
Graph Theory(I), Homework 2-1 by 連敏筠 

(1st Proof) 
By induction on ||G|| and it is true for ||G||=0. Let )(GExy∈ . Observe that if G 
has no k disjoint paths, then G/xy has no k disjoint path either. G/xy has an A-B 

separator Y with fewer than k vertices. In fact, |Y|=k-1. Note that Yvxy ∈  

( otherwise, Y separator A from B in G). Let }.,{}){\( yxvYX xy U=  Then |X|=k 

and X separates A from B in G.. Now every A-X separator S is also an A-B 
separator in G.. Hence kS ≥||  and there are k-disjoint A-X paths. Similarly, there 
are k disjoint X-B paths. Combining the above path we have k vertex-disjoint 
paths. 
 
(2nd proof) {a}-{b} version 
Consider ).(GEab∉  
(Fact) If a,b are in distinct components, done. W.L.O.G. let G be connected 
min|S|=k. 
k=1 is true. Let ),( baSn  denote the statement that the minimum separator is of 
size n. Assume our claim is not true. Then there is a smallest integer 2≥m  s.t 

),( baSm  is true but there are fewer than m a-b-disjoint paths. 
(*) Among all such graphs of minimum order, let H be the one with minimum size. 
Then H has the following properties. 
(1) If }),{(21 baGEvv −∈  then there exist a set U s.t |U|=m-1 and }{ ivU U  is       
an a-b separator for i =1, 2. 
(2) For any },{ baw∉  in H not both aw, bw are in H. 

(3) If },...,{ 1 mww  is an a-b separator, then either )(}},...,2,1{|{ HEmiawi ⊆∈  

or )(}},...,2,1{|{ HEmibwi ⊆∈ . 
Let P be a shortest a-b path 212121 )(,...,,,,3|||| uuHEuubuuaPp ≠∈>=<≥  . 
By (1), 2,1}{1|| =−=∃ iuUmU iU  are a-b separator. Since 

)()( 11 HEbubutHEau ∉∈  by (3) )(}{ 1 aNUu H⊆U . 
⇒  no vertex in Uu U}{ 1  is adjacent to b (By (2)).  

)()(}{)(}{ 222 HEauaNUubNUu HH ∈⇒⊆⇒⊄⇒ UU  矛盾. (since P is the 
shortest ) 



Graph Theory(I), Homework 2-2 by 羅元勳

Find a graph with (1) κ(G) > l(G) > 0 and (2)κ(G)− l(G)
is as large as powwible.

Sol.

1. K2n is (2n− 1)-connected and n-linked.
Then κ(K2n)− l(K2n) = n− 1.

2. K2n+1 is 2n-connected and n-linked.
Then κ(K2n+1)− l(K2n+1) = n.

3. Let H2n = K2n−{v2i−1v2i| i = 1, 2, · · · , n} where V (K2n) =
{v1, v2, · · · , v2n}. And let F2n be a copy of H2n with vertex
set {u1, u2, · · · , u2n}.
Define G2n = H2n ∪ F2n + {viui| i = 1, 2, · · · , 2n}.
Example. n = 3
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Clearly, κ(G6) = 5. Pick {(v1, v2), (v3, v4), (v5, v6)}, we
can’t find 3 disjoint paths join v1 to v2, v3 to v4, and v5

to v6, respectively. Then l(G6) = 2.
Hence κ(G6)− l(G6) = 3.



For general n, we want to count: κ(G2n)− l(G2n)

(a) κ(G2n) = 2n− 1.

(b) Observe that: n l

1 ∼ 9 n− 1

10 ∼ 18 n− 2

19 ∼ 27 n− 3

Then l(G2n) = n− dn
9e.(Omit the Proof.)

Hence κ(G2n)− l(G2n) = 2n− 1− (n− dn
9e) = n− 1 + dn

9e

¥



Graph Theory(I), Homework 2-3 by 陳宏賓

PROBLEM.
Let k ≥ 2. Show that every k-linked graph of order at least 4k contains
a cycle of length at least 4k − 2.
Proof.
Let G be a k-linked graph of order at least 4k. Clearly, G is 2k − 1
connected.
Suppose C = {v1, v2, · · · , vl} is the longest cycle in G with length l less
than 4k − 2. Let v be a vertex in V (G) \ C. Then, there exist at least
either 2k − 1 or as many as |C| = l internally disjoint paths from v

to C since G is 2k − 1 connected. By the pigeonhole principle, there
are two endpoints vi, vj of these paths such that vi and vj are adjacent
in C for some i, j. Therefore, we can extend the original cycle C to
a longer cycle C ′ = {v1, · · · , vi, v, vj, · · · , vl} by adding the vertex v, a
contradiction to the assumption that C is the longest cycle.
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Graph Theory (I), Homework 2-4  by 裴若宇 

