Graph Theory (1), Homework 1-1 by Z= g

Q1: Let a rectangle T be tiled with rectangles Ty, T»... T,. Prove that if each T, has an
integral side, then T also has an integral side.
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2°Define G, G is bipartite ,and A ~ B are bipartite sets of G , ©
where A=Z*NT,B={T,,T,,--,T,} _!
<‘
and (x,y) ~T, if (x,y)&+ T, F[UTFJ%EF- I
3°(1)- (0,0)F {7 Ty EI'UTEJ%#[‘J— — deg(0,0) =1
(2)Consider (x,y) 77t T Em@%m
a. b. C.
* (x,y) (X,y)
(xy)
deg((x,y))=0 deg((x,y))=2 deg((x,y))=4

- deg((x, y)) € 0,24} for (x,y) 4% T IR
(3)Consider T, frupH ][EPE%!T
Since T, has an integral side=> deg(T;) € {0,2,4}.

4°Since >’ deg(v)= > deg(T,) iseven, and by (1),(2),(3)

veV (A) T,eV(B)

= A [[1fupi- i odd degree ~4LTiZH T T Elfffl%#m L(F=77(0,0)94 v 3 Eﬂf)
Hence T has an integral side.
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3°Since VT, , T, has an integral side.
=T, has the same area of black and white.

=T has the same area of black and white.

4°1f s and t are both not integers, then| s |[+1=[s]|t]+1=[t].
Both [0,s[]x[0,t] and [[s],s]x[0,[t]] have the same area of black and white.
The square [s|[s]]x[[t}[t]] must have the same area of black and white.

... o

“ But, since s and t are not integers
[t] (S T A B85 0 53 B IO
[s] s

Hence one of s or tis an integer. i.e. T has an integral side.



Graph Theory (1), Homework 1-2 by :F'*[[ﬁﬁd/

Lemma: If G is a graph with V(G) ={v,,v,,...v,}, p>3, then G is
connected if and only if at least two of the subgraphs G, =G-v, are
connected.

Proof:

Observe that if G contains an isolated vertex, then G is
reconstructible.(Degree seq. is reconstructible).

Assume that G contains no isolated vertices. Let F is a component of
maximum order of G, then F is a component of maximum order among

the components of G, =G-v,, i=12,..,p. So F is recognizable. Now,

delete a vertex that is not a cut-vertex from F, obtainingF’. Let G has n
components which are isomorphic to F.

Find S={G; |c(G;)=c(G)andG; hasa minimumm of component:
isomorphic to F}. It is clear that n=m+1. Next, find
S"={G, | G; has a maximum number of components isomorphic to F}.
Then pick some G, =G-v, € S'.And G can be reconstructed from G, by

replacing a component of G, isomorphic toF’ by a component

isomorphic to F.



Graph Theory (1), Homework 1-3 by [ s

3. Use adjacency matriz of G to find the number of 5—cycles in G.

Let A=(a;) be the adjacency matrix of G.
Note. # of closed 5—walks is tr(A®).

# of closed 3—walks is tr(A°®).
# of distinct 3—walks fromv, tov, is a,.
A closed 3—walk, say 123, will generate 5 closed 5—walks.

AN N

1,23,1,2,1 1 1.2.1,2,3,1
és 22

1,2,3,2,3,1
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112131113’1 113’11273’1

A closed 3—walk, say 123, together with an another edge will generate 5 closed 5—walks.




# of 5—cycles = %(# of closed 5-walks — # of closed 5-walks with 3 edges —

# of closed 5-walks with 4 edges)

V(G) V(G)

- %(tr(As)—Str(A?’)—SZ(Z a; —2)a;).

i=1  j=1



Graph Theory (1), Homework 1-4 by 3=~
Theorem : (Tutte’s theorem)
A graph G has a 1-factor
<=> 0(G-S) = [F], forall ScV(G).
Let G : bridgeless cubic graph .
Claim: o0 (G-S) = |§|, forall ScV(G)
Pf : Let H be a odd component of G-S.

Let m be the number of edges from S to H.

- Y dy (V) =3*V(H)|-

veV (H)
where > d, (v) is even and |V (H)|is odd.

veV (H)

. m:odd.
~ G :bridgeless, .. m=3

=>3%0 (G-S)= G f[1"Tt| odd components sIZ[| S fUEEY
= SfIE["rE| odd components fY B
= S EANpVEET
= 3*S
=>0 (G-S) = |5, forall ScV(G). ]
Then by the Claim , G has a 1-factor.

".Q.E.D.



Graph Theory (1), Homework 1-5 by =g

Prove that for each g >3,a (3,g)-cage has no bridge.
Pf.

Assume we have known the lemma below: (skipping the proof)

remma | VK>3 and 3<g, <9, = f(k;9,) < f(k;9,), where

f (k; g)is the number of vertices of a (k, g)-cage.

Suppose there is a bridge e(X,y) ina (3,g)-cage G. Then
G —e(x,y) has 2 components, called G, and G,. W.L.O.G, let
XxeV(G)) andy eV (G,). Then G, —X has two vertices X, X, with
degree 2 ,and G, -V alsohas Y,,Y, withdegree 2. Then we add
e(x.,y,) and e(x,,y,) toconnect G, —x and G, —y, and obtain a
new graph G'.Then G’ is 3-regularand g(G") > g(G), but

V(G

= |V (G)| -2< |V (G)| , a contradiction.
Hence, a (3,Q)-cage has no bridge! Il
X y

G



Graph Theory(I), Homework 1-6 by #JTEl

Prove that if £ > 2 and k‘(g), then the edge set of

K, can be partitioned into k sets Ei, Es,---, E}, such that
they induce k isomorphic subgraphs of K.

