
By C.L. Lu

Multiple Sequence Alignment

Chin Lung Lu

Computational Biology

Analyses and Applications of Sequences

Multiple Sequence Alignment p.1 By C.L. Lu

Multiple sequence alignment

S1: RCTLEE

S2: RCLEE

S3: CTLEE

S4: CTEE

4 Sequences

S1: R C T L E E

S2: R C – L E E

S3: – C T L E E

S4: – C T – E E

A Multiple Sequence Alignment

Multiple Sequence Alignment p.2

By C.L. Lu

SP-score of an MSA
SP-score (Sum-of-Pairs) of an MSA: the sum of
the SP-scores of all columns

SP-score of a column: the sum of pairwise scores
of all pairs of characters

S1: R C T L E E
S2: R C – L E E
S3: – C T L E E
S4: – C T – E E

The SP-score of the first column is
score(R, R) + 4 × score(R, –) +score(–, –),
where score(–, –) = 0

Multiple Sequence Alignment p.3 By C.L. Lu

Two sequence alignment
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Two sequence alignment
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Sum-of-pairs MSA problem

C

C

or

or

-

-

...
2k − 1

combinations

k strings

k strings

k-dimensional array

nk entries

C(k, 2) = k2 pairs of symbols
for computing a column score

The total time-complexity is O(k22knk).
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Sum-of-pairs MSA problem
NP-complete: by Wang and Jiang [WJ94];
Bonizzoni and Vedova [BV01]

Branch and bound methods: by Carrillo and
Lipman [CL88] (improved by [LAK89, GKS95])

Approximate methods: (k sequences)

(2 − 2
k
)-approximation, by Gusfield [Gus93]

(2 − 3
k
)-approximation, by Pevzner [Pev92]

(2 − l
k
)-approximation, where l < k

by Bafna, Lawler and Pevzner [BLP97]

Heuristic methods: Progressive algorithms

Multiple Sequence Alignment p.7 By C.L. Lu

Branch and bound strategy

1. Branch mechanism: a way of generating the
branches of the solution space (tree)

2. Bound mechanism: a way of bounding the branches
to avoid the exhaustive search of solution space

Find an upper bound of an optimal solution
(find a feasible solution using tree searching
methods, like breadth-first, depth-first, and
best-first searches)

Predict a lower bound for a branch

If the lower bound of a branch > the upper
bound, then the branch is terminated.

Multiple Sequence Alignment p.8
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Shortest path problem

Find a shortest path from v0 to v3
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Shortest path problem
A search tree of the problem (6 feasible solutions):
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Shortest path problem
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Sum-of-pairs MSA problem
NP-complete: by Wang and Jiang [WJ94];
Bonizzoni and Vedova [BV01]

Branch and bound methods: by Carrillo and
Lipman [CL88] (improved by [LAK89, GKS95])

Approximate methods: (k sequences)

(2 − 2
k
)-approximation, by Gusfield [Gus93]

(2 − 3
k
)-approximation, by Pevzner [Pev92]

(2 − l
k
)-approximation, where l < k

by Bafna, Lawler and Pevzner [BLP97]

Heuristic methods: Progressive algorithms

Multiple Sequence Alignment p.12
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Dynamic programming approach
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Dynamic programming approach
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Polyhedron
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Projection of MSA
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Induced pairwise alignment

Let A be a multiple alignment of S1, S2, · · · , Sk.

Induced pairwise alignment Ai,j

(a projection of A w.r.t. Si and Sj):
a pairwise alignment of Si and Sj obtained by
copying rows i and j of A and removing the
columns with a gap in both rows

c(Ai,j) ≥ d(Si, Sj)

c(Ai,j): the cost of Ai,j

d(Si, Sj): the minimum distance of Si and Sj

The SP-cost of A = c(A) =
∑

i<j c(Ai,j)

Multiple Sequence Alignment p.17 By C.L. Lu

Costing function: metric

A costing function c is a metric if for any x, y and
z, it satisfies c(x, y) ≥ 0, where c(x, y) = 0
if x = y, symmetry: c(x, y) = c(y, x) and
triangle inequality: c(x, z) ≤ c(x, y) + c(y, z).

