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Introduction slide 2/ 63

Biological Sequence Comparison

e Types of biological sequences:

1. Nucleic acid sequences over 4-letter alphabet
(e.g., DNA/RNA sequences)

2. Amino acid sequences over 20-letter alphabet
(e.g., protein sequences)

e Why sequence comparison?
o High sequence similarity usually implies functional or structural similarity.

e Measurements of sequence comparison:
edit distance (difference) and alignment (silimarity)
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Edit Distance of Two Strings
e Edit distance: the minimum number of edit operations needed to transform S; to S5
o Three kinds of edit operations:
@ Substitution @ Insertion ® Deletion
e Example: S; = VINTNER, S; =WRITERS

S5: vV - I NT N E R -
8 S 5 S S
£ 5 © © 5
@ %] [0 (7] 2]
g £ © © £
Sy WR I - T - E R S
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Alignment of Two Strings

e Alignment of strings .S; and Ss:
a pair of strings (57, S%) obtained by insertion of spaces in .S; and S, such that

1. 191 =155, and
2. foreach i, S'[i] is aligned with S5[i] and either S’ [i] or S[7] is not a space

e Example: S; = VINTNER, S, =WRITERS

Si:V-INTNER- [S1:V-[-[INTNER -
So:WR 1 -T-ERS |[Sy:WR[-[I -T-ERS
@: An alignment A: Not allowed
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Similarity of Two Strings

e o(x,y): score of aligning char. x with char. y

o Ifx =y, theno(x,y) > 0;
otherwise, o(z,y) < 0

o Emphasize matches, penalize mismatches or inserted spaces
e 0(S],5)): score of an alignment (57, S5)

o oSy, 8) = > oSl Slil)
1<i<|s]|

o Sim(Sy, Sy): similarity of two strings S; and S
o Sim(Sy,Sy)= MAX ){o( 1,55)}

all alignments (s;,s;,
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Scoring Matrices for Nucleotides

A|T|C|G A|lT|C |G A|T|C |G
Al1]0/0]0 51-4|-4 -4 1]1-5|-5]-1
T|O|1] 0| 0 |Identity -4 5 |-4|-4 |BLAST -5 1 |-1]-5|Transition
c|ojoj1]o0 41-4|5|-4 S5|-1|1]|-5
G|0O|O0O|O|1 41-4]-4|5 15|51
Matrix Matrix Transversion Matrix
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Scoring Matrices for Amino Acids
e Similarity-based matrices:
o Based on observed chemical/physical similarity: hydrophobicity, charge, size, etc.
o Based on genetic code: minimum substitutions for converting a codon to the other
e Log odds matrices:
o PAM: obtained by observing the substitutions occuring in alignments between similar sequences

o BLOSUM: obtained from ungapped alignments of related proteins which are grouped using sta-
tistical clustering techniques

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 8 / 63



Types of Two-String Alignment
e Gilobal alignment:
o To find the optimal alignment between two entire strings .57 and .S,
e Local alignment:
o To find the optimal alignment between a substring of S; with a substring of .55

e Semiglobal alignment:

o To find the optimal alignment between suffix (prefix) of S; with prefix (suffix) of S5

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 9/ 63

Grobal Alignment Problem slide 10/ 63

Global Alignment Problem

e Global alignment problem:
o To find the best alignment between two strings S7 and S5
1. Exhaustive method:
e Generate all possible alignments and then pick the best one (# of alignments is exponential)
e Time-commplexity: exponential time
2. Dynamic programming:
e Proposed by Needleman & Wunsch [NW70]
e Time-commplexity: O(|.S;| X |Ss]|)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 11/ 63

Number of Global Alignments

e The number of ways of merging two sequences of lengths m and n into a signle sequence, while

perserving the order of the characters in each sequence, is (m;;n

e There is a one-to-one correspondence between the gapped alignment of two sequences and the
merged sequence (as described above).

e The number of all possible alignment between two sequences of length 7 is (2:) = Ef:,‘)); o~ \Q/jrin
o Stirling’s formula: ! ~ 1/27z®t0-5¢=*
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 12 / 63



Needleman & Wunsch Method

e (i, j): score of an optimal alignment of S;[1, ] and Ss[1, j] (i.e., Sim(S1[1, 1], S2[1, j]))
o Sim(Sy,Sz) = A(|S1],|Sa])

e How to compute A(i, 7)?

