Graph Theory (1), Homework 3-1 by >4t

Let H ij be the j-th Hamiltonian cycle when k=1
Let V(C,)={L2,...,p} , Define d, ={(x,y)|d(x,y)=i,xyeV(C,)}
where d(Xx,Yy) isthe length of shortest path from x to y

(i) k=2
Casel: if p is odd

— le Bl dl;Fﬁ);gF[fj cycle<1,2,3,...p-1,p >

H,2 S5 d, Bg5 Y cycle <135,...,p,24,...,p-1>
Casel: if piseven

=>H,/ q[hd, —{®2),(3,9)}+{(1L3),(2, A)Hgb Y cycle

H,2 J1t%d, —{(@13),(2,4)}+{(L2), (3, 4)}?F1§‘JF§EIU cycle

@) k=3
Casel: if (p,3)=1,i.e p=1or 2 (mod3)

=> Hl3:Hl2 , H23:H22 ’ H:Elﬂt@ dsﬁiij;;g,lg[fj cycle
Case2:if p=0 (mod2) and p=0 (mod3)

= HlS:H12 ,



H,2 q1hd, —{(L3),(2,4),(3,5), (4,6)}+{(L 4),(2,5),(3,6), (3, 4)}?%5%’!@ cycle

H,2 4185 d, —{(1,4),(2,5),(3.6)}+{(3,5), (4,6), (1, 2} cycle

<1,4,3,6,8,....0,2,5,7,....p-1>

Case3:if p=0 (mod3) and p=1 (mod2)

=> H, 155 d, ~{(L.2),(3,4),(5.6),(7.8)}+{(1.3).(2.4), (5.7), (6,8} cycle

SRR

d, —{(1.3),(2,4),(3,5),(4,6).(5.7),(6,8)}+{(1,4).(2,5).(3,6).(3,4).(5.6).(7.8)}
fg5 v cycle

HZ* 1155 d, —{(L 4),(2,5), (3 6)}+{(3,5), (4,6), (1, 2)} 5 (19 cycle

P-2 P-1 P

<1,3,2,45,7,6,8,9,...p> <1,2,p-1,p-4,...,5,3,p,p-3,...,6,4,7,...,p-2>



<1,4,3,6,5,2,p,p-2,...,7,8,10,...,p-3,p-1>
@iii) k=4
Casel: p=13 (mod4)
=>H,"=H?, H,'=H,, H, =H} H, d, fig5 9 cycle
Case2: p=2 (mod4)

=>H,* 1 H* —{(4,5), (8,9)}+{(4.8), (5,9)} & 9 cycle

H24: H23, H34: H33

H,*t%d, —{(4,8),(5,9)}+{(4,5), (8, )} cycle

Case3: p=0 (mod4)
=> H,*t% H,>-{(4,5),(6,7),(8,9),(9,10)}+{(4,8),(5,9), (6,10),(7,9)}
f75 Y cycle
H,* 15 H,® —{(7,9),8,10), (9,11)}+{(7,11),(8,9), (9,20)}5 1 cycle

H,*t%d, —{(4,8),(5,9),(6,10),(7,11)}+{(4,5),(6,7), (8,10), (9,11)}?F1§“JF‘}

fucycle and H,'=H;



<1,5,4,p,p-4,...,12,8,10,14,...,p-2,2,6,7,3,p-1,p-4,...,11,9,13,...,p-3>



Graph Theory (1), Homework 3-2 by T;T??fﬁ

2. Let D be a directed graph such that for each

veV(D),deg, (v) =deg, (v)=t>1.

Prove that D can be decomposed into t directed 1-factors.(with indegree 1 and
outdegreel)

Proof:

Assume D is connected and V(D) ={v,,V,,V;,......V }
Otherwise, consider each component of D

Since veV(D),deg, (v)=deg, (v)=t>1

= D is strong connected.
= D has a directed E.C

Called C: X, — X, > X; > ....—> X, Whereq=|D|

Define a bipartite graph H with two partite set A,B
Where A={a,a,,a,,.....a,},B={b,b,,b;,....0}

a, b, inH& x—-Xx inC

= H is a t-regular bipartite graph

By Kdnig’s Theorem

— H has an 1-factor M

= M in H corresponds to a directed 1-factor in D
= D can be decomposed into t 1-factors.



