j,

where µi = |ei| − λ ≥ 1 is an integer.
Claim. e1, e2, . . . , em are linearly independent.
The proof is as follows. Assume

α1e1 + α2e2 + · · ·+ αmem = 0,

where αi are real numbers. Taking the inner product of both sides by ei,
we have

λ(α1 + α2 + · · ·+ αm) + αiµi = 0.

Setting β =
∑m

j=1 αj , thus λβ + αiµi = 0, which yields

αi = − λ

µi
β.

Summing the both sides of the above equation over 1 ≤ i ≤ m, we get

β = −λ




m∑

j=1

1
µj


 β,

implying that β = 0 since otherwise the signs of both sides would be dif-
ferent. Therefore α1 = α2 = · · · = αm = 0 and the claim is proved. Then
the desired inequality m ≤ n follows from the claim immediately. 2
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The following is a constructive lower bound of diagonal Ramsey num-
bers r2(n) due to Zs. Nagy (1972), which is much weaker that given by
probabilistic method as mentioned. In proof we shall write K

(r)
n for com-

plete r−uniform hypergarph that has n vertices and all r−uniform edges.
Thus the number of edges of K

(r)
n is

(
n
r

)
. We write K

(2)
n for Kn as usual.

Corollary 10.1 Let n ≥ 4 be an integer. Then r2(n) >
(
n−1

3

)
.

Proof. Associate each vertex of complete graph K(n−1
3 ) with an edge of

K
(3)
n−1. Color an edge xy of K(n−1

3 ) with red if the corresponding edges

(triples) of K
(3)
n−1 interest in one element, otherwise (they interest in zero or

two elements) color xy with blue. The Fisher inequality implies that there
is no red Kn, and the Oddtown-theorem implies that there is no blue Kn,
as required. 2

In the next section, we shall try to obtain a super-polynomial lower
bound for r2(n).

10.2 Cross Intersecting Hypergraphs

In the proofs of theorems in last section, the linear spaces were spaces
of vectors. For some cases the linear spaces are spaces of functions. For
example, the set of functions Ω → F , where Ω is an arbitrary set and F
is a field, forms such a space. The dimension of the space is |Ω|. Another
example is that consisting of all homogeneous polynomials of degree k in n
variables over a field. The dimension of this space is

(
n+k−1

k

)
. Specifically,

if n = k = 3,

xyz, xy2, xz2, x2y, x2z, x3, yz2, y2z, y3, z3

form a basis, which consists of 10 polynomials of degree 3.
To check the linear independence in spaces of functions, we may need

the following propositions.

Proposition 10.1 (Diagonal Criterion) For 1 ≤ i ≤ m, let fi : Ω → F
be functions and let ai ∈ Ω be elements such that

fi(aj)
{ 6= 0 if i = j

= 0 if i 6= j.

Then f1, f2, . . . , fm are linearly independent.
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Proposition 10.2 (Triangular Criterion) For 1 ≤ i ≤ m, let fi : Ω →
F be functions and let ai ∈ Ω be elements such that

fi(aj)
{ 6= 0 if i = j

= 0 if i < j.

Then f1, f2, . . . , fm are linearly independent.

An s−uniform hypergraph (V, E) and a t−uniform hypergarph (V,F)
are called cross-interesting if the numbers of their edges are same with
E = {e1, e2, . . . , em} and F = {f1, f2, . . . , fm}, and they satisfy ei ∩ fj = ∅
if and only if i = j.

Theorem 10.3 (Bollobás, 1965) If a hypergraph (V, E) is s−uniform and
(V,F) is t−uniform, and they are cross-interesting, then

m ≤
(

s + t

s

)
,

where m is the common value of the numbers of edges.

An s−uniform hypergraph (V, E) and a t−uniform hypergarph (V,F)
are called skew cross-interesting if the numbers of their edges are same with
E = {e1, e2, . . . , em} and F = {f1, f2, . . . , fm}, and they satisfy ei ∩ fi = ∅
for i = 1, 2 . . . ,m, and ei ∩ fj 6= ∅ for 1 ≤ i < j ≤ m.

The next result generalizes the Bollobás theorem, and the proof is due
to Lovász (1977).

Theorem 10.4 If (V, E) is s−uniform, and (V,F) is t−uniform, and they
are skew cross-interesting, then

m ≤
(

s + t

s

)
,

where m is the common value of the numbers of edges.

Proof. Associate each vertex v ∈ V with a vector in Rs+1 as

Y (v) = (y0(v), y1(v), · · · , ys(v)) ∈ Rs+1

so that the set of vectors so obtained will be in general position, namely,
any s of them will be linearly independent.

Define a polynomial gi in s + 1 variables x0, x1, · · · , xs as

gi(X) = Πv∈fi
(X · Y (v))

= Πv∈fi
(x0y0(v) + x1y1(v) + · · ·+ xsys(v)).
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Then gi(X) is a homogeneous polynomial of degree t since |fi| = t for
i = 1, 2, . . . , m, and gi(X) = 0 if and only if there is some v ∈ fi such that
Y (v) ⊥ X.

The vectors corresponding to the vertices in ej generate a subspace of
dimension s since |ej | = s. Denote by Aj for this space and let aj be a
nonzero vector orthogonal to this subspace. From the fact that the vectors
Y (v) are in the general position, the subspace Aj contains Y (v) if and only
if v ∈ ej . This means

gi(aj)
{ 6= 0 if i = j

= 0 if i < j,

from skew interesting condition, implying (by Triangular Criterion) that gi

are linearly independent. Therefore the number m of the functions gi is at
most the dimension of the space of homogenous polynomials of degree t in
s + 1 variables, so

m ≤
(

s + 1 + t− 1
t

)
=

(
s + t

t

)
=

(
s + t

s

)
,

completing the proof. 2

For a set L of integers and integers r, t, we shall write

t ∈ L (mod r)

if t = ` (mod r) for some ` ∈ L. The negation of this statement will be
written as t 6∈ L (mod r).

The following result is nonuniform modular version of a theorem of Ray-
Chaudhuri and Wilson (1969), which is due to Deza, Frankl and Singhi
(1983).

Theorem 10.5 Let p be a prime and let L be a set of integers. Assume
that (V, E) is a hypergraph with |V | = n and E = {e1, e2, . . . , em} satisfying

|ei| 6∈ L (mod p) for 1 ≤ i ≤ m

|ei ∩ ej | ∈ L (mod p) for 1 ≤ i 6= j ≤ m.

Then

m ≤
(

n

0

)
+

(
n

1

)
+ · · ·+

(
n

|L|
)

=
|L|∑

i=0

(
n

i

)
.
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Proof. The proof is due to Alon, Babai, Suzuki (1991). Define a polyno-
mial

F (x, y) = Π`∈L(x · y − `)

in 2n variables: x, y ∈ Fn
p , which are n−component vectors with coordi-

nates from the p−element field Fp, where x · y =
∑n

i=1 xiyi is the inner
product in Fn

p . Set fi : Fn
p → Fp as

fi(x) = F (x, vi)

for vi ∈ Fn
p , which is the incidence vector of ei (1 ≤ i ≤ m). The condition

of the theorem ensures

fi(vj)
{ 6= 0 if i = j

= 0 if i 6= j.

These equations remains true if the domain of fi is restricted to Ω =
{0, 1}n ⊆ Fn

p . In Ω, x2
i = xi for each variable thus every polynomial

fi : Ω → Fp is multilinear. This shows that the restricted f1, f2, . . . , fm

are linearly independent from the diagonal criterion. The degree of such
a polynomial is at most |L|. The dimension of the space consisting of all
multilinear polynomials is

(
n

0

)
+

(
n

1

)
+ · · ·+

(
n

|L|
)

=
|L|∑

i=0

(
n

i

)
,

which is an upper bound of m. 2

Remark. If L = {0} and p = 2, the above theorem implies that the
number of clubs in Oddtown is at most 1 + n, slightly weaker than that
from Oddtown-theorem.

Corollary 10.2 Let L be a set of integers and let (V, E) be a uniform
hypergraph with |V | = n and E = {e1, e2, . . . , em} such that

|ei ∩ ej | ∈ L for all 1 ≤ i 6= j ≤ m.

Then

m ≤
(

n

0

)
+

(
n

1

)
+ · · ·+

(
n

|L|
)

=
|L|∑

i=0

(
n

i

)
.

Proof. Assume that the hypergraph if r−uniform. Select a prime p > k
and set L′ = L \ {k} if k ∈ L and L′ = L otherwise. Then the Theorem
10.5 can be applied. 2
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Let V (r) be the set of all r−subsets of V . Then a hypergraphH = (V, E)
is r−uniform if and only if E ⊆ V (r), denoted by H ⊆ K

(r)
n in short,

where n = |V |. Note that complete (2p− 1)−uniform hypergraph K
(2p−1)
4p−1

has about 24p−1 edges. The following result says that forbidding a single
interesting size, the number of edges must decrease significantly.

Corollary 10.3 (Omitted Intersection Theorem) Let p be a prime and
let H ⊆ K

(2p−1)
4p−1 such that no two edges of H interest in exactly p− 1 ele-

ments. Then the number of edges of H is at most

2
(

4p− 1
p− 1

)
< 1.75484p−1.

Proof. Set L = {0, 1, . . . , p−2}. The H satisfies the conditions of Theorem
10.5 giving

|E| ≤
p−1∑

i=0

(
4p− 1

i

)
≤ 2

(
4p− 1
p− 1

)
< (1.7548)4p−1,

where the second inequality is an exercise and the last follows from Stirling
formula. 2

We now have a constructive super-polynomial lower bound for diagonal
Ramsey number.

Let p be a prime and let n > 2p2. Define a complete graph of order(
n

p2−1

)
whose vertex set is V (p2−1), where V is an n−set. Color an edge ef

of the graph red if |e∩f | 6= p−1 (mod p), where e, f ∈ V (p2−1) are subsets,
otherwise color it blue. Assume that Km is a monochromatic red clique.
Setting L = {0, 1, . . . , p−2}, the Corollary 10.2 gives m ≤ 2

(
n

p−1

)
. If Km is

a monochromatic blue clique. Setting L = {p−1, 2p−1, . . . , p2−p−1}, the
nonuniform modular version of Ray-Chaudhuri and Wilson theorem gives

m ≤
(

n

p− 1

)
+

(
n

p− 2

)
+ · · ·+

(
n

0

)
≤ 2

(
n

p− 1

)
.

For case p = 3, this construction is exactly that in Corollary 10.1. Let
k = 2

(
n

p−1

)
+ 1, then

(
n

p2−1

)
> ckp+1 for all large n, where c is a constant

depending only on p. This gives r2(k) > ckp+1. Basing on the above con-
struction, Frankl (1977) and Frankl-Wilson (1981) obtained the following
super-polynomial lower bound for r2(k).

Theorem 10.6 Let ω(k) = log k/(4 log log k). For any ε > 0, if k is suffi-
ciently large, then

r2(k) > k(1−ε)ω(k).
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Proof. Let us select p and n appropriately. Let n = p3 and let p be the
largest prime such that

(
p3

p−1

)
< k. So there are no monochromatic Kk.

For any ε > 0 and large enough k, using the Prime Number Theorem and
elementary estimate of

(
p3

p−1

)
, we have

(1− ε) log k

2 log log k
≤ p ≤ (1 + ε) log k

2 log log k
.

Easy calculation confirms that number of vertices of the complete graph
satisfies (

p3

p2 − 1

)
≥ k(1−ε)ω(k)

as desired. 2

Using Omitted Intersection Theorem, one can construct a graph Gp for
a prime p by associating its vertices with edges of K

(2p−1)
4p−1 , in which two

of vertices are adjacent if and only if the corresponding edges of K
(2p−1)
4p−1

intersect in exactly p−1 vertices. The above corollary gives an upper bound
for independence number of Gp as

α(Gp) < 1.75484p−1,

then

χ(Gp) ≥ |V (Gp)|
α(Gp)

=

(
4p−1
2p−1

)

α(Gp)
> 1.13974p−1.

We have seen the algebraic methods have much success for Turán num-
bers and multi-color Ramsey number of bipartite graphs. In this section
we have seen that results on classic Ramsey numbers by algebraic methods
are much weaker that given by probabilistic methods. Also, the latter has
a much wider applications than the former. However, we introduce two
jokes given by Spencer (1987) to say that for many topics the probabilistic
method cannot provide the best results. The problem that he was joking is
serious. In order to have verisimilitude, we write the joked results as usual
but without indices.

The following results is due to Joker. In the proof he uses the basic
probabilistic method.

Theorem (Joker) Let S and T be nonempty sets. If |T | > (|S|
2

)
, then

there exists an injection f : S → T .
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Proof. Consider the probability space consisting of all maps from S to
T . Let Axy signify the event f(x) = f(y). Then Pr(Axy) = 1/|T | and

Pr (∪x,y∈SAxy) ≤
∑

x,y∈S

1
|T | =

(|S|
2

)

|T | < 1,

which implies that Pr(∩x,y∈SAxy) > 0 and the desired injection exists. 2

Later Joker himself improved the above result by using the local lemma.
The new result is tight up to a constant factor.

Theorem (Joker) Let S and T be nonempty sets. If |T | ≥ 2e|S|, then
there exists an injection f : S → T .

Proof. The same as that for Joke 1 but apply the local lemma. In the
dependence graph, the vertex Axy is adjacent to Axy′ with y′ ∈ S \ {y}
and Ax′y with x′ ∈ S \ {x}. Let d = 2(|S| − 1), then the independence
graph is d regular, in which the event Axy is mutually independent to all
non-neighbors. As p = 1/|T |, the condition ensures e(d + 1)p < 1, so
the symmetric form of the Local Lemma gives that Pr(∩x,y∈SAxy) > 0,
implying the existence of the desired injection. 2

10.3 Borsuk’s Conjecture ?

The essential concept in Ramsey theory is that exceptions occur in small
size of the structures. Sometimes the size can be the dimension of the linear
space. This is the case we discuss in this section. These small size cases
may have bigger effect since they are more concrete, which is possible to
lead to an error. We have seen one such case in Chapter 6 that almost
all large (random) graphs disprove a conjecture. We shall seen another
example from geometry.

In 1933, Borsuk conjectured that every set of diameter one in real space
Rd can be partitioned into d + 1 sets of smaller diameter.

The conjecture has been proved for d = 1, 2, 3 and also for all d if the
set is special, like centrally symmetric, having smooth surface.

Let f(d) be the minimum integer such that every set of diameter one in
Rd can be partitioned into f(d) sets of smaller diameter. Borsuk’s conjec-
ture was f(d) ≤ d + 1. This conjecture fails badly for large d.

The following surprising result is due to Kahn and Kalai (1992), who
proved that f(d) > 1.2

√
d. An upper bound as f(d) ≤ (

√
3/2 + o(1))d was

obtained by Schramm (1988).
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Theorem 10.7

f(d) > 1.1397
√

2d > 1.2
√

d.

Let p be a prime and d =
(
4p−1

2

)
. The Kahn-Kalai hypergraph K(d) is

defined as follows. Let Hp = K
(2p−1)
4p−1 be the complete (2p − 1)−uniform

hypergarph on 4p−1 vertices. Let each pair of distinct vertices x, y ∈ V (Hp)
associate with a vertex axy of K(d). That is to say, the vertex set of
hypergraph K(d) is

{axy : x, y ∈ V (Hp)}.
Notice that K(d) has d =

(
4p−1

2

)
vertices since 4p− 1 vertices.

The edges of K(d) are associated with edges of Hp as follows. If e ∈
E(H) then the edge Ae of K(d) is

Ae = {axy : x ∈ e, y ∈ V (Hp) \ e}.

That is to say, Ae is defined by the pairs of V (Hp) “split by e”.
Notice that K(d) is a 2p(2p − 1)−uniform hypergraph and it has d =(

4p−1
2

)
vertices and

(
4p−1
2p−1

)
edges.

Let K(d) be the representation of K(d) in Rd (row vectors of incidence
matrix). Since K(d) is a 2p(2p − 1)−uniform hypergraph, the distance of
the points representing Ae1 and Ae2 is

√
2[2p(2p− 1)− |Ae1 ∩Ae2 |]

Therefore the maximum distance, that is the diameter of K(d), is realized
between two points of K(d) if and only if

|Ae1 ∩Ae2 | = min{|Ae ∩Ae′ | : e, e′ ∈ E(Hp)} = µ.

Claim. |Ae1 ∩Ae2 | = µ if and only if |e1 ∩ e2| = p− 1.
In fact, |Ae1 ∩Ae2 | is the number of pairs of V (H) split by both e1 and

e2. It depends only on |e1 ∩ e2|. Assume |e1 ∩ e2| = r. Then

µ = min{r(r − 1) + (2p− 1− r)2}.

It is easy to check that this expression has minimum ar r = p − 1, which
proves the claim.

Using the claim, the partition of K(d) into sets of smaller diameter is
equivalent to partition the edges of Hp into classes without intersection of
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size p− 1, and that is clearly at least χ(Gp), where Gp is the graph defined
in last section. From the properties of Gp, we have

f(d) ≥ χ(Gp) > (1.1397)4p−1 > (1.1397)
√

2d > (1.2)
√

d,

the third inequality follows from the fact that 4p−1 >
√

(4p− 1)(4p− 2) =√
2d, completing the proof. 2

Exercises

10.1 Assume that H = (V, E) is a simple hypergraph such that each pair
of edges e, f ∈ E satisfies |e ∩ f | = 0 or |e ∩ f | = λ edges, then |E| ≤ |V |.

10.2 Prove the dual of Fisher Inequality as follows. Assume that H =
(V, E) is a simple hypergraph such that each pair of vertices is contained in
exactly λ edges, then |E| ≥ |V |.

10.3 Generalize Odd-town Theorem for “mod p town” or even “mod
pk town”.

10.4 Prove that the dimension of homogeneous polynomials of degree k
in n variables is

(
n+k−1

k

)
.

10.5 Prove the inequality
∑p−1

i=0

(
4p−1

i

) ≤ 2
(
4p−1
p−1

)
, which has been used

in the proof of Omitted Intersection Theorem.
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A. Gyárfas, Hypergraphs, Lecture Notes.

J. Kahn and G. Kalai (1993), A counterexample to Borsuk’s conjecture,
Bulletin Amer. Math. Soc., 29, 60-62.

L. Lovász (1977), Flats in matroids and geometric graphs, in: Combina-
torial Surveys, Proc. 6th British Combin. Conf., Egham 1977, (P. Cameron
Ed.), Acad. Press, London 1977, 45-86.

Zs. Nagy (1972), A certain constructive estimate of the Ramsey num-
bers (Hungarian), Mathematikai Lapok, 23, 301-302.

D. Ray-Chaudhuri and R. Wilson (1975), On t−designs, Osaka J. Math.,
12, 737-744.

O. Schramm (1988), Illuminating sets of constant width, Mathematika,
35, 180-199.

J. Spencer (1994), Ten Lectures on the Probabilistic Method, 2nd ed.,
SIAM (1994) Philadelphia.



Chapter 11

Ramsey Numbers and
Communication

11.1 Communication Channels

A communication channel consists of a finite input set X, an output set
Y . For each input x ∈ X, there is a nonempty fan-shaped output Sx ⊆ Y ,
which is the set of outputs that may be received for the input x by the
receiver . In each use of the channel, a sender transmits an input x ∈ X,
and receiver receives an arbitrary output y ∈ Sx. For distinct inputs u
and v, they can be received as the same output if and only if Su ∩ Sv 6= ∅.
Suppose that the sender and receiver agree in advance on an input set
I ⊆ X. In order to avoid error, the outputs of any two distinct inputs in
I cannot intersect. In a noiseless channel, there is no intersect between
two outputs. Shannon (1956) first studied the amount that an information
channel can communicate without error. He formulated the problem to a
problem of graph theory.

Let X be the input set of a channel and let G be a graph with vertex set
X in which two distinct vertices are adjacent if and only if their outputs
intersect. The graph G is called the characteristic graph of the channel.
The characteristic graph of a completely noisy channel is Kk; and that of
a noiseless channel is an empty graph (a graph with edge set empty).

In most situations, a channel is in repeated uses. When the channel is
used n times, the sender transmits a sequence x = (x1, . . . , xn), where xi ∈
X, and receiver receives a sequence y = (y1, . . . , yn), where yi ∈ Sxi

⊆ Y .
The repeated use of the channel can be viewed as a single use of a larger
channel. The large channel has an input set Xn, the Cartesian product of

203
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X. For x = (x1, . . . , xn) ∈ Xn, its output set is

Sx = Sx1 × · · · × Sxn
= {(y1, . . . , yn) : yi ∈ Sxi

, 1 ≤ i ≤ n}.
Denote by G as the characteristic graph of the large channel, then its vertex
set is Xn. Two distinct vertices x = (x1, . . . , xn) and x′ = (x′1, . . . , x

′
n)

can be received as the same output if and only if for each 1 ≤ i ≤ n,
Sxi

∩Sx′
i
6= ∅, when xi 6= x′i. Thus x and x′ are adjacent in G if and only if

for each 1 ≤ i ≤ n, xi and x′i are adjacent in G, when xi 6= x′i. Hence the
edge set of G is defined.

We now define the nth AND product of graph G = (X, E), denoted by
∧nG. Its vertex set is Xn, two vertices x, x′ ∈ Xn are adjacent in ∧nG if
and only if for each 1 ≤ i ≤ n, xi and x′i are adjacent in G, when xi 6= x′i;
namely, either xi and x′i are adjacent in G, or xi = x′i. (It is slightly more
convenient to give the definition if we admit any vertex in G is adjacent to
itself.) Clearly, if the characteristic graph of a channel is G, and when its
repeated use is viewed as a single use of a large channel, the characteristic
graph of the large channel is ∧nG.

When we consider to transmit the sequence x = (x1, . . . , xn) of length
n, where xi may come from different input Xi, the characteristic graph of
the channel is the AND product of the graphs Gi defined as follows. Let
G1, . . . , Gn be graphs, and let V1, . . . , Vn be their vertex sets, respectively.
Define their AND product G1 ∧ · · · ∧ Gn as a graph with vertex set V1 ×
· · · × Vn, two distinct vertices x = (x1, . . . , xn) and x′ = (x′1, . . . , x

′
n) are

adjacent if and only if for each 1 ≤ i ≤ n, either xi and x′i are adjacent in
Gi or xi = x′i. In the following proposition, the closed neighborhood of a
vertex v, denoted by N [v], consists of v and its neighbors, that is to say,
N [v] = {v} ∪N(v).

Proposition 11.1 Let G1, . . . , Gn be graphs and G = G1 ∧ · · · ∧Gn. Then
for any vertex x = (x1, . . . , xn) of G, its closed neighborhood NG [x] satisfies

NG [x] = NGi
[xi]× · · · ×NGn

[xn].

2

Note the above equality does not hold for neighborhoods in general. Let
G = K2 ∪K1 on vertex set V = u, v, w with only one edge uv. Consider
G = ∧2G. Take vertex x = (u,w) of G, its neighborhood NG(x) is singleton
{(v, w)}, but NG(u)×NG(w) = ∅ since NG(w) = ∅.
Proposition 11.2 Let Ii be an independent set of Gi. Then I1 × . . .× In

is an independent set of G1 ∧ · · · ∧Gn. Consequently,

α(G1 ∧ · · · ∧Gn) ≥ α(G1) · · ·α(Gn),
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and
α(∧m+nG) ≥ α(∧mG)α(∧nG).

Proof. For two distinct vertices x = (x1, . . . , xn) and x′ = (x′1, . . . , x
′
n) of

I1 × · · · × In, there is some 1 ≤ i ≤ n, xi 6= x′i. Since Ii is independent in
Gi, so xi and x′i are non-adjacent in Gi. So x and x′ are non-adjacent in
G1 ∧ · · · ∧Gn, hence I1 × · · · × In is an independent set. 2

Let {f(n) : n ≥ 1} be a series of positive real numbers. It is said to
be super-multiplicative if f(m + n) ≥ f(m)f(n). The following result is
elementary in calculus.

Lemma 11.1 Suppose that f(n) is positive and super-multiplicative. Then
the limit of f(n)1/n exists as n →∞, and

lim
n→∞

f(n)1/n = sup
n≥1

f(n)1/n.

Proof. Set ` = supn≥1 f(n)1/n. Then 0 < ` ≤ ∞ and limn→∞f(n)1/n ≤ `.
We shall show that limn→∞f(n)1/n ≥ `.

Case 1. ` < ∞. For any ε > 0, there is some N ≥ 1 such that
f(N)1/N > `− ε. For any n ≥ N , let n = qnN +rn with 0 ≤ rn < N . Thus

f(n)1/n ≥ f(qnN)1/nf(rn)1/n ≥ f(N)qn/nf(rn)1/n.

