Graph Theory(l), Homework 2-1 by Hi5vi5

(1% Proof)
By induction on ||G|| and it is true for ||G||=0. Let xy € E(G). Observe that if G

has no k disjoint paths, then G/xy has no k disjoint path either. G/xy has an A-B

separator Y with fewer than k vertices. In fact, |Y|=k-1. Note that v, €Y

(otherwise, Y separator Afrom B in G). Let X = (Y \{v, }) U{x,y}. Then [X|=k

and X separates A from B in G.. Now every A-X separator S is also an A-B
separator in G.. Hence |S |>k and there are k-disjoint A-X paths. Similarly, there
are k disjoint X-B paths. Combining the above path we have k vertex-disjoint
paths.

(2™ proof) {a}-{b} version

Consider ab ¢ E(G).

(Fact) If a,b are in distinct components, done. W.L.O.G. let G be connected
min|S|=k.

k=1istrue. Let S, (a,b) denote the statement that the minimum separator is of
size n. Assume our claim is not true. Then there is a smallest integer m>2 s.t
S,,(a,b) istrue but there are fewer than m a-b-disjoint paths.

(*) Among all such graphs of minimum order, let H be the one with minimum size.
Then H has the following properties.

(1) If v,v, e E(G—{a,b}) then thereexistasetUs.t|U=m-1and U U{v,} is

an a-b separator for i =1, 2.
(2) Forany w¢{a,b} inH not both aw, bw are in H.

(3) If {w,,...,w_ } isan a-b separator, then either {aw. |ie{l12,..,m}}c E(H)

or {bw, |[ie{L2,..m}}c E(H).

Let P be a shortest a-b path || p||>3, P =<a,u,,u,,...b> uwu, e E(H) u, #u, .
By (1), 3|U|=m-1 UU{u,}i=12 area-b separator. Since

au, e E(H) butbu, ¢ E(H) by (3) {u,}UU < N, (a).

= no vertex in {u,}UU is adjacent to b (By (2)).

={u,}UU « N, (b) = {u,}UU =< N, (a) = au, e E(H) A’Fﬁ (since P is the
shortest )



Graph Theory(I), Homework 2-2 by #JTEl

Find a graph with (1) «(G) > I[(G) > 0 and (2)k(G) — I(G)
is as large as powwible.

Sol.

1. Ky, is (2n — 1)-connected and n-linked.
Then x(Ks,) — [(Kq,) =n — 1.

2. Ko,11 is 2n-connected and n-linked.
Then /’{/(KQTL+]_) — Z(K2n+1> = n.

3. Let Hgn = Kgn— {Uzi_lvgi’ 1= 1, 2, s ,TL} where V(Kgn) =
{v1,v9, -+, v9,}. And let Fy, be a copy of Hy, with vertex

set {uy, ug, -+, ugp}
Define ng = HQn U an + {Uzuz| 1= 1, 2, cee 2n}
Example. n = 3

Clearly, x(Gg) = 5. Pick {(v1,v2), (vs,v4), (vs,v6)}, We
can’t find 3 disjoint paths join v; to w9, v3 to vy, and vs
to vg, respectively. Then [(Gg) = 2.

Hence k(Gg) — I(Gg) = 3.



For general n, we want to count: k(Gay,) — [(Gay)

(a) kK(Gop) =2n — 1.

(b) Observe that: n [
1~9 |n—-1
10~18|n—2
19~27|n—3

Then I(Ga,) = n — [§].(Omit the Proof.)
Hence r(Go,) — 1(G2n) =2n—1—(n—[§]) =n—1+[§]



Graph Theory(I), Homework 2-3 by &

PROBLEM.

Let £ > 2. Show that every k-linked graph of order at least 4%k contains
a cycle of length at least 4k — 2.

Proof.

Let G be a k-linked graph of order at least 4k. Clearly, G is 2k — 1
connected.