(1) A(i =1, = 1) + (i, )
(2] Al =1,5) + (i, -)
© Al j = 1)+ (=)
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 13/ 63

Recursive Function
o A(i,j)=max{ AGi—1,j)+0(i,—)
Al g =1) +0o(=])

Sa[j] >
A(i—1,j-1) {sl[iw A(i = 1,)
Sa[4]
Sl[l] +(I<7]> ‘F(T(i./ 7) l [S’l_[l]}
+o(—,7) max
P —- " T T
A(Zaj 1) - : A<7’r]>
\ {Sz[j]}
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 14 / 63

Overlap Between Subproblems

112H uz)H ’(2:1)H<1/ ’(21 21)‘

/#\/#\/#\/#\ »4\»4\»4\»4\»4\
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Start

Match:1

Mismatch:-1

Gap:-2

Computation of Optimal Score

R C T
0 245 'I_I' 8|
-2 -2 -2 -2
2 1 -1
\ 4 \ 4 \ 4 \ 4 \ 4
[2 g Wl umrang N wrang I '|_'5:|
-2 -2 -2 -2
2 -1 1
\ 4 \ 4 \ 4 \ 4 \ 4
|_'4 > L3 > L2 > LC '|_-2:|
-2 -2 -2 -2
2 4 -1 -1
\ 4 \ 4 \ 4 \ 4 \ 4
- o - | o 41 o 5 1 .
[e——{+] Py Il parang KGN puer >[-1] End
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R Cc T E
- [5] I—_l
Start |0 %12 4 6 —>18
- C |, -2 -2 -2 -2
IS -1 1 -1 -1
[$]
g
2 -1 -1 -3 -5
-2 5 -2 -2
= T, 2 -2 -2 -2
5 -1 -1 1 -1
g
2 -4 —13 -2 > 0 -2
L -2 -2 -2 2
o -2
5 -1 -1 -1 -1
I
|-6I —15 > -4 -2 >

Backtracking: Global Alignment

Optimal
Alignment

-CTL
RCTE

211-1

End
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Longest Common Subsequence
e Subsequence of string S: S[i1|S[ia] - - - S[ix] with iy < i < -+ < iy
o Example: LCS is a subsequence of LongestCommonSubsequence.

e Longest common subsequence problem:
Given two strings S; and .95, find the longest common subsequence of S; and S,

o Equal to the global alignment problem with match = 1, mismatch = 0, space = 0

Ex S{ V. - I NT N E R -
o] .
S, W R1 - T - ER S
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 18 / 63
Local Alignment Problem slide 19/63

Local Alignment Problem
e |ocal alignment problem:
o To find the best alignment between a substring of S; and a substring of S5
e Exhaustive method:
o Compute the global alignment for each pair of substrings and then pick the best one
o Time-commplexity: O(|S;|® x |Ss|?)
e Dynamic programming:
o Proposed by Smith & Waterman [SW81]

o Time-commplexity: O(|.S;| X |Ss]|)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 20 / 63

Smith-Waterman Method

e A(i,j): the highest alignment score of a suffix of S1[1, 7] and a suffix of Ss[1, j]

o A —1,5 - 1) +0o(i,5)
@ A(i—l,j)-l—(f(i,—)
® Al j = 1) + o(=.J)
[ si—1 | Sl[i}{:% .
® S [
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 21 / 63



Recursive Function

A(i—1,j—1)+o(i,9)
Ali—1,7) +o(i,—)

o AWT)=maxq i 1) 4 o(— )

Sa7] >

Sl i, ) +oi,-) l [*10]

+o(=.J) max
Al —1) | e—— :""7"<_E

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 22 / 63

Computation of Optimal Score

R C T E
-2 0
_ -2
£ -1
g
2 0
0 -2
..59 -1
£
< 2 oL
-2
o -1
&
© 1
-2
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Backtracking: Local Alignment
R C T
0
- 2 Optimal
f’ Local
g 0 Alignment
CT
2 2 T
3 11
5 0
s
-2
o
&
(©)
1
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Semiglobal Alignment Problem slide 25/ 63