Since qn/n → 1/N and f(rn)1/n → 1, we have

limn→∞f(n)1/n ≥ f(N)1/N > `− ε.

Thus limn→∞f(n)1/n ≥ ` since ε > 0 is arbitrary.
Case 2. ` = ∞. For any M > 0, there is N ≥ 1 such that f(N)1/N >

M , we can similarly show that limn→∞f(n)1/n ≥ M , so limn→∞f(n)1/n =
∞ since M > 0 is arbitrary. 2

From Proposition 11.2, we know that α(∧nG) is super-multiplicative,
hence the limit

lim
n

(α(∧nG))1/n = sup
n

(α(∧nG))1/n

exists, which is denoted by Θ(G), called the Shannon capacity of G (or of
the corresponding channel). Then we have an easy lower bound for Θ(G)
as follows.

Theorem 11.1 For any graph G, Θ(G) ≥ α(G).
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2

The inequality can be strict. The first such graph is C5, which we will
encounter in the next section.

We now define OR product of graphs. Let V1, . . . , Vn be vertex sets of
graphs G1, . . . , Gn, respectively. The OR product of G1, . . . , Gn, denoted
by G1 ∨ · · · ∨ Gn, is defined a graph on vertex set V1 × · · · × Vn, in which
two distinct vertices x = (x1, . . . , xn) and x′ = (x′1, . . . , x

′
n) are adjacent

if and only if for some 1 ≤ i ≤ n, xi 6= x′i, and they are adjacent in Gi.
For G1 = · · · = Gn = G, this OR product is denoted by ∨nG. By the
definition, we have

G1 ∨ · · · ∨Gn = G1 ∧ · · · ∧Gn,

and hence
G1 ∧ · · · ∧Gn = G1 ∨ · · · ∨Gn.

Combining these with the fact that α(G) = ωG), we obtain

α(G1 ∧ · · · ∧Gn) = ω(G1 ∨ · · · ∨Gn). (11.1)

11.2 Shannon Capacities of Cycles

This section is devoted to compute the Shannon capacities of cycles.

Lemma 11.2 The independence number of ∧2C5 is 5.

Proof. Setting the vertex set of C5 as {0, 1, 2, 3, 4}, we arrange all vertices
of ∧2C5 in a matrix as follows.

(0, 0)∗ (0, 1) (0, 2) (0, 3) (0, 4)
(1, 0) (1, 1) (1, 2)∗ (1, 3) (1, 4)
(2, 0) (2, 1) (2, 2) (2, 3) (2, 4)∗

(3, 0) (3, 1)∗ (3, 2) (3, 3) (3, 4)
(4, 0) (4, 1) (4, 2) (4, 3)∗ (4, 4)

It is easy to check that the set {(0, 0), (1, 2), 2, 4), (3, 1), (4, 3)}, each element
of which is marked by a star in above matrix, forms an independent set in
∧2C5, so α(∧2C5) ≥ 5. For each i = 0, 1, 2, 3, 4, the consecutive two rows

(i, 0) (i, 1) (i, 2) (i, 3) (i, 4)
(i + 1, 0) (i + 1, 1) (i + 1, 2) (i + 1, 3) (i + 1, 4),
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with i+1 (mod 4), contain only two non-adjacent vertices. Thus α(∧2C5) ≤
5, proving the lemma. 2

Corollary 11.1 Θ(C5) ≥
√

5.

We know that there is graph G with the chromatic number χ(G) is
considerably larger than its clique number ω(G), see an exercise of Chapter
6. A graph G is called perfect if any induced subgraph H of G satisfies that
χ(H) = ω(H). Any even cycle is a perfect graph and any odd cycle with
length at lest 5 is not a perfect graph. Shannon (1956) proved that when
G is a perfect graph, then Θ(G) = α(G). The equality may not hold in
general as Θ(C5) ≥

√
5. However, Lovász (1979) proved that Θ(C5) =

√
5.

The knowledge on the Shannon capacity of imperfect graphs is very limited.
We adopt a simplier way from Proofs from THE BOOK by Aigner and

Ziegler to obtain the Shannon capacities of even cycles and a general upper
bound for odd cycles. We shall introduce the Lovász theta function later.

Call a real vector X = {xv : v ∈ V } as a probability distribution or
simply a distribution on the set V if xv ≥ 0 and

∑
v∈V xv = 1. Denote by

T for the set of all cliques of G. For a fixed distribution X, we write

λ(X) = max
T∈T

∑

v∈T

xv,

and λ(G) = infX λ(X). Since the inf is achievable as λ(X) is continuous
on the compact set consisting of all distributions, so

λ(G) = min
X

λ(X) = min
X

max
T∈T

∑

v∈T

xv, (11.2)

where the min runs through all distributions X on vertex set V (G).
In order to get another expression for λ(G), we need a basic result in

the Game Theory or Linear Programming, called Minimax Theorem.

Theorem 11.2 Let A = (aij) be a real n × m matrix, and let X =
(x1, . . . , xm) and Y = (y1, . . . , yn) be probability distributions. Then

min
X

max
Y

Y AXT = max
Y

min
X

Y AXT ,

where the min runs through all probability distributions X and the max does
through all such Y . Furthermore, there exist probability distributions X∗

and Y ∗ such that
min

X
Y ∗AXT = max

Y
Y AX∗T .
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The proof is based on Duality Theorem, which can be found in most of
textbooks on Game Theory or Linear Programming. We thus omit it.

Set T = {T1, T2, . . . , Tn} and V (G) = {v1, v2, . . . , vm}. For any clique
Ti and any vertex vj of G, define

aij =
{

1 if vj ∈ Ti,
0 otherwise.

We thus have an n×m real matrix A = (aij). Let ei = (0, . . . , 0, 1, 0, . . . , 0)
be the vector of Rn of all zeros except for a one in the ith position. Then
eiAXT =

∑
v∈Ti

xv, so the expression (11.2) is

λ(G) = min
X

max
1≤i≤n

eiAXT .

We now consider the left-hand side in the first equality in Minimax Theo-
rem, for a given distribution X, suppose in the ith position that the vertex
AXT has the maximum component, then

max
Y

Y AXT = eiAXT = max
1≤i≤n

eiAXT .

Denote by fj for the vector of Rm of all zeros except for a one in the jth
position. So

min
X

max
Y

Y AXT = min
X

max
1≤i≤n

eiAXT ,

thus

min
X

max
T∈T

∑

v∈T

xv = min
X

max
1≤i≤n

eiAXT

= max
Y

min
1≤j≤m

Y AfT
j = max

Y
min
v∈V

∑

T3v

yT ,

where in the last expression the sum is on T over T , and the max runs
through all distributions Y = {yT : T ∈ T } on T .

We thus obtain the second expression for λ(G) as

λ(G) = max
Y

min
v∈V

∑

T3v

yT . (11.3)

Let U ⊆ V (G) be an independent set of G with |U | = α(G) = α, and
define a distribution X(U) = {xv : v ∈ V } by

xv =
{

1/α if v ∈ U,
0 otherwise.

Since each clique contains at most one vertex of U , so λ(X(U)) = 1/α and
λ(G) ≤ 1/α. We then have the following lemma.
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Lemma 11.3 For any graph G,

α(G) ≤ 1
λ(G)

.

Lemma 11.4 For any graphs G1 and G2,

λ(G1 ∧G2) = λ(G1)λ(G2).

Proof. We now have two expressions for λ(G) as

λ(G) = min
X

max
T∈T

∑

v∈T

xv = max
Y

min
v∈V

∑

T3v

yT .

Let X and X ′ be the distributions which achieve the minima, that is to
say,

λ(X) = λ(G1) and λ(X ′) = λ(G2).

We define a distribution Z on vertex set of G1 ∧G2 as z(u,v) = xux′v for a
vertex (u, v) of G1∧G2. The fact that Z = {z(u,v) : (u, v) ∈ V (G1)×V (G2)}
is truly a probability distribution can be seen by

∑
z(u,v) =

∑
xu

∑
x′v = 1.

Claim. A clique of G1 ∧ G2 is maximal if and only if it has the form
T1 × T2 with Ti is a maximal clique of Gi for i = 1, 2.

The claim is easy. Note the “clique” in the statement cannot be replaced
by “independent set”. The dual form of the claim is “ an independent set
of G1 ∨ G2 is maximal if and only if it has the form S1 × S2 with Si is a
maximal independent set of Gi for i = 1, 2.

Using the above claim, we have

λ(G1 ∧G2) ≤ λ(Z) = max
X×X′

∑

(u,v)∈X×X′
z(u,v)

= max
X×X′

∑

u∈X

xu

∑

v∈X′
x′v

= λ(G1)λ(G2).

On the other hand, denote still by T for clique of G1 ∧ G2, and Y for
distribution on the set of cliques of G1 ∧G2, then

λ(G1 ∧G2) = max
Y

min
(u,v)∈V (G1)×V (G2)

∑

T3(u,v)

yT

≥ λ(Z) = max
X×X′

∑

(u,v)∈X×X′
z(u,v)
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= max
X×X′

∑

u∈X

xu

∑

v∈X′
x′v

= λ(G1)λ(G2),

proving the lemma. 2

Theorem 11.3 For any graph G, we have

α(G) ≤ Θ(G) ≤ 1
λ(G)

.

Proof. From Lemma 11.4, we see λ(∧nG) = λn(G). This and Lemma 11.3
give

α(∧nG) ≤ 1
λ(∧nG)

=
1

λn(G)
,

hence Θ(G) ≤ 1
λ(G) . 2

Lemma 11.5 Let k ≥ 4 be an integer and let Ck be a cycle of length k.
Then λ(Ck) = 2

k , hence

Θ(Ck) ≤ 2
k

.

Proof. Let X0 = (1/k, . . . , 1/k) be the uniform distribution on the vertex
set. Since any clique T meets Ck at most two vertices, so

λ(Ck) = min
X

λ(X) ≤ λ(X0) = max
T∈T

∑

v∈T

1
k

=
2
k

.

On the other hand, T consists of all k vertices and all k edges. Defining
a distribution Y0 by choosing a component as 1/k for an edge and 0 for a
vertex, and using the expression (11.3) for λ(G), we similarly have λ(Ck) ≥
2/k, hence λ(Ck) = 2/k. 2

Theorem 11.4 Let m ≥ 2 be an integer. Then Θ(C2m) = m.

2

The above discuss is not sufficient to obtain the Shannon capacity of
odd cycles. The first one, Θ(C5), was obtained by Lovász with an ele-
gant solution. His main new idea was to represent the vertices V G) =
{v1, v2, . . . , vm} by real vectors of length one such that any two non-adjacent
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are orthogonal. Let us call such a representation an orthogonal representa-
tion of G. Note such a representation always exists: just take unit vectors

e1 = (1, 0, . . . , 0), e2 = (0, 1, 0 . . . , 0), . . . , em = (0, 0, . . . , 1)

in Rm.
Let T = {v(1), v(2), . . . , v(m)} be an orthogonal representation of G in

Rs with v(i) corresponding to the vertex vi. Denote by

v =
1
m

(v(1) + v(2) + . . . + v(m))

We assume that any vector v(i) has the same angle ( 6= π/2) with v, or
equivalently that the inner product

〈v(i), v〉 = σT (G)

has the same value σT 6= 0 for each i. We shall call the value σT (G) the
constant of the representation T .

Denote by |v| =
√
〈v, v〉 for the length of vector v. For a probability

distribution X = (x1, . . . , xm) on vertex set V , set

µ(X) = |x1v
(1) + x2v

(2) + . . . + xmv(m)|2

and
µ(G) = inf

X
µ(X) = min

X
µ(X).

Lemma 11.6 Let T = {v(1), v(2), . . . , v(m)} be an orthogonal representa-
tion of G. Then

σT (G) = µT (G).

Proof. From the Cauchy-Schwarz inequality 〈a, b〉2 ≤ |a|2|b|2, we have

〈x1v
(1) + x2v

(2) + . . . + xmv(m), v〉2 ≤ µ(X)2|v|2.
However, the left-hand side is

〈x1v
(1) + x2v

(2) + . . . + xmv(m), v〉2 = (x1 + . . . + xm)2σ2
T (G) = σ2

T ,

which in fact holds for any distribution X. Let X0 = (1/m, . . . , 1/m)
be the uniform distribution, for which |v|2 = σT (G), we have σ2

T (G) ≤
µ(X0)σT (G), or σT (G) ≤ µ(X0). On the other hand, for the uniform
distribution X0, we obtain

µT (G) ≤ µ(X0) = | 1
m

(v(1) + . . . + v(m))|2 = |v|2 = σT (G),

so µT (G) = σT (G). 2



212 CHAPTER 11. RAMSEY NUMBERS AND COMMUNICATION

Lemma 11.7 Let T = {v(1), v(2), . . . , v(m)} be an orthogonal representa-
tion of G. Then

α(G) ≤ 1
µT (G)

.

Proof. Let U be a independent set of G with |U | = α(G) = α. Define a
distribution X(U) on V (G) by

xi =
{

1/α if xi ∈ U,
0 otherwise

Since 〈v(i), v(j)〉 = 0 for any pair of two non-adjacent vertices and 〈v(i), v(i)〉 =
1, we have

µT (G) ≤ µ(X(U)) =

∣∣∣∣∣
m∑

i=1

xiv
(i)

∣∣∣∣∣

2

=
m∑

i=1

x2
i =

1
α

,

proving the lemma. 2

Lemma 11.8 Let T = {v(1), v(2), . . . , v(m)} be an orthogonal representa-
tion of G. Then

α(G) ≤ 1
σT (G)

.

Let G1 and G2 be graphs with orthogonal representations R and S in
Rr and Rs, respectively. We now do not distinguish the vertices and their
representations. For u = (u1, . . . , ur) ∈ R and v = (v1, . . . , vs) ∈ S, the
tensor product of u and v is defined as the vector

u ◦ v = (u1v1, . . . , u1vs, u2v1, . . . , u2vs, . . . , urv1, . . . , urvs)

of Rrs. Denote by R ◦ S for the set {u ◦ v : u ∈ R, v ∈ S}.

Lemma 11.9 Let u, x ∈ Rr and v, y ∈ Rs be vectors. Then

〈u ◦ v, x ◦ y〉 = 〈u, x〉〈v, y〉.
Proof. Directly from the definitions of tensor product and inner product.
2

Lemma 11.10 Let R and S be orthogonal representations of G1 and G2,
respectively. Then R ◦ S is an orthogonal representation of G1 ∧G2 with

µR◦S(G1 ∧G2) = µR(G1)µS(G2).
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Proof. In fact, for any u ∈ R and v ∈ S,

|u ◦ v|2 =
∑

i,j

(uivj)2 =
∑

i

u2
i

∑

j

v2
j = 1.

If (u, v) and (x, y) are two non-adjacent vertices of G1 ∧ G2, then either
u and x are non-adjacent in G1 or v and y are non-adjacent in G2, so
〈u, x〉 = 0 or 〈v, y〉 = 0. Then the inner product

〈u ◦ x, v ◦ y〉 = 〈u, x〉〈v, y〉 = 0.

2

Theorem 11.5 Suppose that T = {v(1), . . . , v(m)} is an orthonormal rep-
resentation of G with constant σT (G), then

Θ(G) ≤ 1
σT (G)

.

Proof. Repeatedly using Lemma 11.10, we know that Tn is an orthonor-
mal representation of ∧nG with constant µT n(∧nG) = µT (G)n. Thus by
Lemma 11.8,

α(∧nG) ≤ 1
µT n(∧nG)

=
1

σT (G)n
,

which yields n
√

α(∧nG) ≤ 1/σT (G), hence the inequality as desired. 2

An “umbrella” used by Lovász in the proof of the following theorem is
called “Lovász umbrella”.

Theorem 11.6 Θ(C5) =
√

5.

Proof. For the graph C5, Lovász obtained an orthogonal representation T
in R3 by considering an “umbrella” with five ribs v1, . . . , v5 of unit length.
Now open the umbrella (with tip at the origin) to the point where the angles
between alternate ribs are π/2. Let h be the distance from the origin to
the plan determined by end-vertices of ribs, then a simple calculation show
that h2 = 1√

5
. So v = (0, 0, h) = (0, 0, 1/ 4

√
5) hence

σT (C5) = 〈v(i), v〉 = h2 =
1√
5
,

which and Theorem 11.5 prove that Θ(C5) ≤
√

5. The inverse inequality
has been obtained. 2

In order to improve the obtained upper bound Θ(Ck) ≤ k/2 for odd k,
we are going to find the eigenvalues of the adjacency matrix of Ck first.
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Lemma 11.11 Let k = 2m + 1 ≥ 3 be an integer. Then

λ` = 2 cos
2`π

k
(` = 0, 1, . . . , k − 1)

are all eigenvalues of the adjacency matrix of Ck, in which

max
`

λ` = λ0 = 2 and min
`

λ` = λm = −2 cos
π

k
.

Proof. Let A = (aij) be the adjacency matrix of Ck, then

A =




0 1 0 · · · 0 0 1
1 0 1 · · · 0 0 0
0 1 0 · · · 0 0 0
· · · · · ·
0 0 0 · · · 1 0 1
1 0 0 · · · 0 1 0




,

in which each row contains two zeros. Let ζ = e2πi/k. Note that 1, ζ, · · · , ζk−1

are all kth roots of unity. Denote by β for ζ` with 0 ≤ ` ≤ k − 1. We shall
show that X(`) = (1, β, β2, . . . , βk−1)T is an eigenvector of A corresponding
to eigenvalue β + β−1 = ζ` + ζ−`. In fact,

AX(`) =




β + βk−1

β2 + 1
β3 + β

...
1 + βk−2




= (β + β−1)X(`).

Since X(0), X(1), . . . , X(k−1) are independent (seen from the Vandermonde
matrix formed by them), so

λ` = ζ` + ζ−` = 2 cos
2`π

k
(` = 0, 1, . . . , k − 1),

are all eigenvalues of A, which are decreasing from ` = 0 to m and the
increasing, proving the lemma. 2

We need to recall some results in linear algebra:

Facts from Linear Algebra. If M = (mij) is an m × m real sym-
metric matrix, then it has m real eigenvalues. Furthermore, if all such
eigenvalues are non-negative, then there are vectors v(1), . . . , v(m) in Rs

with s = rank(M) such that mij = 〈v(i), v(j)〉.
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Let A = (aij) be the matrix of graph G of order k with eigenvalues

λ1 ≥ λ2 ≥ . . . ≥ λk.

Since
∑

λi =
∑

dii = 0, so λk < 0 (unless G has no edge). Let p = |λk| =
−λk, then the matrix

M = I +
1
p
A,

where I is the identity matrix, has k eigenvalues

1 +
λ1

p
≥ 1 +

λ2

p
≥ . . . ≥ 1 +

λk

p
= 0.

So we obtain a set of vectors T = {v(1), . . . , v(k)} in Rs with s = rank(M)
such that

〈v(i), v(i)〉 = mii = 1 and 〈v(i), v(j)〉 = mij =
aij

p
(i 6= j).

If two vertices vi and vj are not adjacent, then aij = 0, thus T forms an
orthonormal representation of G. Now for an odd cycle Ck, we have

σT (Ck) = 〈v(i), v〉 =
1
k
〈v(i), v(1) + . . . + v(k)〉

=
1
k

(
1 +

2
p

)
=

1 + cos(π/k)
k cos(π/k)

.

So we obtain that for an odd k ≥ 3,

Θ(Ck) ≤ 1
σT (C5)

=
k cos(π/k)

1 + cos(π/k)
.

Theorem 11.7 Let k ≥ 3 be an odd integer. Then

Θ(Ck) ≤ k cos(π/k)
1 + cos(π/k)

.

2

Note the equality holds for k = 3 in the above theorem with Θ(C3) = 1,
and it does also for k = 5 with Θ(C5) =

√
5 and cos(π/5) = (

√
5 + 1)/4.

Whether or not it holds for k ≥ 7 is unknown.

We now introduce Lovász theta function briefly.
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Let T = {v(1), . . . , v(m)} with v(i) ∈ Rr be an orthonormal representa-
tion of graph G of order m. Define

valT (G) = min
c

max
1≤i≤m

1
〈c, v(i)〉2 ,

where c runs over all unit vectors in Rr. The vector yielding the minimum
is called the handle of the representation. The name “handle” comes from
the proof for Θ(C5) =

√
5. The theta function is defined as

ϑ(G) = min
T

val(G),

where T runs over all representations of G. Call a representation optimal
if it achieves the minimim value.

Lemma 11.12 ϑ(G1 ∧G2) = ϑ(G1)ϑ(G2).

Proof. Let R = {u(1), . . . , u(m)} in Rr and S = {v(1), . . . , v(n)} in Rs be
optimal orthonormal representations of G1 and G2 with handles c and d,
respectively. Then R ◦ S is an orthonormal representation of G1 ∧G2 and
c ◦ d is a unit vector of Rrs. Hence

ϑ(G1 ∧G2) ≤ max
i,j

1
〈c ◦ d, u(i) ◦ v(j)〉2

= max
i,j

1
〈c, u(i)〉2

1
〈d, v(j)〉2

= ϑ(G1)ϑ(G2).

2

In fact, the equality holds in the above lemma.

Lemma 11.13 α(G) ≤ ϑ(G).

Proof. Let V (G) = {v1, . . . , vm} be the vertex set of G, and let R =
{v(1), . . . , v(m)} be an optimal orthonormal representation of G in Rr with
handle C. Suppose that {v1, . . . , vk} be an independent set of G with
k = α(G). Then the vectors in S = {v(1), . . . , v(k)} are pairwise orthogonal,
thus they can be extended to a base of Rr by adding some unit vectors
w(1), . . . , w(r−k). So

1 = |c|2 =
k∑

i=1

〈c, v(i)〉2 +
r−k∑

i=1

〈c, w(i)〉2

≥
k∑

i=1

〈c, v(i)〉2 ≥ k

ϑ(G)
,
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where the last inequality holds as by definition ϑ(G) ≥ 1
〈c,v(i)〉2 for each i.

2

Theorem 11.8 Θ(G) ≤ ϑ(G).

Proof. By above two lemmas,

α(∧nG) ≤ ϑ(∧nG) ≤ ϑ(G)n,

which follows by the inequality as required immediately. 2

Using linear algebra extensively, with a special case in a general upper
bound, Lovász obtained that for odd k ≥ 3,

ϑ(Ck) =
k cos(π/k)

1 + cos(π/k)
,

which ia an upper bound for Θ(Ck) as we have seen.

11.3 A Connection

The independence number of a graph product is important for the corre-
sponding communication channel. As the capacity of a channel is described
by the independence number of the graph, the following definition comes
naturally. For integers k1 ≥ 2, . . . , kn ≥ 2, define

ρ(k1, · · · , kn)
= max{α(G1 ∧ · · · ∧Gn) : α(Gi) < ki, i = 1, . . . , n}.

From the equality (11.1), we have

Proposition 11.3 Let k1 ≥ 2, . . . , kn ≥ 2 be integers. Then

ρ(k1, · · · , kn)
= max{ω(G1 ∨ · · · ∨Gn) : ω(Gi) < ki, i = 1, . . . , n}.

2

When k1 = · · · = kn = k ≥ 2,

ρ(k, · · · , k)
= max{α(G1 ∧ · · · ∧Gn) : α(Gi) < k, i = 1, . . . , n},
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where G1, · · · , Gn are formally independent in the definition. However,
Erdős, McEliece, and Taylor (1971), and later Alon and Orlitsky (1995)
proved that G1, . . . , Gn can be taken to one graph G. That is to say,
ρ(k, · · · , k) = ρn(k), where

ρn(k) = max{α(∧nG) : α(G) < k}.
Theorem 11.9 Let k ≥ 2 be an integer. Then ρn(k) = ρ(k, · · · , k). That
is to say,

max{α(∧nG) : α(G) < k}
= max{α(G1 ∧ · · · ∧Gn) : α(Gi) < k, i = 1, . . . , n}.

Namely,

max{ω(∨nG) : ω(G) < k}
= max{ω(G1 ∨ · · · ∨Gn) : ω(Gi) < k, i = 1, . . . , n}.

Proof. We prove the second equality. Denote by ρ for ρ(k, · · · , k), that is,

ρ = ρ(k, · · · , k)
= max{ω(G1 ∨ · · · ∨Gn) : ω(Gi) < k, i = 1, . . . , n}.