Graph Theory (1), Homework 3-3 by [Fiff is{

3. Prove that G is a perfect graph if and only if G is a perfect graph.

Def. We say that G’ is obtained from G by expanding the vertex x eV (G)
V(G)=V(G)u{x|}

if and only if
E(G)=E(G)u{xv

veNg[X]}

Lemma: If G is perfect graph, then G" obtained from expanding a vertex
x eV (G) from G is again a perfect graph.

pf of Lemma:

Prove by induction on |G|:

Expanding the vertex of K, yields K, which is clearly perfect.
Suppose G is a nontrivial perfect graph and G’ is obtained from G by
expanding the vertex x eV (G).

Claim: VH <G', y(H)=w(H).
Casel. H <G’

i V(H)~{xx]}|<1

H is isomorphic to an induced subgraph of G.
Such G is perfect, then we are done.

i. {xx} cV(H)

H is obtained from H':= H — x" where |H'| <|G|
by expanding a vertex x eV (H"). Then, by
induction hypothesis, done.

Case2. H =G’
Claim: y(G") <w(G")
Let o(G) = w.
Observe that o(G') € {w, w+1}.
Case2.l. w(G")=w+1



yGY< y(G)+1=0(G)+1=w+1=w(G')
Clearly, y(G") > o(G").
= x(G)=w(G).

Case2.2. w(G)=w
Note, x linesinno K < G, otherwise o(G')=w+1.
Coloring G with @ colors.
Let X be a color class containing x.

XNV (K,)|=1
Then,
XxXg XNV (K,))
Clear, [XNV (K,)|<1. If XNV (K,) =g, then
@ colors will not eonugh to color G.

forany K, <G.

Let 6 =G - (X\{x}).

Thus, (@) =w-1.

V(G \V(B) = (X\{x})u{x'} is an independent
set.

LGN < (w-)+1=w.

Thus, 7(G") = (G). (-~ #(G") = »(G"))

It suffices to show that if G is perfect then G is also perfect.
Applying induction on |G|:

G| =1is clear.

Suppose it holds for |G|> 2.

It suffices to show that ;((6) < co(@).

-+ Every proper induced subgraph of G is the complement of a
proper induced subgraph of G.

.. By induction hypothesis, every proper induced subgraph of G
is perfect.
Let K={S cV(G)|<S >;= maximal K, for some t < (G)}
A={AcV(G)|Ais an independent set s.t. [A|=a(G) |.
Claim: 3K e K st. KnA=¢g forall Ac A.
pf of claim:



Suppose not.

Le. VK eK 3A e Ast. KN A =¢.

Constructing G’ by replacing each vertex x of G by a complete
graph G, of order k(x) := HK eK|xe AK}‘ and joining all the
vertices of G, to all the vertices of G, if x and y are adjacent
in G.

Observe that G’ can be obtained by repeating vertex expansion=
from the graph G [{x eV (G)[k(x) > 0}} which is perfect since
G is perfect.

By the Lemma, G' is perfect.
= x(G)=w(G). . (G < w(G).
Observe o(G')=>k(x) where X e K

xeX

{(X,K)|XeX,KeK,XeAK}‘

:KZ|XmAK|S|K|—l.
6= 3 ko)
xeV (G")
= {(x,K)|XeV(G),KeK,Xe AK}‘
- TIAd
=[K]|-a(G).
- a(G) <a(G),
ans 181 L 16T _
"X(G)Za(c;')za(e)_m"

Thus, 7(G') >|K|>|K|-1> @(G’). A contradiction.

Thus, o(G - K)=a(G — K)<a(G)=w(G).
5 7(G) < #(G-K)+1= (G -K)+1< o(G).



J—

Graph Theory (), Homework 3-4 by 3=¥{=
' Lt k=4 (G)
I k< g A(G) » then done.
Assume that Kk > SA(G).
2 - 4 (G)=k
~.3G  be a minimal subgraph of G
sty (G)=k and y (G -e)=k-1 VecE(G).

3" Let x,er(G') s.t. there are ,LI(G') edges between X, Y.