Given a set S of k sequences S1, S2, · · · Sk and a
scoring function c (metric):

Ao: an optimal MSA of S with cost c(Ao)

Ah: a heuristic MSA of S with cost c(Ah)

Ao
i,j: the projection of Ao w.r.t. Si and Sj

Ah
i,j: the projection of Ah w.r.t. Si and Sj

Multiple Sequence Alignment p.18
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Carrillo-Lipman bound

SP-cost(Ao) = c(Ao) =
∑

1≤i<j≤k

c(Ao
i,j)

SP-cost(Ah) = c(Ah) =
∑

1≤i<j≤k

c(Ah
i,j)

c(Ah) ≥ c(Ao)

⇒
∑

1≤i<j≤k

c(Ah
i,j) ≥

∑
1≤i<j≤k

c(Ao
i,j)

⇒
∑

1≤i<j≤k

(
c(Ah

i,j) − c(Ao
i,j)

)
≥ 0

Multiple Sequence Alignment p.19 By C.L. Lu

Carrillo-Lipman bound

∵
∑

1≤i<j≤k

(
c(Ah

i,j) − c(Ao
i,j)

)
≥ 0

∴ For any arbitrary projection w.r.t. Sp and Sq,⎛
⎜⎝ ∑

1≤i<j≤k
(i,j)�=(p,q)

(
c(Ah

i,j) − c(Ao
i,j)

)⎞
⎟⎠ + c(Ah

p,q) − c(Ao
p,q) ≥ 0

⇒
⎛
⎜⎝ ∑

1≤i<j≤k
(i,j)�=(p,q)

(
c(Ah

i,j) − c(Ao
i,j)

)⎞
⎟⎠ + c(Ah

p,q) ≥ c(Ao
p,q)

Multiple Sequence Alignment p.20
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Carrillo-Lipman bound

c(Ao
i,j) ≥ d(Si, Sj) for any i and j

∵

⎛
⎜⎝ ∑

1≤i<j≤k
(i,j)�=(p,q)

(
c(Ah

i,j) − c(Ao
i,j)

)⎞
⎟⎠ + c(Ah

p,q) ≥ c(Ao
p,q)

∴

⎛
⎜⎝ ∑

1≤i<j≤k
(i,j)�=(p,q)

(
c(Ah

i,j) − d(Si, Sj)
)⎞
⎟⎠ + c(Ah

p,q) ≥ c(Ao
p,q)

Let U =
∑

1≤i<j≤k c(Ah
i,j).

Let L =
∑

1≤i<j≤k d(Si, Sj).

Multiple Sequence Alignment p.21 By C.L. Lu

Carrillo-Lipman bound

∵

⎛
⎜⎝ ∑

1≤i<j≤k
(i,j)�=(p,q)

(
c(Ah

i,j) − d(Si, Sj)
)⎞
⎟⎠ + c(Ah

p,q) ≥ c(Ao
p,q)

∴ U − L −
(
c(Ah

p,q) − d(Sp, Sq)
)

+ c(Ah
p,q) ≥ c(Ao

p,q)

⇒ U − L + d(Sp, Sq) ≥ c(Ao
p,q)

(called Carrillo-Lipman bound, [CL88])

For an optimal multiple alignment Ao of S,
c(Ao

i,j) ≤ U − L + d(Si, Sj) for all i and j.

Multiple Sequence Alignment p.22
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Polyhedron

For an optimal multiple alignment Ao of S,
c(Ao

i,j) ≤ U − L + d(Si, Sj) for all i and j.

If A is a candidate of an optimal MSA of S, then
c(Ai,j) ≤ U − L + d(Si, Sj) for all i and j.