4. For each graph G of order p, prove that α(G) + β(G) = α1(G) + β1(G) = p. 
 
α(G)：minimum size of vertex cover 
β(G)：maximum size of independent set 
α1(G)：minimum size of edge cover 
β1(G)：maximum size of matching 
 
[proof] 
1° claim α(G) + β(G) = p. 
 
Let A be a maximal independent set of V(G)  ⇒  | A | = β(G) 
Let B = V(G) − A.  
∀uv∈E(G), u 與 v 至少有一點在 B 中 
⇒ B 為 G 的一個 vertex cover. (因為所有的邊都至少有一點在 B 裡面) 
⇒ | B | ≥ α(G)  
∴ p = | A | + | B | ≥ α(G) + β(G) …… (♥) 
 
Let C be a minimum vertex cover  ⇒  | C | = α(G) 
Let D = V(G) − C  
⇒ D 中沒有邊了!! (因為 D 中的每個點都不相鄰) 
⇒ D 為 G 的一個 independent set. 
⇒ | D | ≤ β(G) 
∴ p = | C | + | D | ≤ α(G) + β(G) …… (♥♥) 
 
由(♥)與(♥♥)可知, α(G) + β(G) = p. 
 
 
2° claim α1(G) + β1(G) = p. 
 
Let A be a maximum matching  ⇒  | A | = β1(G) 
Let B = A + { uv | u∈V(G) − V(A), v∈NG(u)}    
⇒ B 為 G 中的一個 edge cover. (因為 B 把 G 中所有的點都 cover 住了) 
⇒ | B | ≥ α1(G)  
又 A 為 matching, B 為 matching + 沒用到的點 
故 p = | A | + | B | (因為 matching 中一個邊用到兩個點) 
∴ p = | A | + | B | ≥ α1(G) + β1(G) …… (♣) 



 
 
Let C be a minimum edge cover  ⇒  | C | = α1(G) 
⇒ C 中的每個 component 都是 star 
設 C 有 k 個 components 
在每個 star 中取一個邊, 就可造出一個 matching D 
⇒ | D | ≤ β1(G), and | D | = k. 
又 p = k + | C |  ( k 表示 star 的中心點, | C | 代表 star 除了中心點外的點數 ) 
∴ p = | C | + | D | ≤ α1(G) + β1(G) …… (♣♣) 
 
由(♣)與(♣♣)可知, α1(G) + β1(G) = p. 
 
 
3° 由 1°與 2°知, α(G) + β(G) = α1(G) + β1(G) = p. (◕‿◕) 
 



Graph Theory(I), Homework 2-5 by 張惠蘭

Fact: G is 3-connected iff G is either a wheel graph Wn, n ≥ 3, or obtained
by the following two operations from a wheel.

(1) Adding a new edge,

(2) Splitting a vertex v into v1 and v2 s.t. w ∼ v1 or w ∼ v2 in G for any
w ∈ NG(v), v1 ∼ v2 in G and degG(vi) ≥ 3 for i = 1, 2.

Claim: If G, 3-connected, has two nonincident edges e1, e2 s.t. G · ei

is 3-connected for i = 1, 2, then G∗ obtained by operation (1) or (2) from
G also contains two nonincident edges f1, f2 s.t. G∗ · fi is 3-connected for
i = 1, 2.

Proof of the claim. It is clear that G∗ · ei is 3-connected if G∗ is obtained by
operation (1). Assume G∗ is obtained by operation (2) by splitting vertex
v into v1 and v2. Since e1 and e2 are not incident in G, w.l.o.g v is not an
endpoint of e1 in G. It is clear that G∗ · v1v2

∼= G is 3-connected.
Show that G∗ · e1 is also 3-connected. Suppose not. Then since by the

fact we have G∗ is 3-connected, the minimum vertex cut of G∗ · e1 must be
{ve1 , u} for some u in G∗ · e1.