Let e be an edge of them.

4° Consider the graph G' —€
We found that:

D 7 (G -e)=k-1
D) all xy TR G —€)- TRIFH k1 &,
else by 1) Bl e W4 2 Eloer = 7 (G)=k—-1 —<)
5w dy ()=d () ~1<A(G) -1
cox i 28 E A(G) —Lén (Bl y H 0] u(G) — 1,

=x = Pt (K =1) = (A(G) -1) =k = (A(G)) =13 =[],
=>by 2),y = Ef M EELEIGEE T xy VD).

i # 2 bRzl K = (A(G)) e, 2 gl enn 1 xy /il



’ By Vizing Theorem
=k=2(G)=7(G)<AG)+u(G)<AG)+u(G)
> u(G)>k - A(G)

(¥ =>k 1> (k= A(G)-1) + 2(k — A(G))

=>k < gA(G). ¢



Graph Theory (I), Homework 3-5 by BZEZE

6. Prove that if |G| = (";1) and A(G) < [n/2], then G can be de-
composed into n subgraphs G1, G, - - -, G, such that G; is induced by
a matching with ¢ edges for all i.

Lemma 1: Every k-edge colorable graph has an equitable k-edge col-
oring.

Proof.

Case 1: n is even.

By Vizing’s Theorem and Lemma 1, G has an equitable (§+1)-edge col-
oring with color classes Ay, Ay, -+, Anyy st [Aj] =n—1fori=1,---,%
and |Anyq| =n. Choose B; C A; with [B;| =i fori=1,---,5—1. Let
Oi = Az \ BZ Then {Bl, BQ, s ,B%_l, C%_l, s ,02, Cl, Ag, A%—H} is a
matching decomposition as desired.

Case 2: n is odd.

The proof is similar to that of case 1. "



Graph Theory (1), Homework 3-6 by =/

6. Let D be an n-regular digraph of order 2n+1, n>1. Prove it or
disprove that D has a directed Hamiltonian cycle. (D is n-regular

if vveV(D) ,d*(v)=d (v)=n.)

f

Note. The underlying graph of D is K,,_;, and hence D is a tournament of

order 2n+1.

Claim: D has a directed Hamiltonian cycle.

Pf.

Suppose not, let C be the maximum cycle in D, and |V (C)[<2n. Letubea
vertex not in C. Since D is a tournament, there is a directed edge between u
and each vertex in C.

Case (i)

If there are two edges between u and C of different directions, we can find

two adjoining vertices x and y in C such that the directions from u to x and from

u to y are different. Hence we have a cycle larger than C, a contradiction.
Case (ii) the directions from u to each vertex in C are the same.

cdT (W) =d (u)=n .'.N(C)\sn
Case (ii)-1 Suppose the direction between uand C areall u—C.
Let V(u')={zeV(D)|z—>uinD} andV(u")={zeV(D)|z < uin D}.

Note that }/(u‘)\:’\/(u*)

to each vertex in C, since D is a tournament. If there is a directed edge form C to
z, then we have a larger cycle through u, a contradiction. Hence the direction

. For each vertex zeV(u™), z is also adjacent

between Candzareall z—C.And - r\/(u‘) +{u}‘ =n+1 ..for each



vertex xeC, deg (x)>n+1, itcontradicts to that D is n-regular. Therefore, D

has a directed Hamiltonian cycle.

---------
.............
L]
......
“““

Case (i1)-2 Similar discussion for the directions between u and C are
all C > u.



Graph Theory (I), Homework 3-7 by #JTEl

7. Let n = k(20 + 1). Construct a non-Hamiltonian complete k-partite

nk—1 2
h with ti d mini d _
graph with n vertices and minimum degree >k 21

Sol.
kE2l+1)k—1 2]

9 E 20+1

Minimum degree = I(k—1).
Define G = K,,_j}—1),,...;, which is a complete k-partite graph.

Claim : G has no Hamiltonian cycle.

Proof. n —l(k—1) =2kl +k — Kkl +1
=kl+k+l=Uk+1)+Ek>1(k-1)

Thus, the vertex number of the first partite set is larger than the
sum of the others, then it’s easy to see that G has no Hamiltonian
cycles.