Polyhedron: consisting of those nodes that are
traversed by least one path which corresponds to
an alignment A such that for all i and j,
c(Ai,j) ≤ U − L + d(Si, Sj)

How to determine if a node is in the polyhedron?

Multiple Sequence Alignment p.23 By C.L. Lu

Determine a node of polyhedron
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Determine a node of polyhedron

Let A be an alignment whose corresponding path
P is in the polyhedron.

c(Ai,j) ≤ U − L + d(Si, Sj) for any i, j

Let X = (x1, x2, · · · , xk) be a node in P .

Let Xi,j = (xi, xj) be the projected node of X in
the projection plane w.r.t. Si and Sj.

For S = s1 · · · sn, let S[i, j] = si · · · sj.

Let cut-cost(xi, xj) = d(Si[1, xi], Sj[1, xj])
+d(Si[xi + 1, ni], Sj[xj + 1, nj]).

Multiple Sequence Alignment p.25 By C.L. Lu

Determine a node of polyhedron
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cut-cost(xi, xj) ≤c(Ai,j) ≤ U − L + d(Si, Sj)
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Computation of cut-cost(xi, xj)
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Branch and bound method
Branch (searching) method: the lexicographic order
of the indices of nodes

Bound rules: eliminate the currently visiting vertex
X = (x1, x2, · · · , xk) if the following condition
is satisfied:

Carrillo-Lipman pruning: violate ”for all xi, xj,
cut-cost(xi, xj) ≤ U − L + d(Si, Sj)”

U =
∑

1≤i<j≤k c(Ah
i,j)

L =
∑

1≤i<j≤k d(Si, Sj)

Multiple Sequence Alignment p.28
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Sum-of-pairs MSA problem
NP-complete: by Wang and Jiang [WJ94];
Bonizzoni and Vedova [BV01]

Branch and bound methods: by Carrillo and
Lipman [CL88] (improved by [LAK89, GKS95])

Approximate methods: (k sequences)

(2 − 2
k
)-approximation, by Gusfield [Gus93]

(2 − 3
k
)-approximation, by Pevzner [Pev92]

(2 − l
k
)-approximation, where l < k

by Bafna, Lawler and Pevzner [BLP97]

Heuristic methods: Progressive algorithms

Multiple Sequence Alignment p.29 By C.L. Lu

2-Approximation algorithm

Define the scoring function as follows:

σ(x, y) =

{
0, if x = y,

1, otherwise

D(Si, Sj): globally aligned distance between Si

and Sj

Consider the set S of four sequences:
S1 = ATGCTC

S2 = AGAGC

S3 = TTCTG

S4 = ATTGCATGC

Multiple Sequence Alignment p.30

By C.L. Lu

2-Approximation algorithm

S1 = AT GCTC

S2 = A - GAGC

D(S1, S2) = 3

S1 = ATGCTC

S3 = T T - CTG

D(S1, S3) = 3

S1 = AT -GC -T - C

S4 = ATTGCATGC

D(S1, S4) = 3

S2 = AGAGC

S3 = T T CTG

D(S2, S3) = 5

S2 = A - - G - A - GC

S4 = A TTGCATGC

D(S2, S4) = 4

S3 = - TT - C - T G -

S4 = A TTGCATGC

D(S3, S4) = 4

Multiple Sequence Alignment p.31 By C.L. Lu

2-Approximation algorithm

Find the center sequence Si of S which minimizes∑
X∈S\{Si} D(Si, X).