If u 6= vi, i = 1, 2, then (G∗ ·e1−{ve1 , u})·v1v2
∼= (G∗ ·e1)·v1v2−{ve1 , u} ∼=

G∗ · e1−{ve1 , u} is not connected, contradicting with 3-connectivity of G · e1.
Now, w.l.o.g. we can assume u = v1. Then G∗ · e1 − {ve1 , v1} ∼= G · e1 −

{ve1} − Ev is disconnected, where Ev is a collection of some edges incident
to v in G. Since G · e1 − {ve1} − Ev is disconnected, G · e1 − {ve1 , v} is also
disconnected, contradicting with the 3-connectivity of G · e1. Thus we have
G∗ · e1 and G∗ · v1v2 are 3-connected.

It is clear that Wn, n ≥ 4 contains two nonincident edges e1 and e2 s.t.
Wn · ei is 3-connected for i = 1, 2. Hence by the fact and the claim we have
the result.

1



Graph Theory (I), Homework 2-6 by 張澍仁 

Consider a minimal set S s.t. S,S⎡ ⎤⎣ ⎦ = k . 

Case 1: |S| =1 

   => Let S={v} , then d(v) = k 

   又 '( ) ( )G G kδ κ≥ =  

   => ( )G kδ =    □ 

 

Case 2: |S|≠ 1 

   1) claim: G[S] connected 

        Pf: If G[S] is not connected  

           Let 1S S⊂  , G[ 1S ] is a component of G[S] 

           Then →←  to S : minimal set.       □ 

 

   2) ∴E(G[S])≠ ∅  

      Take 'G = G - {e} , e = xy∈E(G[S]) 

      => ' 'G : k  edge connected , 'k < k  

      => 'T   , T ,T =  k  k -1⎡ ⎤∃ ≤⎣ ⎦  in 'G . 

   3) claim: 

   

'(a ) T ,T =  k -1    in    G

(b ) T ,T =  k       in   G

(c)  S T  
(d )  S T V (G )

⎡ ⎤⎣ ⎦

⎡ ⎤⎣ ⎦
∩ ≠ ∅
∪ ≠



 

Pf: 

(a) if ,T T⎡ ⎤⎣ ⎦  < k-1   in 'G =G - {e}  

Then T,T⎡ ⎤⎣ ⎦  < k in G, a contradiction to G is k edge connected .    

(b) if {x,y}∈T (similar for {x,y}∉T =>{x,y}∉ T ) 

Then T is also a set s.t. T,T⎡ ⎤⎣ ⎦ = k-1  in G , →← 

∴w.l.o.g.  Let {x}∈T  and  {y}∉T. 

'T,T = k-1   in   G⎡ ⎤⎣ ⎦Q      

T,T = k      in   G⎡ ⎤∴ ⎣ ⎦                  □ 

(c) by (b) 

               S T {x}∴ ∩ ⊇ ≠∅                  □ 

(d) if S T = V(G)∪  

Then ' 'T = V(G)-S  ,  S S⊂  

              => ' 'T = S  , T = S < S  

              又 T,T  = T,T  =  k      in   G⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  

              →←  to S : minimal.                 □ 

   4) claim: For S V(G) , let d(s) = S,S⎡ ⎤⊆ ⎣ ⎦  

           Let X,Y be nonempty proper vertex subsets of G. 

           Then d(X Y)+d(X Y) d(X)+d(Y)∩ ∪ ≤  



        

Pf: Let G:  

 

 

                                 

1 2 3 4 ( )S S S S V G∪ ∪ ∪ =     

                    1 2 1 3       S S X S S Y∪ = ∪ =  

                    1 1 2 3    S X Y S S S X Y= ∩ ∪ ∪ = ∪  

           => [ ] [ ] [ ]1 2 1 3 1 4( ) , , ,d X Y S S S S S S∩ = + +  

              [ ] [ ] [ ]4 1 4 2 4 3( ) , , ,d X Y S S S S S S∪ = + +  

              [ ] [ ] [ ] [ ]1 3 1 4 2 3 2 4( ) , , , ,d X S S S S S S S S= + + +  

              [ ] [ ] [ ] [ ]1 2 1 4 2 3 3 4( ) , , , ,d Y S S S S S S S S= + + +  

           => [ ]2 3( ) ( ) ( ) ( ) 2 , 0d X d Y d X Y d X Y S S+ − ∩ − ∪ = ≥  

□ 

   5) By 前 

               
2 ( ) ( )
    ( ) ( ) 2
k d S T d S T

d S d T k
< ∩ + ∪
≤ + =     →←  

                                      ∴Q.E.D.    □ 

          ps: ( )    ( )S T S d S T k∅ ≠ ∩ ⊂ ∴ ∩ >Q  

             ( ) ( )   ( )S T V G d S T k∪ ≠ ∴ ∪ ≥Q  

3S

4S

1S  

2S



Graph Theory (I), Homework 2-7 by 黃皓文 
Theorem (Mader[1978]): If z is a vertex of a multigraph G s.t. }3,1,0{)( ∉zdG and z is 