Clearly ρn(k) ≤ ρ. It suffices to show that there exists a graph with ω(G) <
k such that ω(∨nG) ≥ ρ. By definition, there are graphs G1, · · · , Gn with
ω(Gi) < k such that G1 ∨ · · · ∨Gn contains a clique

S = {(x1,1, x1,2, . . . , x1,n), (x2,1, x2,2, . . . , x2,n),
· · · , (xρ,1, xρ,2, . . . , xρ,n)}

with size |S| = ρ. Let G be the graph on the vertex set

V = {1, 2, . . . , ρ} × {1, 2, . . . , n}
= { (1, 1), (1, 2), . . . , (1, n), (2, 1), (2, 2), . . . , (2, n),

· · · , (ρ, 1), (ρ, 2), . . . , (ρ, n) } .

The size of V is nρ. Two distinct vertices (a, i) and (b, j) are adjacent if
and only if i = j and xa, i and xb, i are adjacent in Gi. Now let W be a
clique of G with size `,

W = {(a1, i1), (a2, i2), . . . , (a`, i`)}.
Then i1 = i2 = · · · = i`, denoted by i for this common value, and vertices
xa1, i, xa2, i, . . . , xa`, i form a clique in Gi. Therefore |W | ≤ ω(Gi) < k and
hence

ω(G) ≤ max
1≤i≤n

{ω(Gi)} < k.
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However, consider the following set T of V n of the vertex set of ∨nG,

T = {[(1, 1), (1, 2), . . . , (1, n)], · · · , [(ρ, 1), (ρ, 2), . . . , (ρ, n)]}.
The size of T is ρ. Let

I = [(i, 1), (i, 2), . . . , (i, n)] and J = [(j, 1), (j, 2), . . . , (j, n)]

be two distinct vertices of T with i 6= j. They correspond to two distinct
vertices

(xi, 1, xi, 2, . . . , xi, n) and (xj, 1, xj, 2, . . . , xj, n)

of S, which is a clique of G1 ∨ · · · ∨Gn. Thus there is some m, 1 ≤ m ≤ n,
such that xi, m and xj, m are adjacent in Gm, hence (i,m) and (j, m) are
adjacent in G. Thus I and J are adjacent in ∨nG, and so T is a clique of
∨nG. It follows by ω(∨nG) ≥ |T | = ρ, completing the proof. 2

More importantly, Erdős et al. obtained a relation of function ρ(k1, . . . , kn)
and Ramsey number r(k1, . . . , kn) as follows.

Theorem 11.10 Let k1 ≥ 2, . . . , kn ≥ 2 be integers. Then

ρ(k1, . . . , kn) = r(k1, . . . , kn)− 1.

Proof. Set ρ = ρ(k1, . . . , kn), and r = r(k1, . . . , kn) − 1. We first prove
that ρ ≥ r. Recall the definition that r is the largest integer for which
there exists a coloring of edges of Kr with colors {1, 2, . . . , n} such that any
monochromatic clique in color i has size less than ki for 1 ≤ i ≤ n. Let

V = {1, 2, · · · , r}
be the vertex set of this Kr, and let Gi be the subgraph with vertex set
V whose edge set consists of all edges in color i. Then ω(Gi) < ki. By
considering the OR product graph G = G1 ∨ · · · ∨Gn, we have ρ ≥ ω(G).
On the other hand, G contains a set

S = {(1, 1, . . . , 1), (2, 2, . . . , 2), · · · , (r, r, . . . , r)}.
For any pair of vertices i and j of Kr with 1 ≤ i 6= j ≤ r, they are adjacent
in some G`, so the vertices (i, i, . . . , i) and (j, j, . . . , j) of S are adjacent in
G. Thus S is a clique and hence ρ ≥ ω(G) ≥ r.

We then prove that r ≥ ρ. From the definition, there are graphs
G1, . . . , Gn with ω(Gi) < ki such that G = G1 ∨ · · · ∨Gn contains a clique
T of size ρ,

T = {(x1
1, x

1
2, . . . , x

1
n), (x2

1, x
2
2, . . . , x

2
n), · · · , (xρ

1, x
ρ
2, . . . , x

ρ
n)}.
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Define a coloring for the edges of Kρ on vertex set

U = {1, 2, . . . , ρ}

with colors {1, 2, . . . , n} in following way. For an edge ab in this Kρ, consider
two vertices in T

(xa
1 , xa

2 , . . . , xa
n) and (xb

1, x
b
2, . . . , x

b
n),

which are adjacent in G. There is some i so that xa
i 6= xb

i and xa
i xb

i is an
edge of Gi. We color the edge ab of Kρ with the such smallest color i, then
all edges of Kρ are colored.

We claim that there is no monochromatic clique of size ki in any fixed
color i. In fact, if

A ⊆ U = {1, 2, . . . , ρ}
is a monochromatic clique in color i, consider

X = {xa
i : a ∈ A} ⊆ V (Gi).

For any distinct xa
i and xb

i of X, the edge ab of Kρ is colored i, so xa
i xb

i is
an edge of Gi, thus X is a clique of Gi. Therefore

|A| = |X| ≤ ω(Gi) < ki,

yielding the fact that r ≥ ρ and completing the proof. 2

11.4 Upper Bounds for rn(3)

From last section, the study of ρ function is exactly that of multicolor
Ramsey function. The first nontrivial such function is rn(3). In case that
the number of colors is at least three, the only known exact value is r3(3) =
17 (Greenwood and Gleason, see Chapter 2). For n = 4, we have 51 ≤
r4(3) ≤ 62, where the upper bound was established by Fettes, Kramer and
Radziszowski (2004) while the lower bound was obtained by Chung (1973).
In the following proofs, we shall write rn for rn(3).

Lemma 11.14 Let n ≥ 2 be an integer. Then

rn(3)− 1 ≤ 1 + n(rn−1(3)− 1),

namely, rn(3) ≤ 2 + n(rn−1(3)− 1).
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Proof. Let N = rn − 1. There is an edge coloring of KN with colors
{1, . . . , n} such that there is no monochromatic triangles. Denote by Ni(v)
for the neighborhood of v in color i. Then any edge between the ver-
tices in Ni(v) is colored by a color in {1, . . . , n} \ {i}. Since there is no
monochromatic triangle in the Ni(v), whose edges are (n − 1) colored, so
di(v) = |Ni(v)| ≤ rn−1 − 1. Therefore,

N − 1 = rn − 2 =
n∑

i=1

di(v) ≤ n(rn−1 − 1).

The desired upper bound follows. 2

Corollary 11.2 Let k be a positive integer, and let c = c(k) as

c =
rk(3)− 1

k!
+

∑

t>k

1
t!

.

Then rn(3) < c n! + 1 for n ≥ k. In particular, rn(3) < e n! + 1 for n ≥ 1.

Proof. Using Lemma 11.14 repeatedly,

rn − 1 ≤ 1 + n(rn−1 − 1)
≤ 1 + n[1 + (n− 1)(rn−2 − 1)]
≤ 1 + n + n(n− 1) + · · ·+ n(n− 1) · · · (k + 1)(rk − 1)

= n!
(

1
n!

+
1

(n− 1)!
+ · · ·+ 1

(k + 1)!
+

rk − 1
k!

)
,

and the desired upper bound follows. In particular, c = e for k = 1. 2

By taking r4(3) ≤ 62, then rn(3) < c n! + 1, where c = e − 1/6 =
2.5516 · · · . Further improvement can be obtained by noting the following
fact.

Lemma 11.15 Let both n and p be even integers. If rn−1(3) ≤ p, then

rn(3)− 1 ≤ n(p− 1).

In particular, when both n and rn−1(3) are even, then

rn(3)− 1 ≤ n(rn−1(3)− 1).
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Proof. If rn−1 ≤ p − 1, the assertion follows from Lemma 11.14. So
we assume that rn−1 = p, which is even. Set N = rn − 1, then N ≤
1 + n(rn−1 − 1) by Lemma 11.14. Suppose to the contrary, the assertion is
false, then N = 1+n(rn−1−1) is odd. There is an edge coloring of KN with
colors {1, · · · , n} such that there is no monochromatic K3 in any color. For
a fixed color j, let Ej be the set of edges in color j. Since

∑
x dj(x) = 2|Ej |

is even, where the sum is over N vertices and N is odd, so there exists a
vertex v with dj(v) is even. Since dj(v) ≤ rn−1 − 1 so dj(v) ≤ rn−1 − 2.
From the fact that N − 1 =

∑n
j=1 dj(v), thus

N − 1 ≤ rn−1 − 2 + (n− 1)(rn−1 − 1) = n(rn−1 − 1)− 1,

yielding what as desired. 2

Theorem 11.11 Let k ≥ 2 be an even integer and rk(3) ≤ p for some odd
integer p. Then for any n ≥ k,

rn(3) ≤ n!


p− 1

k!
+

∑

k<t≤n, t odd

1
t!


 + 1.

Proof.The idea of the proof is a combination of that in Wan (1997), and
Chung and Graham (1999). For fixed k and n ≥ k, set

An =
p− 1

k!
+

∑

k<t≤n, t odd

1
t!

.

Note that

A2m = A2m−1 and A2m+1 = A2m +
1

(2m + 1)!

We shall prove that rn ≤ n!An + 1 by induction on n ≥ k. The assertion
holds clearly for n = k, and (k + 1)!Ak+1 = 1 + (k + 1)(p − 1), so the
assertion for n = k + 1 follows from Lemma 11.14. We now suppose that
n ≥ k + 2.

Let n = 2m ≥ k + 2 be an even integer. Then n− 1 ≥ k + 1, and n− 1
is odd. It is easy to verify that

(n− 1)!An−1 = (n− 1)!
(

p− 1
k!

+
1

(k + 1)!
+ · · ·+ 1

(n− 1)!

)

is an odd integer. Assume rn−1 ≤ (n− 1)!An−1 + 1, where the right-hand
side is even. From Lemma 11.15, we have

rn − 1 ≤ n((2m− 1)!A2m−1) = n!A2m = n!An.
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So rn ≤ n!An + 1. For r2m+1, from Lemma 11.14 and what just proved,

r2m+1 − 1 ≤ 1 + (2m + 1)(r2m − 1)
≤ 1 + (2m + 1)((2m)!A2m)
= (2m + 1)!A2m+1,

completing the proof. 2

We are more concerned what is the limit rn(3)/n! as n →∞.

Proposition 11.4 As n →∞, the limit of rn(3)/n! exists.

Proof. Clearly, the limit of rn(3)/n! exists if and only if that of (rn(3) −
1)/n! does, and the limits are the same if they exist. Denote by ` for
lim infn→∞(rn − 1)/n!. For any ε > 0, there are infinite many k such that
(rk − 1)/k! < ` + ε/2. Take such large k that (rn − 1)/n! > `− ε for n ≥ k
and that

∑
t>k 1/t! < ε/2. From Corollary 11.2, we have

`− ε <
rn − 1

n!
<

rk − 1
k!

+
∑

t>k

1
t!

< ` + ε.

Thus limn→∞(rn − 1)/n! = `. 2

We conclude this section with following problem.

Problem 11.1 Prove or disprove that the limit of rn(3)/n! is zero as n →
∞.

11.5 Schur Numbers and rn(3)

It is hard to find exact classical Ramsey numbers as stated. According to
the communication theory, asymptotic bounds are more important. This
is because the limit

lim
n→∞

(rn(3)− 1)1/n = lim
n→∞

ρn(3)1/n

represents the maximal amount of Shannon capacity over all triangle-free
(with clique number 2) graphs. We shall see that this limit exists.

Proposition 11.5 The function rn(3)− 1 is super-multiplicative. That is
to say, for any positive integers m and n,

rm+n(3)− 1 ≥ (rm(3)− 1)(rn(3)− 1).

Therefore the limit of (rn(3)−1)1/n hence the limit of rn(3)1/n exist, which
both are equal to supn(rn(3)− 1)1/n.
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Proof. Set N = rn − 1 and M = rm − 1. Color the edges of KN with
n colors and color edges of KM with other m colors so that there is no
monochromatic triangles in any color. Then, “blow-up” one with another
by replacing each vertex v of KN with a colored KM , denoted by Hv for
this KM . For any distinct vertices u and v of KN , if u′ ∈ V (Hu), and
v′ ∈ V (Hv), color edge between u′ and v′ with the color as the edge uv
in KN . We thus have a complete graph on NM vertices whose edges
are colored with n + m colors and there is no monochromatic triangles.
Therefore rm+n − 1 ≥ (rm − 1)(rn − 1). 2

It seems to be very difficult to determine the exact value of the limit of
rn(3)1/n. From what we discussed in this chapter,

r2n(3)− 1 = ρ2n(3) = max{α(∧2nG) : α(G) < 3},

which is at least
α(∧2nC5) ≥ (α(∧2C5))n = 5n,

So lim rn(3)1/n ≥ √
5. However, by a lemma in Section 1 in this chapter,

lim
n→∞

(rn(3)− 1)1/n = sup
n≥1

(rn(3)− 1)1/n,

so

lim
n→∞

rn(3)1/n = lim
n→∞

(rn(3)− 1)1/n

≥ (r4(3)− 1)1/4 = 501/4 = 2.6591 · · · .

Nevertheless, we shall do it better.
The lower bound for rn(3) is closely related to the Schur number sn. A

set of integers is said to be sum-free if a, b ∈ S implies a + b 6∈ S ( a and b
not necessarily distinct). A well known result of Schur (1916) sates that if
the integers {1, 2, . . . , bn!ec} are partitioned in any manner into n classes,
then at least one of the classes is not sum-free. Accordingly, we define Schur
number sn to be the largest positive integer such that {1, 2, . . . , sn} can be
partitioned in some manner into n sum-free classes. No many exact values
of Schur numbers have been known. It is not hard to verify that s1 = 1,
s2 = 4 and s3 = 13. With the aid of a computer, Baumert showed that
s4 = 44, reported in Abbott and Hanson (1972), and Exoo (1994) showed
that s5 ≥ 160, who partitioned [1, 160] into five sum-free sets. Since the
partition is symmetric in the sense that i and 161− i always belong to the
same set, so only the integers from 1 to 80 are listed as follows.
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Set 1 4 5 15 16 22 28 29 39 40 41 42 48 49 59
Set 2 2 3 8 14 19 20 24 25 36 46 47 51 62 73
Set 3 7 9 11 12 13 17 27 31 32 33 35 37 53 56 57 61 79
Set 4 1 6 10 18 21 23 26 30 34 38 43 45 50 54 65 74
Set 5 44 52 55 58 60 63 64 66 67 68 69 70 71 72 75 76 77 78 80

Table A partition of [1, 160] into five sum-free sets.

Generally, Schur number sn offers a good lower bound for Ramsey num-
ber rn(3) as follows.

Lemma 11.16 Let n be a positive integer. Then

rn(3) ≥ sn + 2.

Proof. Set N = sn. Then {1, 2, . . . , N} can be partitioned into n sum-
free sets A1, A2, . . . , An. We now color the edges of KN+1 with vertex set
{1, 2, . . . , N + 1} in the following way: color the edge uv with color i if
|u − v| ∈ Ai. Since 1 ≤ |u − v| ≤ N for any distinct u and v, all edges
are colored. We then claim that there are no monochromatic triangles.
In fact, if for some 1 ≤ u < v < w ≤ N + 1, the edges uv and vw are
in color i, then |u − v| = v − u ∈ Ai and |v − w| = w − v ∈ Ai, then
|u − w| = w − u = (w − v) + (v − u) 6∈ Ai since Ai is sum-free. So the
edge uw are not in color i. Therefore u, v, w do not form a monochromatic
triangle and the assertion holds. 2

Corollary 11.3 r5(3) ≥ 162.

Proof. The proof follows from the above lemma and the fact that s5 ≥ 160
immediately. 2

The following result is due to Abbott and Hanson (1972).

Theorem 11.12 Let m and n be any positive integers. Then

sm+n ≥ (2sm + 1)sn + sm.

Proof. For b = 0, 1, . . . , sn, set

Ab = {b(2sm + 1) + c |c = 1, 2, . . . , sm},

and for c = 1, 2, . . . , sm, set

Ac = {b(2sm + 1) + c |b = 0, 1, . . . , sn}.
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Let
A = ∪sn

b=0Ab = ∪sm
c=1A

c.

Partition A0 = {1, 2, . . . , sm} into m sum-free classes C1, C2, . . . , Cm, and
partition A into m classes D1, D2, . . . , Dm by placing Ac in Di if c ∈ Ci We
claim that each of these classes is sum-free. Suppose to the contrary, Di is
not sum-free, there are some elements b1M + c1, b2M + c2, b3M + c3 of Di

such that
(b1M + c1) + (b2M + c2) = b3M + c3,

where M = 2sm + 1, and c1, c2, c3 are all in Ci. We thus have

c1 + c2 = c3 (mod M).

However, 2 ≤ c1 + c2 ≤ 2sm < M , and 1 ≤ c3 ≤ sm < M , so c1 + c2 = c3,
contradicting to the fact that Ci is sum-free.

For b = 1, 2, . . . , sn, set

Bb = {b(2sm + 1)− c |c = 0, 1, . . . , sm}.

Let
B = ∪sn

b=1Bb.

Partition {1, 2, . . . , sn} into n sum-free classes Cm+1, Cm+2, · · · , Cm+n, and
partition B into n classes Dm+1, Dm+2, · · · , Dm+n by placing Bb in Dm+i

if b ∈ Cm+i. We claim that each of these classes is sum-free. In fact, for
any elements b1M − c1, b2M − c2, b3M − c3 of Dm+i, where M = 2sm + 1,
and b1, b2, b3 are of Cm+i, satisfying b1 + b2 6= b3 since Cm+i is sum-free. If
b1 + b2 ≥ b3 + 1, since M − c1 − c2 ≥ 1 we have

(b1M − c1) + (b2M − c2) ≥ b3M + 1 > b3M − c3.

If b1 + b2 ≤ b3 − 1, then

(b1M − c1) + (b2M − c2) ≤ (b3 − 1)M < b3M − c3.

Therefore (b1M − c1) + (b2M − c2) 6= b3M − c3, which implies that Dm+i

is sum-free.
It is easy to verify that A0, B1, A1, B2, · · · , Asn

is a partition of the set

A ∪B = {1, 2, . . . , (2sm + 1)sn + sm}

in the natural order. The above set thus has been partitioned into m + n
sum-free classes, hence the proof is completed. 2
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Corollary 11.4 Let m be a fixed positive integer. Then we have

sn > c(2sm + 1)n/m

for any integer n > m, where c = c(m) > 0 is a constant.

Proof. Setting n = km + r with 1 ≤ r ≤ m, we have

sn ≥ (2sm + 1)s(k−1)m+r + sm

≥ (2sm + 1)ksr + (2sm + 1)k−1sm + · · ·+ (2sm + 1)sm + sm

>
sr

(2sm + 1)r/m
(2sm + 1)n/m.

Taking
c = min{sr/(2sm + 1)r/m : 1 ≤ r ≤ m},

the desired result follows. 2

From above two results, we know that sn is super-multiplicative and

lim
n→∞

s1/n
n ≥ sup

m≥1
(2sm + 1)1/m ≥ sup

m≥1
s1/m

m = lim
n→∞

s1/n
n .

Hence

lim
n→∞

s1/n
n = sup

m≥1
(2sm + 1)1/m ≥ (2s5 + 1)1/5 ≥ 3211/5,

where s5 ≥ 160 and 3211/5 = 3.17176 · · ·. We thus have

sn ≥ c 321n/5,

and
3211/5 ≤ lim rn(3)1/n ≤ ∞.

The following is a very old conjecture of Erdős .

Conjecture 11.1 (Erdős) As n →∞, the limit rn(3)1/n is infinity.

11.6 A Related Bound

We now give an upper bound for rn(C5). Recall a result in Chapter 3 that
if a graph G = (V, E) is C2m+1−free, then

α(G) ≥ 1
(2m− 1)2(m−1)/m

(∑

v∈V

d(v)1/(m−1)

)(m−1)/m

.
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In particular, if G is C5−free, then α(G) ≥
√

Nd/18, where N is the order
of G and d is its average degree.

Theorem 11.13 For some constant c > 0,

rn(C5) ≤ c
√

18nn!.

Proof. We write rn(C5) as rn in the proof. Set N = rn − 1. There
is a edge-coloring of of KN with n colors containing no monochromatic
C5. The edge set of KN is partitioned into n classes E1, E2, · · · , En, where
Ei consists of all edges in color i. One of the classes, say E1, has the
maximum cardinality, so |E1| ≥ 1

n

(
N
2

)
. Denote by G for the graph with the

same vertex set as the colored KN and edge set E1. It is easy to verify that
the average degree d of G satisfies

d ≥ N − 1
n

=
rn − 2

n
.

Consider an independent set S of G with |S| = α(G), any edge of KN

between two vertices in S is colored in color 2, 3, . . . , n. So the subgraph
induced by S is an edge-colored complete graph in n− 1 colors, which con-
tains no monochromatic C5. Thus |S| ≤ rn−1−1. By the result mentioned
previously, we have

rn−1 − 1 ≥
√

Nd/18 ≥
√

(rn − 1)(rn − 2)/18n >
rn − 2√

18n
,

implying
rn − 1 ≤ 1 +

√
18n(rn−1 − 1).

Repeatedly using the above recursive upper bound, we have

rn − 1 ≤ 1 +
√

18n(rn−1 − 1)

≤ 1 +
√

18n +
√

182n(n− 1)(rn−2 − 1)

≤ 1 +
√

18n + · · ·+
√

18n−1n(n− 1) · · · 2(r1 − 1)

=
√

18nn!

(
1√

18nn!
+

1√
18n−1(n− 1)!

+ · · ·+ r1 − 1√
18

)
,

where r1 = 5. Clearly, the sum in the last parenthesis has a finite limit.
Hence there exists some constant c > 0 such that the required upper bound
holds. 2

We conclude this chapter with two problems.
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Problem 11.2 Let m be a positive integer. Prove or disprove that rn(C2m+1) =
o((n!)1/m).

Problem 11.3 Let m be a positive integer. Prove or disprove that rn(C2m+1)1/n →
∞ as n →∞.

A conjecture of Erdős and Graham that rn(C2m+3)/rn(C3) → 0 can be
generalized as follows

Problem 11.4 Prove or disprove that rn(C2m+3)/rn(C2m+1) → 0 as n →
∞.

Exercises

11.1 Prove α(∧4C7) ≥ 17. (T. Bohman and R. Holzman, A nontrivial
lower bound on the Shannon capacities of the complements of odd cycles,
IEEE Trans. Inform. Theory, 49 (2003), 721-722.

11.2 Prove s3 = 13.

11.3 Give a constructive proof for sk ≥ 3sk−1 + 1 with k ≥ 2 by par-
titioning {1, 2, . . . , 3sk−1 + 1} into three classes, each of which consists of
consecutive integers.
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Chapter 12

AP and Regularity
Lemma

12.1 Van der Waerden’s Numbers

Many results in early Ramsey theory are concerning integers. One of
them is on Schur numbers, discussed in the last chapter. And another is
van der Waerden’s theorem (1927) on existence of an arithmetic progression
(AP) in partition of integers as follows, in which the length of a sequence is
the number of its terms.

Theorem 12.1 (Van der Waerden) Let k and t be positive integers. Then
if w is a sufficiently large integer, no matter how we partition [w] = {1, 2, · · · , w}
into k classes, one of the classes must contain an arithmetic progression of
length t.

As usual, partition of [w] is called a coloring of [w]. Define wk(t) as
the smallest integer w so that the mentioned property holds, and write
w(t) = w2(t). It is trivial to see that wk(1) = 1, wk(2) = k+1 and w1(t) = t.
However, for general k and t, the functions wk(3) and w2(t) are not trivial
at all. It is only known that w(2) = 3, w(3) = 9, w(4) = 35, w(5) = 178. In
fact, very little is known about the growth of the functions w(t) and wk(t).
The current best upper bound for w(t), which was obtained by Shelah in

1988, is a tower function as 22
···2

, where the height of the tower is w(t−1).
Rather than proving van der Waerden’s theorem directly, we shall intro-

duce a remarkable extension of the theorem by Hales and Jewett in 1963,
which leads to the proof of Shelah.

231
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The cube Cn
t is the set of sequences of length n formed from t symbols.

The symbols are ordered, usually as [t] = {1, 2, . . . , t} if no specified, or in
example as {A,B, C, . . . , Z} with t = 26. The symbol in the ith position
of an element is called its ith coordinate. The elements are called points
often.

Some points of of C5
26: P1 : AAAAB, P2 : AXY CN , P3 : PPPPP .

The third coordinate of P2 is Y .
The points of Cn

t can be viewed as the points of the n−dimensional
discrete cube with t sides. For example, the points of C2

4 with symbols
1, 2, 3, 4 can be arranged in a matrix.

