Graph Theory(l) - Final Exam

1. Prove that for each g >3,a (3,9)-cage has no bridge.
Pf.

Assume we have known the lemma below: (skipping the proof)

remma | VK>3 and 3<g, <9, = f(k;g,) < f(k;g,), where

f (k; g) is the number of vertices of a (K, g)-cage.

Suppose there is a bridge e(x,y) ina (3,9)-cage G.Then
G —e(X,y) has 2 components, called G, and G,. W.L.O.G, let
xeV(G)) andy eV (G,). Then G, —X hastwo vertices X, X, with
degree 2 ,and G, -V alsohas Y,,Yy, withdegree 2. Then we add
e(x,,y,) and e(x,,y,) toconnect G, —x and G, —y, and obtain a
new graph G'.Then G’ is 3-regularand g(G') > g(G), but

V(G)

=V (G)|-2<|V(G)|, a contradiction.

Hence, a (3, Q) -cage has no bridge! Il
X y

G
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2. Let £ > 2. Show that every k-linked graph of order at least 4k
contains a cycle of length at least 4k — 2.

Proof.

Let G be a k-linked graph of order at least 4k. Clearly, G is 2k — 1
connected.

Suppose C' = {wvy,vq,- -, v} is the longest cycle in G with length [ less
than 4k — 2. Let v be a vertex in V(G) \ C. Then, there exist at least
either 2k — 1 or as many as |C| = [ internally disjoint paths from v
to C' since G is 2k — 1 connected. By the pigeonhole principle, there
are two endpoints v;, v; of these paths such that v; and v; are adjacent
in C' for some i, 5. Therefore, we can extend the original cycle C to
a longer cycle C' = {vy,---,v;,v,v;,---,v;} by adding the vertex v, a
contradiction to the assumption that C' is the longest cycle.
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3. For each graph G of order p, prove that a(G) + B(G) =

a1(G) + Bi(G) = p.

a(G) : minimum size of vertex cover
A(G) : maximum size of independent set
o1(G) : minimum size of edge cover
A1(G) © maximum size of matching

[proof]
1°  claim «(G) + p(G) = p.

Let A be a maximal independent set of V(G) = |A|=AG)
Let B = V(G) — A.
VuveE(G), uEﬁ—v?%'Jf‘r E#‘& Bl
= B 1L G i il vertex cover. ([WEVTE| I Hi= D E| - R BRIF)
—|B|> «(G)
p=|A[+|B[2G)+ BG) - (v)

Let C be a minimum vertex cover = |C|= a(G)
LetD=V(G)-C
= D IR 33 T  (PIES DS & (RS T )
= D £ G fJ— [ independent set.
= |D|< AG)

p=1Cl+[D[<aG)+ AG) - (vv)

1) (v )1 471, o(G) + AG) = p.

2° claim xu(G) + pi(G) = p.

Let A be a maximum matching = |A|=£i(G)
LetB=A+{uv|ueV(G)—-V(A), veNg(u)}

= B £} G [[1fv— {[# edge cover. ((NE} B 1 G HIF’?E fi Jgﬁ—fﬂ cover = 747)
=|B|> u(G)



< AR matching, B £ % matching + NS f_‘U
i p =1 Al+|B] (% matching ffi— il
p=|A|+|B|>a(G) + /(G) - (%)

Let C be a minimum edge cover = |C|= a(G)

= C fl1fv&) ff# component #ﬁﬂfg star

I%C ”EJ k {li# components

5 [t star fl1IFV- {638, E‘L}*F@E \— {[&* matching D

= |D|<A(G),and | D|=k.

N p=k+|Cl (kF star {UpfeRi [ C | 82 star & Tl VR )
p=[C[+|D|<a(G)+ fu(C) - (%)

F1(#)%2 (%) [i' 41, 21(G) + Ai(G) = p.

3° [111°% 2°5]1, a(G) + A(G) = aa(G) + A(G) = p. (3_9)



Graph Theory(l) - Final Exam
4. Prove that the minimum degree of G is k
If G is minimally k-edge-connected.
Proof: Consider a minimal set S s.t. ‘[Sé]‘ =k.
Case 1: |S| =1
=> Let S={v}, thend(v) =k
v 5(G)2k(G)=k
= 0(G)=k []
Case 2: |S|=1
1) claim: G[S] connected
Pf. If G[S] is not connected
Let s,cs , G[s,]isacomponent of G[S]
Then —« to S: minimal set. [ ]
2) ~E(G[S])=o
Take G=G -{e}, e = xy<E(G[S])
=> G:k edge connected, k <k
=> 3T , [T.T]=k < k-1 in c.