incident to no cut-edge, then z has neighbors x and y s.t. ),(),( vuvuxyyzxzG κκ ′=′ +−−  

for all }{)(, zGVvu −∈  
Proof: By induction on |G| 
Basic case:(|G|=2).Let V(G)={a,b}. If G is 2k-connected graph, then there are 2k 
multi-edge between a and b. We can orientate k edges form ba →  and others k 
edges form ab → . 
In general case, let G be 2k-connected graph. There is a spanning subgraph 0G  of G 

is minimally 2k-connected. By EX6, there is a vertex z of G s.t. == )()( 00
GzdG δ 2k. 

Now, apply k time Mader Theorem to the vertex z,i.e. there is a multiset 
)},(),...,,(),,{( 2211 kk yxyxyxN = and let iiiiii yxzyzxGG +−−= −1  for all i=1,2,…,k. 

Note that 0)( =zd
kG   we obtain a new graph zGH k −= with V(H)=V(G)-{z} and 

)(),(min),(min)( 0}{)(,)(, 0
0

GvuvuH GzGVvuHHvvu
κκκκ ′≥′=′=′

−∈∈
=2k. i.e. H is 2k-connected 

graph with |H|=|G|-1. By induction hypothesis, H has k-connected graph orientation 
D′ . 
  Now, determine an orientation 0D  of 0G  from D′  by following steps. 
(1) if ii yx → ( or ii xy → ) in D′ , then set zxi →  and iyz → (or zyi → & 

ixz → ) in 0D . 
(2) Copy other vu →  in D′  to 0D . 
Then 0D  is a k-connected orientation of 0G . Since 0GG ⊇ , G also has k-connected 
orientation. 
 



Graph Theory (I), Homework 2-8 by 張雁婷 

8. (a) 
 Let BVH ∪=  be a bipartite graph, where V is the set of the cut-vertices 
of G, and B is the set of vertices which represent the blocks of G. 
 
Claim: H has no cycles, and hence H is a forest. 
Pf:  

 Suppose H has a cycle C. Since H is bipartite, C  is even, and the vertices 

from V and B alternate with each other. 

 

Q iB  is the maximal connected subgraph of G that has no cut-vertex for each i. 

∴ }{...}{}{... kk VVVBBB ∪∪∪∪∪∪∪ 2121  induces a subgraph with no 

 cut-vertex. 

⇒ It contradicts that iB  is maximal. 

∴H has no cycle, and hence H is a forest. ■  
           
   
  

1v  
1b  

2v  2b  

kb

kv
1B 2B  3B  

kB  

1v
2v 3v  

kv

C in H The form in G 



  (b) 
 Let’s consider the block-cutpoint graph H of G. 
∀Q  vertex Vv∈ , v  is a cut-vertex of G. 

VvvH ∈∀≥∴ ,)( 2deg  

And H is a forest, so there are at least 2 vertices with degree 1 in H. From above, 
these two vertices are from B, and their neighbors are both from V. 
∴Each of the two blocks which represented by the two vertices with degree 1 in 
H has exactly one cut-vertex in itself.  ■ 
          

 

  (c) 

 Use strong induction on .)(GV  

=)(GVo1 1 or 2, G has no cut-vertex. 

=)(GVo2 3, there are only one case that G has a cut-vertex: 

o3 Consider nGV =)( , and G  has a cut-vertex and kGc =)(  ( the number of 

components) by (b), we know that G has at least two blocks, called 21 BB , , 

each of which contains exactly one cut-vertex of G. Suppose the cut-vertex 

contained in 1B  is 1u . Let G′  be the graph induced by }{)()( 11 uBVGV +−  

in G. Then nGVuBVGVGV =<+−=′ )(}{)()()( 11 , and we don’t delete any 

cut-vertex from G, so kGcGc ==′ )()( . Let )(vbG′  be the number of blocks 

containing v  in graph G′ , then by the induction hypothesis, G′  has exactly 

has two blocks : 
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  (d) 

 Let G have j  cut-vertices, and },...,,{ jcccC 21=  be the set of cut-vertices. 