11 12 13 14
21 22 23 24
31 32 33 34
41 42 43 44

A set of t points L = {P1, P2, . . . , Pt} in Cn
t is called a line if there is

a non-empty set I of indices such that for any i ∈ I, the ith coordinate of
any point Pj ∈ L is just jth symbol, and for i 6∈ I, the ith coordinates of all
points of L are the same. The ith coordinates for i ∈ I are called moving
coordinates, and those for i 6∈ I are called constant coordinates.

Let us look two lines L1 and L2 in C5
26 as follows.

L1 L2

P1 : XAQAB AAAAA
P2 : XBQBB BABAA
P3 : XCQCB CACAA

...
...

...
P25 XY QY B Y AY AA
P26 XZQZB ZAZAA

In line L1, the first, third, and fifth coordinates are constant coordinates;
the second and fourth are moving coordinates.

In C2
4 , there are totally 9 lines, namely, each row and each column,

and one diagonal line 11, 22, 33, 44. The last line does not have constant
coordinates.

Clearly, every line has t points, and there are

∑

∅6=I⊆[n]

tn−|I| =
∑

J⊆[n],J 6=[n]

t|J| =
n−1∑

j=0

(
n

j

)
tj = (t + 1)n − tn

lines in Cn
t . For example, the cube C2

t contains 2t + 1 lines: t horizontal
lines, t vertical lines, and one diagonal line.
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The following is a result of Hales and Jewett in 1963.

Theorem 12.2 For any positive integers k and t, there exists N such
that if the points of CN

t are colored in k colors in any fashion, there is
a monochromatic line.

The Hales-Jewett function HJ(k, t) is defined the minimal value of N
that will satisfy the above theorem. To see that the function makes sense,
one needs to make sure that N + 1 will do the theorem. This is clear
if we consider the subset of CN+1

t consisting of those points whose last
coordinates are N + 1, and none of other coordinates are N + 1. More
importantly, we need to show that there is at least one such an N that is
finite.

The theorem of van der Waerden follows Theorem 12.2 immediately.

Proof of Theorem 12.1. For given k and t, let M be an integer
such that any coloring of CM

t with k colors contains a monochromatic line,
where the set of symbols of CM

t is {0, 1, . . . , t− 1}. Then each point can be
viewed as a representation of a nonnegative integer in base t. The largest
such integer is tM − 1, denoted by N . This representation establishes a
bijection from CM

t to {0, 1, . . . , N}. A key observation is that a line in CM
t

is exactly an arithmetic progression of length t. Now for any coloring of
{1, 2, . . . , N +1} with k colors, yielding a natural coloring for {0, 1, . . . , N}
hence a coloring of CM

t with k colors. From Theorem 12.2, we have a
monochromatic line in CM

t hence a monochromatic arithmetic progression
of length t. 2

The above proof in fact gives an upper bound for wk(t).

Theorem 12.3 For any positive integers k and t, wk(t) ≤ HJ(k, t).

The remaining part of this section is Shelah’s proof of Theorem 12.2.
However, in order to make the proof clearer, we shall give some examples
and details to explain the concepts in the context.

A line L in Cn
t is called a Shelah line if for some i, j with 1 ≤ i ≤ j ≤ n,

the following holds:

1. Coordinates 1, · · · , i− 1 are all equal to t− 1 (constant);

2. Coordinates i, · · · , j are moving;

3. Coordinates j + 1, · · · , n are all equal to t (constant).

Namely, a line is a Shelah line if the positions of moving coordinates are
consecutive, and all coordinates are t − 1 and t before and after moving
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coordinates, respectively. In the above definition, if i = 1, the first condition
disappears, and if j = n the third condition disappears. A point is called
Shelah point if it is on some Shelah line.

Let us look some Shelah lines in C5
26 as follows.

L1 L2 L3

Y AAZZ AAZZZ AAAAA
Y BBZZ BBZZZ BBBBB
Y CCZZ CCZZZ CCCCC

...
...

...
Y Y Y ZZ Y Y ZZZ Y Y Y Y Y
Y ZZZZ ZZZZZ ZZZZZ

i = 2, j = 3 i = 1, j = 2 i = 1, j = 5

The points Y Y QZZ, Y CCCZ, HHHHZ, SSSSS are Shelah points, but
Y FGZZ, AAY Y Y are not.

The following result is clear from the fact that a Shelah line is uniquely
determined by i and j in the definition.

Lemma 12.1 The cube Cn
t contains

(
n+1

2

)
Shelah lines and at most

(
n+1

2

)
t

Shelah points.

Assume n = n1 + n2 + · · ·+ ns, then

Cn
t = Cn1

t × Cn2
t × · · · × Cns

t .

Let Lj be a Shelah line of C
nj

t for j = 1, 2, . . . , s. We call

L1 × L2 × · · · × Ls

as a Shelah s−space of Cn
t . It contains ts points of Cn

t .
For example, if n1 = 5, n2 = 6, then

{Y ααZZ |Y Y ββZZ},
where α and β are letters in alphabet and the vertical line is added for clarity
of conjunction, forms a Shelah 2-space in C11

26 . It contains 262 points. If
n1 = 3, n2 = 4, n3 = 4, then

{Y αZ |Y ββZ | γγZZ}
forms a Shelah 3-space in C11

26 . It contains 263 points.
We now define a canonical isomorphism φ between a Shelah s-space of

Cn
t and Cs

t as follows.

φ : L1 × L2 × · · · × Ls → Cs
t , φ(η) = α1α2 · · ·αs,
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where αj is the common value of the moving coordinate in Lj . Using the
previous examples,

φ(Y ααZZ Y Y ββZZ) = αβ ∈ C2
11

φ(Y αZ Y ββZ γγZZ) = αβγ ∈ C3
11.

It is easy to see that the map φ is really a bijection.
During the rest of the proof, χ is used as a coloring function, thus χ(P )

is the color of the point P ∈ Cn
t . A coloring χ of the points of Cn

t is called
flip-top coloring if P = p1p2 · · · pn, Q = q1q2 · · · qn ∈ Cn

t , for which there
exists I ⊆ [n] such that pi = t − 1, qi = t for i ∈ I, and pj = qj for j 6∈ I,
then χ(P ) = χ(Q), where t − 1 and t are last two elements of the set of
symbols. For example, a flip-top coloring χ of C5

26 satisfies

χ(BAZZO) = χ(BAYYO)
χ(ZEZAK) = χ(YEYAK)

χ(YYYYY) = χ(ZZZZZ).

Let χ be a coloring of the points of L1×L2× · · · ×Ls, and let φ be the
canonical isomorphism from L1 ×L2 × · · · ×Ls to Cs

t . Define a coloring χ′

of the points of Cs
t as for P ∈ Cs

t ,

χ′(P ) = χ(φ−1(P )),

which is called the derived coloring of χ. The coloring χ is called flip-top
on the Shelah s-space if χ′ is flip-top on Cs

t .
For example, if χ is a flip-top coloring of the Shelah 2-space in the form

of {Y ααZZ |Y Y βββZ}, then

χ(Y QQZZ |Y Y YYYZ) = χ(Y QQZZ |Y Y ZZZZ)

since χ′ is flip-top on C2
26 thus χ′(QY ) = χ′(QZ).

If s = 1, the above definition gives flip-top coloring of a Shelah line. In
this case φ maps a Shelah line L in Cn

t onto C1
t , and the derived coloring

on C1
t must be flip-top. However, a flip-top coloring of C1

t simply says that
the color of t− 1 equals to the color of t. This gives the following remark.

Remark The points of a Shelah line L = {P1, P2, · · · , Pt} in Cn
t are

colored flip-top if and only if the “last two points” Pt−1 and Pt have the
same color.

Lemma 12.2 (Shelah Cube Lemma) Let positive integers k, s, t be fixed.
Then there exist n1, n2, . . . , ns with the following property: If the points of
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Cn
t = Cn1+n2+···+ns

t are colored in an arbitrary way with k colors, then this
coloring is a flip-top coloring on a suitable Shelah s-space L1×L2×· · ·×Ls,
where Lj is a Shelah line in C

nj

t . In fact, the numbers nj can be explicitly
given by n1 = kts−1

and ni+1 = kAi for 1 ≤ i < s, where

Ai =
[
Π1≤j≤i

(
nj + 1

2

)]
ts−1.

Proof. We shall prove the lemma by induction on s. For s = 1, take
n1 = n = k. We have to show that in an arbitrary k−coloring of Ck

t there
is a flip-top colored Shelah-line. Consider the following points in Ck

t :

P1 : t− 1 t− 1 · · · t− 1 t− 1 t− 1
P2 : t− 1 t− 1 · · · t− 1 t− 1 t
P3 : t− 1 t− 1 · · · t− 1 t t

...
Pk : t− 1 t · · · t t t

Pk+1 : t t · · · t t t

Each of these k +1 points consists of a block of t− 1 followed by a block of
t. Two of them, say Pi and Pj with i < j, are colored with the same color
in our k−coloring. And Pi and Pj are the last two points of the following
Shelah line determined by themselves:

Q1 : t− 1 · · · t− 1 1 . . . 1 t · · · t
Q2 : t− 1 · · · t− 1 2 . . . 2 t · · · t

...
Qt−2 : t− 1 · · · t− 1 t− 2 . . . t− 2 t · · · t
Pi : t− 1 · · · t− 1 t− 1 . . . t− 1 t · · · t
Pj : t− 1 · · · t− 1 t . . . t t · · · t

By the previous remark, the above line is exactly what we want: a flip-top
colored Shelah line.

For s = 2, let n1 = kt and n2 = kA1 with A1 =
(
n1+1

2

)
t. Let χ be a

k−coloring of the points of

Cn
t = Cn1+n2

t = Cn1
t × Cn2

t .

Write points of Cn
t as XY with X ∈ Cn1

t and Y ∈ Cn2
t . We shall define

new colorings χ1 and χ2 on Cn1
t and Cn2

t , respectively.
Let us define χ2 on Cn2

t first. Denote by m for number of Shelah points
in Cn1

t and label these Shelah points as X1, X2, · · · , Xm. For any Y ∈ Cn2
t ,

we assign a vector for its color as

χ2(Y ) = (χ(X1Y ), χ(X2Y ), · · · , χ(XmY )).
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Clearly two point Y, Y ′ ∈ Cn2
t have the same color if and only if χ(XY ) =

χ(XY ′) for all Shelah points X of Cn1
t .

Since m ≤ A1 =
(
n1+1

2

)
t as mentioned, and each of coordinate of χ2(Y )

is one of k colors, so coloring χ2 uses at most km ≤ kA1 = n2 colors.
Referring to the case s = 1, coloring χ2 is flip-top on a suitable Shelah line
L2 in Cn2

t .
The Shelah line L2 contains t points, say L2 = {Y1, Y2, · · · , Yt}. We

then define coloring χ1 on any point X of Cn1
t as a vector

χ1(X) = (χ(XY1), χ(XY2), · · · , χ(XYt)).

Thus two points X, X ′ ∈ Cn1
t have the same color in χ1 if and only if

χ(XYβ) = χ(X ′Yβ) for all Yβ ∈ L2.
Clearly χ1 uses at most kt = n1 colors. Again, referring the case s = 1,

the coloring χ1 is flip-top on a suitable Shelah line L1 in Cn1
t .

Next we verify that χ is flip-top on L1 × L2: the derived coloring χ′ of
χ is a flip-top coloring on C2

t . That is to say, we need to verify

χ′(α (t− 1)) = χ′(α t),
χ′((t− 1) β) = χ′(t β),

χ′((t− 1) (t− 1)) = χ′(t t)

for any symbols α and β. We verify the first equality, and omit the similar
proofs for the two others. By relabelling the Shelah points of Cn1

t , we may
assume that L1 = {X1, X2, · · · , Xt}. Note that points of L1×L2 have form
XαYβ with

Xα = t− 1 · · · t− 1 α · · ·α t · · · t, Yβ = t− 1 · · · t− 1 β · · ·β t · · · t.

Since χ2 is flip-top on L2, we have χ2(Yt−1) = χ2(Yt), implying χ(PYt−1) =
χ(PYt) for any Shelah point P in Cn1

t from the definition of χ2. In partic-
ular, we have χ(XαYt−1) = χ(XαYt), which yields χ′(α (t− 1)) = χ′(α t).

The proof for general s ≥ 3 is similar with the case s = 2, we thus omit
it. 2

Lemma 12.3 (Induction Lemma) Assume that s = HJ(k, t− 1) is de-
fined, namely, in any k−coloring of Cs

t−1 there is a monochromatic line.
Then under any flip-top k−coloring of Cs

t , there is a monochromatic line.

Proof. Consider a flip-top k−coloring χ on Cs
t . Since Cs

t−1 is a subset of
Cs

t and thus χ is a k−coloring on Cs
t−1, from the definition of s, there is a

monochromatic line L in Cs
t−1, say L = {P1, P2, · · · , Pt−1} in color 1, then
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the following line

P1 : α · · · α 1 · · · 1 β · · · color 1
P2 : α · · · α 2 · · · 2 β · · · color 1

...
Pt−1 : α · · · α t− 1 · · · t− 1 β · · · color 1
Pt : α · · · α t · · · t β · · · new point,

is a monochromatic line, where Pt is a new point, and α and β are constant
coordinates. The point Pt is colored in 1 since χ is flip-top on Cs

t . 2

Proof of Theorem 12.2. Now it is easy to see the existence of
HJ(k, t). We use the induction on t for fixed k.

Basis. It is a trivial fact that HJ(k, 1) = 1 for any k.
Inductive Step. Assume that s = HJ(k, t − 1) exists, that is s =

HJ(k, t − 1) < ∞. Define n which satisfies the cube lemma for the given
k, t and s.

Claim. In any k−coloring of Cn
t , where n is defined above, there is a

monochromatic line.
Proof of claim. Let χ be a k−coloring of Cn

t , the cube lemma shows
that χ is flip-top on a suitable Shelah s-space L1 × L2 × · · · × Ls. By
definition, the derived coloring χ′ is flip-top on Cs

t . By the definition of
s = HJ(k, t − 1), the induction lemma can be applied to χ′, there is a
monochromatic line L in Cs

t . The φ−1(L) is monochromatic line of Cn
t

under coloring χ. 2

Remark. Define a sequence of functions N → N as f1(n) = 2n and

fm+1(n) = fm ◦ fm ◦ · · · fm︸ ︷︷ ︸
n

(1).

Some small values of fm(n) are listed in following table.

fm(n) n = 1 n = 2 n = 3 n = 4 n
f1(n) 2 4 6 8 2n
f2(n) 2 22 23 24 2n

f3(n) 2 22 222
2222

22···
2 }

n

f4(n) 2 22 2222

22···2
}

f4(3) 22···2
}

f4(n− 1)

f5(n) 2 22 f4(4) f4(f4(4))

Table Some values of fm(n)
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The function f3(n) is called a “tower”, whose height is n. The function
f4(n) grows much faster, which is called a wowzer, wow! Note that f4(n)
is a tower of height f4(n − 1). For example f4(4) is a tower of height
f4(3) = 65536. The value of f4(f4(4) − 1) is the height of the tower of
f5(4). The Ackerman function A(n) is defined as diagonal value fn(n).

Shelah’s proof gives “wowzer” bound on HJ(2, t) because it iterates
the cube lemma, which gives a “tower” bound by iterating the exponential
functions. In fact HJ(k, t) ≤ f4(c(k+ t)) for some constant c. Even so, this
proof for the van der Waerden theorem still reduces the original bound of
van der Waerden greatly, who used double induction on k and t, even for
w(t) = w2(t). The original upper bound was a Ackerman function.

An open problem of Graham (1995) was asking if the Cube Lemma can
be improved to give an exponential bound instead of tower.

To generalized van der Waerden theorem in the 1930s, Erdős and Turán
conjectured that that each set of positive integers with positive upper den-
sity contains arbitrarily long arithmetic progressions, that is to say, if if a
set A of positive integers satisfies limn→∞|A ∩ [n]|/n > 0, then A contains
arbitrarily long arithmetic progression. The conjecture in case ` = 3 was
proved by Roth in 1953. The full conjecture was proved by Szemerédi in
1975 with a deep and complicated combinatorial argument. In this proof he
used a result called the Regularity Lemma in bipartite version, and then he
gave the general version in 1976. The lemma has now become a totally new
tool in extremal graph theory. Sometimes the Regularity Lemma is called
Uniformity Lemma, see e.g. Modern Graph Theory by Bollobás (1998).
For its many applications, we refer the readers to the survey of Komlós and
Simonovits (1996). We shall discuss this lemma in the next section.

12.2 Regularity Lemma

Let G be a graph and let X and Y be nonempty disjoint subsets of V (G).
Denote by e(X, Y ) for the number of edges between X and Y . The ratio

d(X, Y ) =
e(X, Y )
|X||Y |

is called the density of (X, Y ). It is the probability that any pair (x, y)
selected randomly from X × Y is an edge. Clearly 0 ≤ d(X, Y ) ≤ 1. It is
easy to see

dG(X, Y ) + dḠ(X, Y ) = 1,

where Ḡ is the complement of G.
The density d(X, Y ) behaves in a fair continuous fashion.
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Lemma 12.4 Suppose X and Y are disjoint subsets of V (G), and X ′ ⊆ X
and Y ′ ⊆ Y with |X ′| > (1− δ)|X| and |Y ′| > (1− δ)|Y |. Then

|d(X ′, Y ′)− d(X, Y )| < 2δ and |d2(X ′, Y ′)− d2(X, Y )| < 4δ.

Proof. Note that

0 ≤ e(X, Y )− e(X ′, Y ′)
≤ e(X \X ′, Y ) + e(X, Y \ Y ′) < 2δ|X||Y |,

so d(X, Y )− d(X ′, Y ′) < 2δ. Replace G by Ḡ, we have

d(X ′, Y ′)− d(X, Y ) = dḠ(X, Y )− dḠ(X ′, Y ′) < 2δ.

Another inequality follows the above and the fact d(X, Y ) ≤ 1. 2

Let ε > 0 be a real number. Then a pair (X, Y ) is called ε−regular if
for any X ′ ⊆ X and Y ′ ⊆ Y with |X ′| > ε|X| and |Y ′| > ε|Y |,

|d(X, Y )− d(X ′, Y ′)| ≤ ε.

A partition C0, C1, · · · , Ck of V (G) is said to be equitable with exceptional
set C0 if |C1| = |C2| = · · · = |Ck|. An equitable partition with exceptional
class C0 is said to be ε−regular if |C0| ≤ εn, where n = |V |, and all but at
most εk2 pairs (Ci, Cj) with 1 ≤ i < j ≤ k are ε−regular.

Theorem 12.4 (Szemerédi’s Regularity Lemma) For any real ε > 0
and any integer m ≥ 1, there exists M = M(ε,m) > m such that every
graph G on n ≥ m vertices has an ε−regular partition C0, C1, · · · , Ck with
exceptional set C0 satisfying m ≤ k ≤ M .

For any M > m, the theorem for m ≤ n ≤ M is trivial since a partition
with each class being a singleton is zero-regular. The crucial point for the
regularity lemma is that the number of classes in partition is bounded for
any graph. We will follow the original proof of Szemerédi (1976), and that
reformulated in Modern Graph Theory by Bollobás (1998). A proof with
slight change can be found in Graph Theory (2nd ed.) by Diestel (1997).
The readers are encouraged to skip the proofs.

We will need the defect form of Cauchy-Schwarz inequality.

Lemma 12.5 Let di be reals and s > t ≥ 1 be integers. If

1
s

s∑

i=1

di =
1
t

t∑

i=1

di + δ,
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then
1
s

s∑

i=1

d2
i ≥

(
1
s

s∑

i=1

di

)2

+
tδ2

s− t
≥

(
1
s

s∑

i=1

di

)2

+
tδ2

s
.

Proof. From the Cauchy-Schwarz inequality

s∑

i=1

d2
i

s∑

i=1

b2
i ≥

(
s∑

i=1

dibi

)2

,

by taking bi = 1, we have
∑s

i=1 d2
i ≥ sD2

s , where Ds = 1
s

∑s
i=1 di. Hence

s∑

i=1

d2
i =

t∑

i=1

d2
i +

s∑

i=t+1

d2
i

≥ tD2
t + (s− t)

(
1

s− t

s∑

i=t+1

di

)2

= tD2
t + (s− t)

(
sDs − tDt

s− t

)2

= s

(
D2

s +
t(Ds −Dt)2

s− t

)
,

as claimed. 2

Given an equitable partition P = {C0, C1, . . . , Ck} with exceptional set
C0, define

q(P) =
1
k2

∑

1≤i<j≤k

d2(Ci, Cj).

It is easy to see that 0 ≤ q(P) < 1/2 since d(Ci, Cj) ≤ 1.
The function q(P) is a cornerstone in the proof of the regularity lemma.

We will show that if P is not ε−regular, there is a partition P ′ with the new
exceptional class a bit larger than the old one, but q(P ′) ≥ q(P) + ε5/2.
Do this again if P ′ is not ε−regular yet. The number of iterations is thus
at most 1/ε5 to guarantee occurrence of an ε−regular partition. Without
loss of generality, we assume that 0 < ε ≤ 1/2 since if ε > 1/2, one can take
M(ε,m) = M(1/2,m).

Lemma 12.6 Let G be a graph of order n with an equitable partition P =
{C0, C1, · · · , Ck} with exceptional class C0. Suppose

|C1| = · · · = |Ck| = c ≥ 23k+1; and 2k ≥ 8/ε5,
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and suppose P is not ε−regular, then there is an equitable partition P ′ =
{C ′0, C ′1, . . . , C ′`} with exceptional class C ′0 ⊇ C0 and ` = k(4k − 2k−1),
which satisfies

(1) |C ′0| ≤ |C0|+ n/2k,
(2) q(P ′) ≥ q(P) + ε5/2.

Proof?. Separate all pairs (i, j), 1 ≤ i < j ≤ k, of indices into S and T ,
corresponding with that the pair (Ci, Cj) is ε−regular or not, respectively.
For (i, j) ∈ S, set Cij = Cji = ∅, and for (i, j) ∈ T , set Cij ⊆ Ci and
Cji ⊆ Cj with |Cij | > εc, |Cji| > εc, and

|d(Cij , Cji)− d(Ci, Cj)| > ε.

Note that the pair (Cij , Cji) are not “very close” to (Ci, Cj) by Lemma
12.4.

For a fixed i, 1 ≤ i ≤ k, consider the equivalence relation ≡ on Ci as
for x, y ∈ Ci, x ≡ y means x ∈ Cij if and only if y ∈ Cij for any j 6= i. The
equivalence classes are atoms of algebra induced by Cij , j 6= i. Note that
Ci has at most 2k−1 atoms.

Set d = bc/4kc, then

d ≥ 2k+1, and 4kd ≤ c < 4k(d + 1).

Cut each atom in Ci into pairwise disjoint d−subsets. Denote by z for the
maximal number of these d−subsets that one can take. Then

zd + 2k−1(d− 1) ≥ c ≥ 4kd,

yielding z ≥ 4k − 2k−1. Set H = 4k − 2k−1. We shall take exactly H
such subsets and add the remainder to the “rubbish bin” to get a new
exceptional set C ′0. Label all these d−subsets as Di1, Di2, . . . , DiH . Set
C ′0 = C0 ∪

[∪k
i=1

(
Ci \ ∪H

h=1Dih

)]
. Then |C ′0| ≤ |C0|+ k(c−Hd). Since

Hd ≥ (4k − 2k−1)(
c

4k
− 1) ≥ c− c

2k+1
− 4k ≥ c− c

2k

as c ≥ 23k+1, we have |C ′0| ≤ |C0| + kc/2k ≤ |C0| + n/2k. Rename Dih as
C ′j , 1 ≤ j ≤ `, where ` = kH. Set P ′ = {C ′0, C ′1, . . . , C ′`}. All that remains
is to show q(P ′) ≥ q(P) + ε5/2.

For i, j = 1, 2, . . . , k, set

Ci = ∪H
h=1Dih and Cij = ∪{Dih : Dih ⊆ Cij}.

Set partition P = {C ′0, C1, . . . , Ck} with exceptional class C ′0.
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Claim 1 q(P) ≥ q(P)− ε5/4.
Proof of Claim 1 For any pair (Ci, Cj),

|Ci \ Ci|
|Ci| =

c−Hd

c
≤ 4k(d + 1)−Hd

4k(d + 1)
<

1
2k
≤ ε5

8
. (12.1)

By Lemma 12.4,

|d(Ci, Cj)− d(Ci, Cj)| ≤ ε5

4
. (12.2)

Consequently

|d2(Ci, Cj)− d2(Ci, Cj)| ≤ ε5

2
.