Semiglobal Alignment

e End space:

Not End Space

CAGICA-|ICTTGG®G

- - "|CA|IGICGTGG

End Space

e To find the optimal alignment between suffix (prefix) of S; with prefix (suffix) of S5

ATTCTCGG G

End Space

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 26 / 63

10



An Applcation of Semiglobal Alignment
e Application to assembly of shotgun segeunces:
Genomic DNA
BAC library
Organized
mapped large
clone contigs
BAC to be
sequenced
Shotgun
clones
Shotgun | . ACCGTAAATGGGCTGATCATGOTTAAA
SEUencs TGATCATGCTTAAACCCTGTGCATCCTACTG. . .
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 27 / 63

Where Spaces Are Not Charged?
1. Beginning of first sequence S

2. End of the first sequence S}

3. Beginning of the second sequence S,
4

End of the second sequence 5}

S © o

s o NN o

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 28 / 63
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® Ignoring Final Spaces in the First Sequence

e To find the optimal alignment between S; and a prefix of S

Sp
s I
S
5
Prefix of S

o Sim(S1,5) = max{A(|S1],7): 1 <j <|[Ss|}

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 29 / 63

® Computation of Optimal Score

R C T E
0 -2 >4 > -6 > 'LI'8|

- R | -2 2 2 2
g 1 1 1 1
g \ / \ / \ / \ / \ /

] e Kl prad Bl arng Kl g El
= C |, -2 2 2 2
5 -1 1 1 1
© \ / \ / \ / \ / \ /
& |_4 1 2 > 0 > 2:|
s 2 2 2 | 2 L

T -2 2 2 2
o -2
-1 1 1 1
g
o 1 o <1 o 1 . .

[evl 2 L] 2 g N e 2 'I71:|

\Y
MAX
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Match:1

Mismatch:-1

Gap:-2

® Backtracking: Semiglobal Alignment

R C T E
|oI -2 =>4 =6 _27|_|-8|
R |- ) 2 ) 2 D 2 D 2 Optimal
 /  /  /  /  / Semiglobal
2 —> 1 -1 2 - :I_-5:| Alignment
2 RCT
Cl. -2 2 -2 2 RCT
-1 1 1 -1
\ 4 \ 4 \ 4 \ 4 \ 4 1 1 1
-4 -1 > 2 0 =2
T -2 2 2
2 -1 -1
\ 4 \ 4 \ 4 \ 4 \ 4

| 1 1
Bl g Bl e Bl

o
v
\|_;|

MAX
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@ Ignoring Initial Spaces in the First Sequence

e To find the optimal alignment between S and a suffix of S5

S1

o

S5

o Sim(Sy,Ss) = max{A(|Si|, Sa[j, |Ss|]) : 1 < j < |Sa|}

N

Suffix of Sy

By C.L. Lu

Sequence Comparison: Two Sequence Alignment — slide 32/ 63
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® Computation of Optimal Score

R C T E
0 2 LO 2 L 2 L -2 'Loj
- Cl, -2 2 2 2
g -1 1 1 1
g \ / A / A / A / A /
] gl rad Kl wrng Kl g E1
- T o -2 2 2 2
5 -1 1 1 1
© \ / \ / \ / A / A /
5 |_4 3 1 > 2 > o:l
s 2 | 2 2 2 L
~ E o 2 -2 2 2
-1 1 1 1
g
¢ I—Ts —Ts T —
2 =1 5 L= 2 T 2
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© Backtracking: Semiglobal Alignment

Match:1

Mismatch:-1

Gap:-2

R C T E
0 2 L2 2 L2 -2 0 -2 'Loj
-2 -2 -2 -2
2 4 1 -1 -1
\ 4 \ 4 \ 4 \ 4 \ 4
il g 2 ! 2 L -2 'I_'?]
-2 -2 -2 -2
2 4 -1 1 -1
\ 4 \ 4 \ 4 \ 4 \ 4
ol -1 > 2 > 0
-2 -2 -2
2 4 -1 -1
\ 4 \ 4 \ 4 \ 4
6 | |5 | ey o}
2 = L, T 2 T 2

Optimal
Semiglobal
Alignment

CTE
CTE

111
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Summary: Semiglobal Alignment

Where spaces are not charged Action

@ Beginning of 1st sequence Initialize first row
with zeros

® End of 1st sequence Look for maximum
in last row

® Beginning of 2nd sequence Initialize first column
with zeros

® End of 2nd sequence Look for maximum

in last column

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 35/ 63

Application: Semiglobal Alignment

e Inexact matching problem: Given a text T', a pattern P and a constant & > 0, determine if there is
a substring 7" in T" such that the optimal alignment of P to 7" has score at least §?