Suppose C' = {wvy,vs,- -, v} is the longest cycle in G with length [ less
than 4k — 2. Let v be a vertex in V(G) \ C. Then, there exist at least
either 2k — 1 or as many as |C| = [ internally disjoint paths from v
to C' since G is 2k — 1 connected. By the pigeonhole principle, there
are two endpoints v;, v; of these paths such that v; and v; are adjacent
in C' for some i, 5. Therefore, we can extend the original cycle C to
a longer cycle C' = {vy,---,v;,v,v;,---,v;} by adding the vertex v, a
contradiction to the assumption that C' is the longest cycle.



Graph Theory (1), Homework 2-4 by 33&

4. For each graph G of order p, prove that o(G) + A(G) = au(G) + £(G) = p.

a(G) : minimum size of vertex cover
A(G) : maximum size of independent set
o1(G) : minimum size of edge cover
A1(G) : maximum size of matching

[proof]
1°  claim «(G) + (G) = p.

Let A be a maximal independent set of V(G) = |A|=AG)
Let B=V(G) - A.
VuveE(G), UE?VY%'J)*r E#‘& Bl
= B 1% G i~ {fi vertex cover. ((KELATT [0 F | - R BRI
= |B|> «AG)
p=|A[+|B[=2G)+ BG) - (v)

Let C be a minimum vertex cover = |C|= a(G)
LetD=V(G)-C
= D HN2 e g 1 (L D iy E fﬁ%ﬁgﬁj\ﬁ@g)
= D £ G piJ— [ independent set.
= |D| < BG)

p=[Cl+|D[<a(C) + AG) - (vv)

fi(w)==(ve)[' 4, oG) + AG) = p.

2° claim xu(G) + Ai(G) = p.

Let A be a maximum matching = |A|=/£i(G)

LetB=A+{uv|ueV(G)—V(A), veNg(u)}

= B £} G [1fv— {[# edge cover. ((NE} B 1 G HIF’?E fi J%{‘fﬂ cover = 17)

= [B|z a(G)

~ A i matching, B £% matching + 725 |2 Up@&f

Frﬁfp: | Al +]|B[(ES matching fli— {2 [Z] 5 ﬁ&@
p=[Al+]|B|2a(G)+ A(G) - (%)



Let C be a minimum edge cover = |C|= a(G)

= C fl1fv&) ff# component #ﬁﬂfg star

I%C ”EJ k {li# components

5 [t star fl1IFV- {638, ﬁﬁfJ@E \— {[&* matching D

=|D|<A(G),and |D | =k.

<~ p=k+|C| (k%= star fuf [luﬁﬂﬂm [ star [i= 7] ID&’JJ/fFIJ&#@()
p=|C[+|D|<a(G)+ fi(C) - (%)

FlI( )22 (%) i 51, 01(G) + Bi(G) = p.

3° [111°% 2°5]1, a(G) + A(G) = aa(G) + A(G) = p. (3_9)



Graph Theory(I), Homework 2-5 by 5EHE

Fact: G is 3-connected iff G is either a wheel graph W,,, n > 3, or obtained
by the following two operations from a wheel.

(1) Adding a new edge,

(2) Splitting a vertex v into vy and vy s.t. w ~ vy or w ~ vy in G for any
w € Ng(v), v1 ~ vy in G and degg(v;) > 3 fori=1,2.

Claim: If G, 3-connected, has two nonincident edges ey, es s.t. G - ¢;
is 3-connected for i = 1,2, then G* obtained by operation (1) or (2) from
G also contains two nonincident edges fi, fo s.t. G* - f; is 3-connected for
i=1,2.

Proof of the claim. 1t is clear that G* - e; is 3-connected if G* is obtained by
operation (1). Assume G* is obtained by operation (2) by splitting vertex
v into v; and vy. Since e; and ey are not incident in G, w.l.o.g v is not an
endpoint of e; in G. It is clear that G* - vivo = (G is 3-connected.