Hence d2(Ci, Cj) ≥ d2(Ci, Cj)−ε5/2, which implies that q(P) ≥ q(P)−ε5/4
as claimed.

To illustrate what can be obtained in the proof, we shall use A ⊂≈ B
to represent for “A is contained in B and close to B”, and A ⊂¿ B for “A
is contained in B but not close to B” . For a pair (i, j) ∈ T , we have

(Cij , Cji) ⊂≈ (Cij , Cji) ⊂¿ (Ci, Cj)
(Cij , Cji) ⊂¿ (Ci, Cj) ⊂≈ (Ci, Cj).

So if (i, j) ∈ T , it is expected |d(Cij , Cji)− d(Ci, Cj)| is almost as large as
|d(Cij , Cji)− d(Ci, Cj)| > ε.

Claim 2 If (i, j) ∈ T , then |d(Cij , Cji)− d(Ci, Cj)| > 15
16ε.

Proof of Claim 2 Since Ci = Cij ∪ (Ci \Cij), and subsets Dih in Ci can
be classified into two types: these are contains in Cij , which form Ci \Cij ,
and these out of Cij . so Cij \ Cij ⊆ Ci \ Ci. Then from (12.1),

|Cij \ Cij |
|Cij | ≤ |Ci \ Ci|

|Ci|
|Ci|
|Cij | ≤

ε4

8
, (12.3)

which and Lemma 12.4 give

|d(Cij , Cji)− d(Cij , Cji)| ≤ ε4

4
. (12.4)

The definition of Cij , the bounds (12.2) and (12.4) with the fact that 0 <
ε ≤ 1/2 yield

|d(Cij , Cji)− d(Ci, Cj)|
≥ |d(Cij , Cji)− d(Ci, Cj)| − |d(Cij , Cji)− d(Cij , Cji)|

−|d(Ci, Cj)− d(Ci, Cj)|

≥ ε− ε4

4
− ε5

4
≥ 15

16
ε,
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as claimed. 2

Let us return to the partition P ′ in which each class is a d−subset Dih

except class C ′0. It is easy to see that for any pair (Ci, Cj),

d(Ci, Cj) =
1

H2

∑

1≤u,v≤H

d(Diu, Djv)

since |Ci| = |Cj | = Hd. Set

A(i, j) =
1

H2

∑

1≤u,v≤H

d2(Diu, Djv).

Then from Cauchy-Schwarz inequality, for any pair (Ci, Cj), we have

A(i, j) ≥ d2(Ci, Cj).

If (i, j) ∈ T , we have some gain. Let R be the set of indices (u, v) such that
Diu ∈ Cij and Djv ∈ Cji. Then

d(Cij , Cji) =
1
|R|

∑

(u,v)∈R

d(Diu, Djv).

So for (i, j) ∈ T , from Lemma 12.5 and Claim 2,

A(i, j) ≥ d2(Ci, Cj) +
|R|
H2

(
d(Ci, Cj)− d(Cij , Cji

)2

≥ d2(Ci, Cj) +
|R|
H2

(
15ε

16

)2

.

Set Hij is the number of Diu ∈ Cij . Then by (12.3)

Hijd = |Cij | − |Cij \ Cij | ≥ |Cij | − |Ci \ Ci|
≥ (ε− ε5/8)|Ci| ≥ (1− 2−7)ε|Ci|.

Since |R| = HijHji and |Ci||Cj | ≥ (Hd)2, so if (i, j) ∈ T , |R|
H2 ≥ ((1 −

2−7)ε)2, thus

A(i, j) ≥ d2(Ci, Cj) + ((1− 2−7)ε)2
(

15ε

16

)2

≥ d2(Ci, Cj) +
3
4
ε4.
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Note ` = kH, we have

q(P ′) =
1
`2

∑

1≤x<y≤`

d2(C ′x, C ′y) ≥ 1
k2

∑

1≤i<j≤k

A(i, j),

where in the inequality the summands of form d2(Diu, Div) are ignored.
Then from what just obtained,

q(P ′) ≥ 1
k2


 ∑

(i,j)∈S

A(i, j) +
∑

(i,j)∈T

A(i, j)




≥ 1
k2


 ∑

(i,j)∈S

d2(Ci, Cj) +
∑

(i,j)∈T

(
d2(Ci, Cj) +

3
4
ε4

)


= q(P) +
3|T |
4k2

ε4.

Since P is not ε−regular, so |T | ≥ εk2. From this fact and Claim 1, we
have

q(P ′) ≥ q(P)− ε5

4
+

3εk2

4k2
ε4 = q(P) +

ε5

2
,

completing the proof. 2

Proof of Theorem 12.4 We shall use Lemma 12.6 repeatedly by
showing that at most t = bε−5c iterations will yield a required parti-
tion. Let k0 be an integer such that k0 ≥ m and 2−k0 ≤ ε5/8, and define
ki+1 = ki(4ki − 2ki−1). Set Mi = ki23ki+2 and M = Mt.

Let G be a graph order n ≥ m. We may assume that n > M since other-
wise the partition with each class being a singleton with empty exceptional
set will do. Let P0 = {C(0)

0 , C
(0)
1 , . . . , C

(0)
k0
} be an equitable partition with

|C(0)
1 | = · · · = |C(0)

k0
| = bn/k0c. So |C(0)

0 | < k0 ≤ M0/(23k0+2) < (ε/2)n. If

P0 is ε−regular, we are at home. Otherwise, let P1 = {C(1)
0 , C

(1)
1 , . . . , C

(1)
k1
}

guaranteed by Lemma 12.6. Then |C(1)
0 | ≤ |C(0)

0 | + n/2k0 < εn and
q(P1) ≥ q(P) + ε5/2. Continue the procedure, if P1 is not ε−regular yet,
so we obtain P2. Suppose we obtain Pj with exceptional class C

(j)
0 , then

|C(j)
0 | ≤ |C(0)

0 |+ n(2−k0 + 2−k1 + . . .) < εn,

and q(Pj) ≥ q(P0) + j ε5

2 . Thus j ≤ t since q(Pj) < 1/2, completing the
proof. 2
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The size of the exceptional class may be larger than that of normal ones.
To see this, suppose m is much larger than 1/ε, then the size of normal
classes is around n/k, which is much less than εn. One of reformulations of
regularity lemma is as follows.

Theorem 12.5 For any real ε > 0 and any integer m ≥ 1, there exists
M = M(ε,m) > m such that every graph G on n ≥ m vertices has a
partition C1, C2, · · · , Ck with |C1| ≤ |C2| ≤ · · · ≤ |Ck| ≤ |C1| + 1, and
m ≤ k ≤ M , in which all but at most εk2 pairs (Ci, Cj), 1 ≤ i < j ≤ k, are
ε−regular.

Proof For given ε > 0 and m ≥ 1, there is M > m and an equitable and
ε2

4 −regular partition P = {C0, C1, . . . , Ck} guaranteed by Theorem 12.4
with 1 ≤ k ≤ M . Since |C0| < ε2

4 n, thus b(1 − ε2/4)n/kc ≤ |Ci| ≤ n/k.
Partition C0 into k classes B1, B2, . . . , Bk, such that |Bi| = b|C0|/kc or
|Bi| = d|C0|/ke. Set C ′i = Ci ∪ Bi. Then the sizes of any C ′i and C ′j differ
at most by one. We then prove that if a pair (Ci, Cj) is ε2

4 −regular, then
(C ′i, C

′
j) is ε−regular. So all but at most ε2

4 k2 < εk2 pairs in the partition
P ′ = {C ′1, C ′2, . . . , C ′k} are ε−regular.

In the remaining proof, we suppose that n is large enough, since other-
wise we take sufficiently large M1 > M , and let n ≥ M1. For n ≤ M1, we
simply partition V (G) into singletons.

First at all, we see |C ′i| = bn/kc or |C ′i| = dn/ke. Let (Ci, Cj), 1 ≤
i < j ≤ k be an ε2

4 −regular pair. Suppose X ′
i ⊆ C ′i with |X ′

i| > ε|C ′i|. Set
Xi = X ′

i \Bi ⊆ Ci. Then

|Xi|
|X ′

i|
≥ 1− |Bi|

|X ′
i|
≥ 1− dε2n/(4k)e

εbn/kc > 1− ε

3
.

Hence by Lemma 12.4,

|d(X ′
i, X

′
j)− d(Xi, Xj)| ≤ 2ε

3
. (12.5)

The sizes of Ci and C ′i are close,

|Ci|
|C ′i|

≥ b(1− ε2/4)n/k

dn/ke > 1− ε2

2
,

thus
|d(Ci, Cj)− d(C ′i, C

′
j)| ≤ ε2. (12.6)

Also, since that (Ci, Cj) is ε2

4 −regular and

|Xi|
|Ci| ≥

|Xi|
|X ′

i|
|X ′

i|
|C ′i|

≥
(
1− ε

3

)
ε >

ε2

4
,
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we have

|d(Xi, Xj)− d(Ci, Cj)| ≤ ε2

4
. (12.7)

Consequently, by inequalities (12.5), (12.6) and (12.7),

|d(X ′
i, X

′
j)− d(C ′i, C

′
j)|

≤ |d(X ′
i, X

′
j)− d(Xi, Xj)|+ |d(Xi, Xj)− d(Ci, Cj)|

+|d(Ci, Cj)− d(C ′i, C
′
j)|

≤ 2ε

3
+ ε2 +

ε2

4
< ε.

So the pair (C ′i, C
′
j) is ε−regular. 2

Similar proof yields another formulation of the regularity lemma.

Theorem 12.6 For any real ε > 0 and any integer m ≥ 1, there exists
M = M(ε,m) > m such that every graph G on n ≥ m vertices has a
partition C0, C1, · · · , Ck with |C0| ≤ k − 1, |C1| = |C2| = · · · = |Ck|, and
m ≤ k ≤ M , in which all but at most εk2 pairs (Ci, Cj), 1 ≤ i < j ≤ k, are
ε−regular.

The bound on M(ε,m) given in Regularity Lemmas is enormous, unless

m is much larger than 1/ε, it is about 22
···2

, where the height of the tower
may be up to 1/ε5 since the iterations in proof. This seems to be very bad.
However, a celebrated result of Gowers (1997) proved that M(ε, 2) grows
at least as a such tower of height about 1/ε1/16. His argument is powerful.

Exercises

12.1 Try to show w(3) = 9.

12.2 Try to sketch the proof of Theorem 12.6. In particular, define the
function q(P) for a partition P.
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E. Szemerédi (1976), Regular partitions of graphs, Problémes combina-
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Chapter 13

Ramsey Linearity

13.1 Ramsey Linear Families

We now discuss Ramsey linearity. A family G of graphs is said to be
Ramsey linear if there exists a constant c = c(G) > 0 such that r(G) ≤
c|V (G)| for any G in G, where r(G) = r(G,G).

For dense graph G on n vertices, r(G) tends to grow exponentially in n.
For example, the extreme case of G = Kn has r(Kn) lying roughly between
2n/2 and 4n as discussed in previous Chapters. However, for relatively
sparse graphs, r(G) grows much more modestly. A particular class which
has been investigated from this perspective is the class of graphs G having
n vertices and maximum degree at most ∆, where ∆ is fixed. This section
contains a well known application of the regularity lemma of Chvátal, Rödl,
Szemerédi, and Trotter that the family of graphs with bounded maximum
degrees is Ramsey linear. Their result does not cover the subdivided graphs,
which will be discussed in the next section.

In last section of the chapter, we return to Ramsey goodness, which is
a topic in Chapter 1. All results on Ramsey goodness can be viewed as
the generalizations of Chvátal result that r(Tm,Kn) = (n− 1)(m− 1) + 1,
proved in Chapter 1.

Usually, the regularity lemma is applied for large, dense graphs, which
is exactly the case in Ramsey graphs with fixed number of colors. We shall
denote the maximum degree of a graph G by ∆(G).

A simple lemma that is needed in the proof for the major result is as
follows.

Lemma 13.1 Let (A,B) be an ε−pair of density d ∈ (0, 1], and Y ⊆ B
with |Y | ≥ ε|B|. Then there exists a subset A′ ⊆ A with |A′| ≥ (1 − ε)|A|,

249
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each vertex in A′ is adjacent to at lease (d− ε)|Y | vertices in Y .

Proof. Let X be the set of vertices with fewer than (d − ε)|Y | neighbors
in Y . Then e(X, Y ) < (d − ε)|X||Y |, so d(X, Y ) < d − ε. Since (A,B) is
ε−regular, this implies that |X| < ε|A|. 2

Theorem 13.1 For any integer ∆ ≥ 1, there exists a constant c = c(∆) >
0 such that if G is a graph on n vertices with ∆(G) ≤ ∆, then r(G) ≤ cn.

Proof. Let ∆ ≥ 1 be a fixed integer. Let m be an integer and ε =
1/(6m) such that m ≥ r(∆ + 1,∆ + 1) and

(1−∆ε)(1/2− ε)∆m ≥ 1 hence (1−∆ε)(1/2− ε)∆ ≥ ε.

Let M = M(ε, 2m) > 2m be the integer determined by ε and 2m in the
regularity lemma. Finally, let c = mM that is constant determined com-
pletely by ∆. We shall show that if G is a graph of order n with ∆(G) ≤ ∆,
then r(G) ≤ cn.

Consider an edge coloring in two colors, red and blue, of complete graph
Kcn on vertex set V . Let H be the graph spanned by red edges on V . Then
the graph spanned by blue edges is H, the complement of H.

Since H has cn > 2m vertices, from Regularity Lemma, there is a
partition {C1, C2, · · · , Ck} of V with ||Ci| − |Cj || ≤ 1, and 2m ≤ k ≤ M , in
which all but at most εk2 pairs (Ci, Cj), 1 ≤ i < j ≤ k, are ε−regular. Let
H1 be the graph on vertex set {1, 2, . . . , k}, in which (i, j) is an edge if and
only if (Ci, Cj) are ε−regular. Then the number of edges of H1 is at least

(
k

2

)
− εk2 ≥ m− 1

m

k2

2
≥ tm(k).

By Turán’s theorem in Chapter 8, ex(k;Km) = tm−1(k) < tm(k), so H1

contains a complete graph H2 on m vertices. Color an edge (i, j) of H2 green
if d(Ci, Cj) ≥ 1/2, or white if d(Ci, Cj) < 1/2. Since m ≥ r(∆+1,∆+1), so
H2 contains a monochromatic complete graph H3 on ∆+1 vertices, without
loss of generality, suppose that H3 is green for otherwise we consider the
graph H. By relabelling the sets in the partition if necessary, we assume
that the vertex set of H3 is {1, 2, . . . ,∆ + 1}. Thus we assume that for all
pairs (Ci, Cj) with 1 ≤ i < j ≤ ∆+1, are ε−regular, and dH(Ci, Cj) ≥ 1/2.

Note that if Yi ⊆ Ci with |Yi| ≥ (1−∆ε)(1/2−ε)∆|Ci|, then |Yi| ≥ ε|Ci|,
which is the preparation for using Lemma 13.1, and

|Yi| ≥ (1−∆ε)(1/2− ε)∆
cn

M
≥ n,
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which will give us enough space to turn around. Assume that V (G) =
{u1, u2, . . . , un}. We shall show that the red graph H contains G as a sub-
graph constructively. We will choose v1, v2, . . . , vn from the sets C1, . . . , C∆+1.
Since the coloring number of G is at most ∆+1, so V (G) can be partitioned
into ∆+1 coloring classes, this defines a map σ: {1, . . . , n} → {1, . . . ,∆+1},
where σ(i) is the index of the color of vertex ui. Our aim is to define an
embedding ui → vi ∈ Cσ(i), such that vivj will be an edge of H whenever
uiuj is an edge of G.

Our plan is to choose the vertices v1, . . . , vn inductively. Throughout
the induction, we shall have a target set Yi ⊆ Cσ(i) assigned to each i.
Initially, Yi is the entire Cσ(i). As the embedding proceeds, Yi will get
smaller and smaller. Some vertices will be deleted in procedure. But any
Cσ(i) will really have some vertices deleted at most ∆ times. To make this
approach work, we have to ensure Yi do not get too small.

Let us begin the initial step. Set

Y 0
1 = Cσ(1), Y 0

2 = Cσ(2), · · · , Y 0
n = Cσ(n).

Note that Y 0
i and Y 0

j are not necessarily distinct sets.
We then begin the the first step by considering u1, which will be selected

from Y 0
1 , and its neighbors, uα, . . . , uβ , say. Suppose that the degree of u1

is d. By using Lemma 13.1 repeatedly, we know that there exists a subset
Y 1

1 ⊆ Y 0
1 with |Y 1

1 | ≥ (1− dε)|Y 0
1 | ≥ n, such that each vertex in Y 1

1 has to
least (1/2−ε)|Y 0

j | neighbors in Y 0
j , where j = α, . . . , β. Choose an arbitrary

vertex v1 from Y 1
1 . For j = α, . . . , β, define Y 1

j be the neighborhood of v1

in Y 0
j . For j ≥ 2, j 6= α, . . . , β, define Y 1

j = Y 0
j , that is, no vertices are

deleted from such Y 0
j . In this step, v1 has been chosen and it completely

adjacent to Y 1
j in H whenever u1 and uj are adjacent in G.

In a general step, we consider ui and its neighbors. We will choose
ui from Y i−1

i . Suppose that ui has d1 neighbors in {u1, . . . , ui−1}, and
d2 neighbors, uα, . . . , uβ , say, in {ui+1, . . . , un}. Then d1 + d2 ≤ ∆, and
|Y i−1

i | ≥ (1/2 − ε)d1 |Y 0
i |. That is to say, the current set Y i−1

i are ob-
tained from Y 0

i by deleting some vertices d1 times before this step. By
using Lemma 13.1 repeatedly again, we have a subset Y i

i ⊆ Y i−1
i with

|Y i
i | ≥ (1−d2ε)|Y i−1

i | so that each vertex in Y i
i has at least (1/2− ε)|Y i−1

j |
neighborhood in Y i−1

j , where j = α, . . . , β. Since

|Y i
i | ≥ (1− ε)d1 |Y i−1

i | ≥ (1− ε)d1(1/2− d2ε)|Y 0
i |

≥ (1−∆ε)(1/2− ε)∆|Ci|
≥ n,

we can choose a vertex vi from Y i
i , which is distinct from v1, . . . , vi−1 those

have been chosen before this step, and some may be from Y i
i . For j =
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α, . . . , β, define Y i
j to be the neighborhood of vi in Y i−1

j . For j ≥ i+1, j 6=
α, . . . , β, define Y i

j = Y i−1
j , that is, no vertices are deleted from such Y i−1

j .
Note that vi is adjacent to any vj , where j < i and uj is adjacent to ui,
and vi is completely connected with each set Y i

j , in which a neighbor of vi

will be selected after this step.
It is easy to check that the condition for using Lemma 13.1 can be

satisfied since (1 − ∆ε)(1/2 − ε)∆ ≥ ε. We thus finished the general step
hence the proof. 2

The result just proved can be generalized to multi-color Ramsey num-
bers as follows.

Theorem 13.2 For any fixed positive integers s and ∆, there exists a con-
stant c = c(s,∆) > 0 such that rs(G) ≤ cn for any graph G of order n with
∆(G) ≤ ∆.

The proof uses the following form of Regularity Lemma. In fact, a
special case, in which the edges of a complete graph is colored in several
colors, is needed for above theorem.

Theorem 13.3 (Many-Color Regularity Lemma) For any real ε > 0
and any positive integers m and s, there exists M = M(ε,m, s) > m such
that if the edges of a graph G on n ≥ m vertices are colored in s col-
ors, all monochromatic graphs have a same partition C0, C1, · · · , Ck that is
ε−regular with exceptional set C0 satisfying m ≤ k ≤ M .

Proof. Using the original proof, but modify the definition of q(P) by
summing the indices over each color: for a partition of V (G) into P =
{C0, C1, · · · , Ck} with exceptional set C0, let

q(P) =
1
k2

s∑

`=1

∑

1≤i<j≤k

d2
`(Ci, Cj),

where d`(Ci, Cj) is the edge density in the `−th color. 2

A problem needed to consider is that the huge constant obtained in
Theorem 13.1 by using regularity lemma. Some improvements on the con-
stant have been down by Eaton (1998); and further by Graham, Rödl, and
Ruciński (2000), in which they showed that the constant can be bounded
above by 2c∆(log ∆)2 ; Kostochka and Rödl (2001) gave some smaller constant
for some special bipartite graphs, and they (2004) gave a very reasonable
constant.
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Let d be a positive integer. A graph G is called d−degenerate if any
subgraph of G has minimum degree at most d. The following conjecture is
made by Burr and Erdős (1973).

Conjecture 13.1 The family of d−degenerate graphs is Ramsey linear.

There are two prominent families included in the above conjecture: the
family of planar graphs and that of subdivisions, whose maximum degrees
are not bounded. A graph G is called a subdivision of H if it is obtained by
replacing each edge of H by a path; and G is called an essential subdivision
of H if the length of each subdividing path is two. An essential subdivision
of Kk has k +

(
k
2

)
vertices and 2

(
k
2

)
edges, and it is 2−degenerate with the

maximum degree k.
Chen and Schelp (1993) made a generalization of Theorem 13.1. In

particular, they showed that the family of planar graphs is Ramsey linear.
In the next section, we will see that how Alon proved that the family of
essential subdivided graphs is Ramsey linear with an appropriate constant.

13.2 Subdivided Graphs

The following result is due to N. Alon (1994), whose original constant
was 12. The improved constant 6 is due to Li, Rousseau, and Šoltés (1997).
Note that if G is an essential subdivided graph, then all vertices on G of
degree at least three are independent.

Theorem 13.4 If G is a graph of order n ≥ 3 in which all vertices of
degree at least three are independent, then r(G) ≤ 6n− 12.

Corollary 13.1 The family of essential graphs is Ramsey linear.

We need two lemmas for the proof.

Lemma 13.2 Let G be a graph without isolated vertices. Then

r(K3, G) ≤ 3q,

where q is the number of edges of G.
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Proof. For q = 1, the assertion is trivial. It is easy to see that if
r(K3, G1) ≤ r(K3, G2), then

r(K3, G1 ∪G2) ≤ r(K3, G1) + r(K3, G2),

so we may assume that G is connected and q ≥ 2.
Suppose to the contrary, there is a graph G on n vertices and q edges,

where q is minimal such that r(K3, G) > 3q. Let us write N = 3q. From
the definition, there is a red-blue edge coloring of KN on vertex set V
such that there is neither red K3 nor blue G. Denote by R and B for the
subgraphs on V with edge sets consisting of all red edges or all blue edges,
respectively. Note that for any vertex u ∈ V , degR(u) ≤ n − 1 since R is
triangle-free thus the subgraph induced by NR(u) is completely blue.

Let δ = δ(G) ≥ 1 be the minimum degree of G, and let G′ be the
subgraph of G by deleting a vertex v of degree δ. By the minimality of q,
we have r(K3, G

′) ≤ 3(q − δ) < 3q thus B contains G′ as a subgraph. Let
X ⊆ V be the subset of vertices not belonging to V (G′) in B. Since B
contains no G and degG(v) = δ ≥ 1, so each vertex u ∈ X is adjacent to
at least one vertex in NG(v) in R. However, each vertex in NG(v) can be
adjacent to at most n−1 vertices of X in R, so |X| = N−(n−1) ≤ δ(n−1),
implying N ≤ (δ+1)(n−1), which with the fact that δn ≤ 2q and n−1 ≤ q
yields

N ≤ 3q − δ ≤ 3q − 1,

which is a contradiction. 2

The above lemma has been improved as r(K3, G) ≤ 2q+1 by Sidorenko
(1993), and Goddard and Kleitman (1994), which was conjectured by Harary.

Another lemma for the proof of main result is as follows.

Lemma 13.3 Let m ≥ 1 and n ≥ 2 be integers. Then

r(Kn,mK2) = n + 2m− 2.

Proof. The graph Kn−2+K2m−1 does not contain Kn and its complement,
Kn−2∪K2m−1 does not contain m independent edges. Hence r(Kn,mK2) ≥
n + 2m− 2.

On the other hand, let G be a graph of order n + 2m − 2 that does
not contain Kn. We shall prove that G contain m independent edges by
induction on m. This is clear if m = 1. For general m ≥ 2, by deleting a
pair of non-adjacent vertices u and v, which form an edge in G, we have
a graph H of order n + 2(m − 1) − 2, which does not contain no Kn. By
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induction hypothesis, the complement of H contains m − 1 independent
edges, which with the edge uv give m independent edges of G. 2

Recall that r(K2, n) ≤ 4n− 2 and the equality holds for infinitely many
n, proved in Chapter 8.