Proof.

1. (Tarsi’s Theorem.) If k ‘ (Z) and k > [g—‘, then E(K,)
nin —1)
2k

2. F(Ks) can be partitioned into k& Hamiltonian paths, and
each vertex be an endpoint in a path exactly once.

can be partitioned into k paths with length

Pf. Construct by deleting a vertex from the

decomposition of Ks;,; into k& Hamiltonian cycles.

3. Let n = 2k - m + a where a < 2k.
Then partition K, into Gy UGy U ---U G,,, U G,,, 11 Where
V(G) ={vi;| 7=1,2,---,2k}, fori=1,2,---,m
By 1. and 2., for each 7, G; can be partitioned into k paths.
For convenient, let {P; 1, P2, -, P} be the path parti-
tionof G;, 1 <i<m+1. Andfor1 <i<m, 1< j <k,
let {vi2j_1,vi2;} be the endpoints of P, ;.

m-+1 m 2k m+1
Define H; = U P, ; UUU U {vi2i—1Up.q, Vi2jUpg}-
1=1 q=1 p=i+1
k
Then | J E(H;) = E(K,), and E(H;) N E(H,) = ¢. Hence
j=1

we have done.



Graph Theory(I), Homework 1-7 by fZE&E

PROBLEM.

Hikers A and B begin at (a,0) and (b,0), respectively. Prove that A
and B can meet by travelling on the mountain range in such a way that
at all times their heights are the same. (Hint: Define a graph to model
the movements.) Ex. 1.3.13 (D. B. West)

Proof.

TEREEN L B LA A (R K AR, — BRI 5 1 L B ARt i 25— (R TR,
A A B5%] B 2543 BUHHE LLBEESE: {0, 1, - - -, n}. Then, denote order pair
(a,b) as A in a and B in b at a certain time. (see the following figure)

Define a graph G = (V, E), where V. = {(a,b) : 0 < a < b <
n, a,b € Z} and (a1,b1) ~ (ag,bg) if and only if AB FJ[EIK5Hl
Har, b1 &@—F & as, by. Then, it suffices to show that there is a path
from (0,n) to (¢,t) € V(G) for some t.

Observe that for any two distinct a,b with (a,b) # (0,n), we have
deg(a,b) € {0,2,4}. Thus, only those vertices (¢,t) can have an odd
degree. Since it must be even that the total sum of vertex degrees in any
component of G, there is an odd degree vertex in the same component
with (0,n), i.e., there is a path from (0,7n) to the odd degree vertex in
GG. Hence there exists a vertex (t,t) for some ¢ such that A meet B at
the vertex.



Graph Theory(I), Homework 1-8 by X sc#+

8. G 1s a T-graph if every edge in G belongs to

3n-3

,if nis odd
2

_ 9 Y. g b
a Zf}x ’ 3r; 2 ,if nis even USRS

Pf: By induction on n
Basis case :

n=3 ¥2=3 => A is the only T-graph of order 3

n=4 ¥2=5 = [;Ej is the only T-graph of order 4

2

In general case,
I[f n is odd => n-2 is odd

T.zagh 1S @ graph of order n

of crder

-2

%n—a—3+3:3n—3
2 2

3n-3

= the number of edges is

Let G be a T-graph of order n such that ||G|<

=> 3 a vertex Vv, of degree=2 , Let N(v,)={v,,v,}, then v,,v,4p a8
Case(a) :
In G-v,, Vv,Vv, has common neighbor ,then G-v, is also a T-graph

1G—v,|| > %n—D—2=3n—5 @)HG”;Z3n—5+2=3n—12:3n—3
2 2 2 2 2

Case(b) :

In G-v,, Vv,Vv, has no common neighbor ,

then (G-v,)V,v, is also a T-graph

IG-wyvyll > S22 gy > B2 A

Hence 1s optimal solution if n is odd.

Similar to n is even.



Graph Theory(I), Homework 1-9 by RE%

9. Let d < --- < d, be the vertex degrees of a simple graph
G. Prove that G is connected if d; > j when j < n —1 —
d,. (Hint: Consider a component that omits some vertex of
maximum degree. )

Proof. Suppose V(G) = {v1,v9,- -+ ,v,} and degs(v;) =d; V1<
1< n.

Suppose G is not connected. Let H be a connected compo-
nent of G not containing v, with degree sequence d; < d, <

- < d;. Then k < n —1—d,, since G is simple. Thus
d;, > dj > k, which is a contradiction. Hence G is connected. [



Graph Theory(I), Homework 1-10 by 3R =R

PROBLEM.

Let S be an n-element set, and let {Ay, -+, A,} be n distinct
subsets of S. Prove that S has an element x such that A; Ux
are distinct for all . Ex. 2.1.76 (D. B. West)

Proof.

Let S be an n-element set, and let {Ay,---, A,} be n distinct
subsets of S. In the following, view A; as a vertex. Let GG be a
graph with vertex set V = {A;,--- ,A,}. AA; € E(G) ift A,
and A; have exactly one different element.

Label edges of G by the different element of A; and A; if
A;Aj € E(G). Denote the label as [ : E(G) — S.

IfI(E(G)) # S, then for any z € S—I(E(G)), Ain{z}, -+, AN
{z} are all distinct. Suppose [(E(G)) = S. Then we can find
a subgraph H of G s.t. I[(F(H)) = S and [(e) # [l(¢') for any
e # ¢ in E(H). It is clear that |E(H)| = n.

On the other hand, the number of edges in a cycle of G with
the same label must be even, since the element deleting from A;
on the cycle must be added back along the cycle.

Thus by the choice of H we must have that H contains no
cycle. So, |E(H)| < n—1, contradicting with the previous result.
Hence we have the result.