Show that G* - e; is also 3-connected. Suppose not. Then since by the
fact we have G* is 3-connected, the minimum vertex cut of G* - e; must be
{Ve,,u} for some u in G* - e;.

Ifu## v, 0= 1,2, then (G*-e; —{ve,, u}) -vive = (G*-e1) - v1v9—{ve,, u} =
G*-e; — {ve,, u} is not connected, contradicting with 3-connectivity of G - e;.

Now, w.l.o.g. we can assume u = v;. Then G* - e; — {v.,, 11} 2 G - e —
{ve,} — E, is disconnected, where E, is a collection of some edges incident
to v in G. Since G - e; — {v,, } — B, is disconnected, G - e; — {v,,, v} is also
disconnected, contradicting with the 3-connectivity of GG - e;. Thus we have
G* - e; and G* - v1v9 are 3-connected.

It is clear that W,,, n > 4 contains two nonincident edges e; and e, s.t.
W, - e; is 3-connected for ¢+ = 1,2. Hence by the fact and the claim we have
the result.

]



Graph Theory (1), Homework 2-6 by 3=~
Consider a minimal set S s.t. ‘[Sé]‘ =k.
Case 1: |S| =1
=> Let S={v}, thend(v) =k
v 5(G)2k(G)=k
= 0(G)=k []

Case 2: |S|=1
1) claim: G[S] connected
Pf. If G[S] is not connected
Let s,cs , G[s,]isacomponent of G[S]

Then —« to S : minimal set. []

2) ~E(G[S])»2
Take G =G -{e}, e = xy<E(G[S])
=> G:k edge connected, k <k
=> 3T , [T.T]=k < k-1 in c.
3) claim: (@) ‘[T,'I_']‘: k-1 in G
(b) ‘[Tﬂ‘: k in G

(c) SNT = O
(d) SUT = V(G)



Pf:

@if [T.T] <k1 in G=G-{e}
Then ‘[Tﬂ‘ <k in G, a contradiction to G is k edge connected .
(b) if {x,y}eT (similar for {X,y}«T =>{X,y}¢ f)
Then T is also a set s.t. ‘[Tﬂ‘: k-1 inG, —x
~w.lo.g. Let{x}eT and {y}eT.
A[TT]=k1 in G
.'.‘[T,ﬂ‘: k in G []
(c) by (b)
SN To{X}=J ]
(d) if SUT =V(G)
Then T=V(G)-S, ScS
=>T=5s, [T]=s]<s
<[TT]=[TT]=k inc
—« to S : minimal. [ ]
4) claim: For ScV(G), letd(s) = [[s ]
Let X,Y be nonempty proper vertex subsets of G.

Then d(XNY)+d(XuwY)<d(X)+d(Y)



Pf: Let G:

S,US,US,US, =V (G)
S,uS, =X S,uS, =Y
S,=XNY S,US,US,=XuUY
[S1.8:] +[[S..8.]
S0.S. ]+ [[8.:5:]

= d(X NY)=[[S,,S,]+
_|_
Sy ]| +[[S2: S5 ]| +[[S2: . ]

[

d(X uY)=[[S,.S,]

d(X)=[[S,.S;]]+[[S
]

|
d(Y) =[S, S, ]| +|[Se:Sa ]| +[[S2: Sa ]| +[[S2:S4 ]
=> d(X)+d(Y)-d(XNY)-d(X UY)=2[]S,,S;]|>0
L]
5) By ﬁrj
2k <d(SNT)+d(SUT)
<d(S)+d(T)=2k e

~QED. []

ps: ~D#(SNT)cS ..d(SNT)>k

S (SUT)#V(G) ~d(SUT)>k



Graph Theory (1), Homework 2-7 by :FE{'F'?'TP
Theorem (Mader[1978]): If z is a vertex of a multigraph G s.t. d;(z) £{0,1,3}and z is

incident to no cut-edge, then z has neighbors x and y s.t. ¢ ,, ,,,, (U,V) = x'(u,V)

forall u,veV(G)-{z}

Proof: By induction on |G|

Basic case:(|G|=2).Let V(G)={a,b}. If G is 2k-connected graph, then there are 2k
multi-edge between a and b. We can orientate k edges form a — b and others k

edges form b — a.
In general case, let G be 2k-connected graph. There is a spanning subgraph G, of G

is minimally 2k-connected. By EXG6, there is a vertex z of G s.t. dg (z) = 5(G,) = 2k.