3claim: (@ [T.T][=k1 in G
) [TT]=k inc

(c) SNT = O
(d) SUT # V(G)



Pf:

@if [T.T] <k1 in G=G-{e}
Then ‘[Tﬂ‘ <k in G, a contradiction to G is k edge connected .
(b) if {x,y}eT (similar for {X,y}«T =>{X,y}¢ f)
Then T is also a set s.t. ‘[Tﬂ‘: k-1 inG, —x
~w.lo.g. Let{x}eT and {y}eT.
A[TT]=k1 in G
.'.‘[T,ﬂ‘: k in G []
(c) by (b)
SN To{X}=J ]
(d) if SUT =V(G)
Then T=V(G)-S, ScS
=>T=5s, [T]=s]<s
<[TT]=[TT]=k inc
—« to S : minimal. [ ]
4) claim: For ScV(G), letd(s) = [[s ]
Let X,Y be nonempty proper vertex subsets of G.

Then d(XNY)+d(XuwY)<d(X)+d(Y)



Pf: Let G:

S,US,US,US, =V (G)
S,uS, =X S,uS, =Y
S,=XNY S,US,US,=XuUY
[S1.8:] +[[S..8.]
S0.S. ]+ [[8.:5:]

= d(X NY)=[[S,,S,]+
_|_
Sy ]| +[[S2: S5 ]| +[[S2: . ]

[

d(X uY)=[[S,.S,]

d(X)=[[S,.S;]]+[[S
]

|
d(Y) =[S, S, ]| +|[Se:Sa ]| +[[S2: Sa ]| +[[S2:S4 ]
=> d(X)+d(Y)-d(XNY)-d(X UY)=2[]S,,S;]|>0
L]
5) By ﬁrj
2k <d(SNT)+d(SUT)
<d(S)+d(T)=2k e

~QED. []

ps: ~D#(SNT)cS ..d(SNT)>k

S (SUT)#V(G) ~d(SUT)>k
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5. Let D be a directed graph such that for each veV (D),
deg, " (v) =deg, (v)=t>1.

Prove that D can be decomposed into t directed 1-factors.(with indegree 1 and
outdegreel)
Proof:

Assume D is connected and V(D) ={v,,V,,V;,......V }

Otherwise, consider each component of D

Since veV(D),deg, (v)=deg, (v)=t>1

= D is strong connected.
= D has a directed E.C

Called C: X, — X, > X; > ....—> X, Whereq=|D|

Define a bipartite graph H with two partite set A,B
Where A={a,a,,a,,.....a,},B={b,b,,b;,....0}

a, b, inH& x—-Xx inC

= H is a t-regular bipartite graph

By Kdnig’s Theorem

— H has an 1-factor M

= M in H corresponds to a directed 1-factor in D
= D can be decomposed into t 1-factors.
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6. Prove that if |G| = (""QH) and A(G) < [n/2], then G can be de-
composed into n subgraphs G, Gs, - - -, G, such that G; is induced by
a matching with ¢ edges for all 2.

Lemma 1: Every k-edge colorable graph has an equitable k-edge col-
oring.

Proof.

Case 1: n is even.

By Vizing’s Theorem and Lemma 1, G has an equitable (% +1)-edge col-
oring with color classes Ay, Ag, -+, Anyy st [Aj] =n—1fori=1,---,%
and |A» 1| = n. Choose B; C A; with |Bj| =i fori=1,---,5—1. Let
Ci = Az \ BZ Then {Bl, BQ, Tt B%fl, Cgfl, cee ,CQ, Cl, A%, A%+1} 1S a
matching decomposition as desired.

Case 2: n is odd.

The proof is similar to that of case 1. "
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7. If G is n-connected, n > 2, then for every n-subset of V(G), there
exists a cycle which contains these n vertices.

Proof.

By induction on n.

For n = 2, by Menger Theorem, there exist two internally disjoint paths
between any two vertices. Hence for the case n = 2, the statement is
true.

Hypothesis: Suppose the statement is true for n < k.

Consider the case n = k. Let S be a k-subset of V(G) and v € S. Then
G — v is k — 1 connected. By the induction hypothesis, there exists a
cycle C'in G — v containing all vertices in S — v.