Proof of Theorem 13.4. With the fact r(K3) = 6, we may assume
that n ≥ 4. We also assume that G is not a subgraph of K2, n−2 by the
upper bound just mentioned. Let V = {v1, v2, . . . , vn} be the vertex set of
G, without lose of generality, let

I = {v1, v2, . . . , vm} ⊆ V

be a maximal independent set containing all vertices of degree at least three,
where m < n. Since I is maximal, each vertex in V \ I has at least one
neighbor in I. Thus each component C of G − I is a single vertex or an
edge. If C is a single vertex, it has either one or two neighbors in I; and if
C is an edge, then each of its end-vertices has exactly one neighbor in I.

We now define a new graph H with vertex set V (H) = {1, 2, . . . , m},
and {i, j} is an edge of H if vi and vj are commonly in the neighborhood
of some component of G − I. Since there are less n components of G − I,
thus |E(H)| < n. Consider a red-blue edge coloring of complete graph
of order 6n − 12 on vertex set U = {u1, u2, . . . , u6n−12}. Denote by R
and B for the subgraph with vertex set U and edge set consisting of all
red edges or all blue edges, respectively. By symmetry, we may assume
that at least half of the vertices in U have red degrees at least 3n − 6.
Therefore there is a subset U1 ⊆ U , say U1 = {u1, u2, . . . , u3n−6}, such
that |NR(ui)| ≥ 3n− 6 for 1 ≤ i ≤ 3n− 6. We then define a yellow graph
Y on vertex set U1 with ui and uj are connected by a yellow edge if and
only if |NR(ui) ∩NR(uj)| ≥ n− 3.

We claim that the independent number of the graph Y is at most two.
In fact, if u1, u2 and u3 are independent in Y , then

|
3⋃

i=1

NR(ui)|

=
3∑

i=1

|NR(ui)| −
∑

1≤i<j≤3

|NR(ui) ∩NR(uj)|+ |
3⋂

i=1

NR(uj)|

≥ 3(3n− 6)− 3(n− 4) > 6n− 12,

a contradiction. Then by the fact from Lemma 13.2, we know that Y
contains H as a subgraph including all isolated vertices since Y has enough
vertices.
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Therefore, by the definitions of H and Y , we obtain a subset

I ′ = {v′1, v′2, . . . , v′m} ⊆ U1

with |NR(v′i)| ≥ 3n − 6 for 1 ≤ i ≤ m, and |NR(v′i) ∩ NR(v′j)| ≥ n − 3 if
both vi and vj are commonly in the neighborhood of some component of
G− I.

We shall seek to embed G into red graph R such that vi → v′i for
1 ≤ i ≤ m. Suppose that we have constructed the appropriate embedding
of some components of G − I. We now wish to extend this embedding to
one more component C.

Case 1. C = {v} is a single vertex.
Subcase 1.1. v has two neighbors vi and vj in I with 1 ≤ i < j ≤

m. Since we have chosen at most n − 3 vertices previously that are not
all in NR(v′i) ∩ NR(v′j) as G 6⊆ K2, n−2, there is at least one vertex in
NR(v′i) ∩NR(v′j) left that can be chosen for v.

Subcase 1.2. v has only one neighbor v′i in I. Simply take any vertex
that has not been chosen in NR(v′i).

Case 2. C is an edge e.
Subcase 2.1. Two end-vertices of e have a common neighbor vi in I with

1 ≤ i ≤ m. We can choose any red edge in NR(v′i) for e. If no such red
edge available, then NR(v′i) induces a complete blue graph of order at least
3n− 6 ≥ n. We thus have a blue graph G.

Subcase 2.2. Each end-vertex of e has a (different) neighbor vi and vj in
I with 1 ≤ i < j ≤ m. We seek a red path of length three with end-vertices
v′i and v′j , and one internal vertex in NR(v′i) and one in NR(v′j), which have
not been chosen previously. Suppose that no such path exists, then any
edge between NR(v′i) and NR(v′j) is blue unless one of its end vertices has
been chosen previously. We shall construct a blue G in another way. Let
W be the set of vertices chosen so far in the embedding of G into red graph
R, then |W | ≤ n− 4. And let

X = (NR(v′i) ∩NR(v′j)) \W,

Y = NR(v′i) \ (W ∪NR(v′j)),
Z = NR(v′j) \W.

We may assume that |X| ≤ n − 1 since otherwise we have a complete
blue graph induced by X of order at least n hence a blue G. Since Y =
NR(v′i)\(W∪X) and |W∪X| ≤ 2n−5, so |Y | ≥ 3n−6−(2n−5) = n−1. Also
|Z| ≥ 3n−6−(n−4) = 2n−2. By Lemma 13.3, r(Kn, (n−1)K2) = 2n−4,
we assume that there is a blue matching M of size n−1 in Z. Take a subset
J ⊆ Y with |J | = |I| = m < n. Then all edges between J and M are blue.
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We can use J and M to construct a blue G with J corresponding to I. This
completes the proof. 2

The similar proof yields the following result.

Theorem 13.5 Let d be a positive integer. Let F be a family of graphs
G that contain an independent set I such that each component of G − I
contains at most d vertices and has at most two neighbors in I. Then F is
a Ramsey family.

13.3 Ramsey Goodness

Recall Chvávtal result in Chapter 2

r(Tm,Kn) = (m− 1)(n− 1) + 1,

where Tm is a tree on m vertices.
Burr (1981) generalized Chvátal’s result in the following way. Denote

by s(G) for the minimum number of vertices in a color class among all
proper vertex colorings of G with χ(G) colors and call s(G) the chromatic
surplus. For example, s(Kn) = 1, s(C2m) = m and s(C2m+1) = 1.

Theorem 13.6 Let G be graph with χ(G) = k and let H be a connected
graph of order n ≥ s(G), then

r(G,H) ≥ (k − 1)(n− 1) + s(G),

where s(G) is the chromatic surplus of G.

Proof. Let s = s(G) and N = (k−1)(n−1)+s−1. Color the edges of KN

red and blue such that the blue graph is isomorph to (k− 1)Kn−1 ∪Ks−1,
so it contains no H. The chromatic number of the red graph is k, and
the smallest vertex color class has size s − 1, so it contains no G. Thus
r(G,H) ≥ N + 1 as desired. 2

In view of the general lower bound in Theorem 13.6, we describe the
connected graph H of order n ≥ s(G) as G− good if

r(G,H) = (χ(G)− 1)(n− 1) + s(G).

A Kk−good graph is also called a k−good graph. It was conjectured by
Burr and Erdős that for a fixed k, any large sparse graph is k−good. So
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any tree is k−good, but the edge density of a tree is less than 1. We shall
prove Fn is 3−good, where Fn = K1 + nK2 is an n−fan, or a friendship
graph, see Chapter 9. Let us have a lemma first.

Lemma 13.4 For any integer n ≥ 1,

r(K3, nK2) = 2n + 1.

Proof. The graph K1,2n−1 gives r(K3, nK2) ≥ 2n + 1. For the inverse
inequality, we use induction on n. Since r(K3,K2) = 3, so we suppose that
r(K3, nK2) ≤ 2n + 1. Let N = 2n + 3. For any coloring of edges of KN in
red and blue. Assume that there is no red K3, then there is at least one
blue edge uv, say. Deleting vertices u and v, we have a two colored KN−2,
in which there is no red K3. Since N − 2 = 2n + 1, by induction, we get a
blue nK2, hence a blue (n + 1)K2 together with the blue edge uv. 2

The following result is due to Li and Rousseau (1996).

Theorem 13.7 Let n ≥ 2 be an integer, then Fn is 3−good, that is

r(K3, Fn) = 4n + 1.

Proof. Theorem 13.6 again yields r(K3, Fn) ≥ 4n + 1. We then verify
the inverse inequality. For an arbitrary two-coloring of edges of K4n+1,
let R and B be the subgraph induced by all red edges and all blue edges,
respectively. Suppose that R contains no K3 and B contains no Fn. For
any vertex u, the absence of K3 implies that NR(u) induces a complete
graph in B, and thus |NR(u)| ≤ 2n. Also, by Lemma 13.4, the absence of
a blue Fn implies |NB(u)| ≤ 2n. It follows that both graphs R and B are
regular of degree 2n.

Suppose that u and v are adjacent in R. Then NR(u) and NR(v) are
disjoint sets, each inducing a complete graph in B of order 2n, and NB(u)∩
NB(v) has a single vertex, which we denote by w. If w were adjacent
to one or more vertices of NR(u) or to one or more vertices of NR(v),
there would yield a blue Fn. It follows that the degree of w in B, already
determined to be 2n, is 2, hence n = 1, a contradiction. This proves that
r(K3, Fn) ≤ 4n + 1. 2

We have seen that any tree T is k−good and Fn = K1 +nK2 is 3−good
if n ≥ 2. We shall discuss Ramsey goodness more in this section. Bondy
and Erdős (1973) proved that a long cycle (hence a long path) is Cm good
and Kr(t)−good. Particularly, they obtained

r(G,Cn) =





2n− 1 G = C2m+1, n > (m + 1)(2m + 1);
n + m− 1 G = C2m, n > 4m2 −m + 2;
(m− 1)(n− 1) + 1 G = Km, n ≥ m2 − 2.
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Burr (1981) generalized the above results from Cn to a graph H that
contains a long suspended path. A path of H is called suspended if the
degree of each internal vertex is two.

Lemma 13.5 Let G be a graph of order m. Let H be a connected graph of
order n that contains a suspended path of length `. Let G1 be a graph from
G by deleting an independent set of t vertices, and let H1 be a graph from
H by shortening the suspended path by 1. If ` ≥ (m − 2)(m − t) + t + 1,
then

r(G,H) ≤ max{r(G,H1), r(G1,H) + n− 1}.

Proof. For m = 1 or m = 2, the assertion holds trivially. So we assume
that m ≥ 3. Write the right-hand side of the above by N . Consider a
red-blue edge coloring of KN . We shall prove that there is either a red G
or a blue H. Since N ≥ r(G,H1), we are done unless there is a blue H1.
Delete n − 1 vertices of this blue H1, there are at least r(G1,H) vertices
left, so we may assume that there are a red G1. Thus we obtain a blue H1

and a red G1. Let X and Y be their disjoint vertex sets with |X| = n− 1
and |Y | = m− t, respectively.

The blue H1 has a suspended path with ` vertices, say

X ′ = {x1, x2, . . . , x`} ⊆ X

in order. Write X ′′ = {x1, x2, . . . , x`−1} ⊆ X ′. For any y ∈ Y , consider all
`−1 edges between y and X ′′. We assume that no two consecutive edges yxi

and yxi+1 are both blue, since otherwise we have a blue H. Furthermore,
suppose that m − 1 of these edges are blue, say yxi1 , yxi2 , . . . , yxim−1 are
blue. Consider any edge xij+1xik+1, if this edge is blue, we have a blue H
with the new suspended path

x0 . . . xij
yxik

xik−1 . . . xij+1xik+1 . . . x`.

If all edges xij+1xik+1 are red, then xi1+1, xi2+1, . . . , xim−1+1 and y will
form a red Km hence a red G. Consequently, we may assume that any
y ∈ Y is connected with X ′′ in at most m− 2 blue edges. Therefore there
are at most (m− 2)(m− t) blue edges between Y and X ′′. Hence at least

`− 1− (m− 2)(m− t) ≥ t

vertices in X ′′ are connected with each vertex of Y in red completely. These
vertices and Y yields a red G, completing the proof. 2
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Theorem 13.8 Let G be any graph and let H be a connected graph of order
p. Choose an edge of H and form a sequence of graphs Hn by putting n− p
extra vertices to that edge. If n is sufficiently large, then Hn is G−good.

Proof. Set k = χ(G), s = s(G) and m = |V (G)|. We shall use the
induction on k to show that r(G,H) = (k − 1)(n − 1) + s for sufficiently
large n. The assertion is trivial for k = 1 since r(Ks,Hn) = s if n ≥ 2, so
we assume that k ≥ 2 and the assertion holds for k − 1. Note that Hn has
a suspended path of length n − p + 1, which would yield graph Hn−1 by
shortening the suspended path by 1. Let Hn and Hn−1 play the roles of
H and H1 in Lemma 13.5. Consider a vertex coloring of G with k colors
such that there is a color class with s vertices. Let t ≥ s be the number
of vertices in some other color class and let G1 be the graph from G by
deleting those t vertices. Applying Lemma 13.5, we have

r(G,Hn) ≤ max{r(G,Hn−1), r(G1,Hn) + n− 1}.

By the induction hypothesis, r(G1,Hn) = (k − 2)(n− 1) + s when n ≥ n0

for some n0 ≥ p. Consequently, for n ≥ n0,

r(G,Hn) ≤ max{r(G,Hn−1), (k − 1)(n− 1) + s}.

Using Lemma 13.5 repeatedly, we have

r(G,Hn−1) ≤ max{r(G,Hn−2), (k − 1)(n− 1) + s},

and

r(G,Hn) ≤ max{r(G,Hn−2), (k − 1)(n− 1) + s}
≤ max{r(G,Hn0), (k − 1)(n− 1) + s}

for all n ≥ n0. Hence if (k − 1)(n− 1) + s ≥ r(G,Hn0), then

r(G,Hn) = (k − 1)(n− 1) + s,

completing the proof. 2

Recall that a graph H is called a subdivision of F if it is obtained by
replacing each edge of F by a path. We shall say that H is homeomorphic
to F if they have isomorphic subdivisions.

Theorem 13.9 Let G be a graph and let H be a connected graph. Let Hn

be a graph of order n which is homeomorphic to H. Then if n is large
enough, then Hn is G−good.
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Proof. Let k = χ(G), s = s(G), m = |V (G)| and p = |V (H)|. We shall
proceed the proof by induction on k as that in the proof of Theorem 13.8.
The assertion is trivial for k = 1, so we assume that k ≥ 2 and the assertion
holds for k − 1. If H has q edges, then Hn has a suspended path of length
at least (n − p)/q + 1. Let Hn−1 be formed from Hn by shortening the
suspended path by 1 and let G1 be a graph as defined in the proof of
Theorem 13.8. Therefore, if (n − p)/q + 1 ≥ (m − 2)(m − t) + t + 1, then
Lemma 13.5 gives that

r(G,Hn) ≤ max{r(G,Hn−1), r(G1,Hn) + n− 1}.
Applying the induction hypothesis on r(G1,Hn), we know that there is
some n0 ≥ p, such that for all n ≥ n0,

r(G,Hn) ≤ max{r(G,Hn−1), (k − 1)(n− 1) + s}.
The proof concludes as before. 2

Let G be a fixed graph. We may wonder whether or not a enough
sparse large connected graph is G−good. The answer for general graph G
is negative such as G = C4.

Recall graph Gq constructed by Erdős, Rényi, Sós and Brown in Chapter
9. The order of Gq is q2+q+1. Gq contains no C4 as a subgraph. From the
fact that each vertex has a degree q or q + 1, we know that the maximum
degree of Gq is q2. Hence for n = q2 + 1,

r(C4,K1,n) ≥ n +
√

n− 1 + 1.

Parsons in fact proved that the equality holds as we have seen in Chapter
9. The above lower bound means that r(C4,K1,n) 6= n + 2 for n = q2 + 1.

Proposition 13.1 The star K1,n is not C4−good for n = q2 + 1.

Theorem 13.10 Let G be a graph without isolated vertex and let H be a
connected graph. If H is not G−good, then it is not (K1 + G)−good.

Proof. Set k = χ(G), s = s(G) and n = |V (H)|. Since H is not G−good,
so r(G,H) ≥ (k−1)(n−1)+s+1, there is a graph F of order (k−1)(n−1)+s
such that F contains no G and its complement contains no H. It is easy
to see that Kn−1 + F contains no K1 + G and its complement contains no
H, thus r(K1 + G,H) ≥ k(n− 1) + s + 1 so H is not (K1 + G)−good. 2

Denote by Wm = K1 + Cm, which is called a wheel. We have seen that
a large star is not C4−good, so we know that for a fixed k ≥ 1, any large
star is not (Kk + C4)−good. In particular, a large star is not W4−good.
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However, we can find some star-like graphs are G−good for any G. Be-
fore giving a result, we define the upper chromatic surplus s̄(G) as maximum
number of vertices in a color class among all proper vertex coloring of G
using χ(G) colors. Clearly, s̄(G) ≥ s(G). Also, a pendant edge of a graph
H is an edge that has an end vertex of degree one.

Theorem 13.11 Let G be any graph without isolates and let H be a con-
nected graph of order p ≥ s̄(G). For any U ⊆ V (H) with |U | = s̄(G), let Hn

denote the class of graphs obtained from H by adding n− p pendent edges
joining with vertices in U . If n is sufficiently large, then Hn is G−good for
some Hn ∈ Hn.

Proof. Let k = χ(G) and s = s(G). We shall prove that for some Hn ∈ Hn,

r(G,Hn) ≤ (k − 1)(n− 1) + s

if n is sufficiently large. For k = 1, G = K1 and the assertion is trivial.
Here we admit that the only vertex in K1 is not an isolate. Suppose that
k ≥ 2 and the assertion holds for k − 1. Consider a vertex coloring of G in
k colors with color classes C1, C2, . . . , Ck satisfying

s = |C1| ≤ |C2| ≤ . . . ≤ |Ck| ≤ s̄(G).

Denote by G′ for the graph from G by deleting Ck. Then χ(G′) = k − 1
and s(G′) = s. By the induction hypothesis, there exists N > 0 such that
if n ≥ N we can find some specific H ′ ∈ Hn that is G′−good, namely

r(G′,H ′) = (k − 2)(n− 1) + s.

Take N1 ≥ N such that (k − 1)(N1 − 1) + s ≥ r(G,H). For n ≥ N1 set
q = (k − 1)(n − 1) + s and let (R, B) be an edge-coloring of Kq in red
and blue. We want to show that either G ⊂ 〈R〉 or H ′′ ⊂ 〈B〉 for some
H ′′ ∈ Hn.

Suppose to the contrary, that 〈R〉 contains no G and 〈B〉 contains no
any member of Hn. Since q ≥ r(G,H), we have H ⊂ 〈B〉. We thus assume
that there is some m with p ≤ m < n such that 〈B〉 contains some member
of Hm but no member of Hm+1. Then there is a partition X ∪ Y of vertex
set Kq with |X| = m and

|Y | = q −m ≥ (k − 2)(n− 1) + s = r(G′,H ′)

such that 〈X〉B (the blue graph induced by X) contains some member
of Hm and all edges xy with x ∈ U ⊆ V (H) ⊆ X and y ∈ Y are red.
Since 〈Y 〉B contains no H ′, so 〈Y 〉R contains G′. Finally from the fact
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|U | = s̄(G) ≥ |Ck|, we obtain a red G. This contradiction completes the
proof. 2

We have seen that any tree is k−good for any k, and a long path is
G−good for any fixed G. Negatively, all large star is not C4−good. So
we do not expect that a large sparse graph is G−good for a non-complete
graph G. But we may believe that r(G,K1,n) achieves the maximum value
among all r(G,Tn), where Tn is a tree of n edges.

However, for fixed k and d, if H is d−degenerate, then r(Kk,H) grows
linearly on the order of H.

Theorem 13.12 Let k and d be fixed positive integers. There exists a
constant c = c(k, d) > 0 such that for any d−degenerate graph H of order
n,

r(Kk,H) ≤ c n.

proof. For k = 1, the assertion is trivial. Noting the fact that r(K2,H) =
n, we recursively define a sequence of constants {ci} by setting c2 = 1 and
ck = dck−1 + 1 for k ≥ 3. We shall prove that r(Kk,H) ≤ ck n. Suppose
to the contrary that there is a red-blue coloring of edges of KN , where
N = ckn, that contains neither a red Kk nor a blue G. Moreover, suppose
k ≥ 3 is the smallest integer with this property. If the colored KN has a
vertex v incident with at least ck−1n red edges, since r(Kk−1,H) ≤ ck−1n
with the choice of k, then we obtain a blue H or a red Kk−1 extendable to
a red Kk by the addition of v. Both cases violate our assumption. Thus
each vertex is incident with at most ck−1n− 1 red edges.

Now we shall show that any d vertices have at least n common blue
neighbors. To see this, fixed d vertices and remove them and their red
neighbors. Since each vertex is incident with at most ck−1n−1 red edges, we
delete at most dck−1n vertices. The remaining set, which is the intersection
of blue neighborhoods of fixed vertices, contains at least ckn− dck−1n = n
vertices.

Since H is d−degenerate, we may set V (H) = {v1, v2, . . . , vn} with the
property that any vertex vi has at most d neighbors in {v1, . . . , vi−1}. Let
Hm be the subgraph of H induced by {v1, . . . , vm}. Since the colored KN

contains neither red Kk nor blue H, we may assume that m is the largest
integer such that a blue Hm exists with 1 ≤ m ≤ n − 1. However, vm+1

has at most d neighbors in {v1, . . . , vm}, we can easily obtain a blue Hm+1

since any d vertices have at least n common blue neighbors, and fewer than
n of them have been used. This is a contradiction. 2

Let us conclude this section with a conjecture of Burr and Erdős (1983).
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Conjecture 13.2 If k and d are fixed, then all sufficiently large connected
graphs with average degree of any subgraph no more than d are k−good.

Exercises

13.1 Let a, b, k be positive integers and let G1, · · · , Gk be graphs of order
n. If in each Gi the number of vertices with degrees greater than a is at most
b, then there exists a constant c = c(a, b, k) such that r(G1, · · · , Gk) ≤ c n.

13.2 Complete the proof of Theorem 13.5.

13.3 Prove that Bn is 3−good for n ≥ 2.
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S. A. Burr and P. Erdős (1983), Generalizations of a Ramsey-theoretic
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Chapter 14

Size Ramsey Numbers
and Other Variants

14.1 Size Ramsey Numbers of Kn and Pn

Ramsey’s theorem has inspired many striking and difficult problems.
There are a lot of variations. We discuss some of them in this chapter. We
shall begin with reviewing the definition of Ramsey numbers in a variant
way.

For graphs G, G1 and G2, let

G → (G1, G2)

signify that in any coloring of E(G) in red and blue, there is either monochro-
matic red G1 or a monochromatic blue G2. With this notation, we know
that the Ramsey number r(G1, G2) is the smallest N such that KN →
(G1, G2). Clearly,

r(G1, G2) = min{N : KN → (G1, G2)}
= min{|V (G)| : G → (G1, G2)},

in which the second equality holds since G → (G1, G2) implies KN →
(G1, G2) with N = |V (G)|. As the number of edges in a graph G, denoted
by e(G), is often call the size of the graph, Erdős, Faudree, Rousseau and
Schelp (1978) introduced an idea of measuring minimality with respect to
size rather than order of the graphs with G → (G1, G2). The size Ramsey
number r̂(G1, G2) is defined as

r̂(G1, G2) = min{e(G) : G → (G1, G2)}.

267
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Directly from the definition, we know that the upper bound r̂(G1, G2) ≤ q
is equivalent to the existence of a graph G of size q such that G → (G1, G2);
and the lower bound r̂(G1, G2) > q is equivalent to that for any graph G of
size q, there is a coloring of E(G) in red and blue, such that there is neither
red G1 nor blue G2. Here the existence arguments appear in the proofs for
upper bound of r̂(G1, G2), which is different from that for Ramsey number
r(G1, G2). Needless to say, an edge coloring in two colors is equivalent to
a partition of edge set into two subsets.

Lemma 14.1 For any graphs G1 and G2,

r̂(G1, G2) ≤
(

r(G1, G2)
2

)
.

Proof. Set r = r(G1, G2). Then Kr → (G1, G2), so

r̂(G1, G2) ≤ e(Kr) =
(

r

2

)
.

2

The following result is due to Chvátal, reported in Erdős, Faudree,
Rousseau and Schelp (1978), which indicates that the problem is not new
if both G1 and G2 are complete graphs.

Theorem 14.1 For positive integers m and n, let r = r(Km,Kn), then

r̂(Km,Kn) =
(

r

2

)
.

Furthermore, if G is a connected graph with e(G) ≤ (
r
2

)
such that G →

(Km,Kn), then G = Kr.

Proof. Let us begin with an observation. Let the edge set of a graph G
be colored in red and blue and let u and v be two non-adjacent vertices
of G. Consider the induced edge colorings of graphs G − u and G − v.
If there is neither a monochromatic Km in G − u nor a monochromatic
Kn in G − v, then the same is true in G. The reason is simple. Any
assumed monochromatic complete graph in G cannot contain both u and v,
since these two vertices are not adjacent. Hence, any such monochromatic
complete graph would appear in the induced coloring of either G − u or
G− v.

Set R =
(
r
2

)
. Let G = (V, E) be a connected graph of size q with q ≤ R.