Now, apply k time Mader Theorem to the vertex z,i.e. there is a multiset
N ={(x;,¥:), (X5, ¥ )rees (X s Y )}and letG, =G, —x,;z—-y;z+xy; foralli=1,2,... k.

Note that d; (z)=0 we obtain a new graph H =G, —zwith V(H)=V(G)-{z} and

' = i ! = i ! > K’ = i i -
x'(H) u,@v'(rﬂ)'(“ (u,v) u,VEvr?e'B{z}KGo (u,v) 2 x'(G,) =2k. i.e. H is 2k-connected

graph with |H|=|G|-1. By induction hypothesis, H has k-connected graph orientation
D'.

Now, determine an orientation D, of G, from D’ by following steps.
(1) if x, >y, (or y,—>x,)in D', thenset x, >z and z—> y,(or y, >z&

z—>X)in D,.

(2) Copy other u—v in D' to D,.
Then D, isa k-connected orientation of G,. SinceG o G,, G also has k-connected
orientation.



Graph Theory (1), Homework 2-8 by 3=

8. (a)
Let H =V U B be a bipartite graph, where V is the set of the cut-vertices
of G, and B is the set of vertices which represent the blocks of G.

Claim: H has no cycles, and hence H is a forest.
Pf:

Suppose H has a cycle C. Since H is bipartite, \C\ Is even, and the vertices

from V and B alternate with each other.

The formin G

CinH

"+ B; s the maximal connected subgraph of G that has no cut-vertex for each i.

L BiuBy,u.L.UB UV UV, u L u{V, } induces a subgraph with no
cut-vertex.

= It contradicts that B, is maximal.

-.H has no cycle, and hence H is a forest. m



(b)
Let’s consider the block-cutpoint graph H of G.
'V vertex veV, v isacut-vertex of G.

s.degy (V) 22, Vv eV

And H is a forest, so there are at least 2 vertices with degree 1 in H. From above,
these two vertices are from B, and their neighbors are both from V.

.. Each of the two blocks which represented by the two vertices with degree 1 in
H has exactly one cut-vertex in itself. m

(c)
Use strong induction on V (G)

1V (G)|=1 or 2, G has no cut-vertex.

2°V (G)| =3, there are only one case that G has a cut-vertex:

Vi

V'2<.i e 0 blogks L 00 =1+ (0) -1 + (o015

V3

3°Consider)V (G)|=n,and G has a cut-vertex and c(G)=k (the number of

components) by (b), we know that G has at least two blocks, called B,, B,,

each of which contains exactly one cut-vertex of G. Suppose the cut-vertex

contained in B; is u;.Let G' be the graph induced by V (G)-V(B;)+{u;}

in G. Then V(G')

=V (G)-V(B)+{u} <V (G) =n, and we don’t delete any

cut-vertex from G, so ¢(G')=c(G) =k. Let bg (v) be the number of blocks

containing v ingraph G’, then by the induction hypothesis, G’ has exactly



k+ Y (b(v)—1) blocks. Therefore, G has exactly k+( > (b(v)-1))+1
veV (G) veV (G')

blocks. And
K+ ( Z(b(v) 1)+1

veV (G')

=Kot (b (1) =D+ Z(0() D) +1 (7 Uy, be(V) =B (v) for VEV(E) )
veV (G’