D(S1, S2) + D(S1, S3) + D(S1, S4) = 9

D(S2, S1) + D(S2, S3) + D(S2, S4) = 12

D(S3, S1) + D(S3, S2) + D(S3, S4) = 12

D(S4, S1) + D(S4, S2) + D(S4, S3) = 11

Hence, S1 is the center in this example

Multiple Sequence Alignment p.32
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2-Approximation algorithm

1. Align S2 with S1:
S1 = A TGCTC

S2 = A - GAGC

2. Add S3 by aligning S3 with S1:

S2 = A - GAGC

S1 = ATGCTC

S3 = - T TCTG

3. Add S4 by aligning S4 with S1:

AA
TTT
GG

G
C

C
-

-
-
--

--
-

S1 =
S2 =
S3 =

S4 =
A T - GC - T - C
A T T GC A T G C

Multiple Sequence Alignment p.33 By C.L. Lu

2-Approximation algorithm

d(Si, Sj) (d�(Si, Sj)): the distance between Si

and Sj induced by this approximation (an optimal)
algorithm

d(Si, Sj) + d(Si, Sk) ≥ d(Sj, Sk)
(triangle inequality)

App =
1

2

k∑
i=1

k∑
j=1
j �=i

d(Si, Sj)

Opt =
1

2

k∑
i=1

k∑
j=1
j �=i

d�(Si, Sj)

Multiple Sequence Alignment p.34
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2-Approximation algorithm
Claim that App ≤ 2Opt

Since triangle inequality property of d(Si, Sj) and
d(S1, Si) = d(Si, S1), we have

App =
1

2

k∑
i=1

k∑
j=1
j �=i

d(Si, Sj)

≤ 1

2

k∑
i=1

k∑
j=1
j �=i

(d(Si, S1) + d(S1, Sj))

= (k − 1)
k∑

i=2

d(S1, Si)

Multiple Sequence Alignment p.35 By C.L. Lu

2-Approximation algorithm

Since d(S1, Si) = D(S1, Si) for all i, we have

App ≤ (k − 1)
k∑

i=2

D(S1, Si)

Note that Opt = 1
2

∑k
i=1

∑k
j=1
j �=i

d�(Si, Sj)

Since D(Si, Sj) ≤ d�(Si, Sj), we have

Opt=
1

2

k∑
i=1

k∑
j=1
j �=i

d�(Si, Sj) ≥ 1

2

k∑
i=1

k∑
j=1
j �=i

D(Si, Sj)
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2-Approximation algorithm

Since S1 is the center, we have

Opt ≥1

2

k∑
i=1

k∑
j=1
j �=i

D(Si, Sj)

≥ 1

2

k∑
i=1

k∑
j=2

D(S1, Sj) =
k

2

k∑
j=2

D(S1, Sj)

App
Opt

≤ 2(k−1)
k

⇔ App ≤ (2 − 2
k
)Opt < 2 · Opt

Multiple Sequence Alignment p.37 By C.L. Lu

Sum-of-pairs MSA problem
NP-complete: by Wang and Jiang [WJ94];
Bonizzoni and Vedova [BV01]

Branch and bound methods: by Carrillo and
Lipman [CL88] (improved by [LAK89, GKS95])

Approximate methods: (k sequences)

(2 − 2
k
)-approximation, by Gusfield [Gus93]

(2 − 3
k
)-approximation, by Pevzner [Pev92]

(2 − l
k
)-approximation, where l < k

by Bafna, Lawler and Pevzner [BLP97]

Heuristic methods: Progressive algorithms

Multiple Sequence Alignment p.38
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Progressive MSA

1. Construct the guide (evolutionary) tree

0
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4
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D
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D
D

(1) Four sequences (2) Distance matrix (3) Evolutionary tree

2. Progressively align sequences by the tree

A

A

B

B

CC
DD

(4) Align most similar pair

(5) Align next similar pair (6) Align two pre-aligned groups

(once a gap, always a gap)
new gapold gap
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Progressive MSA

1. Compute the distance matrix by aligning all pairs of
sequences (using dynamic programming algorithm)

2. Compute the guide tree from the distance matrix:

PILEUP of GCG: UPGMA (Unweighted
Pair-Group Method using Arithmetic mean)

CLUSTAL W: NJ (Neighbor-Joining)

YAMA-MST of Tang’s lab: Kruskal MST

3. Progressively align the sequences according to the
branching order in the guide tree (once a gap,
always a gap)

Multiple Sequence Alignment p.40
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1. Computation of distance matrix