T >
0
P Backtracking
\/
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 36 / 63
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Alignment with Gap Penalty

slide 37 /63

Gaps
e (Gap: a consecutive number of spaces
e Why gaps?
o Mutation might insert/delete several residues at once.

o Match cDNA (without intron) to genomic DNA (with exons and introns)

Exon 1 Intron 1 Exon2 Intron 2 Exon 3

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 38 / 63

Gap Penalties with &£ Spaces
1. Linear gap penalty: P,(k) = k X w
e w, (the cost of a space) = constant
e Time-complexity: O(mn)
2. Affine gap penalty: P, (k) = w, + k X w,
e w, (the cost of a gap) = constant
e Time-complexity: O(mn)
3. Logarithm (convex) gap penalty: P.(k) = wy + logk
e Time-complexity: O(mn)

4. General gap penalty: P;(k): any function

e Time-complexity: O(m?n + mn?)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 39 / 63
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Blocks

(1) Two aligned chars
(2) A maximal series of consecutive chars in Sy aligned with spaces in Sy

(8) A maximal series of consecutive chars in S; aligned with spaces in S,

Si | A|A|lC|- - -|C G|C|T
Sy | A|C|T|A C C|- -|G|C

e Block of type 2 or 3 cannot follow another block of the same type.

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 40 / 63

Alignment with General Gap Penalty slide 41 / 63

General Gap Penalty

e A(i,j): similarity between S;[1, ] and S3[1, j] ending with a block of type 1
e (i, 7): similarity between S;[1,¢] and S3[1, j] ending with a block of type 2
e C(i,7): similarity between S;[1, ] and S3[1, j] ending with a block of type 3

A(] 51, 52])
o Sim(Sy,5) =max<¢ B(|S1],|5])
C([ 51l 152)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 42 / 63

Recursive Function of A(7, 7)

o A(i,j)=o0(i,j)+maxs B(i—1,7—1)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 43 / 63
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Recursive Function of 5(i, j)

[ Al k)= PR) .
. B(Z’j)_max{C(i,j—k)—Pg(k) where1 <k <j

k spaces

Salj =k +1,7]

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 44 / 63

Recursive Function of C(i, j)

[ Al k) - PR) .
o C(i,j)= max{ Bli— k. j) — P, (k) where 1 < k <4

Sili — k+1,1]

k spaces

—

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 45 / 63

Time-Complexity: General Gap Penalty

e |Initializations: k > 1

o A(0,0) =0, B(0,k) =C(k,0) = —P,(k), others = —o0
e Computing A(i, 7),B(i,j) and C(i, 7) needs to perform 3 + 2j + 2i accesses to previous entries.
o Let|S)| =mand|Ss| =n.

Then time-complexity for general gap penalty is:

m n

DY (3+2j+2i) = O(m*n 4+ mn?)

i=1 j=1

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 46 / 63
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Alignment with Affine Gap Penalty slide 47 / 63

Affine Gap Penalty Function

e Affine function P, (k) for a gap with k spaces:

) wg +kws itk >1
° Pa(k)_{o itk =0
e The first space costs w, + w; (also called gap opening), but the others cost w, (called gap exten-
sion).

e From the evolutionary viewpoint, the occurrence of a gap with k spaces (i.e., a mutation) is more
probable than the occurrence of k isolated spaces (i.e., kK mutations).