=K+ ((bg(u) +1) - 1)+(VVZ(b(V) 1)

=kt (B (1) ~D)+(_3(b(v)~D)

V#Uq

=k + > (b(v)-1)

VeV (G)-V (By)+{uy}

=k+ XY(b(v)—1) (Since VxeV(B;)—{u},bg(x)=1..b(x)-1=0) m
veV (G)

(d)

Let G have j cut-vertices, and C ={c,;,c,,...,cj} be the set of cut-vertices.
For each cut-vertex c;, let b, be the number of blocks containing c;. Note

that b, >2, Vie{l,..., j}. From (c), we have known that a graph G with k

components has exactly k+ 3 (b(v)-1) blocks.

veV (G)
And k+ T(bWV)-D= k+ T(b -0+ Z(bv)-1)
veV (G) i=1,2,..] veV (G)-C

K+ (b, — j)+0
i=1

i
>k+>2-j=k+2j—j=k+j>] since k>1
i=1

Hence, the number of cut-vertices is less than the number of blocks. m



Graph Theory (1), Homework 2-9 by %T@F?T

Prove that x(G)=06(G) if Gissimpleand &6(G)>n(G)-2. Prove that this is best
possible for each n>4 by constructing a simple n-vertex graph with minimum
degree n—3 and connectivity less than n—3
Ex4.1.19(D.B.West)
Proof:
(1) Let n(G)=n
1. consider 6(G)=n-1
Then G=K,.x(G)=n-1=6(G) OK
2. consider 6(G)=n-2
Suppose u isnonadjacentto v in G
Then the other n—2 vertices are common neighbor of u and v.
To separate u and v, we must delete the n—2 vertices.
Hence x(G)=6(G)=n-2

@)
BN

RS
N Y

V
T

Kn—4

Then 6(G)=n-3 but x(G)=n-4<n-3
Hence if n> 4 ,we can construct a graph with 6(G)=n-3,x(G)=n-4.
This proves that above is the best case for 6 >n-2.



Graph Theory(I), Homework 2-10 by #JtEl

Let G be a 2m-regular graph, and let T' be a tree with m
edges. Prove that if the diameter of 7' is less than the
girth of (G, then G decomposes into copies of 7.

Proof. Let V(T) = {a1,az,- -+, am+1}. It suffices to prove that
GG has a decomposition where each vertex v in G appears in m+1
copies of T such that v corresponds to aq,as, -, a1 exactly
once.

By induction on m.

1. m=1. G is 2-regular and T' = P>.
It’s trivial that G decomposes into copies of T

2. Suppose that the assertion is true for m — 1.

3. Let G be a 2m-regular graph.
By Theorem 3.3.9. G has a 2-factor, denotes as H. Con-
sider that G ' = G — H is (2m — 2)-regular and girth
g(G") > ¢g(@G). Since T is a tree, W.L.O.G., let a1 €
V(T) s.t. deg(ams+1) = 1. Note that a,,.1 is adjacent a,,
in T and let 7" = T \ {ay+1}. Thus, 77 is a tree with
diam(T") < diam(T) < g(T) < g(G").

T T

By induction hypothesis, G ' has a decomposition where
each vertex v in G ' appears in m copies of T” such that v
corresponds to V(71”) exactly once.



Now, we want to add back E(H) to G’ such that each copy
of T receives one edge to become T

For each z € V(G), there is a copy of T", T, contains x
such that x corresponds to a,, in 7.

Let Ny(z) ={y, z}.

Claim: y,z ¢ V(T,).

W.L.O.G., suppose x € V(T,). Since there is a path P
connects x and y in T}, and x is adjacent to y in GG. Then

a— P —b—ais a cycle with length at most diam/(7T). But
diam(T) < g(G). —«

Hence we can add the edge xy to T, to induce 1" as follow-
ing.

For each x € V(H), we find out the corresponding T, and
add the next vertex of x in H to T,. Then we can partition
G into Ts.