W.L.O.G, we denote {v1,vs, -+, vr_1} the set of the k — 1 vertices in
S — v with respect to the order on C'. By Menger Theorem, there exist
k internally disjoint paths in G from v to C'. By pigenhole principle, at
least two end-vertices of those paths belong to the same interval [v;, v; 1]
on C' for some i. Hence there exists a cycle C' = {v— P, —C — P, — v}
containing all vertices in S.




Graph Theory(I) - Final Exam

8. If |G| > 3 and k(G) > B(G) where 3(G) is the independence number
of GG, then GG has a Hamiltonian cycle.

Proof.

Suppose to the contrary. Let C' = {vy,v9, -, v:} be a longest cycle in
G and t < |G]|.

Let x € V(G) \ C. By Menger Theorem, there exists an x — C' fan
F ={Pliec I CZ,|I| =r(G)}, where P; is an x — v; path.

Claim: {z} U {v;41|i € I} is an independent set of G.

Then B(G) > k(G) + 1, a contradiction to the assumption x(G) >
5(G). .
proof of the claim.

Case 1: = o0 v;11. It is easy to see that x 4 v;q for all ¢ € I, for
otherwise there exists a longer cycle x — v; — C' — v;41 — .

Case 2: vj11 o vjyq for all 4,5 € I. Suppose not. Then P, U P; U
C'U{vi11vj41} —{vivis1,v;vj41} yields a longer cycle than C, as shown
below. Thus, the set {z} U {v;11]i € I} is an independent set of G.
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9. Prove that x(G) < A(G) except G is an odd cycle or a complete
graph.

Proof.

Let £ = A(G). We may assume k > 3, since G is a complete graph
when k£ = 1, and G is an odd cycle or is bipartite when k = 2, in which
case the statement holds.

Our aim is to order the vertices so that each has at most £ —1 lower-
indexed neighbors; hence greedy coloring for such an ordering yields the
bound.

When G is not k-regular, we can choose a vertex of degree less than
k as v,. Since G is connected, we can grow a spanning tree from
v, assigning indices in decreasing order as we reach vertices. Each
vertex other than v,, in the resulting ordering vy, vs, - - - , v, has a higher-
indexed neighbor along the path to v, in the tree. Hence each vertex
has at most & —1 lower-indexed neighbors, and the greedy coloring uses
at most k£ colors.

In the remaining case, G is k-regular.

Case 1: G has a cut-vertex .

Let G’ be a subgraph consisting of a component of G — x together with
its edges to x. The degree of x in G’ is less than k, so the method
above provides a k-coloring of G’. By permuting the names of colors in
the subgraphs resulting in this way from components of G — x, we can
make the colorings agree on x to complete a proper k-coloring of G.
Case 2: G is 2-connected.

In this case, G must have such a triple vy, v9, v,, that vy, vy are incident
to vn, v1 % vy, and G — {wy,ve} is still connected(This proof is left
to readers). Then we index the vertices of a spanning tree of G —
{v1,v2} using 3, - - -, n such that labels increase along paths to the root
v,. Similarly, each vertex has at most k — 1 lower-indexed neighbors.
Moreover, the greedy coloring also uses at most k—1 colors on neighbors
of v, since v; and vy receive the same color. ]
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10. Prove that if D is an orientation of G with longest path length
[(D), then x(G) < 1+ (D). Furthermore, equality holds for some
orientation of G.

Proof.

Let D’ be a maximal acyclic subgraph of D. Define f(v) be the length
of a longest path in D’ ending at v for all v € V(G).

Our aim is to show f is a proper coloring of G. Note that f(v) €
{0,1,---,1(G)}. It is easy to see that f(y) > f(z) if 2 — y in D"
Hence f strictly increases along any path in D’.

For all u — v € D, either u — v in D’ or adding the arc u — v to D’
creates a cycle since D’ is a maximal acyclic subgraph of D. Both cases
implicate that there is a u — v-path in D’. Therefore f(u) # f(v).

Now we want to prove that equality holds for some orientation of G.
Let f be a proper x(G)-coloring of G.
For all uwv € E(G), define an orientation D: w — v if and only if
fu) < f(v).
Then any path is of length at most x(G) — 1; hence x(G) > 1+ (D).
(In fact, there exists a path from f~1(1) to f~1(x(G)).) It implies that
the equality holds for some orientation. "