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 48 / 63

Affine Gap Penalty

e A(i,j): similarity between S;[1, ] and S5[1, j] with "5} [7] is aligned with S5 |7]”

B(i, j): similarity between Si[1, 4] and Ss[1, j] with "a space is aligned with S |[7]”

C(i,7): similarity between S;[1, ] and S[1, j] with ”.S;[7] is aligned with a space”

A([51], [52])
o Sim(Sy,5) =max< B(|Si],|5])
C([51],152])

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 49 / 63

Recursive Function of A(i, 7)

o A(i,j)=o0(i,j)+max{ B(i—1,5—1)

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 50 / 63
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Recursive Function of 5(i, j)

A(i, 5 — 1) — (wy + wy)
e B(i,j) =maxs B(i,j—1)— w;

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 51 / 63

Recursive Function of C(i, j)

A<i -1,7) — (w.q + w)
e Cli,j)=max{ Bli—1,7)— (w, +w,)
Cli—1,7) — ws

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 52 / 63
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Complexity: Affine Gap Penalty
e |Initializations: £ > 1,0<1<m,0<j<n
o A(0,0)=0, A(k,0) = A(0,k) = —c0
o B(,0) = —o0, B(0, k) = —(wy + kwy)
o C(k,0)=—(w, + kw,),C(0,j) = —oc0
e Computing A(i, 7),B(i,j) and C(i, 7) needs to perform 3 + 3 + 3 accesses to previous entries.

e The time-complexity for affine gap penalty is:

m n

> Y9 =0(mn)

i=1 j=1

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 53 / 63

Summary: Gap Penalty Functions

Type Time Space

Linear gap penalty O(mn) 1 array
P(k) = kw,

Affine gap penalty O(mn) 3 arrays

P,(k) = wy + kw,
General gap penalty  O(m?n + mn?) 3 arrays

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 54 / 63

Alignment with Linear Space slide 55/ 63

Linear-Space Algorithm
o Complexity of dynamic programming for global alignment:
o Time compelxity: O(mn) time
o Space compelxity: O(mn) space
e How to reduce the memory requirement above?
1. Computation of the optimal score:
o Need only constant O(n) space
2. Computation of an optimal alignment:

o Can be done in linear O(n) space by divide and conquer approach

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 56 / 63
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Schmatic Diagram of Divide and Conquer Method

Start Jmia =7 =

w[F

Z.mid = L

End

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 57 / 63

Divide and Conquer Method (1
e Fix the position of 7,,,;4 by letting imiq = | % ].

e Find an entry (4,4, jmia) SUch that it is on a path corresponding to an optimal solution.

e How to compute 7,,;47?

e Two possibilities occur in the optimal alignment:

1. Silimial is aligned with Sa[j,nidl

2. Si[imia) is aligned with a space between S5[j,nia] and Sa[jmia + 1]

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 58 / 63

Divide and Conquer Method (2]

Case 1: S1[inmiq] is aligned with Sa[j,midl

iTrLid
. I |
S2
jmid
Optimal (S, S2) = Optimal (S;[ijij_l])
- S m1 ,m
+O‘(aimid7 bjmui) + Optlnlal (512[[17771:1111,:}]>
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 59 / 63
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Divide and Conquer Method (3]

Case 2: S1[imiq| is aligned with a space between S5 [j,,ia] and S [jmia + 1]
imid
. I
Sy
jmid jmid +1

Optimal (S, S2) = Opthal(Sl[l Simid— 1})

17.7m7,d]
+o(a;,,.,, —) + Optimal (91 [[7]”’“’:1 TD
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 60 / 63
Divide and Conquer Method (4

e Insummary, 7.4 is the j such that the following maximum value is obtained.
maxXo<j<ni1{casel, case2},

where

i S T m
casel = Opt( 1[1j dul]) + 0(@iigr bs) + Opt< 192[Jﬂlﬂ ])’

case2 = Opt( }qj["{zj] 1]) +o(ai,,., —) + Opt (él ZTlﬂlﬂ}m})

By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 61/ 63

Complexity of Divide and Conquer Method
e Space complexity: O(n) (why?)

e Time complexity: O(2mn)

o Regardless of where the optimal path crosses the middle row, the total of the computed entries
of the two subproblems is just half the entries of the original problem.

o LetT be the computed entries at the first recursion.

o The total computed entries of all recursions are at most 1" + %T + iT + .- =2T.
By C.L. Lu Sequence Comparison: Two Sequence Alignment — slide 62 / 63
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