S1: RCTLEE

S2: RCLEE

S3: CTLEE

S4: CTEE

4 Sequences

S1 S2 S3 S4

S1 0 1 1 2

S2 0 2 1

S3 0 1

S4 0

Distance Matrix

Multiple Sequence Alignment p.41 By C.L. Lu

2. Construction of guide tree

S1 S2 S3 S4

S1 0 1 1 2

S2 0 2 1

S3 0 1

S4 0

Distance Matrix

S1 S2 S3 S4

Evolutinary Tree

Multiple Sequence Alignment p.42
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3. Progressive alignment

RCTLEE RCLEE CTLEE CTEE

RCTLEE
RC - LEE

CTLEE
CT - EE

RCTLEE
RC - LEE
- CTLEE
- CT - EE

Multiple Sequence Alignment p.43 By C.L. Lu

Tree alignment problem
Input: k sequences and a rooted phylogenetic tree
containing k leaves, each of which is labeled with a
unique given sequence

Output: Construct a sequence for each internal
node of the tree such that the total cost of its
edges is minimized, where the cost of an edge is
the edit distance between two sequences associated
with both ends of the edge

The given tree represents the evolutionary history
for the leaf sequences of extant species, and its
internal nodes represent the extinct ancestral
species whose sequences are to be determined.

Multiple Sequence Alignment p.44
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Tree alignment: example

S1 S1S2 S2S3 S3S4 S4
ACTGACTG ATCGATCG GCCAGCCA GTTAGTTA

A1 A2

A3

A1:ACTCG A2:GCTA

A3:ACTGInput: Output:

S1
A1
S2
A3
S3
A2
S4

A C T - G
A C T C G
A - T C G
A C T - G
G C C - A
G C T - A
G T T - A

MSA

P
ro

gr
es

si
ve

m
er

gi
ng
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Tree alignment: complexity

NP-complete: Wang and Jiang, [WJ94]

2-approximation: Wang, Jiang and Lawler, [WJL96]

PTAS: Wang, Jiang and Lawler, [WJL96]
(further improved by [WG97, WJG00])

Polynomial Time Approximation Scheme: a family
of algorithms {Aε : ε > 0} each of which takes
as input both an instance I and an error bound ε
and in polynomial time, it outputs an approximate
solution A(I) whose performance ratio is

RA(I, ε) = max{ A(I)
OPT (I),

OPT (I)
A(I) } ≤ 1 + ε

Multiple Sequence Alignment p.46

By C.L. Lu

Tree alignment: 2-approximation

Lifted tree: an evolutionary tree in which the label
of each internal node equals to the label of some
one of its children

S1 S1S2 S2S3 S3S4 S4
ACTGACTG ATCGATCG GCCAGCCA GTTAGTTA

A1 A2

A3

A1:ACTG A2:GTTA

A3:ACTGInput: Lifted Tree:

Multiple Sequence Alignment p.47 By C.L. Lu

Tree alignment: 2-approximation

Theorem: There exists a lifted tree with cost at
most 2(1 − 1

k
)c(Topt).

k: the number of leaves of the given tree T

Topt: an optimal tree with cost c(Topt)

Closest descendant leaf l(v) of v ∈ Topt: a
descendant leaf of v s.t. the path from v to l(v) is
the shortest among all descendant leaves of v

Tl: a lifted tree of T obtained by assigning the
sequence sl(v) of l(v) to each internal node v

Lemma: c(Tl) ≤ 2(1 − 1
k
)c(Topt)

Multiple Sequence Alignment p.48
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c(Tl) ≤ 2(1 − 1
k
)c(Topt)

P : the longest path among all paths between any
two leaves Si and Sj in Topt

W : the walk obtained by removing P from an
Euler tour of Topt

Topt

Si Sj

WP

∵ c(P) ≥ 2
k
c(Topt)