Graph Theory (1), Homework 3-8 by :F'*hﬁﬁd/
8. Dirac proved that every 2-connected simple graph G has a cycle of

length at least min{n(G),26(G)}. Use this to prove that every

2k-regular graph with 4k+1 vertices is Hamiltonian.

Proof: Let G be a 2k-regular graph with 4k+1 vertices
Claim: G is 2-connected

Pf of claim: Suppose not. Then there is a vertex ueV(G) s.t. G-u is
not connected. Let G,,...,G, be components of G-u. Since G is

t
2k-regular. |G, =2k foreachiand |G|=) |G |+1>2tk+1
i=1

=4k +1>2tk+1=>t<2

Hence t=2 and |G, |G, |= 2k .
As deg. (u) = 2k, there is one vertex v, eV (G,) S.t. deg,(v,) =2k

=|G, |> 2k +1, a contradiction.

Thus, G is 2-connected

By the result of Dirac, G has a cycle of length at least min{4k+1,4k}=4k
Let C be a longest cycle in G.
If |C|=4k+1, then C is a Hamiltonian cycle of G.

If |C|=4k, say C:x, -y, =X, -V, —...— X, — Y,, there is only one vertex
zeV(G-C). By maximality of C and deg, (z) = 2k, we see either

N (2) ={X.,...X,, } OF Ng(2)={y,,... Y, }-W.L.O.G. assume
Ng(Z) ={X,.- Xy }

Claim: y, ~y, forsomei,j

Pf of claim: Suppose not. i.e. Vi= je{l...2k} y;is not adjacent toy;.



Then Ng(Y,) < {X,,... X, }for each i.

As degs (y;) =2k, N.(y,)={x,...x, } foreachi.

={2,¥,, Y, Yoy < Ng (,) ,@ contradiction.

By claim, there is a longer cycle

Z=X; = Y1 —Xiq—n—Y; — Y| — X4 —-.— X —2Z, @cCoOntradiction.



Graph Theory (1), Homework 3-9 by :F'*h%ﬁiz

9.
(a) GUK,=GUG'U{v1v'y,vav'y ,vaV's ,-,vuv'nt ,where G” is a copy of G and
V(G)= {v1,va,vs, ", vt and V(G)= {v',v'2,v g, ",V n}.
Case 1: X'(G)=24(G)
Let vi'v';be colored the same color of viv; and viv’; be colored a new color.
Then X'(GLIK;) =2 (G)+1=A(GLIK),).
Case 2: X'(G)=A4(G)+1
Let vi'v’; be colored the same color of viv; . Since X'(G) =4 (G)+1,thereis a
color doesn't appear near v;. Thus color viv'; with the color.
Then X'(GLIK;) =2 (G)+1=A (GLIK),).

(b) It is obviously V((G; U G,)[I(H; U H,))=V((G;[JH,) U (G,[JH;)) and let the vertex set is
{v,w)veV,weW}.
1° V e={(v,w),(v,w)} EE(G UGy)H; UH,)).
(i) v=v and (Www EEMH}) or ww EE(H))).
=(v=v" and ww €E(H})) or (v=v" and ww EE(H))).
—eE(Gi[H,) U (G, TH)).
(i)  w=w and (vwEE(G)) or vvw EE(Gy)).
=(w=w" and vwEE(G))) or (w=w" and vv'EE(Gy)).
—eE(Gi[H,) U (G, TH)).
Hence E((G; U G,)J(H; UH,)) € E(G0H,) U (G,[H))).
2" V e€E(G|OH,) = e€E(G;UGy)H; UHy)).
V e€E(G,JH)) = e<€E(G;UGy)JH, UH,)).
Hence E(G[JH,) U (G,[H,)) S E((G; U Gp)I(H; UH,))
So, E((G1[THs) U (Go[TH,)=E((G, U Go)I(H, UH,)) .