We shall prove the following claim first.
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Claim. If G 6= Kr, then G 6→ (Km,Kn).
We use induction on order p of G. The claim is certainly true for

p < r = r(Km,Kn), since Kp 6→ (Km,Kn) induces a coloring of G for
G 6→ (Km,Kn). So we assume that p ≥ r. Since q ≤ R and G 6= Kr, we
know that G is not a complete graph. Let u and v be two non-adjacent
vertices of G and set

W = V \ {u, v}, H = G− {u, v}.

If there exist red-blue edge colorings of G−u and G−v, respectively, which
agree on H, such that there is neither red Km nor blue Kn, then, by the
observation made before, G 6→ (Km,Kn). The proof is then to establish
such an edge coloring.

Let X = NG(u)∪NG(v). Denote by H ′ for the graph obtained from H
by adding a new vertex x and joining x and each vertex in X. That is to
say, the vertices u and v are contracted to a new vertex x in G. Note that
the order of H ′ is p− 1 and its size is at most q.

For the reasons which follow, we may assume H ′ 6= Kr, where r =
r(Km,Kn). In fact, if H ′ = Kr, then H = Kr−1 and X = W . It is clear
N(u) ∩ N(v) = ∅ since q ≤ R. By taking w ∈ W with dist(u,w) = 2 so
w ∈ N(v), we may simply consider G−u and G−w at the beginning since
u and w are not adjacent and N(u) ∩ N(w) 6= ∅. Hence, we can apply
the induction hypothesis on H ′. The existence of the desired edge coloring
which agree on H is manifest. Clearly, the deletion of edges so that H ′

returns to G − u and G − v spoils nothing so the desired edge coloring of
G has been constructed. This proves the claim.

Now let q < R. For any graph G of size q, if G is complete, then its order
is less than r, so G 6→ (Km,Kn). If G is not complete, the claim shows that
G 6→ (Km,Kn). Thus r̂(Km,Kn) > q, in particular r̂(Km,Kn) > R − 1,
which and Lemma 14.1 yield the desired assertion. 2

The following theorem says that r̂(K1,m,K1,n) is very close to r(K1,m,K1,n).

Theorem 14.2 For any positive integers m and n,

r̂(K1, m,K1, n) = m + n− 1.

Proof. Since in any edge coloring of K1, m+n−1 in red and blue, there is
either a red K1, m or a blue K1, n, so r̂(K1, m,K1, n) ≤ m + n− 1. In what
follows, we suppose m ≤ n. Let G be a graph of size q ≤ m + n − 2. It is
clear that G has at most one vertex v with deg(v) ≥ n. If this is the case,
then every other vertex u satisfies deg(u) ≤ m− 1. We may color all edges
of G− v red. Then at most m− 1 edges incident with v have been colored.
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We shall other edges incident with v in such a way that there is neither red
K1, m nor blue K1, n. If every vertex has degree at most n−1, we may color
all edges of G in blue. We thus reach a conclusion that G 6→ (K1, m, K1, n).
Since G is arbitrary so r̂(K1, m,K1, n) ≥ m + n− 1. 2

As usual, we write r̂(G) for r̂(G,G). The above theorem gives that
r̂(K1,n) = 2n− 1. However, it is difficult to find the exact values of r̂(Pn).
With an impressive proof, Beck (1983) showed that r̂(Pn) ≤ cn for some
constant c > 0. In the proof he used transforms defined by Pósa (1976), who
needed them for finding an upper threshold function of form p = c log n/n
for random graph G ∈ G(n, p) being Hamiltonian.

Let G be a graph and let P0 = x0x1 · · ·xn be a maximal length path in
G beginning at x0. Denote by

X = V (P0) = {x0, x1, . . . , xn}
for the vertex set of P0. Let P be a path on vertex set X beginning at x0

and let P (k) is the vertex which is at distance k from x0 on the path P .
If for some k ≤ n − 2, P (k) is adjacent to P (n) in G, then the path P ′

obtained from P by adding the edge P (k)P (n) and deleting P (k)P (k + 1)
will be called a simple transform of P . Clearly if P ′ is a transform of P then
P is a transform of P ′, and P0 has exactly d(xn)−1 simple transforms. The
result of doing a finite sequence of simple transforms is called a transform.
Denote by F for the family of all transforms of P0. Note that V (P ) = x0

and the length of P is n for any P ∈ F .
We now partition V (G) into Red, Write and Blue sets as follows.

R = {P (n) ∈ X : P ∈ F}.
W = {xk ∈ X \R : xk−1 ∈ R, or xk+1 ∈ R}.
B = V (G) \ (R ∪W ).

Note that R 6= ∅ as xn ∈ R. If x0xn ∈ E(G), then x1 ∈ R and hence
x0 ∈ W since x0 6∈ R, and in this case if x2 6∈ R then x2 ∈ W . If x1 6∈ R,
then x0 ∈ B. Certainly V (G) \X ⊆ B. Let us call an edge between R and
B as an R−B edge.

Lemma 14.2 (Pósa) There are no R−B edges in G.

Proof. Clearly, there is no edge between V (G)\X and R by the maximality
of length of P0. Suppose that xj ∈ B ∩ X is adjacent to xk ∈ R. Since
xk ∈ R, there is a transform P in which P (n) = Xk. If xj = P (i),
then P (i + 1) ∈ R. [Just consider the simple transform of P obtained
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by adding P (i)P (n) = xjxk and deleting P (i)P (i + 1).] It follows that
P (i+1) 6∈ {xj−1, xj+1}. Otherwise, xj = P (i) ∈ W . In other words, either
xj−1xj or xjxj+1 is deleted in the sequence of simple transforms which lead
from P0 to P . However, by considering the first point at which an edge of
P0 is deleted in a simple transform, we see that one of its vertices must be
in R and the other one must be in R ∪W . This contradicts the fact that
xj ∈ B and completes the proof. 2

In the following corollary, N(S) = ∪x∈SN(x) is the union of neighbor-
hoods of vertices in S.

We write Pn for a path on n vertices.

Lemma 14.3 Suppose that each S ⊆ V (G) with |S| ≤ n satisfies

|S ∪N(S)| ≥ 3|S|.

Then G contains P3n.

Proof. In this proof, X, R, W and B have the same meaning as in the
preceding lemma. Note that N(R) ⊆ X by the maximality of length of P0,
and thus R ∪W ⊆ X. Furthermore, N(R) \ R = W and |W | ≤ 2|R| − 1
since each vertex in R can possibly account for two vertices in W except
for xn which can account at most one (namely, xn−1). Hence

|R ∪N(R)| = |R|+ |W | ≤ 3|R| − 1.

In view of the above hypothesis, we must conclude that |R| > n. Choose
S ⊆ R with |S| = n. Since there are no edges between R and B,

S ∪N(S) ⊆ X,

which yields
|X| ≥ |S ∪N(S)| ≥ 3|S| = 3n.

The desired result follows immediately. 2

In the proof of above lemma, we did not use Lemma 14.2 strictly. What
we needed was just the fact that there are no edges between S ⊆ R and
V (G) \ X, which can be seen easily from the maximality of length of P0.
Of cause the fact is a spacial case of Lemma 14.2.

We shall introduce some notation before proving Beck’s result. The
number of G and the subgraph induced by X in G will be denoted by e(G)
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and eG(X), respectively. The average degree of G will be denoted by d(G).
Let ēG(X) be the number of edges of G which are incident with vertices in
X. Note that the edges with both end-vertices in X can be counted exactly
once, so,

ēG(X) =
∑

x∈X

deg(x)− eG(X).

Write

d̄G(X) =
ēG(X)
|X| .

Thus d̄G(X) is the average degree of vertices in X if X is an independent
set. Note that for X = V (G) it is 1

2d(G) and for X = {x} this quantity is
deg(x).

Lemma 14.4 Let G be an arbitrary graph. Then G contains a subgraph
H such such for every non-empty X ⊆ V (H),

d̄H(X) ≥ 1
2
d(G).

Proof. Let H be a minimal vertex-induced subgraph of G on vertex set Y
which satisfies

d(H) ≥ d(G).

This implies e(H) ≥ d(G)|Y |/2. We shall show that H satisfies the asser-
tion.

Suppose to the contrary, there is some non-empty set X ⊆ Y such that
d̄H(X) < d(G)/2 . Then ēH(X) < d(G)|X|/2 and Y \ X 6= ∅. Thus the
subgraph H ′ induced by Y \X satisfies

e(H ′) = e(H)− ēH(X)

>
1
2
d(G)|Y | − 1

2
d(G)|X| = 1

2
d(G)|Y \X|.

It follows that d(H ′) > d(G). Since this violates the minimality condition,
we have proved that H has the desired property. 2

We will say that G has Property Qn if for every X ⊆ Y ⊆ V (G) with
|X| ≤ n and |Y | ≤ 3|X| − 1 satisfies

d̄〈Y 〉(X) <
1
4
d(G),

where 〈Y 〉 is the subgraph induced by Y . Roughly speaking, graph G has
property Qn means that a bigger proportion of neighbors of X are outside
of Y . We have seen this sort of property in random graphs as described in
a theorem in Chapter 6.
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Lemma 14.5 If G has property Qn, then every subgraph of G with at least
1
2e(G) edges contains P3n.

Proof. Let G′ be a subgraph of G with e(G′) ≥ 1
2e(G). Then d(G′) ≥

1
2d(G) and, according Lemma 14.4, there exists a subgraph H of G′ such
that for every non-empty X ⊆ V (H),

d̄H(X) ≥ 1
2
d(G′) ≥ 1

4
d(G).

We claim that H satisfies the condition of Lemma 14.3, so H (hence G′)
contains P3n. If not, then for some X ⊆ V (H) with |X| ≤ n,

|X ∪NH(X)| ≤ 3|X| − 1.

Setting Y = X ∪NH(X), we have |Y | ≤ 3|X| − 1 and

d〈Y 〉(X) = dH(X) ≥ 1
2
d(G′) ≥ 1

4
d(G),

which contradicts the fact that G has property Qn. 2

Theorem 14.3 (Beck) For all large n,

r̂(Pn) ≤ 708n.

Specifically, for all large n there exists a graph G with e(G) ≤ 708n such
that every subgraph G′ of G with e(G′) ≥ 1

2e(G) contains Pn.

Proof. We shall prove that r̂(P3n) ≤ 2123n for large n so

r̂(Pn) ≤ r̂(P3m) ≤ 2123m < 708n

where m = dn/3e. In view of Lemma 14.5, it suffices for us to prove that
whenever n is large, there exists a graph with at most 2123n edges which has
property Qn. Set N = b58.8nc and consider a random graph Gp in G(N, p)
with p = 72.1/N . The number of edges in G = Gp has binomial distribution
B(

(
N
2

)
, p). It follows from Chernoff’s inequalities in Chapter 4 that almost

every graph G = Gp satisfies d(G) ≥ 72 and e(G) ≤ 36.1N < 2123n. Let
F (failure) be the following event:

F : d(G) ≥ 72 and G fails to satisfies Qn.

We shall show Pr(F ) → 0 as n →∞.
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If G ∈ F then there exists X ⊆ V (G) with |X| ≤ n and Y ⊇ X with
|Y | ≤ 3|X| − 1 such that

d̄〈Y 〉(X) ≥ 1
4
d(G) ≥ 18,

yielding
ē〈Y 〉(X) ≥ 18|X|.

If |X| = k, then ē〈Y 〉(X) is a random variable with binomial distribution
B(M, p), where M ≤ (

k
2

)
+ k(2k − 1) < 5k2/2. Note that the expected

value of ē〈Y 〉(X) is Mp that satisfies

Mp ≤
(

5k2

2

)(
72.1
N

)
≤ 180.25

k

N
|X| ≤ 3.07|X|,

where k/N ≤ n/N . It follows that the event ē〈Y 〉(X) ≥ 18|X| is very
unlikely. Recall a result in Chapter 4, if T is a random variable with
binomial distribution B(M, p) and k ≥ Mp, then

Pr(T ≥ k) ≤
(

Mpe

k

)k

.

Now we have
(

Mpe

18k

)18k

<

(
5(72.1)e

36
k

N

)18k

<

(
27.25k

N

)18k

.

Thus we bound the probability of F by

Pr(F ) ≤
n∑

k=1

(
N

k

)(
N − k

2k

)(
27.25k

N

)18k

≤
n∑

k=1

(
Ne

k

)k (
Ne

2k

)2k (
27.25k

N

)18k

=
n∑

k=1

[
c

(
k

N

)15
]k

,

where c = e3(27.25)18/4. It is clear that the terms in the sum with k ≤ √
N

contribute o(1) since for these terms the expression in the square braces
is O(1/N15/2). In the range

√
N < k ≤ n it suffices to check that the

expression in the square braces remains less than 1 − ε for some ε > 0. It
follows that Pr(F ) → 0 as n →∞. Thus almost every random graph Gp is
a graph with at most 2123n edges which has property Qn. 2



14.2. SIZE RAMSEY NUMBER OF KM,N 275

14.2 Size Ramsey Number of Km,n

Friedman and Pippenger (1987) generalized Beck’s linear bound of r̂(Pn)
for proving that there is some constant c > 0 such that r̂(Tn) ≤ cn for any
tree Tn on n vertices. Beck (1990) even asked if there is some constant c =
c(∆) > 0 such that r̂(G) ≤ cn for any graph with n vertices and maximum
degree at most ∆. Haxell, Kohayahawa and ÃLuczak (1995) proved that
r̂(Cn) ≤ cn. Rödl and Szemerédi (2000) answered the question of Beck
negatively for even ∆ = 3. However, r̂(Km,n) has a linear upper bound if
m is fixed.

Theorem 14.4 For any fixed positive integer m, if n is sufficiently large,
then

1
2e

m2mn ≤ r̂(Km,n) ≤ 4m22mn.

Let us have a lemma first.

Lemma 14.6 Suppose that G is a subgraph of KM, N with e(G) ≥ Np and

N

(
p

m

)
> (n− 1)

(
M

m

)
,

then G contains Km, n.

The proof of the above lemma is similar to the proof of Theorem 8.4.
The key for the proof is so called “double counting argument”. Without
loss generality, we assume that G is a spanning subgraph of G that contains
no Km, n. Let d1, d2, . . . , dN be the degree sequence of vertices in one part
X of N vertices of G. For any vertex v ∈ X, an m−set in neighborhood of
v is covered by at most n− 1 vertices in X. So

N∑

k=1

(
dk

m

)
≤ (n− 1)

(
M

m

)
.

The left hand side is at least N
(

p
m

)
by the convexity of the function

(
x
m

)
since (

∑
dk) /N = e(G)/N ≥ p, which leads to a contradiction.

Proof of Theorem 14.4. The assertion is obvious for m = 1 by
Theorem 14.2, so we assume m ≥ 2. For the upper bound, let us consider a
complete bipartite graph KM, N on bipartition (A,B) and an edge partition
(E1, E2). We may assume that |E1| ≥ MN/2. Hence, by setting p = M/2
in Lemma 14.6, the subgraph induced by E1 contains Km,n if

N

(
M/2
m

)
> (n− 1)

(
M

m

)
.
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This will certainly be the case if we set N =
⌊(

M
m

)
n/

(
M/2
m

)⌋
. It follows that

for all M ≥ 2m,
r̂(Km, n) ≤ MN ≤ Cn,

where

C =
M

(
M
m

)
(
M/2
m

) = 2m−1M
(M − 1)(M − 2) · · · [M − (m− 1)]
(M − 2)(M − 4) · · · [M − 2(m− 1)]

.

By taking M = bm2/2c, we have C ≤ 4m22m for m ≤ 8. For m ≥ 9,

C ≤ m22m−2

[
1 +

2(m− 1)
(m− 2)2

]m−1

≤ m22m−2 exp
(

2(m− 1)2

(m− 2)2

)
< 4m22m,

where we use the facts that 1 + x ≤ ex and the minimum value of 2(m−1)2

(m−2)2

attains at m = 9, so the desired upper bound follows.
The proof of the lower bound employs the probabilistic method. Sup-

pose that G = (V, E) is a graph in which every edge coloring in two colors
produces a monochromatic Km,n. Let

Vk = {v ∈ V : deg(v) ≥ k}.

Then |Vk| ≤ 2|E|/k. If G contains Km, n on bipartition (A,B) as a sub-
graph, then, clearly, A ⊆ Vn and B ⊆ Vm. Hence, setting M = |Vn|
and N = |Vm|, it must be true that every two-coloring of edges of KM,N

produces a monochromatic Km,n. However, in a random edge coloring of
KM, N in red and blue in which

Pr[e is red] = Pr[e is blue] =
1
2
,

the probability that there is a monochromatic Km,n is at most

2
(
M
m

)(
N
n

)

2mn
≤ 2

(
eM

m

)m (
eN

n

)n 1
2mn

= 2
(

eM

m

)m (
eN

2mn

)n

.

Now suppose that e(G) < m2m−1n/e. Then M = |Vn| < m2m/e and
N = |Vm| < n2m/e so that eN/(2mn) ≤ 1 − ε for some ε > 0. It follows
that if n is sufficiently large, then the probability there is a monochromatic
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Km,n is less than one. Hence, for any graph G if e(G) < m2m−1n/e, then
G 6→ (Km,n), which follows by the desired lower bound follows. 2

It is natural to believe that r̂(Kn, n) = (2 + o(1))n, which is exactly the
case. The following result is due to Erdős and Rousseau (1993).

Theorem 14.5 For all large integer n,

1
30

n22n < r̂(Kn, n) <
3
2
n32n.

Proof. The proof for the upper bound is similar with that in Theorem
14.4 as if M and N satisfy

N

(
M/2

n

)
> (n− 1)

(
M

n

)
,

then KM,N → Kn, n. In particular, if we set N = bn2/2c and M = 3n2n,
then the above holds for all n ≥ 6 and we have the upper bound as desired.

The proof of the lower bound depends on the following counting result.

Lemma 14.7 A graph with q edges contains at most
(

2eq

n

)(
2e2q

n2

)n

copies of Kn, n.

Proof. Let G = (V, E) be a graph with q edges and let

m =
⌊

n

2
log

(
2q

n2

)⌋
.

Without loss generality, we assume that G contains no isolated vertices. To
distinguish the magnitude of the degrees of vertices, we set

d−1 = 1, dk = nek/n (k = 0, 1, . . . , m), dm+1 = ∞,

and set
Xk = {x ∈ V : dk ≤ deg(x) < dk+1}

for k = −1, 0, . . . , m. Then X−1, X0, . . . , Xm form a partition of V . Let

Wk = ∪m
j=kXj = {x ∈ V : deg(x) ≥ dk}.

Let us say that a subgraph Kn,n in G on vertex set U ⊆ V is of type
k if k is the smallest index j for which Xj ∩ U 6= ∅. Equivalently Kn,n
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is of type k if and only if each v ∈ U satisfies dk ≤ degG(v) < dk, where
degG(v) is the degree of v in G not that in Kn,n. Denote by Mk for the
number of type k copies of Kn,n in G. Note there is no Kn,n of type −1 and
M =

∑m
k=0 Mk is the total number of copies of Kn,n in G. In a type k copy

of Kn,n every vertex belongs to Wk and at least one vertex belongs to Xk.
Thus one side of the Kn,n is an n−element subset of the neighborhood of
a vertex in Xk and the other side is an n−element subset of Wk. It follows
that

Mk ≤ |Xk|
(

dk+1

n

)(|Wk|
n

)
.

Using the facts that
(
N
n

) ≤ (eN/n)n and |Wk| ≤ 2q/dk, we find that for
k = 0, 1, . . . , m− 1,

Mk ≤ |Xk|
(

edk+1

n

)n (
2eq

dkn

)n

= e|Xk|
(

2e2q

n2

)n

.

Since dm ≥ √
2q so |Xm| ≤

√
2q, and each vertex of a type m subgraph

must belong to Xm, thus we have

Mm ≤
(|Xm|

n

)2

≤
(

2e2q

n2

)n

.

If |Xm| = 0 then Mm = 0. Hence we can write

Mm ≤ e|Xm|
(

2e2q

n2

)n

,

which coincides with the upper bound of Mk with 0 ≤ k ≤ m−1. Therefore
we obtain

M =
m∑

k=0

Mk ≤
m∑

k=0

e|Xk|
(

2e2q

n2

)n

= e|W0|
(

2e2q

n2

)n

≤
(

2eq

n

)(
2e2q

n2

)n

,

completing the proof. 2

Proof for the lower bound in Theorem 14.5. Now let G be an
arbitrary graph with q edges with q ≤ n22n/30. Consider a random red-
blue edge coloring of G in which each edge is red with probability 1/2 and
colorings of distinct edges are independent. In view of the lemma, we find
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that the probability P that such a random coloring yields a monochromatic
Kn,n satisfies

P < 2
(

2eq

n

)(
2e2q

n2

)n

2−n2

≤ 2en

15

(
4e2q

n2

)n

2−n2 ≤ n

(
2e2

15

)n

→ 0

as n →∞. Thus G 6→ (Kn,n), and the desired lower bound follows. 2

14.3 Induced Ramsey Theorem ?

In the definition of Ramsey number r(Kn), we ask what the smallest N
such that in any red-blue edge coloring of KN , there is either a red Kn or
a blue Kn. Here the clique Kn is an induced subgraph. Let us change the
problem for a general graph H and ask what for a graph G such that in
any red-blue edge coloring of G, there is a monochromatic induced H. This
slightly modification changes the problem dramatically. A big question is
whether or not such graph G exists for an arbitrary given graph H. We
call such a graph G a Ramsey graph for H. This should be different from
a definition in Chapter 1, where a graph G was called as a Ramsey graph
for a Ramsey number r(H) if the order of G is r(H)− 1 and neither G nor
Ḡ contains H as a subgraph. The subgraph is not necessarily induced.

The following existence theorem was proved by Deuber. Independent
proofs were due to Erdős, Hajnal and Pósa, and to Rödl. We adopt one of
them from the book by Diestel.

Theorem 14.6 Every graph has a Ramsey graph.

The remainder of the section is the proof for this theorem, which begins
with its version on bipartite graphs.

We shall write a bipartite graph B as triples (V1, V2, E), where V1 and
V2 are bipartition of B and E is the its edge set. Given another bipartite
graph B̄ = (V̄1, V̄2, Ē), if B is isomorphic to an induced subgraph of B̄,
in which Vi corresponds V̄i for i = 1, 2, then there is an injective map
φ : V1 ∪ V2 → V̄1 ∪ V̄2 so that φ(Vi) ⊆ V̄i for i = 1, 2, and φ(v1)φ(v2) ∈ Ē
if and only v1v2 ∈ E. We will call such a map φ as an embedding of B in
B̄, denoted by φ : B → B̄.

As before, let X(k) denote the family of all k−subsets of X. Define a
bipartite graph (X, X(k), Ek), in which the edge set Ek contains all edges
of the form xY with Y ∈ X(k) and x ∈ Y .
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Lemma 14.8 Every bipartite graph B = (V1, V2, E) can be embedded in a
bipartite graph of the form B̄ = (X, X(k), Ek).

Proof. Let B be a bipartite graph with vertex classes V1 = {a1, a2, . . . , an}
and V2 = {b1, b2, . . . , bm}. Denote by X for a set of 2n + m vertices as

X = {x1, . . . , xn, y1, . . . , yn, z1, . . . , zm}.
Let B̄ = (X, X(n+1), En+1). We shall show that there is an embedding φ
of B in B̄.

Set φ(ai) = xi for i = 1, . . . , n first. Then for any j = 1, . . . , m, a
member Y ∈ X(n+1) will be chosen as φ(bj), which is denoted by Yj . We
in fact construct Yi as follows. Since φ(bj) = Yj , then the neighbors of bj

in B should be mapped into Yj , that is to say,

φ(N(bj)) ⊆ Yj .

In order to distinguish different Yj , we put zj into Yj as a label. So far we
have chosen

|φ(N(bj))|+ 1 = d(bj) + 1 ≤ n + 1

elements for Yj . If the inequality is strict, we then simply fill Yj with
elements from {y1, . . . , yn} until Yj has n + 1 elements.

Note that φ(V1) = {x1, . . . , xn} and φ(V2) = {Y1, . . . , Ym}, and xi is
a neighbor of Yj in B̄ if and only if ai is a neighbor of bj in B. The
other neighbors of Yj are out of {x1, . . . , xn}. Thus B is isomorphic to the
subgraph induced by {x1, . . . , xn} and {Y1, . . . , Ym} in B̄, so the map φ is
an embedding of B in B̄ as desired. 2

The next lemma is the bipartite case of Theorem 14.6, which says that
every bipartite graph has a bipartite Ramsey graph.