∴ c(W) ≤ 2(1 − 1
k
)c(Topt)

Multiple Sequence Alignment p.49 By C.L. Lu

c(Tl) ≤ 2(1 − 1
k
)c(Topt)

Pv,i: path f(vi)→vi→v→vi+1→g(vi+1)

∑
v∈T

d−1∑
i=1

c(Pv,i) = c(W) (d: # of v’s children)

v

Pv,i
vi vi+1

g(vi)
Rightmost descendant

of vi

Leftmost descendant
of vi+1

f(vi) g(vi+1) f(vi+1)

Multiple Sequence Alignment p.50

By C.L. Lu

c(Tl) ≤ 2(1 − 1
k
)c(Topt)

P ′
v,i: path l(v)→v→vi→l(vi)

c(P ′
v,i) ≤ c(Pv,i) and c(P ′

v,i+1) ≤ c(Pv,i)

v

Pv,i

P ′
v,i

vi
vi+1

l(v)l(vi) f(vi) g(vi+1)

Multiple Sequence Alignment p.51 By C.L. Lu

c(Tl) ≤ 2(1 − 1
k
)c(Topt)

c(P ′
v,i) ≤ c(Pv,i−1) and c(P ′

v,i+1) ≤ c(Pv,i)

∑
1≤i≤d

l(vi) �=l(v)

c(P ′
v,i) ≤

d−1∑
i=1

c(Pv,i)

v

P ′
v,i

P ′
v,i+1

Pv,i−1 Pv,i

vi vi+1vi−1

l(v) l(vi) l(vi+1)
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c(Tl) ≤ 2(1 − 1
k
)c(Topt)

The cost of edge (v, vi) = d(sl(v), sl(vi)),
where d(sl(v), sl(vi)) = 0 if l(v) = l(vi)

By triangle inequality, d(sl(v), sl(vi)) ≤ c(P ′
v,i)

sl(v)

P ′
v,i

d(sl(v), sl(vi))

d(sl(v), sl(vi))

sl(vi) vi+1vi−1

sl(v)
sl(vi)l(vi−1)

Multiple Sequence Alignment p.53 By C.L. Lu

c(Tl) ≤ 2(1 − 1
k
)c(Topt)

The cost of Tl is as follows:

c(Tl) =
∑
v∈T

d∑
i=1

d(sl(v), sl(vi))

≤
∑
v∈T

∑
1≤i≤d

l(vi) �=l(v)

c(P ′
v,i)

≤
∑
v∈T

d−1∑
i=1

c(Pv,i)

= c(W)≤ 2(1 − 1
k
)c(Topt)

Multiple Sequence Alignment p.54

By C.L. Lu

Tree alignment: 2-approximation

Computing Tl is hard since it is derived from Topt

and the computation of Topt is NP-complete.

T �: an optimal one among all the lifted trees of T .

Clearly, c(T �) ≤ c(Tl) ≤ 2(1 − 1
k
)c(Topt)

How to compute T �? (By dynamic programming)

Tv: the induced subtree of T rooted at v

S(v): the set of leaf sequences of Tv

D[v, Si]: the cost of an optimal lifted tree of
Tv with v being assigned Si ∈ S(v)

c(T �) = min{D[root, Si] : 1 ≤ i ≤ k}
Multiple Sequence Alignment p.55 By C.L. Lu

How to compute D[v, Si]?
Let v be an internal node of T with v1, · · · , vd

children, and let Si ∈ S(vp), 1 ≤ p ≤ d. Then

D[v, Si] = D[vp, Si] +
∑

1≤q≤d
q �=p

(
D[vq, Sjq ] + d(Si, Sjq)

)

where Sjq
is in S(vq) s.t. D[vq, Sjq ] + d(Si, Sjq) is

minimum. v

vpvq

Si

Si

Si

Sjq

0d(Si, Sjq
)

D[vq, Sjq
] D[vp, Si]

Multiple Sequence Alignment p.56
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