(c)
"V (v,w€ V(GLH)
{(v,w),(v,w")} EE(GOH) iff w ENyz(w).
{(v,w),(v",w)} €EE(GH) iff v " ENg(v).
Hence deg((v,w))=deg(v)+ deg(w).
Thus A(GOH)= A(G)+ A (H).
2" Since both G and H are 1-factors ,let IGI=2n , [HI=2m and G=G UnK> , H=H " UmKs .
Then GOH=(G" UnK2)(H UmKy)
= (G'UmKy) UHTINK,) by (b)
=(m(G'LIK,)) U (n(H'IKy))



And X/'(G'UIKy) =4 (G'UKy)=2(G)
X'(HLK,) =4 (HTK)=A (H) by (a).

Then X'(GUJH) =x/((m(G'TK»)) U (n(H'TIK»)))
<xX'(m(G'LIK))+ x'(n(H'LIKy))
=X'(G'IK)+ x'(HTIK>)
=4(G)+ &A(H)
= A (GOH)
<x'(GLIH).

Thus X'(GLJH) =2 (GLH).



Graph Theory (I), Homework 3-10 by F=RE{[¥

10. Prove that if G is a multigraph with multiplicity u,then y'(G)<A(G)+ u.

A=A(G), wu=p(G)

1. Color G with A+ u colors as many edges as possible.
Denote such coloring as f .

2. Consider some edges left uncolored.
Let B(v) be the set of colors missing at v under f .
Itis clear that |B(v)|> u# forany v.

3. Let uv be and edge which is not colored.

Claim: We can extend the coloring to uv by recoloring some edges colored under f .

Proof.
(We say that “we can have the extension” if we can extend the coloring to uv)

Let v=v,.
Let a,eB(u), a €B(v,) anddelete a from B(v,).
Assume a ¢B(u),i.e., 3y, s.t. f(uy)=a,, otherwise, we can have the extension.

Let a, € B(v,) and delete a, from B(v,).
Similarity, assume 3v, s.t. f(uv,)=a,.

Let a, €B(v,) and delete a, from B(v,).
Similarity, assume 3Jv, s.t. f(uv,)=a,.
Notice that v, and v, are not necessarily distinct. (see fig 1)

b (”D)

(a,)

a
(as) Figure 1.

But, we can always take a color from B(v) in this process, since |B(V)[|> .
(This is different from simple graph)



Now, continue this process and then meet one of the following two cases:

[1] Assume there exists | s.t. 1+1 isthe smallestindex s.t. a €B(v,) and a is
deleted from some B(v,,),i.e., a_,=4a,.

Since a, is deleted from B(v, ;) before we find a _, in B(v,), v,, #V,.

Let P be the maximal alternating path of edges colored a, and a, thatbegins at v,
along color a,. Such path is well-defined, since each vertex has at most one incident
edge in each color.

f&iﬁ%f‘}ff'ﬁﬁ‘,[‘}#luvt AU f-a, @579 a, properly, &' U@ B(v;) for any i<t - [#¥uy,
ywiya,, for =0, t-1{y["3EF] proper coloring » [NEVEUE &, € B(V,) .--mmmmmmmoo- ®

Consider the following cases:
(1) V(P)m{vov"”vl—l}:¢-
Interchange colors a, and a, on P andinterchange a, and a on uy,.
It is clear that such coloring makes uv, satisfying the condition of ®.
2) V(P)n{v,--- v} # ¢
Let w be another endpoint of P.
Then there are only three sub-cases:

(i) w=u

Interchange colors a, and a, on P. Such coloring makes uv,
satisfying the condition of ®.

t

@*”u

"; P o) Vi (a,)
a, a,
(i) w=v, forsome t and a e B(v,).

Interchange colors a, and a, on P and change the color of an edge



colored a, with uand v, asits endpoints to a,. Such coloring makes
uv, satisfying the condition of ®.

W

(i) we{u, vy, v}
Interchange colors a, and a, on P and change the color of an edge
colored a with uand v, asits endpointsto a,.
Such coloring makes uy, satisfying the condition of ®.

Thus if such | exist, we can always extend the coloring to uv

[2] Assume that such | doesn'’t exist.
Since u has at most A incident edges, the process can stop at some v, s.t.
a.; €B().
Interchange colors a, and a,, an edge with endpointsas u and v,.
Such coloring makes uv, satisfying the condition of ®.

Hence we can also extend the coloring to uv.