For each cut-vertex ic , let ib  be the number of blocks containing ic . Note 

that },...,{, jibi 12 ∈∀≥ . From (c), we have known that a graph G with k 

components has exactly ∑ −+
∈ )(

))((
GVv

vbk 1  blocks. 

And ∑ −+
∈ )(

))((
GVv

vbk 1 = ∑ −+∑ −+
−∈= CGVvji

i vbbk
)(,...,

))(()( 11
21

 

       = 0
1

+−∑+
=

)( jbk
j

i
i  

       jk
j

i
−∑+≥

=1
2 jjkjjk >+=−+= 2  since 1>k  

 Hence, the number of cut-vertices is less than the number of blocks.  ■ 

(除了 1u 外, )()( vbvb GG ′=  for )(GVv ′∈  ) 

( Since 01111 =−∴=−∈∀ )()(},{)( xbxbuBVx G )  ■ 



Graph Theory (I), Homework 2-9 by 曾雅榕 
Prove that )()( GG δκ =  if G is simple and 2)()( −≥ GnGδ . Prove that this is best 
possible for each 4≥n  by constructing a simple n-vertex graph with minimum 
degree 3−n  and connectivity less than 3−n   
Ex4.1.19(D.B.West) 
Proof: 
     (1) Let nGn =)(  
       1. consider 1)( −= nGδ  
         Then nKG = . )(1)( GnG δκ =−=  O.K 
       2. consider 2)( −= nGδ  
         Suppose u  is nonadjacent to v  in G. 

 Then the other 2−n  vertices are common neighbor of u  and v . 
To separate u  and v , we must delete the 2−n  vertices. 
Hence 2)()( −== nGG δκ  

(2)  
 
 
 
 
 
 
 
 
 
 
 
 
    Then 3)( −= nGδ  but 34)( −<−= nnGκ  
    Hence if 4≥n ,we can construct a graph with 3)( −= nGδ , 4)( −= nGκ . 
    This proves that above is the best case for 2−≥ nδ . 

 …
…

…
…

…
. 

4−nK  

:G  



Graph Theory(I), Homework 2-10 by 羅元勳

Let G be a 2m-regular graph, and let T be a tree with m

edges. Prove that if the diameter of T is less than the
girth of G, then G decomposes into copies of T .

Proof. Let V (T ) = {a1, a2, · · · , am+1}. It suffices to prove that
G has a decomposition where each vertex v in G appears in m+1
copies of T such that v corresponds to a1, a2, · · · , am+1 exactly
once.
By induction on m.

1. m = 1. G is 2-regular and T = P2.
It’s trivial that G decomposes into copies of T .

2. Suppose that the assertion is true for m− 1.

3. Let G be a 2m-regular graph.
By Theorem 3.3.9. G has a 2-factor, denotes as H. Con-
sider that G ′ = G − H is (2m − 2)-regular and girth
g(G ′) ≥ g(G). Since T is a tree, W.L.O.G., let am+1 ∈
V (T ) s.t. deg(am+1) = 1. Note that am+1 is adjacent am

in T and let T ′ = T \ {am+1}. Thus, T ′ is a tree with
diam(T ′) ≤ diam(T ) < g(T ) ≤ g(G ′).

T

am

am+1

T’

am

By induction hypothesis, G ′ has a decomposition where
each vertex v in G ′ appears in m copies of T ′ such that v

corresponds to V (T ′) exactly once.



Now, we want to add back E(H) to G ′ such that each copy
of T ′ receives one edge to become T .

For each x ∈ V (G), there is a copy of T ′, Tx contains x

such that x corresponds to am in Tx.

Let NH(x) = {y, z}.
Claim: y, z /∈ V (Tx).

W.L.O.G., suppose x ∈ V (Tx). Since there is a path P

connects x and y in Tx, and x is adjacent to y in G. Then
a− P − b− a is a cycle with length at most diam(T ). But
diam(T ) < g(G). →←
Hence we can add the edge xy to Tx to induce T as follow-
ing.

y

T

amx

z

H

T
x

a
m

am+1 y

x

For each x ∈ V (H), we find out the corresponding Tx and
add the next vertex of x in H to Tx. Then we can partition
G into T ’s.
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