Lemma 14.9 Let B be bipartite graph. Then there exists a bipartite graph
B̄ such that for any two-coloring of edges of B̄ there is an embedding φ :
B → B̄ in which all edges of φ(B) are monochromatic.

Proof. It is easy to see that if φ1 ia an embedding of B1 in B2 and φ2 is
an embedding of B2 in B3, then φ2φ1 is an embedding of B1 in B3. Thus
by Lemma 14.8 we may assume that B = (X, X(k), Ek). Let n = |X|,
` = 2k − 1 and s = 2

(
`
k

)
. Let X̄ be a set whose cardinality is an s−color

Ramsey number for `−uniform hypergraph as

|X̄| = r(`)
s (kn + k − 1).

We shall show the assertion in the lemma with B̄ = (X̄, X̄(`), E`).
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Let us fix a coloring on E` with colors α and β. Among ` = 2k−1 edges
incident to a vertex Ȳ ∈ X̄(`) in B̄, at least k of them are monochromatic.
Define Z̄ ⊆ Ȳ with |Z̄| = k so that all edges x̄Ȳ for x̄ ∈ Z̄ are in the same
color. The color and the set Z̄ are called as the color and the set associated
with Ȳ , respectively.

Assign a linear order to X̄ as

X̄ = {x̄1, x̄2, x̄3, . . .}.

For every Ȳ ∈ X̄(`) with Ȳ = {x̄i1 , . . . , x̄i`
}, denote by σȲ for the order-

preserving map with σȲ (x̄ij
) = j, then σȲ (Z̄) ∈ [`](k).

We now color X̄(`) with s = 2
(

`
k

)
elements of the set [`](k) × {α, β} as

colors. For a given Ȳ ∈ X̄(`), color Ȳ with the pair (σȲ (Z̄), γ), where Z̄
and γ ∈ {α, β} are the set and the color associated with Ȳ , respectively.
By the definition of Ramsey number for uniform hypergraph, we know that
there is W ⊆ X̄ with |W | = kn + k − 1 such that all elements of W (`) are
monochromatic. Thus there exists S ∈ [`](k) and a color γ, say α, such that
all Ȳ ∈ W (`) are colored (S, α). That is to say, all Ȳ ∈ W (`) satisfy that
σȲ (Z̄) = S and they are all associated with the same color α.

We now construct the desired embedding φ of B in B̄.
The elements of W have an order preserved from that in X̄. Without

loss of generality, we assume that W contains the first kn + k− 1 elements
of X̄,

W = {x̄i : i = 1, 2, . . . , kn + k − 1}.
Set

X = {x1, x2, . . . , xn},
and define φ(xi) = x̄ik. Denote by wi for x̄ik, so φ(X) = {w1, . . . , wn} and
there are exactly k − 1 elements of W between wi and wi+1 in the order.

We then define φ on X(k). Given Y ∈ X(k), we shall choose φ(Y ) =
Ȳ ∈ X̄` so that the neighbors of Ȳ among the vertices in φ(X) are precisely
the images of the neighbors of Y in B, i.e. the vertices φ(x) with x ∈ Y ,
and so that all these edges incident to Ȳ in B̄ are colored α. To find such
Ȳ , we first construct its subset Z̄ as {φ(x) : x ∈ Y }, which are k vertices
of type wi. Then extend Z̄ by `− k further vertices u ∈ W \ φ(X) to a set
Ȳ ∈ W (`), in such a way that σȲ (Z̄) = S. This is possible since there are
k − 1 = `− k other vertices of W between wi and wi+1. Then

Ȳ ∩ φ(X) = Z̄ = {φ(x) : x ∈ Y },

so Ȳ has the right neighbors in φ(X), and all the edges between Ȳ and
these neighbors are colored α. The images Ȳ of different vertices Y are
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distinct since their intersections with φ(X) differ, so φ is an injective map
on X(k). Hence, the map φ is indeed an embedding of B in B̄ satisfied the
desired condition. 2

Proof of Theorem 14.6. The idea of the proof is to reduce the
general case of the theorem to the bipartite case, where Lemma 14.9 can be
employed. Let H be a given graph of order s and let n = r(s, s). Then in
any edge coloring of Kn in two colors, there is a monochromatic Ks hence
a monochromatic copy of H. Denote by K for this Kn. Note that the
monochromatic subgraph H in K may be not an induced subgraph in that
color.

We will construct a graph G0. Let ` =
(
n
s

)
. Arrange the vertices of K

in a column, and replace every vertex by a row of ` vertices. In each of the
` columns, choose an s−set so that any pair of such sets contain vertices
coming from different rows. Let us furnish each column in the chosen s−set
with the edges of a copy of H. The graph G0 consists of ` disjoint copies
of H and (n− s)` isolated vertices.

We define G0 formally as follows. Assume that V (K) = {1, . . . , n} and
choose copies H1, . . . , H` of H in K with pairwise distinct (not necessarily
disjoint) vertex sets. We then define

V (G0) = {(i, j) : i = 1, . . . , n; j = 1, . . . , `}
E(G0) = ∪`

j=1{(i, j)(i′, j) : ii′ ∈ E(Hj)},

where the end vertices of each edge (i, j)(i′, j) are in the same column.
Applying Lemma 14.9 iteratively to all the pairs of rows of G0, we

construct a large graph G such that for every edge coloring of G there is an
induced copy of G0 in G that is monochromatic on all the bipartite subgraph
induced by its pairs of rows. By contracting its rows the projection of this
G0 ⊆ G to {1, . . . , n}, we define an edge coloring of K. Thus one of
the Hj ⊆ K will be monochromatic. But this Hj occurs with the same
coloring in the jth column of G0, and it is an induced subgraph of G0

hence an induced subgraph of G. We omit the formal definition of desired
embedding map described the above procedure. 2

14.4 Bipartite Ramsey Numbers

It is likely that there are some similar behaviors between Ramsey num-
bers of complete graphs and that of complete bipartite graphs, such as
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r(Km,Kn) and r(Km−1,m−1,Kn,n), and r(Kn) and r(Kn,n). The similar-
ity even appears in other variant called bipartite Ramsey number, which is
defined to be the smallest integer N such that in any red-blue edge-coloring
of KN,N , there is a monochromatic red Km,n or a monochromatic blue Ks,t.
Let us denote the defined N as br(Km,n,Ks,t), and write

b(m,n) = br(Km,n,Km,n),

and
b(m,n) = br(Km,m,Kn,n).

Note that b(n, n) = b(n, n).
The following result is due to A. Thomason (1982), in which the special

cases with m = 2 and m = 3 are due to Beineke and Schwenk (1976), and
Irving (1978), respectively.

Theorem 14.7 For any integers n ≥ m ≥ 1,

b(m,n) ≤ 2m(n− 1) + 1.

The result will follow the following lemma immediately. Let KN,N be
a complete bipartite graph, whose first vertex class is X and the second is
Y . In the following lemma, Km,n is a complete bipartite graph on vertex
classes P ∪Q with P ⊆ X, |P | = m, and Q ⊆ Y , |Q| = n. It is important
to note here that a Km,n is distinguish from a Kn,m. In other word, we
consider the orders of the vertex classes of the bipartite graphs.

Lemma 14.10 Let N = 2m(n − 1) with 1 ≤ m ≤ n. Suppose that the
edges of KN,N are colored with red and blue such that there is neither a red
Km,n nor a blue Kn,m. Then each vertex of KN,N is incident with exactly
N/2 red edges and N/2 blue edges (unless m = n = 2). Furthermore, any
two-coloring of edges of KN,N+1 yields a red Km,n or a blue Kn,m.

Proof. Observe that the second part of the lemma follows from the first.
Suppose that the edges of KN,N+1 are colored without a red Km,n or a
blue Kn,m. Choose x ∈ X and y1, y2 ∈ Y such that xy1 is red and xy2 is
blue. Then KN,N+1 − yi, i = 1, 2, has an edge coloring without red Km,n

or blue Kn,m so x is incident with exactly N/2 red edges in each. This is
impossible since x is incident with more red edges in KN,N+1 − y2 than
that in KN,N+1 − y1.

The proof for the first part is by induction on m. Let KN,N be a
complete bipartite graph on X ∪ Y with |X| = |Y | = N = 2m(n− 1) that
contains neither a red Km,n nor a blue Kn,m. If m = 1, then N = 2(n− 1)
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and KN,N has at most N(n−1) red edges and at most N(n−1) blue edges.
So

N2 =
∑

x∈X

dr(x) +
∑

y∈Y

db(y) ≤ 2N(n− 1) = N2,

hence the equalities hold throughout, implying that dr(x) = db(y) = n− 1
for any x ∈ X and y ∈ Y .

Let m ≥ 2 be fixed. Suppose that the theorem holds for smaller values
of m. Let t = N/2 = 2m−1(n − 1). Suppose that there is vertex x0 ∈ X
with dr(x0) > t.

Case 1 There is a vertex y0 ∈ Y with db(y0) > t. We assume that
the edge x0y0 is red, say. Consider the subgraph induced by Nr(x0) and
Nb(y0)subsetminus{x0}. This is a complete bipartite graph. Its vertex
class in X has at least t vertices and that in Y has at least t+1 = 2m−1(n−
1) + 1 vertices. We thus have a complete bipartite graph Kt+1,t. From
the induction hypothesis, we have either a red Km−1,n or a blue Kn,m−1.
Together with the vertex x0 or y0, we get a red Km,n or a blue Kn,m. This
is impossible. The situation is same if we assume that the edge x0y0 is blue.

Case 2 Each vertex y ∈ Y satisfies that db(y) ≤ t. We shall show that for
1 ≤ s ≤ m − 1, a red red Ks,2m−s(n−1)+1 yields a red Ks+1,2m−s−1(n−1)+1.
The existence of such a red Ks,2m−s(n−1)+1 for s = 1 is just the condition
dr(x0) > t as given. Suppose that there is a red Ks,2m−s(n−1)+1 on vertex
classes P and Q with P ⊆ X, |P | = s, Q ⊆ Y , |Q| = 2m−s(n − 1) + 1 =
2λ + 1, where λ = 2m−s−1(n− 1). Then the number of red edges between
X \P and Q is at least |Q|(N/2−s) since each y ∈ Y satisfies dr(y) ≥ N/2.

Subcase 2.1 Each x ∈ X \ P satisfies |Nr(x)∩Q| ≤ λ = 2m−s−1(n− 1).
We have

|X \ P |λ ≥ |Q|(N/2− s),

which gives
(N − s)λ ≥ (2λ + 1)(N/2− s).

We thus have
s(λ + 1) ≥ N/2 = 2s+1λ,

which is impossible unless s = 1 and m = n = 2.
Subcase 2.2 Some x ∈ X \ P satisfies |Nr(x) ∩Q| ≥ 2m−s−1(n− 1) + 1.

Thus Nr(x) ∩ Q and P ∪ {x} induce a red Ks+1,2m−s−1(n−1)+1 as desired.
We hence obtain a red Km,n with s = m− 1.

Therefore in any edge-coloring of KN,N that contains neither a red Km,n

nor a blue Kn,m, there is no vertex x with dr(x) > N/2. So each vertex
x ∈ X satisfies dr(x) ≤ N/2. Similarly each y ∈ Y satisfies dr(y) ≤ N/2.
The same argument will yield that each vertex v satisfies db(v) ≤ N/2, so
the desired statement follows immediately. 2



14.4. BIPARTITE RAMSEY NUMBERS 285

For fixed m and large n, the asymptotic formula of b(m,n) is 2mn, which
is also that of r(Km,n).

Theorem 14.8 For fixed m, as n →∞,

b(m,n) ∼ 2mn.

Proof. The upper bound follows from Theorem 14.7. The proof for the
desired lower bound b(m,n) ≥ (1− o(1))2mn is similar to that for r(Km,n)
in Chapter 5, so we omit it. 2

However, it is difficult to obtain an asymptotic formula of b(m,n). The
situation is similar to that for r(m,n) that we have encountered. The
following result is due to Y. Caro and C. Rousseau (2001).

Theorem 14.9 Let integer m ≥ 2 be fixed. Then there are positive con-
stant A and B such that

A

(
n

log n

)(m+1)/2

≤ b(m,n) ≤ B

(
n

log n

)m

.

Proof. The upper bound is based on well-known results for the Zarankiewicz
numbers z(N, M ; s, t) that is defined in Chapter 4. Denote by z(N ; s) for
z(N, N ; s, s), then we have

z(N ; s) ≤
(

s− 1
N

)1/s

N(N − s + 1) + (s− 1)N.

To prove b̄(m,n) ≤ N it suffices to show that z(N ;m) + z(N ;n) < N2.
Take ε > 0 and N = c(n/ log n)m, where c = (1 + ε)/(m− 1)m−1. Then

z(N ;m)
N2

<

(
m− 1

N

)1/m (
1− m− 1

N

)
+

m− 1
N

=
(

m− 1
c

)1/m log n

n
+ O

((
log n

n

)m)
.

To bound z(N ;n)/N2, we first have
(

n− 1
N

)1/n

=
(

(n− 1)(log n)m

cnm

)1/n

= 1− (m− 1) log n

n
+O

(
log log n

n

)
.

Hence

z(N ;n)
N2

≤
(

n− 1
N

)1/n (
1− n− 1

N

)
+

n− 1
N

= 1− (m− 1) log n

n
+ O

(
log log n

n

)
.
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Adding the above bounds, we obtain

z(N ;m) + z(N ;n)
N2

= 1−
(

1− 1
(1 + ε)1/m

)
(m− 1) log n

n
+ O

(
log log n

n

)
,

so (z(N ;m) + z(N ;n))/N2 < 1 for all large n as required.
To prove the lower bound, we use the Lovász local lemma in the manner

as we used for the lower bound of r(m,n) in Chapter 6. Consider a random
edge-coloring of KN,N in red and blue, in which each edge is colored red
with probability p, independently. For each set S of 2m vertices, m from
each vertex class of the KN,N . Let RS denote the event that S induces a
monochromatic red Km,m. Similarly, for each set T consisting of n vertices
from each vertex class, let BT denote the event that T induces a monochro-
matic blue Kn,n. For each of the

(
N
m

)2
of S, write Pr(R) for the common

value Pr(RS) = pm2
. In the same way, Pr(B) = Pr(BT ) = (1 − p)n2

for
each of

(
N
n

)2
possible B = BT events. Let S be fixed and let DRR denote

the number of events RS′ such that RS and RS′ are dependent, that is the
red bipartite graphs induced by S and S′ share at least one edge. Similarly,
let DRB denote the number of events BT such that RS and BT are depen-
dent. In the same way, for fixed T , we define the dependence numbers DBR

and DBB . By the Local Lemma, the probability that a random coloring
has neither a red Km,m nor a blue Kn,n is positive if there exist positive
numbers x and y such that xPr(R) < 1 and y Pr(B) < 1 and

log x > xDRR Pr(R) + yDRB Pr(B)
log y > xDBR Pr(R) + yDBB Pr(B).

With positive constants c1, c2, c3, c4 to be chosen, set

p = c1N
−2/(m+1), n = c2N

2/(m+1),

x = c3, y = exp(c4N
2/(m+1)(log N)n).

To prove that there are choices of the constants c1, . . . , c4, we note the
following bounds

DRR ≤ m2

(
N

m− 1

)2

< N2(m−1)

DBR ≤ n2

(
N

m− 1

)2

< n2N2(m−1)

DRB , DBB ≤
(

N

n

)2

<

(
eN

n

)2n

.
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Similar computation as in Chapter 6 justifies the lower bound statement
with

A =
1− ε

m1/(m−1)

(
m− 1
m2

)(m+1)/2

,

where ε > 0 is arbitrary. 2

Theorem 14.10 For all large n,

(1− o(1))
√

2n

e
2n/2 ≤ b(n, n) = b(n, n) ≤ 2n(n− 1) + 1.

Proof. The upper bound follows from Theorem 14.7. The lower bound
can be proved by the symmetric form of Local Lemma in the same manner
as that for the lower bound of r(n, n) in Chapter 6, we thus omit it. (See
Hattingh and Henning (1998)). 2

Problem 14.1 Determine the limit b(n, n)1/n as n → ∞ if it exists, and
determine the order of b(m,n) for fixed m.

We believe the above problem is easier that the same problem for r(n, n)
and r(m,n).

14.5 Ramsey Numbers on Parameters

We have seen that it is usually difficult to estimate the value of r(G,H),
particularly that of r(m,n). Many researchers made some generalization
on Ramsey numbers. For example, Benedict, Chartand, and Lick (1977)
defined µ(f ;m,H) to be the least integer N such that any graph G of N ,
either f(G) ≥ m or G contains H as a subgraph.

Let f1 and f2 be graph parameters and let m and n be integers. Define
the Ramsey number r(f1 ≥ m; f2 ≥ n) as the least integer N such that
for any graph G of order N either f1(G) ≥ m or f2(G) ≥ n. We call
r(f1 ≥ m, f2 ≥ n) as the Ramsey number on f1 and f2, or the mixed
Ramsey number if f1 and f2 are different. Thus r(m,n) = r(ω ≥ m,ω ≥
n) = r(α ≥ m,α ≥ n), where ω(G) is the clique number of G, and α(G)
is the independence number of G. For simplicity, if fH(G) is the number
of subgraphs H in G, we write r(H; . . .) for r(fH ≥ 1; . . .). Thus r(fH ≥
1; fF ≥ 1) can be written as r(H;F ).

The most natural question is that for which pair f1 and f2, the de-
fined Ramsey number r(f1 ≥ m; f2 ≥ n) exists. The answer is not always
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positive. For example, r(χ ≥ 2, α ≥ 2) does not exist since the empty
graph Nn = Kn satisfies that χ(Nn) = 1 and α(Nn) = 1. However, for
many pairs of parameters, the existence of the Ramsey number on these
parameters can be easily verified.

Theorem 14.11 Let f1 and f2 be graph parameters. Then for any positive
integers m and n, r(f1 ≥ m; f2 ≥ n) exists if and only if

lim
k→∞

(
min

|V (G)|=k
(f1(G) + f2(G))

)
= ∞. (14.1)

Proof. Suppose that for any positive integers m and n, r(f1 ≥ m; f2 ≥ n)
exists. Then for any integer M > 0, K(M) = r(f1 ≥ M ; f2 ≥ M) exists.
So for any graph G of order k ≥ K(M), either f1(G) ≥ M or f2(G) ≥ M .
Therefore

min
|V (G)|=k

(f1(G) + f2(G)) ≥ M + 1

for k ≥ K(M), so (14.1) holds.
Conversely, suppose (14.1) holds. Then for any positive integers m and

n, there exists K = K(m,n) such that if k ≥ K,

min
|V (G)|=k

(f1(G) + f2(G)) ≥ m + n.

So for any graph G of order k ≥ K, f1(G)+f2(G) ≥ m+n, hence f1(G) ≥ m
or f2(G) ≥ n. Minimizing such K shows the existence of r(f≥m; f2 ≥ n).
2

As an example, we shall verify an easy formula.

Theorem 14.12 Let m and n be positive integers. Then

r(χ ≥ m,χ ≥ n) = (m− 1)(n− 1) + 1,

where χ signifies the chromatic number of a graph.

Proof. The assertion is obviously true if one of m and n is one. Assume
that m,n ≥ 2. Let G be a graph consisting of disjoint n−1 copies of Km−1.
Then χ(G) = m− 1 and χ(G) = n− 1, yielding that

r(χ ≥ m,χ ≥ n) ≥ (m− 1)(n− 1) + 1.

On the other hand, if G is a graph of order N = (m− 1)(n− 1) + 1, then
by the fact that χ(G)α(G) ≥ N we have

α(G) ≥
∣∣∣∣

N

χ(G)

∣∣∣∣ =
∣∣∣∣
(m− 1)(n− 1) + 1

m− 1

∣∣∣∣ ≥ n.
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Therefore χ(G) ≥ ω(G) = α(G) ≥ n, proving

r(χ ≥ m,χ ≥ n) ≤ (m− 1)(n− 1) + 1.

2

Let G′ be a graph obtained by deleting a vertex from G. Similarly as
that for proving

r(F, H) ≤ r(F ′,H) + r(F, H ′), (14.2)

we have the following bound.

Theorem 14.13 For a fixed graph F , define fF (G) be the number of sub-
graphs isomorphic to F with different vertex sets in graph G. Then for any
graphs F and H of orders at least two and any positive integers m and n,

r(fF ≥ m, fH ≥ n) ≤ r(fF ′ ≥ m, fH ≥ n) + r(fF ≥ m, fH′ ≥ n).

2

By setting m = n = 1, the above theorem becomes (14.2).

Let Fi is a family of graphs for i = 1, 2. Define the class Ramsey number
r(F1,F2) as the minimum integer N such that any edge coloring of KN in
red and blue contains some red F1 ∈ F1 or some blue F2 ∈ F2. The class
Ramsey number is associated to Ramsey number on parameters if so is
Fi. Let us call a graph as (p, q) graph if it has p vertices and q edges.
Denote by F(n, s) for the family of connected graphs with n vertices and
s edges for n − 1 ≤ s ≤ (

n
2

)
. We then get a definition of r(n, s;m, t)

as r(F(n, s),F(m, t)). General results on class Ramsey numbers are very
difficult since it covers the classic Ramsey numbers r(m,n).

14.6 Different Coloring Types

In traditional definitions of graph Ramsey numbers, we asked the minimum
number N such that in some edge coloring of KN contains some monochro-
matic graphs. If we change the coloring types either in KN or in subgraphs
that are contained, we may have some other definitions of Ramsey numbers.
We introduce some of them without details of discussion.

Local k−coloring
Let G be a graph and let k ≥ 0 be an integer. A subset S ⊆ V (G) is said

to be a k−independent set if the subgraph induced by S has a maximum
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degree at most k. Correspondingly, an edge-coloring of G in any number
of colors is called a local k−coloring if each vertex of G is adjacent to at
most k distinct colors.

There are two ways to define Ramsey numbers with k−independence.
One way is to ask what is the minimum integer N such that any local edge
k−coloring of KN contains a monochromatic G. See, foe example, Gyárfás,
Lehel, Nešetřil, Rödl, Schelp, and Tuza (1987), and Caro and Tuza (1993).
Other way is to ask what is the minimum integer N such that any edge
coloring of KN in m colors contains a local k−colored G.

Zero-sum coloring
Most recent combinatorial research on zero-sum problems is related to

a result of Erdős, Ginzburg and Ziv (1961) as follows.

Theorem 14.14 Let m ≥ k ≥ 2 be integers such that k|m. Then for any
sequence of integers {a1, a2, . . . , am+k−1}, there exists a subset I of indices
of {1, 2, . . . , m + k − 1} such that |I| = m and

∑
i∈I ai = 0 (mod k).

Let Zk be the additive group modulo k. A Zk−coloring of edges of
graph G is a function f : E(G) → Zk. We say that G is zero-sum, relative
to f , if

∑
e∈E(G) f(e) = 0 (mod k).

The zero-sum Ramsey number is to ask the minimum integer N such
that any Zk−coloring of edges of KN contains a zero sum G. For this topic,
see a survey by Caro (1996).

Anti-Ramsey coloring
We call an edge coloring of G to be anti-Ramsey if each pair of edges have

distinct colors. Weakening this condition, an edge coloring of G is called a
(p, q)−coloring if every subset of p vertices spans at least q colors. Erdős
(1981) asked what is the minimum number f(n, p, q) of colors such that
there exist a (p, q)−coloring of Kn. To avoid the trivial cases, we assume
that 2 ≤ q ≤ (

p
2

)
. Clearly f(n, p,

(
p
2

)
) =

(
n
2

)
. Observe that (p, 2)−coloring

are equivalent to coloring without monochromatic Kp. As an example, the
result r3(3) = 17 can be expressed in terms of f as f(16, 3, 2) = 3, and
f(17, 3, 2) = 4. For more information, see Erdős and Gyárfás (1997).

We have to be careful to ask the anti-Ramsey subgraphs. Some re-
searchers ask what is the minimum N such that any edge coloring of KN

contains a monochromatic G1 or an anti-Ramsey G2. For most pairs of
(G1, G2), these numbers do not exist.

Regular coloring
A graph G is called regular by k if ∆(G) − δ(G) ≤ k. Recall many

Ramsey graph we met are regular or regular by 1. We believe that the
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minimum integer N such that any regular coloring by 1 contains Km or
independent set of order n is very close to r(m,n).

Exercises

14.1 Prove the lower bounds in Theorem 14.8 and in Theorem 14.10,
respectively.

14.2 Find upper bound and lower bound for r(χ ≥ n, χ ≥ n). (Refer
Bollobás’ result on chromatic numbers of random graphs in Chapter 6 for
the lower bound.)
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